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Abstract. In this paper, we investigate the second-order problem with dependence on
derivative in nonlinearity and Stieltjes integral boundary condition

{—u”(t)—f( u(t),u'(t
u(0) = afu), u'(1)=

where f: [0,1] x RT x R™ — R™ is continuous and «[u] is a linear functional. Some
inequality conditions on nonlinearity f and the spectral radius conditions of linear
operators are presented that guarantee the existence of positive solutions to the problem
by the theory of fixed point index on a special cone in C![0, 1]. The conditions allow that
f(t,x1,x2) has superlinear or sublinear growth in x7,x. Some examples are given to
illustrate the theorems respectively under multi-point and integral boundary conditions
with sign-changing coefficients.

), te][0,1],
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1 Introduction

In this paper, we discuss the existence of positive solutions for second-order boundary value
problem (BVP) with dependence on derivative in nonlinearity and Stieltjes integral boundary

conditions
—u'(t) = f(t,ut)u'(), tel01], a1
u(0) = aful, w(1) =0,

where a denotes linear functional given by a[u fo t) involving Stieltjes integral

with suitable function A of bounded variation.
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Recently, Li [7] considered the existence of solutions for second order boundary value
problem

{—u”(t) = f(tu(t), u'(t), teo1], (12)

u(0) =0, u(l)=0,

where f: [0,1] x R" x R — R™ is continuous. Under the conditions that the nonlinearity
f(t,x1,x2) may be superlinear or sublinear growth on x; and x,, the existence of positive
solutions are obtained. It should be remarked that the constant 772 in the discussion plays an
important role and is the first eigenvalue of the linear eigenvalue problem corresponding to
BVP (1.2) which is related to the spectral radius of linear operator. The results of [7] extend
those of [14] in which only sublinear problem was treated. The fourth-order problem with
fully nonlinear terms was also investigated in [8].

Webb and Infante [11] gave a unified method of establishing the existence of positive so-
lutions for a large number of local and nonlocal boundary problems by applying the theory
of fixed point index on cones when f does not depend on u’. They dealt with the bound-
ary problems involving Stieltjes integrals with signed measures and their results included the
multipoint and integral boundary conditions as special cases. We also refer some other rele-
vant articles, for example, [3,9-13] and references therein. In these works the nonlinearity is
independent of derivative term.

Inspired and motived by those previous works, we investigate BVP (1.1) in which not only
the nonlinearity depends on derivative term but also the boundary conditions involves Stieltjes
integral. Some inequality conditions on nonlinearity f and the spectral radius conditions of
linear operators are presented that guarantee the existence of positive solutions to BVP (1.1)
by the theory of fixed point index on a special cone in C![0,1]. The conditions allow that
f(t,x1,x2) has superlinear or sublinear growth in x1, x,. The readers can also refer to [4,5,15]
for some pertinent questions.

The organization of this paper is as follows. In Section 2, we give some lemmas useful for
our main results and present a reproducing cone P and a cone K which play important roles
in calculating fixed point indexes of nonlinear operator. In Section 3, we discuss the existence
of positive solutions to problem mentioned above and give its complete proof. At last in
Section 4, some examples are given to illustrate the theorems respectively under multi-point
and integral boundary conditions with sign-changing coefficients.

2 Preliminaries

Let C'[0, 1] denote the Banach space of all continuously differentiable functions on [0, 1] with
the norm ||u|| 1 = max{||u||c, [|[#’|c}. We first make the assumption:

(C1) f:]0,1] x RT x Rt — R is continuous, here R™ = [0, c0).
As shown by Webb and Infante [11] BVP (1.1) has a solution if and only if there exists a

solution in C![0,1] for the following integral equation

u(t) = afu] + /01 k(t,s)f(s,u(s),u'(s))ds =: (Tu)(t), (2.1)
where

1/
) (2.2)
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and a[u] = f01 u(t)dA(t). We set

1
(Fu)(t) := /0 k(t,5)f(s,u(s), u'(s))ds,

so that (Tu)(t) = afu] + (Fu)(t).
We also impose the following hypotheses:

