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Abstract. This article concerns the oscillatory behavior of first-order non-linear differen-
tial equations with several variable deviating arguments and non-negative coefficients.
We study both delayed and advanced equations, and obtain sufficient conditions that
guarantee the oscillation of all solutions. Our assumptions let us transform differential
equalities into inequalities for which we use known techniques, and improve results in
the literature. We also provide an example that illustrates our results.
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1 Introduction

In this article we consider the non-linear differential equation with several variable deviating
arguments of either delay

YO+ Y Flhx(m) =0, >t (11)
i=1
or advanced type
X(t) =Y gi(t, x(ei()) =0, >t (1.2)

i=1
Here f;,gi : [to,0) x R — R and T, 0; : [tp,0) — R are continuous functions fori =1,...,m.
In addition to (1.1) we consider the initial condition

x(t) = ¢(t), t<t, (1.3)

where ¢ : (—0c0, )] — R is a bounded Borel measurable function.
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By a solution to (1.1) and (1.3) we mean an absolutely continuous function on [ty, o) sat-
isfying (1.1) for almost all ¢+ > to and (1.3) for all t < ty. By a solution of (1.2) we mean an
absolutely continuous function on [ty, c0) satisfying (1.2) for almost all t > .

A solution x(t) of (1.1) (or (1.2)) is oscillatory if it has arbitrary large zeros. If there exists
an eventually positive or an eventually negative solution, the equation is non-oscillatory. An
equation is oscillatory if all its solutions are oscillatory.

In the previous decades, oscillatory behavior and stability of first-order differential equa-
tions with deviating arguments have been extensively studied, see for example [1-3], [7-17],
[19-23] and references therein. Most of these papers concern the special case where f;(t, x) =
pi(H)x(7(t)) and gi(t, x) = q;(t)x(0;(t)). For the general oscillation theory of differential equa-
tions the reader is referred to the monographs [1,6,18].

1.1 Linear differential equations

In this case we consider f;(t,x) = p;(t)x(7;(t)) and g;i(t,x) = q;(£)x(0;(t)).
In 1978 Ladde [17] and in 1982 Ladas and Stavroulakis [16] proved that if

t o m 1
liminf/ i(s)ds > —, 14
mi T(f);pl( ) ° (1.4)
where 7(t) = max;<;<,,{7:(t)}, then all solutions of (1.1) are oscillatory; while if
Y AL 1
hmglf t i;qi(s)ds > > (1.5)

where o(t) = minj<;<,{0i(t)}, then all solutions of (1.2) are oscillatory. See also [18, Theo-
rems 2.7.1 and 2.7.5].
In 1984, Hunt et al. [9] proved that if t — 7;(t) < 19,1 < i < m, and

1
= (1.6)

limind 3 p(e) (1 (1) >

then all solutions of (1.1) are oscillatory.
In 1990, Zhou [23] proved that if 0;(t) —t < 0p for 1 <i < m, and

m

lim inf Z qi<t> (O'i(t) — t) >

t—o00 -

, (1.7)

Q| =

then all solutions of (1.2) are oscillatory. See also [6, Corollary 2.6.12].
Assume that 7;(t), 1 < i < m are not necessarily monotone, and set

hi(t) = sup T(s), t>ty and h(t) = max hi(t), t>t. (1.8)
to<s<t 1<i<m

Clearly, h;(t), h(t) are nondecreasing and T;(t) < h;(t) < h(t) < t for all t > fo.
In 2016, Braverman, Chatzarakis and Stavroulakis [3] proved that if for some r € IN,

t—o0

t om
mMWAm2m®WWWMW%>L (1.9)

or

t m o _ a2
lim sup /h(t)Z;,Pi(g)“r(h(t)/ﬂ(g))dg>1—1 L S (1.10)

t—o0
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or
liminf/ Zpl Jar(h(t), w(0))dT > 1 (1.11)

t—o0

where a4 = liminf;_,« th( ) e pi(s)ds, then all solutions of (1.1) are oscillatory. Here 7;(t) < ¢,
lim; o0 Ti(t) = 00, fori =1,2,...,mand t > ty, and

