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Abstract. We consider the following semilinear problem

—Au(x) = a(x)u’(x), x € Q\{0} (in the distributional sense),
u >0, in Q\{0},

lim |x|" 2 u(x) =0,
|x]—0

u(x) =0, x € 0Q),

where ¢ < 1, Q) is a bounded regular domain in R” (n > 3) containing 0 and a is
a positive continuous function in Q\{0}, which may be singular at x = 0 and/or at
the boundary 9Q). When the weight function a(x) satisfies suitable assumption related
to Karamata class, we prove the existence of a positive continuous solution on Q\{0},
which could blow-up at the origin. The global asymptotic behavior of this solution is
also obtained.

Keywords: singular positive solution, Green’s function, Karamata class, Kato class,
blow-up.
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1 Introduction

Let Q be a bounded C''-domain in R”" (n > 3) containing 0. In [33], Zhang and Zhao
proved the existence of infinitely many positive solutions for the following superlinear elliptic
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problem
—Au(x) =b(x)uP(x), x € Q\{0} (in the distributional sense),
u >0, in Q\{0},

1.1
u(x) =0, x € 9Q), (1.1)
u(x) ~ ‘x‘% near x = 0, for any sufficiently small ¢ > 0,
where p > 1 and b is a Borel measurable function such that the function x — Hﬂ% is in
X

the Kato class K, (Q)) given by

K, (Q) = g€ B(Q), lim su/ Wl ) —ol
< ) {‘7 ( ) =0 (xeg QNB(x,7) ’x_y‘n—Z Y

where B(Q)) be the set of Borel measurable functions in Q).
In [23], Maagli and Zribi generalized the result of Zhang and Zhao [33] by considering the
following class K(Q):

. o(y)
K(Q) ={qeB(Q), 1 [ She dy| =0},
() {q (€), lim (ilelg (e 300 O 1AW)) y) }
where G(x, y) is the Green's function of the Laplace operator in () and é(x) = d(x, 9Q)) denotes
the Euclidean distance from x to 9Q). We recall that for y € (), the Green’s function G(x,y) of
the Laplacian in () is defined as the solution of the following problem

—AG(y)(x) =dy(x), x €,
G(x,y) =0, x € 90,

where J, denotes the Dirac measure at y.
Note that the class K(Q)) properly contains K, (Q2). Indeed, from [23, Remark 2 and Re-
mark 4], we know that

X x| TF(6(x)) T € K(Q) <= u<2and A < 2,

and for 1 < A < 2, the function x — (8(x)) ™" & K, (Q).

For more results concerning the existence, uniqueness and asymptotic behavior of positive
singular solutions associated with similar problems, we refer the reader to [1,3,7,8,12-15,20-
22,27,28,30,31] and their references.

In the present paper, we are interested in the singular and sublinear case. More precisely,
we are concerned with the existence and global behavior of positive continuous solutions to
the following nonlinear problem:

—Au(x) = a(x)u’(x), x € Q\{0} (in the distributional sense),
u >0, in Q\{0},

lim |x|" ?u(x) =0,
|x|—=0

u(x) =0, x € 90},

(1.2)

where ¢ < 1 and a is a positive continuous function in Q\{0} which may be singular at
x = 0 and/or at the boundary 0Q). The weight function a(x) is required to satisfy suitable
assumptions related to the following Karamata class K.
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Definition 1.1. Let # > 0 and L be a function defined on (0, 7). Then L belongs to the class K if

L(t) :==cexp (/t77 U(SS)ds> ,

where ¢ > 0 and v € C([0,7]) with v(0) = 0.

Remark 1.2. This definition implies that the class K is given by

Y 1 L)
K= {L :(0,7) — (0,00), L€ C'((0,77)) and tlirél ONE 0.
We refer to [2,25,29] for examples of functions belonging to the class K. A class of functions
in this class is defined by

m

W\ \ Sk
o= {1 ()"
where log, t =logologo---ologt (k times), {; € R, and w is a sufficiently large positive real
number such that L is defined and positive on (0,#), and are frequently used as some weight
functions (see, for example, [17] and [19]).

