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Abstract. The SIS model is a fundamental model that helps to understand the spread of
an infectious disease, in which infected individuals recover without immunity. Because
of the random nature of infectious diseases, we can estimate the spread of a disease
in population by stochastic models. In this article, we present a class of stochastic
SIS model with births and deaths, obtained by superimposing Wiener processes (white
noises) on contact and recovery rates and allowing variable diffusion rates. We prove
existence of the unique, positive and bounded solution of this nonlinear system of
stochastic differential equations (SDEs) and examine stochastic asymptotic stability of
equilibria. In addition, we simulate the model by considering a numerical approxima-
tion based on a balanced implicit method (BIM) on an appropriately bounded domain
D C R2.
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1 Introduction

Each year infectious diseases kill almost 9 million people, many of them children under five,
and they also cause enormous burdens through life-long disability [37]. Because of ethical
concerns and the nature of diseases, it is difficult to do experiments searching an effective
strategy for the management of diseases. Mathematical models may be needed. Mathematical
epidemiology studies the spread of diseases in populations by using tools from mathematics,
statistics, and computer science. SIS and SIR (Susceptible, Infected, Removed) are building
blocks of modern mathematical epidemiology. If the infectives recover from the disease with-
out immunity, then they immediately become susceptible. Such a model is called an SIS
model. SIS models are appropriate for most diseases transmitted by bacterial or helminth
agents [7].
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Since we repeatedly use some terms from epidemiology, we briefly define them here.
An outbreak of a disease that spreads rapidly and widely is called epidemic, and a disease
that exists permanently in a particular location is called endemic. One of the most important
quantities in epidemiology is a basic reproduction number, the expected number of secondary
infections produced when one infected individual entered a fully susceptible population [14].
It determines whether there is an epidemic or not.

Generally, epidemic models admit two types of equilibria; disease-free and endemic. If
the disease-free equilibrium is globally asymptotically stable then the disease dies out. If
the endemic equilibrium is globally asymptotically stable then the disease persists in the
population at the equilibrium level.

Lyapunov’s direct method [26] is a useful tool to establish the global stability of equilibria
of an epidemic model and has been used in [5,10, 13, 15,19-25, 35, 36]. A historic function
V(xy,..., %) = Y4 ci(xi — xf —xIn ++) is considered as a good candidate for the Lyapunov
function for epidemic models [10]. 1

We consider a SIS model with births and deaths of the form

S'(t) = — BS(H)I(t) + p(K—S(t)) 4+ al(t)
I'(t) = BS(H)I(t) — (& + v+ u)I(t).
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Figure 1.1: Flow chart for SIS model with disease deaths.

In this model, the non-negative constant u represents the per capita birth rate. So uKis the
number of births (immigrants) where K is a carrying capacity (i.e. maximum total population
size). Here we consider all the newborns are susceptible. The model (1.1) assumes that the
birth rate y is equal to the natural death rate. The contact rate § is the average number of
contacts per infective. BSI represents the number of new infections in unit time. 1/«, the
reciprocal of the recovery rate «, is the mean infected period. Infected individuals spread the
disease to susceptibles, and remain in the infected class in that time, before recovered from
the disease without immunity. That is, individuals become susceptible immediately once they
have recovered. Non-negative constant 7 is the disease related death rate such that 1/ is a
mean of the disease related death period.

Since N(t), the affected population size at time ¢, is N(t) = S(t) + I(t), we obtain

N'(t) = p(K—=N(t) —7vI(t)

by adding the above equations (1.1). Therefore the affected population size is not constant
and may vary in time. In what follows, we shall introduce a stochastic version of model (1.1)
preserving the same equation for affected population size N(t), but now under the presence
of martingale-type noises.
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2 Stochastic model with martingale-type noise

In this paper we present a family of stochastic SIS model with births and deaths, obtained by
superimposing white noises on contact and recovery rates. This is only one of several ways of
introducing random noise into model [2,4,16,33]. We consider that contact and recovery rates
are subject to random disturbances. We perturb the deterministic system (1.1) by white noises
dWi (t) dWa (1) AW (1)

=5+ and “2~; and obtain a stochastic model by replacing f and a by B+ Fi (S(t), I(t)) =5~

and a + F,(S(t), (1)) dvglzt(t) respectively, where the perturbation functions F; and F, are locally
Lipschitz-continuous (almost surely w.r.t. 2D Lebesgue measure A, i.e. except for a Ay-null
subset of ID) on

D= {(SI)eR*| S>0,1>0,S+1<K}.
Wi and W, are ii.d. Wiener processes defined on a complete filtered probability space
(Q, F, {Ft}tEO/]P) for all ¢ > 0.
Therefore we obtain a stochastic model (interpreted in It6 sense)
ds(t) = ( — BS(O)I(F) + u(K — S(t)) + al(t)) dt
— S(t)I(t) Fi(S(t), I(t)) dWq(t) + I(t) F2(S(t), I(t)) dWa(t)
dI(t) = (55@)1 B — (a+v+ y)I(t)) dt
+S(OI(t) Fi(S(H), 1(8)) dWi(t) — () F2(S(#), (1)) dWa(t)

where the parameters «, B, v and u are non-negative constants.
We ignore t in the above SDE and express the stochastic SIS model with disease deaths in
the form

(
(

ds = ( — BSI+u(K—S)+ od) dt — SI Fi(S,I) dWy + I (S, T) dW,
2.2)
dl = (ﬁSI —(aty+ y)l) dt +SIF (S, 1) dW; — I E>(S, 1) dWs.

Similar stochastic models with specific diffusion terms are discussed in [12,16]. Since the
perturbation functions F; and F, are arbitrary, our model represents a rather non-parametric
approach to the class of stochastic SIS models with respect to the diffusion terms, in contrast
to the models in literature.