(C2) A is of bounded variation and
1
Kals) i= / k(t,s)dA(f) >0, Vs e [0,1];
0

(C3) 0<al] <1
Adopting the notations and ideas in [11], define the operator S as

(su)(t) = 2t + (Fu) (),

and thus S can be written in the form as follows,
(Su)(t) = i [ a(6) s (s) ' (s))ds-+ [ () (s, us),0(5)) s
= /01 ks(t,s)f(s,u(s),u'(s))ds,

ie.,

(5u)(6) = [ Ks(t,5)F(s,u(s), 1 (5))ds, 3)

0
where

ks(t,S) =

= Ka(s) +k(t,s). (2.4)

Lemma 2.1. If (Cy) and (C3) hold, then there exists a nonnegative function ®(s) satisfying

td(s) < ks(t,s) < D(s) fort,sel0,1],
where
1

®E) =

Ka(s)+s.

Define two cones in C![0, 1] and several linear operators as follow.

P={uecC0,1]:u(t) >0, u'(t) >0, Vte[0,1]}, (2.5)
K= {u €P:u(t) > tullc, Vt€[0,1], a[u] >0, u'(1) = o}, (2.6)
(L) (t) = [ kst s)(als) +bal()ds (i=1,2) 27)
(L)) =an [ Ks(t,s)u(s)as, 28)

where a;,b; (i = 1,2) are nonnegative constants and 7 € (0,1). We write u < v equivalently
v >~ u if and only if v — u € P, to denote the cone ordering induced by P.



4 J. Zhang, G. Zhang and H. Li

Lemma 2.2. If (C;)—(C3) hold, then S: P — Kand L;: C'[0,1] — C1[0, 1] are completely continuous
operators with L;(P) C K (i = 1,2,3).

Proof. From (2.3), (2.4) and (C;)—(Cs3) we have for u € P that (Su)(¢t) > 0 and

1
(Su)'(t) = /t F(s,u(s),u'(s))ds >0,  vtelo1].

It is easy to see from (C;) that S: P — C![0,1] and L;: C![0,1] — C![0,1] (i = 1,2,3) are
continuous. Let F is a bounded set in P and there exists M > 0 such that ||u||- < M for all
u € F. By (C) and Lemma 2.1 we have that Vu € F and t € [0,1],

(Su)(t) < ( max f(s,x,y)) /01 D(s)ds,

(s,x,y)€[0,1]x [0,M]?

(Su)'(t) < < max f(s, x,y)) /tl ds < on max f(s,x,y),

(s,x,y)€[0,1]x [0,M]2 )€[0,1] x[0,M]?

then S(F) is uniformly bounded in C![0, 1]. Moreover Vu € F and t;,t, € [0,1] with t; < t,,

(S)(t) = (Su)(e2)] = [ [Ks(t1,) = ks(t2,8) (5, (5), ()

1
< s Ay k t 7 _k t 7 d ’
B <(s,x,y)er[rt}i]xx[0,M]2f<s ! y)>/o ks (th,s) = ks (t2,5)lds

[(Su) (1) — (Su)'(t2)] = :f<s,u<s>,u’<s>>ds < (ogymax fxy)in-hl

thus S(F) and S'(F) =: {¢' : ¢/(t) = (Su)'(t),u € F} are equicontinuous.

Therefore S: P — C![0,1] is completely continuous by the Arzela-Ascoli theorem and so
are L;: C'[0,1] — C![0,1] (i = 1,2,3) similarly.

For u € P it follows from Lemma 2.1 that

1 1
ISulle = [ ks(Ls)f(s,u(s),w'(9))ds < [ @(s)f(s,us),u'(s)ds,

and hence for t € [0,1],

1 1
(Su)(t) :/0 ks(t,s)f(s, u(s), u'(s))ds > t/o ®(5)f (s, u(s), u'(s))ds > t]|Sulc.

From (C;)—(C3) it can easily be checked that a[Su] > 0 and (Su)’(1) = 0. Thus S: P — K.
By the same way, we have L;: P — K (i = 1,2,3). O

Lemma 2.3 ([11]). If (C1)—(C3) hold, then S and T have the same fixed points in K. As a result, BVP
(1.1) has a solution if and only if S has a fixed point.
3 Main results

In order to prove the main theorems, we need the following properties of fixed point index,
see for example [1,2].
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Lemma 3.1. Let Q) be a bounded open subset of X with 0 € Q and K be a conein X. If A: KNQ — K
is a completely continuous operator and pAu # u for u € KNoQ and p € [0,1], then the fixed point
index i(A,KNQ,K) =1.