n(ts) = exp{ | f Pi(C)dé}

(1.12)
ari1(t,s) == eXp{/ Zpl ar (¢, Ti( ))dé}
Assume that 0;(t), 1 < i < m are not necessarily monotone, and set
pi(t) = §r>11;0’1( s), t>ty and p(t) = 11<r}1<nmp i(t), t>to. (1.13)
In the same paper [3], the authors proved that if for some r € IN,
i p(t) I
timsup [ Y- qi()br (o(8), 0:(0)) dE > 1, (1.14)
t—o0 i=1
> () V
plt) 1-b—+v1—-2b—1?
timsup [* Y- (@)br(p(1), 3(2)) 4G > 1~ - , (1.15)
t—o00 i=1
or
Y R 1
timinf [ ) qi(0)b(o(8),0(2)) 4C > -, (1.16)
i=1

where b = liminf;_, ftg(t) Y"1 qi(s)ds, then all solutions of (1.2) are oscillatory. Here ¢t < 0;(t)
fori=1,2,...,mand t > ty, and

bi(t,s) = exp{/si%(é)d@}

(1.17)
braa(ts) = exp{/ Zqz (1 0i(C ))dg}.
Akca, Chatzarakis and Stavroulakis [2, Theorem 2] proved oscillation for (1.1) if
. £ 1+InA
timsup [ Y pi(@ar((0), 7(0)dE > (1.18)
t—oo JH(E) (3 Ao

where A is the smaller root of the transcendental equation
A Y
e =A, and a= liminf/ i(s)ds
t—00 T(t) Z pl( )

Using hypotheses (H1)—-(H4) below, we transform differential equalities into inequalities,
and then follow some ideas from [4,5] to study (1.1), (1.2). We derive new sufficient conditions
for the oscillation of all solutions. These conditions involve lim sup and lim inf, and essentially
improve all the previous results. Also, we give examples that illustrate the significance of our
results.
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2 Basic lemmas

2.1 Delay differential equations

We study (1.1) under the hypotheses:

(H1) 7(t) < tand limy_0 T;(t) = 00, fori =1,2,...,m, and t > t;

(H2) xfi(t,x) > 0 and there exists a continuous non-negative function p; such that

Ifi(t,x)] > pi(t)|x] VxeR, t>tg.

The proofs of our main results are essentially based on the following lemmas.
Lemma 2.1. Assume that (H1) and (H2) hold and h(t) is defined by (1.8).

(i) If x(t) is an eventually positive solution of (1.1), then there exists t1 > to such that x(t) > 0,
x(7;(t)) > 0and x(t) is non-increasing for t > t1. Furthermore

—¥() = 1(h(1) Y pih). 1)

i=1

(ii) If y(t) is an eventually negative solution of (1.1), then there exists t > to such that y(t) < 0,
y(Ti(t)) < 0and y(t) is nondecreasing for t > t1. Furthermore

v (5) < y(h(D) Y pild). (22)

i=1

Proof. Since x(t) is an eventually positive solution of (1.1) and lim;_, T;(t) = oo, clearly there
exists t; > to such that x(t) > 0, x(7;(t)) > 0. By (1.1) we have
m
/
—x'(t) = }_ filt, x(n(1)))

i=1

which means that x(t) is non-increasing for ¢ > t;. Furthermore, in view of (H2), we have

~ ()2 L po)x(n() 2 x0(0) L) 23)

The proof of part (i) is complete.
Since y(t) is an eventually negative solution of (1.1) and lim; ,« T;(t) = oo, clearly there
exists f; > fo such that y(t) <0, y(7;(t)) < 0. By (1.1) we have

m
y () ==Y filtby(w(t)
i=1
which means that y(t) is nondecreasing for t > t;. Furthermore, in view of (H2), we have
, m m
y'(1) < ) pity(m(t)) < y(h(t)) 3o pilt). (24)
i=1 i=1

The proof of part (ii) is complete, and so is the proof of the lemma. O
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To state the next lemma we define recursively the sequence:

Pi(t) = Po(t [1—1—/T1 Zpk exp</ Pi_1(u )du)ds] ji>1, (2.5)

B k=1
where Py(t) = Y7 pi(t).