Gray et al. [12] investigated the properties of a stochastic SIS model for constant popula-
tions in the form

dS = (— BSI + u(K — S) + yI)dt — oSIdAW

dl = (BSI — (u +y)I)dt + oSIdW. 23)

Obviously, this represents a subclass of models (2.2) with constant diffusion rates F, = 0
and F; = 0. In [12] they showed the positivity of solutions and established conditions for
extinction and persistence of infective population.

Imhof and Walcher [16] studied stochastic single-substrate chemostat model

dXo = (}’ — X() — EI(X(), Xl))dt + O'QX()dWo

(2.4)
dXq = (a(Xo, X1) — s(Xq))dt + o1 X1dWy

by considering biomass concentrations of two microbe species. They showed that, under
certain conditions, the stochastic model leads to extinction even though the deterministic
counterpart predicts persistence.
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In this paper, we first prove the existence of unique strong solution of the stochastic SIS
model (2.2) on ID. Then we discuss stochastic asymptotic stability of disease free and endemic
equilibria. We show that the disease free equilibrium (S1,;) = (K,0) is globally stochasti-
cally asymptotically stable under the condition of BK < a. Furthermore, we prove that the

endemic equilibrium (Sy, L) = (7, %(1 — 7)) is stochastically asymptotically stable if

Ro = ; f f = > 1 for some F; such that F;(Sy, ) = 0 and satisfies

u+7)h

2p
Generally speaking, if F;(Sy, I) # 0 for the diffusion rates F; then the related stochastic system
will not have a positive steady state solution (endemic equilibrium). In here, we consider
random fluctuations around endemic equilibrium by the assumption F(Sy, ) = 0, i.e. no
perturbation at the equilibrium point. Stochastic perturbations which are proportional to the
deviation of the system state from the endemic equilibrium have been first considered by
Beretta et al. [6], Carletti [9] and Lahrouz et al. [25].

Finally, we demonstrate the applicability of the mathematical approach with simulations
and show parametric dependence of asymptotic stability of related equilibria in view of ex-
pectations and variances. An appendix explains the mean square convergence of the class
of balanced implicit numerical methods which we use to generate the results of positive and
D-invariant simulations for our examples.

—u(S =82 — (y+m)(I—L)*+ (stf(s, I+ F(S,1) <0,

3 Existence of a unique global solution

3.1 Preliminary
Consider a d-dimensional It6 stochastic differential equation of the form
dX(t) = f(X(t),t) dt + g(X(t),t) dW(t) (3.1)

with an initial value X(t)) = Xo, to < t < T < co where f : RY x [to,T] — R% and g :
R x [to, T] — R**™ are Borel measurable, W = (W(t));>, is an R"-valued Wiener process,
c(W) = o(W(t) —W(tg) : t > to) as the minimally generated c-algebra generated by W and
Xo is an R%-valued random variable.

The infinitesimal generator £ associated with Itd6 SDE (3.1) is given by

82
ij axiax]- ’

0 ¢ J0 1 ¢ T
£= gt LA T3 1 (8Cx 08" (1)

(3.2)

Theorem 3.1 (Khas'minskii [18]). Let ID,, be open sets in RY with

D, CD,.1, D, CD, whereD := U]D”
n

and suppose f and g satisfy the existence and uniqueness conditions for solutions of (3.1) on each set
{(t,x) : to <t < T, x € Dy} forall n € IN. Suppose further there is a non-negative continuous
function V : D x [to, T] — Ry with continuous partial derivatives 9V /dt, 9V /9x;, and 9*V /dx;0x;
and satisfying LV < ¢ V for some (positive) constant c and all to < t < T, x € D. If also,

inf V(x,t) =00 asn — oo
t:itg<t<T,x€dD,
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then, for any Xo which is independent of o-algebra (W) such that the initial condition P(Xp € D) =1
is met, there is a unique Markovian, global, continuous time solution X of (3.1) with X(to) = Xo, and
X(t) € D forallt € [ty, T] (a.s.).

3.2 Existence of a unique global solution of stochastic SIS model
In the statements below and its proof, consider the function
V(S,1) := In(K3) —In(SI(K — S — 1)) (3.3)
(:3m@j—m@)—muy4mK—s—n)

defined on the open domain
D={(51)eR*:5S>0,1>0,S+1<K}. (3.4)
Note, by elementary analysis, that V(S,I) > 0 on D.
Theorem 3.2. Let (S(to),I(t0))) = (So, o) € D and
E[V(So, Ip)] < +o0

where 0 < So 4 Iy < K. Assume that F; and F, are (2D Lebesgue-almost surely) locally Lipschitz-
continuous Carathéodory functions on interior of ID whenever 0 < S + I < K, that

limsup |IF(S,I)] = 0
S—0+

forall I € (0,K), (So, o) is independent of o(W) and that we have a finite supremum

2
I—Ff(S,I) el yE < oo, (3.5)

esssup | o S 5],

(8,1)eD

where we refer to the essential supremum here (according to Lebesgue’s measure theory) and [-] 1 denotes
the positive part of inscribed expression.

Then, the stochastic SIS model (2.1) has a unique, continuous time, Markovian global solution
process (S(t),1(t)), ,, 0 t > to and this solution is almost surely invariant with respect to ID, ie.
for all initial data (So, Ip) € ID independent of o(W)

P(Vt > to: (S(t), () € D) = 1.

Proof. We use stochastic invariance theorem stated by Khas'minskii [18] and follow the ideas
in [29]. For arbitrary terminal time T > t(, consider the stochastic process X defined by

X(H) = (S(),I(t)), to<t<T.

Since the coefficients of the system (2.1) are a.s. locally Lipschitz-continuous and satisfy linear
growth condition on D, for any initial value (S, Iy) € D, there is a unique continuous time,
Markovian local solution on t € [to, 7r(ID)), where 7r(ID) is the random time of first exit of
stochastic process (S(t),I(t)) i,<t<t<7 from the interior of domain ID before or at T, started

in (S(to),I(to))) € D at the initial time f, € R. We define 17(ID) = oo if X does not hit
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the boundary of ID before T or at T. To make this solution X global, we shall prove that
IP(7r(D) = 00) =1 (a.s.) for all finite terminal times T.