Lemma 3.2. Let Q) be a bounded open subset of X and K be a cone in X. If A: KNQ — Kisa
completely continuous operator and there exists vg € K\ {0} such that u — Au # vvg for u € KNoQ
and v > 0, then the fixed point index i(A, KN Q,K) = 0.

Recall that a cone P in Banach space X is said to be reproducing if X = P — P.

Lemma 3.3 (Krein—Rutman). Let P be a reproducing cone in Banach space X and L: X — X be a
completely continuous linear operator with L(P) C P. If the spectral radius r(L) > 0, then there exists
¢ € P\ {0} such that Lo = r(L)¢, where 0O denotes the zero element in X.

In the sequel, let X = C'[0,1] and denote O, = {u € C'[0,1] : ||u|| < r} for r > 0.
Theorem 3.4. Under the hypotheses (Cy)—(Cs) suppose that
(Fy) there exist constants a1 > 0, by > 0, ¢q > 0 such that
ft,x1,x2) < arxr + bixa + ¢y, (3.1)
forall (t,x1,x2) € [0,1] x RT x R*, moreover the spectral radius r(L,) < 1;
(Fy) there exist constants ay > 0, by > 0 and r > 0 such that
f(t,x1,x2) > axx1 + bax, (3.2)

for all (t,x1,x2) € [0,1] x [0,7]2, moreover the spectral radius r(Ly) > 1, where L;: C*[0,1] —
CY0,1] (i = 1,2) are defined by (2.7).

Then BVP (1.1) has at least one nondecreasing positive solution.

Proof. Let W = {u € K:u = puSu, p € [0,1]} where S and K are respectively defined in (2.3)
and (2.6).

We first assert that W is a bounded set. In fact, if u € W, then u = uSu for some u € [0, 1].
From (2.7) and (3.1) we have that

u(t)

u(S —y/ ks(t,s)f(s,u(s),u'(s))ds
/ Yaru(s) + by (s) + c1)ds = (Liu)(t) + 1 /01 ks(t,s)ds

and .
(I = Ly)u)(t) < 61/0 ks(t,s)ds =: 0(t).

Obviously v € P and it is easy to see from (2.4) that

1
= y/ f(s,u(s),u'(s))ds < /t [a1u(s) + byu'(s) + c1]ds = (Lyu)'(t) +9'(¢),

that is, ((I — L1)u)'(t) < v'(t) for t € [0,1], and thus (I — L1)u = v. Because of the spectral
radius r(L;) < 1, we know that I — L; has a bounded inverse operator (I — L;)~! which can
be written as

(I-L) ' =I+L+Li+ - +L{+



6 J. Zhang, G. Zhang and H. Li

Since L1(P) C K C P by Lemma 2.2, we have (I — L;)~}(P) C P which implies the inequality
u = (I — L1) 0. Therefore,

u(t) < ((I=Li)"lo)(1), u'(t) < ((I-L)7lo)'(t),  Vte[01]

and hence ||u||c < ||(I — L) '0||c1, i.e. W is bounded.

Now select R > max{r,sup W}, then pAu # u for u € KNdQg and p € [0,1], and
i(S,KNQg, K) =1 follows from Lemma 3.1.

It is easy to verify that P is a solid cone, i.e. the interior point set P # @, then P is
reproducing (cf. [1,2,6]). Since L,: P — K C P and r(Lp) > 1, it follows from Lemma 3.3 that
there exists go € P\ {0} such that Lypo = r(Ly)¢o. Furthermore, ¢o = (r(L2)) 'Lago € K.

We may suppose that S has no fixed points in K N 9Q), and will show that u — Su # vgq
foru e KNnoQ), and v > 0.