Lemma 2.2. Assume that (H1) and (H2) hold, x is a positive solution of (1.1), and P; is defined by
(2.5). Then for every j > 0 we have

x'(t) + Pi(t)x(t) <0
and by Gronwall’s inequality,
x(s) > x(t) exp (/StPj(u)du> , 0<s<t (2.6)
Proof. In view of part (i) of Lemma 2.1, Equation (1.1) gives
x'(t) + Po(t)x (t) <0. (2.7)
Applying Gronwall’s inequality, we obtain
x(s) > x(t) exp </St730(u)du), 0<s<t. (2.8)

Taking into account the fact that (H1) and (H2) hold, by integrating (1.1) from 7;(¢) to t, we
have

x(t) — x(7(t +/ Zpk ))ds < 0. (2.9)

Since 1(s) < t, (2.8) guarantees that

% (1(s)) = x(t) exp (/Z

Combining (2.9) and (2.10) we have

() — x((1)) + x(£) / _t(t) kfl pe(s) exp ( / :(S) Po(u)du> ds < 0.

( )Po(u)du) . (2.10)

Multiplying the above inequality by p;(t) and adding, we obtain

/n , klepk exp (/T:(S) Po(u)du> ds] x(t) < 0.

By part (i) of Lemma 2.1, the above inequality takes the form

1 —|—/ Z pi(s) exp (/:( )’Po(u)du> ds] x(t) <0,

m m

=Y pitx(h(t) + Y pi

i=1 i=1

x'(t) + Po(t)

ie.,

x'(t) + P1(t)x(t) <0,
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where

Pi(t) = Po(t)

¢ om ¢
1 +/ Y pi(s) exp (/ Po(u)du) ds| .
(1) k=1 7 (s)

Repeating the above argument leads to a new estimate
x'(t) + Pa(t)x(t) <0,
where

Pa(t) = Po(t)

¢ om t
1 +/ Z pr(s) exp </ Pl(u)du> ds| .
T(t) k=1 i (s)

xX'(t) + Pi(t)x(t) <0,

By induction, we obtain

where

Pj(t) = Po(t)

| —|— S) ex P. | > .

i(t) k=1
The proof is complete. O

Lemma 2.3. For the real-valued function f : [0,00) — R defined as
f(A)=e =2
the following statements hold:
(i) If 0 < a < 1/e then the equation f(A) = 0 has exactly two positive roots.

(ii) If « = 1/e then the equation f(A) = 0 has exactly one root, Ay = e.
(iii) If « > 1/e then the equation f(A) = 0 has no roots.

Proof. (i) Observe that the function f(A) = e* — A attains its unique minimum at A =
—In(a)/a which equals fmin = (1 +1Ina)/a < 0, since 0 < & < 1/e. In addition, f(0) > 0,
f'(A) <0forall A € (0,1/e), and f'A) > 0 for all A > 1/e. Therefore, the equation f(A) =0
has exactly two positive roots.

(ii) Observe that the function f(A) = ¢*/¢ — A attains its unique minimum at A = e which
equals fmin = 0. In addition, f(0) >0, f/(A) < 0forall A € (0,e), and f'(A) > 0 forall A > e.
Therefore, the equation f(A) = 0 has exactly one positive root.

(iii) For « > 1/e, the unique minimum fmin = (1 +1Ina)/a > 0, therefore the equation
f(A) = 0 has no real roots.

The proof of the lemma is complete. O

The next lemma provides a lower estimate for the ratio x(h(t))/x(t) in terms of the smaller
root of A = e*}; see [15] and [6, Lemma 2.1.2].

Lemma 2.4. Assume that (H1) and (H2) hold, h(t) is defined by (1.8), x is a positive solution of (1.1)
and

t m 1
0<a:=Ii 'f/ (s)ds < - 2.11
o :=limin T(f)gp(s)s_e (2.11)
her (1)
..o ox(h(t
113(1%& (1) > Ao, (2.12)

where Mg is the smaller root of the transcendental equation A = e*.
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The next lemma provides a lower estimate for the ratio x(t)/x(h(t)) in terms of the smaller
root of d? — (1—w)d+ «?/2 = 0; see [6, Lemma 2.1.3].

Lemma 2.5. Assume that (H1) and (H2) hold, h(t) is defined by (1.8), x is a positive solution of (1.1)
and w is defined by (2.11). Then

. ..ox(b) 1—a—+V1—2a—a?
lim inf > .

minf @y 2 > (2.13)

2.2 Advanced differential equations

We study (1.2) under the hypotheses:

(H3) t < o;(t) fori=1,2,...,m,and t > to;

(H4) xgi(t,x) > 0 and there exists a continuous non-negative function ¢; such that

lgi(t,x)| > qi(t)|x] Vx€e€R, t>t.

Similar oscillation lemmas for the (dual) advanced differential equation (1.2) can be derived
easily. The proofs of these lemmas are omitted, since they are quite similar to the delay
equation.