For fixed initial values (Sy, Iy) inside ID, we consider the fully extended system (which is
equivalent to original SIS model (2.2))

ds = ( —BSI+u(K—S) + od) dt — ST F (S, 1) dWy + 1 E(S, 1) dW,

dl = (551 — (4 + y)l) dt +SIF(S,1) dW; — I Ex(S, I) dWs. (3.6)

Let
D, :={(S,I) Ry :Ke "< S, I <K(1-2"),S+I<K(l—e")}

for n € IN. Obviously, for any initial value (S, Ip) inside ID,, the system (2.1) has a unique
solution up to stopping time 77 (D). Define

V(S,I) :=In(K®) —In(SI(K — S —I))

where 0 < S+ 1 < K on ID and suppose that EV (S, I) < co. Note that 0 < V(S,I) < +oo for
(S,I) € D. Furthermore, let the essential supremum be

1
¢=PK+a+7+3u+ 7 esssup [(S*+ I*)FE(S, I)+F3(S, 1)
(S,I)eD
I? I K
oGBS —ag —pe (3.7)

1
+ - esssup S S 5],

2 (S,I)eD

where [-] is the positive part of inscribed expression. Obviously, under hypothesis (3.5) with
almost surely continuous F;, the constant c is positive and finite.
Then, the infinitesimal generator of process X = (S(t), I(t)),<t<T is of the form

LV(S,T) :(—551+y(1<—5)+a1)2‘s’+ (BSI - (Hwy)z)%‘l’

1o 212 PV PV PV
2(5 I*F{(S,1) 4+ I°F;(S, 1)) 0S2 28581 T

(3.8)
_|_

for all (S,I) € D. Recall that all parameters &, 8, 7, and y are non-negative. Evaluating the
aforementioned expression for LV yields that V (S,I) € D

LV(S,I) = (—BSI+u(K—S5)+al) (—; + K_15_1>

+ (BSI — (a+ v+ u)l) (—}+K_15_1>

1 271212 212 1 1
+§(S IFF{(S,I)+ I°F;5(S,1)) FERINe
K-S I I
—,L%I—yis _“§_55+“+7+2V_77K_5_1

1 I?
+3 <SZF12(S, I)+E3(S,T)+ I’F(S, 1) + §p22(5, 1))
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I I K
1

12
+35 (szpf(s, 1)+ F3(S,I) + I?)F2(S,1) + SZF%(S,I))

<BK+a+9+3u+ 1esssup [(S*+ I*)FE(S, I)+F3(S,I)]
2 (S,1)eD

1 I? I K
+ - esssup {FZZ(S, I)—a- — }
2 (spep LS 5 S1y

:C,

where the finite ¢ > 0 is defined as in (3.7) and [-] is the positive part of inscribed expression.
Therefore LV (S,I) <c¢ on D.
Note that, by elementary calculus, we find that

inf  V(S,I) > n+2In(2)
(5,1)€aD,,

since dID,, consists of the boundary of triangle bounded by the lines I = Ke™", S = Ke™", and
S+I=K(1—e™").
Now, define 7, := min{t, T, 77(ID,;) } and apply Dynkin’s formula to get to
Ty
E V(S(t,),I(t,)) =E V(S(to), I(to)) —|—IE/t LV(S(u),1(u)) du
0
< E V(S(to), I(to)) +cT
= IEV(SO, IO) +cT.
Therefore, since ID,, C ID for all n € IN, we have
0 <P(tr(D) <f) <P(tr(Dy) <t) = P(1y <)
=E(1{r,<p) where 1is the indicator function

V(). 1w (Dn) )
< inf(s ryeap, V(S, 1) {ra<t}

(3.9)
EV(So, Ip) + cT
~ inf(s yeap, V(S,I)
EV(So, Ip) + cT
n+2In(2)

— 0 asn— o

for all (Sp, In) € D, (for large n), and for all fixed t € [t, T).
Recall T > t is arbitrary. Thus P(7r(D) < t) = P(tr(ID,) < t) = 0 for (So, Ip) € D,
n € IN and for any T >t > t;. That means that VT >t

P(tr(D) = 00) = 1. (3.10)
This proves the invariance property and the existence of the strong solution (S(t), I(t)) y>tp O
D, provided that (Sp, Iy) € D. d

Remark 3.3. It remains to discuss the boundary cases for initial data. Recall that I = 0 and
S = 0 are not inside of the domain ID . We study these cases separately.
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(i) If I(to) = O at some o, then the system (2.1) reduces to the ODE dS(t) = (K — S(t))dt
with initial condition S(tp) € ID; = [0,K]. Since the right hand side of the ODE is
continuous on ID; then the solution S(t) globally exists on ID; for all + > #y. Note that
[SIFi(S,I)]1=0 = 0 and [IF:(S, I)];=0 = O for all values of S > 0.

(ii) If S(tp) = 0 at some fy, then the remaining equation dS(t) = uKdt obviously in-
stantaneously reflects S back into the interior of ID with positive S(f)-values (since
[SIFi(S,I)]s—o = 0 and [IF(S,I)]s—o = O for all values I > 0) and

A1(t) = (uK — (@ + 7+ p)I() ) dt = 1(DF(0,1(t)dWa (1)

is left with positive values of I(t) < K. Note that, under (3.5) and due to continuity
of F,(0,-), we find that the term IF,(0,I) = 0 = limg_, o [F,(S,I) must vanish for all
0<I<K.