Otherwise, there exist 1y € KN 9, and vy > 0 such that up — Sty = vp¢o, and it is clear
that vy > 0. Since up € KN 0QY,, we have 0 < ug(t), uj(t) < r,Vt € [0,1]. It follows from (2.4),
(2.7) and (3.2) that (Sug)(t) > (Laup)(t) and

1 1

(5u0)' (1) = [ £(s,0(s),up(s))ds > [ [nauo(s) + baup(s))ds = (Lawo)'(t), ¥t € [0,1]

which imply that
Up = Voo + St = Vo@o + Louig = vo@o. (3.3)
Set v* = sup{v > 0:up = vgo}, then vy < v* < 400 and 1y > v*¢p. Thus it follows from (3.3)
that
ug = vo@o + Loug = vo@o + v Lago = vo@o + v*r(L2) @o.

But r(Lp) > 1, so ug = (vp + v*)¢o, which is a contradiction to the definition of v*. Therefore
u— Au #veo foru € KNoQ)y and v > 0.

From Lemma 3.2 it follows that i(S, KN Q),, K) = 0.

Making use of the properties of fixed point index, we have that

i(S, KN (Qr \ ), K) = i(S,KNQg,K) —i(S,KNQy, K) =1

and hence S has at least one fixed point in K. Therefore, BVP (1.1) has at least one nonde-
creasing positive solution by Lemma 2.3. O

Theorem 3.5. Under the hypotheses (Cy)—(Cs) suppose that

(F3) there exist positive constants ay, c1 satisfying

a /01 sP(s)ds > 1 (34)

such that
f(t,x1,x2) > ayx1 —cq, (3.5)
forall (t,x1,x2) € [0,1] x R x RY;

(Fy) there exist constants ay > 0, by > 0 and r > 0 such that
f(t,x1,x2) < axxy + boxy, (3.6)

for all (t,x1,x2) € [0,1] x [0,7]2, moreover the spectral radius r(Ly) < 1, where L, is defined
by (2.7).
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If the following Nagumo condition is fulfilled, i.e.

(F5) for any M > O there is a positive continuous function Hy(p) on R™ satisfying

+oo d
pap
N vt W 3.7
0o Hup)+1 G7)
such that
f(t,x,y) < Hum(y), V(t,x,y) € 0,1] x [0, M] x RT, (3.8)

then BVP (1.1) has at least one nondecreasing positive solution.

Proof. (i) First we prove that uSu # u for u € KNoQ, and p € [0,1]. In fact, if there exist
u; € KNoQ, and g € [0,1] such that u; = uoSuy, then we deduce from

0 <u(t), uj(t) <r, vt € [0,1]

and (3.6) that

ur(t) = po(Su1)(t) = po /01 ks(t,s)f (s, u1(s), uy(s))ds

1

< / ks(t,5)[au1 (s) + bouy (s)]ds = (Louz ) ()
0

and from (2.4) that

1 1
(1) = mo /t F(s,ua(s), uy(s))ds < /t a1t (s) + boid (s))ds = (Lawr)'(£), Wt e [0,1],

thus (I — Lp)u; = 0. Because of the spectral radius r(Ly) < 1, we know that I — L, has a
bounded inverse operator (I — Ly)"': P — P and u; =< (I — Ly)~'0 = 0 which contradicts
u; € KNoQy,.

Therefore, i(S, KN Q,,K) = 1 follows from Lemma 3.1.

(ii) Let
1
c d(s)ds
_ @5 (39)
ay [, s®(s)ds — 1
By (3.7) it is easy to see that
e pdo
o Hu(p)+a '
hence there exists M; > M such that
M, d
pap
> 3.10
0 Hul(p) +or (3.10)
(iii) For u € P define
1
(S1u)(t) = /0 ks(t,s)[f(s,u(s),u’(s)) + c1]ds. (3.11)

Similar to the proof in Lemma 2.2, we know that S;: P — K is completely continuous.
Let R > max{r, M; } and we will show that

(1—=A)Su+ASju #u, Yu € KNaQg, A €[0,1]. (3.12)
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If it does not hold, there exist u; € KN9dQg and Ag € [0,1] such that
(1= Ag)Suz + AoSuz = uy, (3.13)

thus by (3.5) and Lemma 2.1 we obtain that
Jialle = (1= o) [ ks(1, (5, a(5) s (5))ds + o [ ks(L9)[F(51(6),14(5)) + cils
> /01 ks(1,8)[f (5, u2(s), ih(5)) -+ Aoci]ds > /01 ks(1,8)[mua(s) — c1 + Aocids
1 1 1
> /0 ks(1,s)[a1uz(s) — c1]ds > al/o D(s)uy(s)ds —cl/o D(s)ds