Observe that functions belonging to the class K are in particular slowly varying functions.
The initial theory of such functions was developed by Karamata in [16].

In [7], Cirstea and Radulescu have proved that the Karamata theory is very useful to study
the asymptotic analysis of solutions near the boundary for large classes of nonlinear elliptic
problems.

Throughout this paper, we assume that

(H) ais a positive continuous function in Q\{0} satisfying
a(x) = |x| " Li(|x])(6(x)) " La((x)), for x € Q\{0}, (1.3)

where 0 < 1, u < n+(2—-n)o, A < 2and Ly, L, € K defined on (0,1) (with n >
diam (Q))) such that

. 17
/ "Mkl (5)ds < oo, / s Ly(s)ds < oo, (1.4)
0 0

We introduce the function 6 defined in Q\ {0} by

2 1 -

) 1= x| O (T(1x)) ™ (000 (Lafo() ™ (1.5)

where L; and L, are defined on (0,7) by

1, if y <2,

- f;’ L]S(S)ds, if u=2,

Ly(t) ==
Lq(t), if2<pu<n+(2—n)o,
fot Lls(s)ds, ifu=n+(2-n)o,




4 I. Bachar, H. Maagli and V. D. Ridulescu

and
1, ifA <1,
£of) i [ Eblgs, if =1,
La(t), if1<A<2,
Jylablgs, if A =2.

Using Karamata’s theory and the Schauder fixed point theorem, we prove the following
qualitative property.

Theorem 1.3. Let o < 1 and assume that the function a satisfies (H). Then problem (1.2) has at least
one positive continuous solution u on Q\{0} such that

20(x) < u(x) < O(x), 16)
for x € Q\{0}, where c is a positive constant.

Remark 1.4. For u > 2, it is important to note that u(x) — co as |x| — 0.

From now on, we denote by B* (Q)) the collection of all nonnegative Borel measurable
functions in Q). We refer to the set C(Q) of all continuous functions in Q and let Co(Q) be the
subclass of C(Q) consisting of functions which vanish continuously on 9Q). For f,¢ € BT (Q),
we say that f &~ g in (), if there exists ¢ > 0 such that 1f(x) < g(x) < cf(x), for all x € Q.
The letter ¢ will denote a generic positive constant which may vary from line to line.

We define the potential kernel V on B* (Q)) by

Vi) = [ GGy

We recall that for any function f € B* (Q) such that f € L| (Q) and Vf € L] (Q), we
have
—A(Vf)=f, inQ (in the distributional sense). (1.7)

Note that for any function f € BT (Q) such that Vf(xp) < oo for some xy € (), we have
VfeLl (Q) (see [6, Lemma 2.9]).

loc

2 Preliminaries and key tools

2.1 Green’s function

In this section, we recall some basic properties on G(x,y), the Green’s function of the Laplace
operator in (). By [32], we have

G(x,y) ~ %min {1, W} x,y € () 2.1
lx =y lx =y

Remark 2.1. Since for a > 0, min(1,4) ~ ﬁ, we deduce from (2.1) that for x,y € Q),

5(:)0(0)
G(x,y) ~ : (2.2)
P ey (1= + 000




Singular solutions of nonlinear elliptic equations 5

Lemma 2.2. Let t > 0. Then for x € R", we have

1 1
/5"*1 |x — tw|”72a(dw) N max (|x|, )" %’
where o is the normalized measure on the unit sphere S"~1 of R™.
Proof. See [26, Proposition 1.7]. O
The next result is due to Maagli and Zribi, see [22, Lemma 1].

Lemma 2.3. Let g € B1(Q) and v be a nonnegative superharmonic function on Q). Then for any w €
B(Q) such that V (g |w|) < oo and w + V (gw) = v, we have

0<w<o.

2.2 Kato class K(Q)

In this subsection, we recall and prove some properties concerning the class K(Q).