Moreover, if the initial condition is given by I(ty) € D, = (0,K] then the above SDE has a
unique global solution on ID,. One can prove the global existence of strictly positive solutions
I(t) by using a function V(I) = I —In(I) defined on R or a.s. IDy-invariance of process I by
use of V(I) = I —1In(I) + K— I —In(K —I) defined on (0, K) and do similar calculations. Note
that the assumption of finiteness of expression (3.5) also implies that, for almost sure locally
Lipschitz-continuous functions F,(0,-) on compact sets [0, K], we have limg_, o IF2(S,I) =
IF,(0,1) =0 for all 0 < I < K which guarantees here the positivity and ID,-invariance of both
processes I and S.

Similarly, we can conclude that N(t) = S(t) + I(f) = K at finite time ¢ cannot happen
under any adapted initial conditions 0 < Ny = Sp + Iy < K since dN = p(K — N)dt ensures
that N € [0,K] provided that Ny € [0,K] (actually, the action of function V(S,I) along the
dynamics of process (S,I) and the assumption EV (S, Iy) < 4o control this case, and this
fact follows from our proof that 77(ID) = oo (a.s.) for all T, see (3.10) and above (3.9)).

Summarizing, N =S+ 1 € [0,K],S > 0,1 > 0 imply that

VT >0: (S,1)([0,T]) C D.

Consequently, the unique continuous time Markovian solution (S(t), I(t)) of original stochas-
tic SIS model (2.2) exists globally and is invariant with respect to the biologically relevant
domain

D={(51):5>0,1>0,0<S+1<K}

for all adapted initial data (So, Ip) € ID and all ¢ > t; by Theorem 3.2.

Remark 3.4. The condition (3.5) can be satisfied by such examples as vanishing diffusion rate
F, = 0 on D or any a.s. locally Lispschitz-continuous diffusion rates satisfying |F(S,I)| <
VHS/Kor |E(S,I)| < VaS/Kor B(S,1) = S\/T— Iy or even F5(S,I) = /T — Iy Is. 1y where
I;s. 1y denotes the indicator function of subscribed set {S > I}. Basically, for validity of (3.5),

it would also suffice to take any a.s. continuous functions F, on D which satisfy the limit
condition

A further remarkable fact is that, for existence of unique, global, continuous time Marko-
vian solutions (S, I), it basicly suffices to impose no significant assumption on the choice of
diffusion rate F; other than almost sure Lipschitz-continuity of Carathéodory function F; on
compact set D (i.e.in 2D Lebesgue’s almost sure sense). However, the choice of diffusion rates
F’s plays an important role for asymptotic stability of equilibria as seen below.
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4 Stability of equilibria
4.1 Preliminary

Consider a d-dimensional SDE
dX(t) = f(X(t), t) dt + g(X(t),t) dW(t), t>ty, X(to) = xo. (4.1)

Assume that the functions f and g satisfy, in addition to the existence and uniqueness as-
sumptions, f(x*,t) = 0 and g(x*,t) = 0 for equilibrium solution x* for t > t;. Let D C R? be
nonempty and simple-connected.

Definition 4.1. The equilibrium solution x* € ID of the SDE (4.1) is stochastically stable (stable
in probability) iff for every € > 0 and s > tg

lim P sup ||Xsqx(f) —x*|>€| =0 (4.2)
Xp—rx* ty<s<oo

where Xy, (t) denotes the solution of (4.1) at time t > s, satisfying X(s) = xp € DD at initial
time s.

Definition 4.2. The equilibrium solution x* € D of the SDE (4.1) is said to be stochastically

asymptotically stable iff it is stochastically stable and at every s we have

lim PP (tlim X, (1) = x*) =1, (4.3)
—00

xXg—rx*
Definition 4.3. The equilibrium solution x* € D of the SDE (4.1) is said to be globally stochas-
tically asymptotically stable on ID iff it is stochastically stable and for every xg € ID and every s

P (hm Xoxo (1) = x*> =1 (4.4)

t—o0

Definition 4.4. The function V € C>!(ID x [ty,0)) is positive-definite on open neighborhood
N(x*) C D iff V is non-negative on N(x*) x [to, o) and

Vi > toVx € N(x")\{x*} : V(x,t) >0
together with V(x*,t) = 0 for all t > t.

Remark 4.5. Since the equations of our stochastic SIS model do not have time-dependent
coefficients, the requirement of “for every s” in above definitions can be dropped.

Theorem 4.6. Assume that f and g satisfy the existence and uniqueness assumptions and they have
continuous coefficients with respect to t. Let xo be constant with probability 1 and P(Vt > ty :
X(t)eD)=1.

i) Suppose that there exist a positive definite function V. € C*!(Uy X [to, 0)), where U, = {x €
R?: ||x — x*|| < h} NID for h > 0, such that

forall t >ty, xelU,: LV(xt)<O0. 4.5)

Then, the equilibrium solution x* of (4.1) is stochastically stable.
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it) If, in addition, V is decrescent (there exists a positive definite function Vi such that V(x,t) <
Vi(x) for all x € Uy) and LV (x,t) is negative definite, then the equilibrium solution x* is
stochastically asymptotically stable.

iii) If assumptions ii) hold for all x € D for a radially unbounded function V. € C21 (IR x [to, ©0))
defined everywhere then the equilibrium solution x* is globally stochastically asymptotically sta-
ble.

Remark 4.7. This Theorem 4.6 is a slight modification of the famous stability theorem on R?
due to L. Arnold [3], and its proof is very similar to that in [3], hence we may omit its proof
here.

4.2 Global stochastic asymptotic stability of disease free equilibrium

Recall that, for our stochastic SIS model, in previous section we have justified to confine our
related domains ID C R? satisfying

D= {I)cR*S>0,1>0,0<S+1<K}

where its entire dynamic takes place (a.s.). For the rest of this paper, we assume that ID
satisfies that compact triangular form in R2.

Theorem 4.8. The disease free equilibrium solution (S1,1;) = (K,0) of (2.1) is globally stochastically
asymptotically stable on 1D under the condition of % < 1 for any almost sure Lipschitz-continuous

Carathéodory functions Fy and F, on ID (in the sense of 2D-Lebesgue measure), satisfying condition
(3.5).