3 Main results

3.1 Delay differential equations

We derive new sulfficient oscillation conditions, involving lim sup and liminf, which essen-
tially improve well-known results in the literature.

Theorem 3.1. Assume that (H1) and (H2) hold. If for some j > 0,
t m h(t)
limsup/ Y pils) exp (/ Pj(u)du> ds > 1, (3.1)
t—oo  JH(t) i3 7i(s)

where h(t) is defined by (1.8) and P; by (2.5), then all solutions of (1.1) are oscillatory.

Proof. Assume, for the sake of contradiction, that (1.1) has a non-oscillatory solution x. First
we consider eventually positive solutions. Note that the conditions of Lemmas 2.1 and 2.2 are
satisfied; thus we have

X' (t) + ) pi(t)x (wi(t)) <0, (3.2)
i=1
h(t)
x (7i(s)) > x(h(t)) exp </( | Pj(u)du> . (3.3)
The rest of the proof is similar to the proof of [4, Theorem 1.1]; so we omit it here. O

Theorem 3.2. Assume that (H1) and (H2) hold and « is defined by (2.11). If for some j > 0

tom t 2
1i / - / (u)d ) ds > ) 34
th::}p h(t) 1:21 pils) exp ( 7i(s) P](u) vy 1—a—+vV1—2a—a? G4

where h(t) is defined by (1.8) and P; by (2.5), then all solutions of (1.1) are oscillatory.
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Proof. As in the proof of Lemma 2.2, we have

x(s) > x(t) exp (/St Pj(u)du> , 0<s<t (3.5)

Integrating (3.2) from h(t) to ¢, we have

equivalently

x(t) — x(h(t)) + x(h(t)) /h;) ipl(s)x&(;;)) exp </‘t(s) Pj(u)du) ds < 0.

Ti

The strict inequality is valid if we omit x(#) > 0 in the left-hand side:

—x(h(t)) + x(h(t)) /hzt) ipi(s)x(x;(tt))) exp (/t() Pj(u)du> ds < 0,

1

or

x(h(t)) [x(’;((tt))) /h;) i_ilpi(s)exp (/r;@ Pj(u)du> ds — 1] <0.

/hzt) li pi(s) exp </Tj(s) Pj(u)du> ds < X(xh((tt)))

Thus

and therefore

lim sup /t ip‘(s) exp (/t P(u)du) ds < limsup M
t—oo  Jh(t) i3 Ti(s) ! e x(t)

From the above inequality and the fact that x(h(t))/x(t) is bounded above by 1 and below by
the positive bound in Lemma 2.5, we have

tm t 7
lim su / i(s) ex (/ Pi(u du) ds < ,
t%oop h(t);pl( ) P 7i(s) ]( ) 1l—a—+v1—-2a—a?
which contradicts (3.4). The proof is complete. O

Theorem 3.3. Assume that (H1) and (H2) hold and « is defined by (2.11). If for some j > 0

b hs) 1+1 1—a—+V1—-2a—a2
lim sup /h(t) Y pi(s)exp </T( : Pj(u)du> ds > +A21A0 _ b3 : iy (3.6)
i=1 i(s

t—o0

where h(t) is defined by (1.8), P; by (2.5) and Aq is the smaller root of the transcendental equation
A = ™, then all solutions of (1.1) are oscillatory.
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Proof. Assume, for the sake of contradiction, that (1.1) has a non-oscillatory solution x. First
we consider eventually positive solutions. Note that the conditions of Lemmas 2.1 and 2.2 are
satisfied. Clearly (3.5) is satisfied.

By Lemma 2.4, (2.12) implies: for each € > 0 there exists a te such that

x(h(t))
— > te. .
() >Ag—€ forallt>t, (3.7)
The rest of the proof is as in [4, Theorem 2]. O

Theorem 3.4. Assume that (H1) and (H2) hold. If for some j > 0,

tom h(s)
liminf/ Zpi(s) exp (/ s Pj(u)du) ds > 1, (3.8)
h(t) i =5 Ti(s) e

t—o0

where P; is defined by (2.5) and h(t) by (1.8), then all solutions of (1.1) are oscillatory.

The proof of the above lemma is similar to the proof of [5, Theorem 3.2] and is omitted
here.
3.2 Advanced differential equations

Similar oscillation theorems for the (dual) advanced differential equation (1.2) can be derived
easily. The proofs of these theorems are omitted, since they are quite similar to the ones for
delay equations.