1 1
2a1||u2||c/ sCID(s)ds—cl/ ®(s)ds
0 0

which implies that

|zl < =M. (3.14)

We can derive from (3.8), (3.13) and (3.14) that

—uy (t) = (1= Ao) f(t, ua(t), us(t)) + Ao(f (t, ua(t), us(t)) +c1)
= f(tua(t), up(t)) + Aoct < f(t,ua(t), us(t)) +c1
< Hup(uh(t)) + c1.

Multiplying both sides of the above inequality by u5(¢) > 0, we have that

—uy(t)uy ()
Hum(uy(t)) + 1

< uh(t), t €[0,1]. (3.15)

Then integrating the inequality (3.15) over [0, 1] and making the variable transformation p =
u}(t), we also obtain from (3.14) that

Hulo) +c1 —— < uz(1) —up(0) < ||u <M
/0 HM(p) +a ub(1) HM(P) +c 2( ) 2( ) = H 2”C >

since u}(t) < 0 and u5(1) = 0. Hence by (3.10) and (3.14) we have that ||u}|c < M; and
|luz||cr < M3y, which is a contradiction to ||uz||c1 = R > M;.
From (3.12) it follows that

i(S,KN Qg K) = i(S1, KN Qg, K) (3.16)

by the homotopy invariance property of fixed point index.
(iv) For the function h(t) = t, we have from Lemma 2.1 that

1 1 1
(Lsh)(t) = al/ sks(t,s)ds > alt/ sP(s)ds = (111/ SCD(s)ds)h(t),
0 0 0
so by a result of Krasnosel’skii [6, p. 76, Theorem 2.5], there exist A; > a1 fol s®(s)ds > 1 and

@o € C[0,1] with ¢o(t) > 0 such that gy = A 'Lzgo as L is a completely continuous linear
operator in C[0, 1]. Since

1
@o(t) = al)\l_l/ @o(s)ds >0, te[0,1],
t
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we have ¢g € P and thus ¢y € K by Lemma 2.2.
(v) In this step we prove that u — Sju # vy for u € KN dQg and v > 0, where ¢ is as in
step (iv), and hence

i(S1,KNQg,K) =0 (3.17)

holds by Lemma 3.2.
If there exist up € KNdQg and vy > 0 such that uy — Sjuy = vp@o. Obviously vy > 0 by
(3.12) and

Llo(t) = (S]MO)(t) —|—1/0§00<t> > l/oq)o(t) (318)

for t € [0,1]. Set
v =sup{v > 0:u(t) > veo(t), Vt € [0,1]},

then vp < v* < +oco and uo(t) > v*@o(t) for t € [0,1]. From (3.5) and (3.18) we have that for
te€[0,1],

ug(t) = (S1uo) (t) +vopo(t) > (Lauo)(t) + vopo(t)
> v*(Lago) (t) + vopo(t) = Av*@o(t) + vogo(t).

Since A > 1, we have r(L3)v* + vp > v* which contradicts the definition of v*.
(vi) From (3.16) and (3.17) it follows that i(S, KN Qg,K) = 0 and

i(S, KN (Qr\ Q),K) =i(S,KNQg,K) —i(S,KNQ,, K) = —1.
Hence S has at least one fixed solution and BVP (1.1) has at least one nondecreasing positive
solution by Lemma 2.3. O
4 Examples

For the sake of providing some examples to illustrate the theorems, we roughly estimate some
coefficients by inequalities in advance.
Consider 4-point boundary problem with sign-changing coefficients as follows:

{—u"(t) = f(u(t),w'(t), tel01],

Then afu] = 1u(1) — Lu(3) from which it follows that

5, 0<s<jy,

1 1,/1 1./3
KA(S):/O Kt s)dAW) = gk(15) = k(55) = 4 35, T<s<,
0, 3<s<L

It is easy to see that 0 < K4(s) < 54, #[1] = %, thus (C) and (C3) are satisfied. From (2.4)
follows that
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Since for u € C![0,1] and t € [0,1],