Proof. Define a Lyapunov function V(S,1) = (S — K+ 1)? + %(K — S) on D. Then,

LV(S,1) = (— BSI+ p(K —S) +al) 2 + (BSI — (a +y+ p)1) 2

(4.6)

1 PV PV PV
+§(5212F12(S/I)+IZF22(S/I)) <852 _28581 + 312>
LV(S,1) = (S=K+1)( = BSI+ (K = ) +al + BSI — (a+ 7+ p)I)
Y
—ﬁ(—ﬁSI+y(K—S)+o¢I)
=(S—K+I)(V(K—S—I)—vl)—g(—ﬁSIMK—VSHI) 4.7)
:_y(K_s—1)2—712—751+71<1+751—'Y;KJFVKS—";YI
= —u(K—S—1)2—qI2— (“—K) - Mk-s
u( ) =" =7 5 ﬁ( )

Hence, if % — K > 0 then LV(S,1) is negative definite on ID since LV (S,I) < —uV/(S,I).
Finally, an application of Theorem 4.6 completes the proof. O
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This theorem also says that an outbreak can be controlled by decreasing the number B of
contacts and infection period 1/«. It is remarkable that the disease related death rate -, birth
rate y (= natural death rate) and the perturbation functions F; and F, do not play a role in the
sufficient condition for the stochastic stability of the disease free equilibrium.

Remark 4.9. By writing the stability condition, BK < &, in terms of the basic reproduction

number Ry = % of the deterministic model, we obtain
K

So our sufficient condition for stability of the disease free equilibrium does not contradict with
the well-known Ry < 1 rule.

Remark 4.10. Since LV (S,I) < —uV(S,I) for BK < a, the disease free equilibrium is expo-
nentially moment V-stable [30] with rate —p.

Remark 4.11. If the perturbation functions F; and F, are constants oy, respectively; i.e., if the
model is in the form

dS =( = BSI+u(K—S) +al) di =y ST AW, + 021 Ts.py dWa
(4.9)
Al =(BSI— (w+ 7+ )1) dt + 18I dWs — 0ol Ts. 1y dW

then the disease free equilibrium (K,0) is globally stochastically asymptotically stable if

K
PR <.

Example 4.12. In order to illustrate an application of Theorem 4.8, we simulate the solution
of the stochastic SIS model (2.1) by considering a numerical approximation of process (S,I)
based on Balanced Implicit Methods (BIMs) [27,31].
We use the following scheme (n € IN) (as proposed in [34] based on [29])
Sui1 = Sut | = BSulu+ (K= Sn) + aly| By = SuluFi (S, In) AW,
+ L, F2 (S, 1) AW? + A, (S, — Suy1)
Lt = L+ [BSuly = (& + 7 + 1)l | Ay + SuluFi (S, L) AW,
— LiFa(Su, I)AW2 + Ay (I, — L)

(4.10)

for a discretization of (2.1) along partitions 0 = ¢ty < t; < --- < t; < t,41 < --- with step
sizes A, = t, 11 — t,, where (for S,; > 0)

K
An = (@ +y+p+Bl) B+ K |F(Su, 1) AWy | + = |Fa (S, In) AW;|
n

and W/’s are standard Wiener processes defined on a (complete) filtered probability space
(Q, F,{Fi}+>0,P) and which are independent of the initial value (Sp, Iy) € ID with finite sec-
ond moments E||(So, Iy)||* < . Here, as in all of our simulations, the independent Gaussian
N(0,A,)-distributed increments AW! are generated by the Polar Marsaglia method. The al-
gorithm for our simulations is programmed in C++. The weights A, are carefully chosen such
that we achieve positivity and invariance of BIMs (4.10) on bounded domain ID whenever we
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start at (So, Iy) € D. For simplicity, all our figures below are generated by equidistant step
sizes A.

Based on the pioneering works of [27], [29] and [31], a more detailed study on the con-
vergence of this numerical method (4.10) along with positivity and stability of the numerical
solution has been carried out in [34] (cf. remarks in appendix). Thus, in this article, we may
leave out further quantitative analysis of related numerical algorithm because we focus more
on qualitative analysis of our SIS model.

We consider the stochastic SIS model

dS =( = BSI+ u(K— ) +al ) dt — SIF (S, [)dWy + Ey(S, 1) IdW,
(4.11)
dl :(ﬁSI ~(a —|—'y+y)l> dt + SIF(S, 1)dW, + Ex(S, 1) IdW;

with the perturbation functions F;(S,I) = SIZZSZ and F,(S,1) = 122 Iisopy where (Sz, L) =

(%,%(1 —m;)) and Rg =

we use

Hﬁ% and 14 is the indicator function of subscribed set A. Here
(i) = birth rate = natural death rate = 1/75 = 0.013 corresponding to a human life
expectancy of 75 years,

(ii) B = 0.02 explaining that average infectives makes contact sufficiently to transmit infec-
tion with 0.02K others per year, where K = 200,

(iif) @ = 13 corresponding to infectives recover after a mean infective period of 1/13 year
(i.e., about one month period),

(iv) v = 13 describing a disease from which infectives die because of the disease after a
mean period of 1/13 year.

Notice that the set of discontinuity points of F, is a null-set w.r.t. the 2D Lebesgue measure,
hence it can be considered as a.s. continuous function and the solution exists according to our
Theorem 3.2.

The left two pictures of Figure 4.1 show the numerical solution of the deterministic SIS
model. As expected, since g = 0.15 < 1, the trajectory of the solution settles around
the disease free equilibrium (200,0). The L-shape picture shows that the Infected popula-
tion vanishes quickly. In the middle two pictures of Figure 4.1, dynamics of expected val-
ues of Susceptible and Infected are plotted for the stochastic SIS with Fi(S,I) = £ EZSZ and
KE(S,I) = % Iisopy. They show that Susceptible and Infected populations, in average,
quickly settle around the disease free equilibrium (S,I) = (200,0). This verifies Theorem 4.8
because % = 0.31 < 1. The last two pictures display the evaluation of the variances of Sus-
ceptible and Infected. As it seen, variances rapidly go to zero. Hence the non-random disease

free equilibrium is approached.