Set Qo(t) = Y"1 9i(t) and

O'i(t) m
1+/ qu(s)exp<
Theorem 3.5. Assume that (H3) and (H4) hold. If for some j > 0

(5 & ai(s)
lim sup /p Y qi(s) exp (/( : Qj(u)du> ds > 1, (3.10)
o(t

t—o0

oy (s

Q;(t) = Qo(t)

)le(u)du) ds] , j>1 (3.9)

where p(t) is defined by (1.13) and Q; by (3.9), then all solutions of (1.2) are oscillatory.
Theorem 3.6. Assume that (H3) and (H4) hold and

olt) 1
— Tim i . < =
0<b: h{i‘g‘f t ;ql(s)ds < - (3.11)
If for some j > 0
li /p(t)i (s) (/Ui(S)Q()d>d > 2 (3.12)
imsu i(s) ex i(u)du ) ds , .
tﬁoop t i:151 P t / 1—b—\/1—2b—b2
where p(t) is defined by (1.13) and Q; by (3.9), then all solutions of (1.2) are oscillatory.
Theorem 3.7. Assume that (H3) and (H4) hold and b is defined by (3.11). If for some j > 0
p(t) Jn ai(s) —b—+1—2b—12
hmsup/ Y qi(s) exp </ Qj(u)du> ds > 1+lndg _1-0 1-2b=0b , (3.13)
t—co  Jt i—1 p(s) Ao 2

where p(t) is defined by (1.13), Q; by (3.9) and Ag is the smaller root of the transcendental equation
A = ™, then all solutions of (1.2) are oscillatory.
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Theorem 3.8. Assume that (H3) and (H4) hold. If for some j > 0,

p(t) In oi(s)
liminf/ Y gi(s) exp (/ Qj(u)du> ds > %, (3.14)
b=t P

t—o0 (s)

where p(t) is defined by (1.13) and Q; by (3.9), then all solutions of (1.2) are oscillatory.

4 Example
Consider the non-linear delay differential equation
1 2
x'(t) + % (L1x(m(t)) +0.1sin (x(7i(t)))) + gx(rz(t)) =0, t>1 (4.1)

Here to = 1, q1(t) = 1/(3t) and ga(t) = 2/(3t). Using the constant 2 = e!/¢, we define
recursively a sequence {f;}:
1
tl :t0+1, i’2: %tl, t3:at1, t4: (Zﬂ—l)tl,

1
ts =ty + 1, t6:‘“2L ts, tr=ats, ts=(2a—1)ts, ...

The delayed arguments are defined on [ty, t4] as (see Figure 4.1 (a))

t/a, if t € [to, 1],
t/a—L(t—t if t € [t1, ],
o(t) = 1/a—(t—t), if t € [t1,t2]
t/a?, if t € [ty 13],
(hi/a) +2(t—ts)/a, ift€ [ta ta];

Tz(t) = Tl(t) —0.1.

Similar definition are used on the intervals [t4, t3], [ts, f12], - - -

Figure 4.1: Graphs of 7y (t) and hy (¢)

By (1.8), we see that
ta, ift e [to,fl],
hl(t) = sup Tl(S) =< t/a ift e [tl, t3],
s<t .
(t1/a) +2(t—t3)/a, ift € [t3, tq];
hy(t) = hy(t) — 0.1
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and consequently

h(t) = max{h;(t)} = m(t), 7(t)= max{7(t)} =mn(t).

1<i<2 1<i<2
(Note that t/a*> < T(t) < h(t) < t/a < t). It is easy to see that

fing [ Y o(ovds — tim [ Las — g — L
X = hmin i(s)ds = lim —ds = lna = —
t—o0 /T(t)lzzlpl()

t—0c0 t/a S e

and Ag = e (see Lemma 2.3). Thus

t m h(s)
lim sup/ Y pi(s)exp </ Pj(u)du> ds
h(t) i = Ti(s)

t—oo
t aty 1 )
> lim sup Po(s)ds = limsup “ds =Ina® ==
t—eo  Jh(t) too Jh/aS e
o L PR
~ 0.7358 > 1 +A1M° _1za W ~ 0.598;
0

that is, condition (3.6) of Theorem 3.3 is satisfied, and therefore all solutions of (4.1) are
oscillatory. However, condition (1.4) is not satisfied.
We remark that similar examples can be constructed to illustrate the other theorems above.
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