1 21
(L) (B)] < 20 | (ailu(s)] + bilu' (s)))ds < 5 (ai + bi) ullcr,

|(Liw)' (B)] < /Ol(ai\u(S)l +bilu'(s))ds < (a; + b)) Julla (i=1,2),

we have that 7(L;) < ||L;|| < (21/20)(a; + b;) < 1 when a; +b; < 20/21 (i =1,2).
From Lemma 2.1 and Lemma 2.2 we have that for u € K\ {0} and ¢ € [0,1],

) > at/ s)ds > at/ NE ||u|ycds_at||u||c/ s®(s)ds
and
1
[(Liu)[[c = (Liu)(1) = ﬂil\uHc/O s®(s)ds  (i=1,2),
hence
(L2u)(t) > a; /1 ks(t,s)(Li) (s)ds > ait/1<1>(s)(Liu)(s)ds
‘ 1 2 ° 1 2
> ait [ s@(s)]| (Lin)|cds Zal-tHuHC(/O scp(s)ds)
and

1 2
(L2 lle = (L) (1) 2 a?ljullc( [ s@()ds)
By induction,
n ! "
I(Liw)lle = (L) (1) = afllullc( [ so()ds)”
Consequently for u € K\ {0},
n n n n ! "
L aler 2 el = Ll 2 affulle( [ so(s)as)”
and by virtue of Gelfand’s formula, the spectral radius

1 1/n 1
N 1: nl/n ) : ||uHC o /
r(Li) = Tim (LI > a(/o 5@ (s)ds ) r}%(nun@) = ai O so(s)ds).  (42)

Hence we can obtain that (L;) > 18a; (i = 1,2).

Example 4.1. If f(f,x1,x2) = /X1 + J/x2, while a; = %, b = % and c; is large enough for (F),
anda, =3, b =1, r = @ for (F,). By Theorem 3.4 we know that BVP (4.1) has at least one
positive solution.

Example 4.2. If
10t + ix

t, xq, =2 <
f( xlxz) 1+x1—|—x2

while a1 = 3 and ¢; is large enough for (F3), and a» = 1, b, = &, r < 1 for (F4), Hu(p) =
M? + p%. By Theorem 3.5 we know that BVP (4.1) has at least one positive solution.
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Our last example is the following problem with integral boundary condition in which one
should notice that cos(7tt) is sign-changing over [0, 1]:

—u"(t) = f(t,u(t),u'(t)), te€][0,1], 43)

u(0) = — [ u(t)cos(mt)dt, w'(1) =0, '

Then afu] = —fl

o U(t) cos(rtt)dt from which it follows that

1 — cos(7ts) < 2

1
0<Ka(s) =— / K(t,s) cos(et)dt = —— 2
0

and «afl] = — fol cos(7tt)dt = 0. Thus (C,) and (Cs3) are satisfied and from (2.4) follows that
1 — cos(7ts 242
ks(t,s) = 7_[2() +k(t,s) < —

D(s) = Ka(s) +s.

Since for u € C![0,1] and t € [0,1],

2 + 72

2+ 7% 1
| @lu(e)]+ bila(5) s < (@i +b) e,

772

|(Liu)(t) <

|(Liw)'(5)] < /Ol(ﬂilu(S)l +bilu'(s)ds < (a; +bi)ullc (1=1,2),

we have that

2+ 72
(L) < Il < 257 (0 b) <1

2
7T
When a; + bi < m

2t 4372 +12 P
T[li <Z — 1, 2).

(i = 1,2). Moreover, (4.2) holds, from which we can obtain r(L;) >

Example 4.3. If f(f,x1,x2) = /X1 + /X2, while a; = %, b = % and c; is large enough for (Fy),
anda, =3, bp =1, r = % for (F,). By Theorem 3.4 we know that BVP (4.3) has at least one
positive solution.

Example 4.4. If

1,4 , 1.4
7X1% +5x5
t,x1,x =47 572 ,
f( 12) 1—|—x%+x2

while a; = 3 and ¢; is large enough for (F;), and a» = , by = £, r = 2 for (Fy), Hu(p) =
M? + p?. By Theorem 3.5 we know that BVP (4.3) has at least one positive solution.
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