Example 4.13. In this example we consider different perturbation functions F; and F, with the
same parameters explained in the previous example; « = 13, § = 0.02, v = 13, u = 0.013
and K = 200. Here we use three sets of perturbation functions: (Fl(S, I) = %,FZ(S,I ) =

COS(S - Sz) I{5>1}), (Fl(S, I) = Sil’l(S + 1),F2(S, I) = % I{5>[}) and (Fl(S, I) = SL_H,Fz(S,I) =

1
i Ussnp)-
Figure 4.2 verifies that the perturbation functions F; do not affect stochastic asymptotic

stability of the disease free equilibrium. However the system fluctuates by stochastic noises.
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Figure 4.1: Simulations of deterministic and stochastic SIS models with the
parameters &« = 13, p = 0.02, v = 13, » = 0.013 and K = 200. We used
a simulation based on the Balanced Implicit Method (4.10) with initial value
(So, In) = (190,10) and step size A = 1073 .

Simulations agree with analytic study (% = 0.31 < 1) for different perturbation func-
tions since trajectories of solutions of stochastic system (4.11) stay nearby the disease free
equilibrium when time goes to infinity.
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Figure 4.2: Numerical solutions of stochastic SIS model with parameters « = 13,
B =0.02, v =13, u = 0.013 and K = 200 for different perturbation functions.
We used a simulation based on the method (4.10) with initial value (So, Iy) =
(190,10) and step size A = 1073
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4.3 Stochastic asymptotic stability of endemic equilibrium

The stochastic SIS model (2.1) has a unique endemic equilibrium solution

_(atytp pK o oplaty+p)
(52'12)_< B ytm ﬁ(vﬂt))

ST (B
Ro vy+u Ro

Theorem 4.14. The endemic equilibrium solution (Sy, Io) of the system (2.1) is stochastically asymp-
totically stable on D = {(S,1): S > 0,1 >0,S+1 < K} if Ry = tx—f’y—&-y > 1 for some (Lebesguie-)
a.s. continuous Carathéodory functions F; on ID such that F;(Sy, 1) = 0 for i = 1,2 and F; satisfy
condition (3.5) and on ID \ {(Sz, I) } we have
2u+)I
— (S =52 = (v +u)(I - h)* + (yz[;h
Proof. Note that the conditions Ry > 1 and F;(Sy, ) = 0 are needed for the existence of an
endemic equilibrium solution (S, I;). We use the Lyapunov function considered in [35] for a
similar deterministic model

(4.12)

if Ro>1 and Fi(SZ, 12) =0.

(SZFf(s, 1)+ E3(S, 1)) <0. (4.13)

1 2
V(s,1) = 2(5—52+1—12)2+”;7 (1—12—121n112) (4.14)

onD = {(5,1):$>0,1>0,S+1<K}. Then,

LV(S,1) = (— ST+ p(K —S) +al) 9 + (BST — (a7 +0)1) 37

. - ) 2V B 2V 2V
2(SIP1(SI)+1F2 ))<as2 2351+812

(S,
( ﬁSI+]/lK S —I—D(I) S 52+I—12)
(=) (551 T (1Y)

1/cmnm 272 2u+vh
+§<SIF1(S,I)+IF2(S,I)> 5P

= (S~ S2+1— L) (u(K =)~ (v+n)I)

HE =) (B~ (v )

2u+7)h
LTI

We can rewrite the terms (K —S) — (7 + p)I and BS — (« + v + u) as follows:
pEK=S) = (r+ml = pK=p(S=52) —pS2 — (v +p)(I = L) = (v + p)
412 1
(s =52~ (1~ )k (1 )

i w)
+ 1—
o+ Ry

= —u(S=5%)-(r+uwl-h),

_|_

(szpf(s, I)+ F(S, 1))
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respectively
e

ﬁS—(“+7+#):ﬁ<5 5

> =B(S - S2).

Therefore

LV(S,1) = (S=So+T—D)( — (S =) — (v + 1)1~ 1))

2p+7)h
2
= —u(S =82 = (v +u)(I— L) = 2u+7)(S = S2)(I — L)
@)1 =) - S+ PR (2R, 1)+ (5, 1)
Qu+7)h
2%

Note that LV(S,I) = 0 at (S,I) = (Sy, Ir) under our additional condition F;(Sy, ) = 0 and
by the choice of suitable functions F; that satisfy (4.13), one can easily obtain LV (S,I) < 0
on D\{(S2, ) }. Hence LV (S, 1) is negative definite on D for some suitable F;. Therefore, by
Theorem 4.6, the endemic equilibrium is stochastically asymptotically stable on ID. O

F U+ 7)(I=Dh)(S— S+ (S2F12(s,1) +F22(S,I))

= — (S =S = (r+p)(I ~B)+ (S*F(s,1)+ B (5,1)).

Example 4.15. We consider the stochastic SIS model with the parameters « =13, § = 0.1, v =
13, 4 = 0.013, K = 500 and the perturbation functions F;(S,I) = %, E(S, 1) = % Lisopy-
The endemic equilibrium (S,, I;) takes the value of (260.13,0.24). Note that we use the same
perturbation functions in Example 1.

Since Ro = 1.92, the Ry > 1 condition satisfies. The inequality (4.13) also satisfies because

2u -+ S? 2u+y
£V = (k=g 1) (5 =520° = (w47 - g o)1= 1)

is negative definite for all (S,I) € D = {(S,I) : S > 0, > 0,S+1 < K}. Hence Theo-
rem 4.14 guaranties the stochastic asymptotic stability of the endemic equilibrium (Sy, ) =
(260.13,0.24).

Figure 4.3 displays dynamics of expected values and variances of Susceptible and Infected
populations. It shows that Susceptible and Infected populations, in average, quickly settle
around the endemic equilibrium with vanishing variation. Therefore Figure 4.3 confirms
Theorem 4.14.

In Figure 4.4, we fix all the parameters other than the recovery rate « and plot the graphs
of expected values of Susceptible and Infected versus time versus a. These pictures show the
effects of the recovery rate on the asymptotic stability of equilibria. If o gets large then we
lose existence of an endemic equilibrium and verify the stochastic asymptotic stability of the
disease free equilibrium of the system.

Similarly in Figure 4.5, we fix all the parameters other than the contact rate § and plot the
graphs of expected values of Susceptible and Infected versus time versus B. These pictures
show the effects of the contact rate on the asymptotic stability of equilibria. If B gets small
then we lose existence of an endemic equilibrium and verify the stochastic asymptotic stability
of the disease free equilibrium.
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Figure 4.3: The endemic equilibrium (S, I,) = (260.13,0.24) is stochastically
asymptotically stable for « = 13, p = 0.1, v = 13, u = 0.013, K = 500 and
the perturbation functions F;(S,I) = %, E(S, 1) = % Iisopp. We used
a simulation based on the Balanced Implicit Method (4.10) with initial value

(So, In) = (490,10) and step size A = 1073

Example 4.16. In this example we show the influence of random perturbations on a determin-
istic system. We consider a deterministic SIS model

ds = (= BSI+ (K~ ) +al ) at
Al = (BSI— (a+7+p)I) dt

with the parameters « = 13, § = 0.25,y = 13, u = 0.013 and K = 400. Since the basic reproduc-

tion number Ry = Hﬁfﬂl = 3.85 > 1, the endemic equilibrium (S,, I) = (7150 «;Ty (1- %o)) =

(104.1,0.3) of ODE (4.15) is asymptotically stable. Figure 4.6 illustrates that.
In order to investigate stochastic effects for the classical model (4. 15) we put noises into

the contact and recovery rates. We replace by p+ % fi dg\tll and a by a + 1 +1I (551} dt( ); and

obtain

(4.15)

5—5 -1

45 =( — BSI+ (K S) +al) dt — G2 ST AW, + 12 21 sy W, a6
S-S 1 '

dI :(551 - (tx—l—7+y)1) dt+ 5 2SIAW; — 1 Lsory W,

Theorem 4.14 only guaranties stochastic asymptotic stablhty of endemic equilibrium under
the conditions Ry > 1 and (4.13), i.e.

Cut )b
2p
must be negative definite for all (S,I) € D = {(S,I) : S > 0,1 > 0,S+ I < K}. Since the
parameters in the deterministic model and stochastic counterpart are the same, Ry > 1 condi-

— (8§ =82 = (v +w)(I - L)*+ (521:12(5,1) +E(S, I)) (4.17)
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Figure 4.4: Expected values of Susceptible and Infected populations for variable
recovery rate a and fixed g = 0.1, v = 13, p = 0.013 and K = 500. If & > 50
then % = % < 1, and there exists only one equilibrium (S, I) = (500,0), which
is stochastically asymptotically stable. If a < 26.987 then Ry = % > 1
and LV becomes negative definite. Hence an endemic equilibrium (S,I) =
(130.13 + 10, 0.3695 — 0.010w) is stochastically asymptotically stable. We used
a simulation based on the Balanced Implicit Method (4.10) with initial value
(So, Ip) = (490,10) and step size A = 1073 .

tion satisfies (Ro = 3.85). However, the condition (4.13) does not satisfy for the perturbation

functions F(S, 1) = f;gg and F(S,I) = L‘r—% I;s- 1. Because the expression

2u + S?
LV(S,1)= — (pt— y2/37(52+1)2 12>(5—52)2
2u+y 1
(1= 2 v )00

2
(;‘Tsl)z) (S —104.1)% - (13.013 -

7.70
- _ (0.013 - 7 1{5>1}) (I—03)2

(I?+1
is not negative for all (S,I) € D (for instance £V (20,1) = 38 > 0). In that case the stochastic
noise destabilizes a stable system.

Figure 4.7 verifies that the endemic equilibrium is not stable for the given parameters and
perturbation functions.
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Figure 4.5: Expected values of Susceptible and Infected population for variable
contact rate § and fixed « = 13, v = 13, y = 0.013 and K = 500. If g <
0.026 then %K = 38.41658 < 1, and there exists only one equilibrium (S,I) =
(500,0), which is stochastically asymptotically stable. If > 0.052 then Ry =

% > 1 and LV becomes negative definite. Hence an endemic equilibrium

(S, 1) = <%,O.SOO - %) is stochastically asymptotically stable. We used
a simulation based on the Balanced Implicit Method (4.10) with initial value
(So, In) = (490,10) and step size A = 1073 .
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Figure 4.6: Numerical solutions of the deterministic SIS model for the param-
eters « = 13, = 0.25, v = 13, u = 0.013 and K = 400. In the simulation we

consider the initial value (Sy, Iy) = (390, 10) and step size A = 1073.
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Figure 4.7: The endemic equilibrium (S,, I) = (104.1,0.3) is not stochastically
asymptotically stable for « = 13, § = 0.25, v = 13, u = 0.013, K = 400,
Fi(S1) = f;g% and F(S,I) = %I{SM}. We used the Balanced Implicit
Method (4.10) for simulations with initial value (Sp, Iy) = (390,10) and step

size A = 1073.

5 Conclusion and summary

We obtained a family of stochastic SIS models with generally state-dependent diffusion co-
efficients F; by introducing random fluctuations on contact and recovery rates in well-known
deterministic model. We extended some major results of paper [29] on stochastic logistic
equations in R! to R? here. The existence of unique strong solution of IVPs for non-linear
SDEs has been shown by a mathematically rigorous proof of Theorem 3.2. This is a non-trivial
task since we deal with non-linear SDEs with non-globally Lipschitz-continuous coefficients.
This investigation revealed a biologically relevant bounded domain D C RR?% on which ran-
dom dynamics of Susceptible and Infected with non-globally Lipschitz-continuous coefficients
takes places. This fact is non-trivial under the presence of erratic unbounded martingale-type
noises. Furthermore we discussed stochastic asymptotic stability of disease free and endemic
equilibria. As common, stochastic asymptotic stability of equilibria is connected to the basic
reproduction number Ry. Stochastic asymptotic stability of the disease free equilibrium de-
pending on the recovery rate x and the contact rate g is shown by Theorem 4.8 for almost sure
locally Lipschitz-continuous perturbation functions F; and F, of Carathéodory-type under the
condition BK < a. This condition does not contradict with the well-known Ry < 1 rule. This
is verified by the help of invariance principle and Lyapunov’s second method. Finally the
stochastic asymptotic stability of the endemic equilibrium is investigated by Theorem 4.14.
A sufficient condition for stochastic asymptotic stability is found in terms of parameters and
the perturbation functions (4.13). A remarkable fact of the criteria (4.13) is that a sufficient
condition for stability can be found even for arbitrary locally Lipschitz-continuous functions
F; and F, which are Lipschitz-continuous on ID. Some graphical illustrations demonstrate the
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applicability of the mathematical approach. The simulations show parametric dependence of
asymptotic stability of related equilibria in view of expectations and variances. Moreover, we
have exploited our main idea of studying effects of variable diffusion rates F; on the qualita-
tive behavior of stochastic models — an idea which is originally introduced by the authors in
[28] (but there for the case of stochastic SIR model).

Appendix A Mean square convergence of well-posed BIMs

Mean square convergence of numerical sequences Y, := (Sy, ;) to exact solution X(t) :=
(S(#),I(t)) of our stochastic SIS models (2.2) can be verified along any nonrandom par-
titions (7 = 7%([0,T]))a0 of fixed, finite time-intervals [0, T] when maximum step size
A = maxA; = max{|ti;1 —ti| : tj, tiz1 € 7} tends to zero. The criterion of mean square
convergence is given by

VT > 03K(T) VA <6V =72([0,T]) sup E||X(t,) — Yal|* < K(T)A> (A1)
thEn

where 7 is said to be the (least) order (rate) of mean square convergence of numerical se-
quence Y = (Yj)ien and K = K(T) the leading error constant which depends on several
system-parameters (here || - || is the Euclidean vector norm in R?).

Theorem A.1 (Convergence of BIMs). Assume the coefficients Fi in our SIS models (2.2) are
such that the noise-intensity terms SIF(S,1) and IFy(S, 1) are almost surely Lipschitz-continuous
on bounded, closed triangular domain D where

D={(SI1)eR*}S>0,1>0, S+1<K}.
Let the condition (3.5) be satisfied, i.e. we have
?_, I K
ess sup [FZ(S, I)—a- — } < oo,
(S,1)eD s S S1y

Then, the numerical approximation (Yy,)nen with Y, = (Sp, I,) governed by

Swir = Su+ | = BSuln + H(K = Su) + &l | Ay — SuluFi (Su, 1) AW,
+ InF2(Sn, 1) AW; + Au(Su — Sui)

i1 = Lo+ [BSuln = (07 + )L | B+ SuluFa (Su, 1n) AW,
— L,y (Sp, L) AW? + Ay (I — Iiyq)

(A.2)

with weights (A\WF are Gaussian N'(0, A,,)-distributed)
K
Ap= (w4v+pu+BL) Ay +K|F (S, L) AW + » |F(Sy, I,) AW?|
n

is mean square convergent with order -y = 0.5 towards the exact solution X = (S,I) of (2.2) on D,
whenever started at Yo = X(0) = (5(0),1(0)) € D (a.s.).

For detailed proof of Theorem A.1, one may combine the results of papers [31] and [32]
with Lyapunov function V(S,I) = 1+ S? + I2. Note that the BIMs with specific weights
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A, are positive and D-invariant almost surely (for detailed verification of those facts, see
also [34]). For example, every polynomial F(S,I) in the variables S and I guarantees the
Lipschitz-continuity of terms SIF;(S,I) and IF(S,I) on compact domain D.

In passing, we note that the numerical scheme (A.2) can be equivalently rewritten to its
increment form

(= BSuly + (K = Sy) 4+ aly) Ay — Syl Fi(Sn, I;) AW? + L,Es(S, L) AW2

AI . (‘BSI’ZITI - (“+’)/+]/£)IH)AH +SHII’ZF1(SVII In)AW% - Ian(Sn, In)AW’%
" 1+ A,

in terms of their increments AS, = S,4+1 — S, and Al, = I,1 — I,. This is obviously possible
due to the linear-implicit character of BIMs (A.2). Moreover, the scheme values (S, I,,) and A,
cannot explode to infinity whenever Sp > 0 due to its nonnegativity and Lipschitz-continuous
coefficients Fi. In fact, when S, tends to 0 then A, with any coefficient |F,(0, I,)| > 0 would
tend to +o00 and AS, = S,4+1 — Su to 0 at the same time. So, we may define the increment
AS,4+1 = 0 whenever S, = 0. However, although of less importance, this case is physically
relevant (from the point of view of any practically relevant biological modelling) since any
disease cannot spread out more if there are no susceptable species. Furthermore, the positivity
of both S and I, and the boundedness S + I < K of all numerical values (S,, I,;) of BIMs (A.2)
are guaranteed by the choice of any step sizes A, satisfying

(a+v+u)A, <1, BKA, <1

for all n € IN. Consequently, the numerical scheme of BIMs (A.2) with those restrictions on
step sizes A, is well-posed for any initial data (S, Iy) € D.
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