Proposition 2.4. Let g € K(Q), xo € Q and hy be a positive superharmonic function in Q). Then we
have

(i)

1
I / G(x,y)h dy | =o.
im (igg}m(x) [ GlRWa) y)

(ii) The function x — 5(x)q(x) is in L} (Q).
Proof. See [23]. O

Proposition 2.5. Let g € K(Q). Then the function

o(x) i= ¥ [ Glxy) P " a(y)dy

belongs to Cy(Q)).

Proof. Lete > 0, xo € Q and g € K(Q). Using Proposition 2.4 (i) with hy(x) = |x|*™", there
exists r > 0, such that

n—2 2—n €
G(E, dy < =
?ng /QﬁB(O,r) &y lyl~ " laly)ldy < 3

and

sup |¢|" 2 G(&y) ly)* " |a(y)|dy <

zeQ /QQBC(O,r)ﬁB(xO,r)

| m

If xo € Q and x € B(xp, 5) N (), we have

[o(x) —o(x)| <2sup g" [ G(& )yl " a)ldy
e QNB(0,r)

+2sup |E" 2 /
geg ‘€| QNBe(0,7)NB(xg,r

|2 G w) = Il Gl y) |y la(w)ldy,
0

& n— n— —n
<5 +/Q ‘|x| 2G(x,y) — |x0] 2G(Xo,]/)‘ I " 19(y)|dy,
0

GEy) " 9(y) |dy
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where Qg = QN B°(0,7) N B*(xo, 7).
Since for all x € B(xg,5) N Q and y € )y, we have [x —y| > 5 and |y| > r, we deduce by
(2.2) that

- _ o(x)é c
{26 P < S < Sy,
where c and ¢ are some positive constants.

Since (x,y) ~ |x|"">G(x,y) is continuous on (B(xo, %) N Q) x Q, we get by Proposi-
tion 2.4 (ii) and Lebesgue’s dominated convergence theorem,

Ja

It follows that there exists 6 > 0 with 6 < 5 such that if x € B(xo,0) N (Y,

Ja

Hence for x € B(xp,6) N, we have

X" 2G,y) — [l 2 Glxo, )| [y la(y)ldy =0 as x - xo.

n_ _ _ €
%" Gx,y) = Ixol " Glxo,y)| Iyl la(w)ldy < 2.

|v(x) —v(xg)| <e.

This implies that

xh_}r?ov(x) = v(xp).

If xo € 00 and x € B(xo, 5) N ), then we have
< n—Z/ G , 2—n d
[o(x)] < 21;5!6! S (&) lyl= " la(y)|dy

+sup |2 G(&y) lyI* " a(y)ldy

ZeQ /QﬂBC(O,r)ﬂB(xg,r)
[ G Gy [y la(y)ldy.
0

Now, since lim,_,, |x|" 2 G(x,y) [y|* " = 0, for all y € 0, we deduce by similar arguments
as above that

xh_}r?ov(x) = v(xp).

So, we conclude that v € Cy(Q)). O

2.3 Karamata class

In this section, we collect some properties of the Karamata functions, which will be used later.

Lemma 2.6 (See [25,29]). Let v € Rand L € IC. We have

(i) If v > —1, then [ sYL(s)ds converges and fot sTL(s)ds o tl;li%(t)

(i) If v < —1, then [} sYL(s)ds diverges and [ s7L(s)ds Rt —t]ﬁiz(t).
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Lemma 2.7 (See [5,29]).

(i) For L € K and € > 0, we have

lim t°L(t) = 0 and lim ¢t °L(t) = oo.

t—0t t—0t
(ii) Let Ly,Ly € K and p € R. Then we have

L1+ Ly, L1L,, and Lf are in IC.

(iii) For L € KC, we have
L(t)
im ——~%— =
S

In particular, we have

n
tr—>/ L) 4 e 1.
t

S

If further f S L&) g5 < o0, then we have hm L((tgds =0.
JO s

t—>/0tL()d K.

Proposition 2.8. Fori € {1,2}, let M; € K and A; € R. The following properties are equivalent.

In particular

(i) The function x — |x|~™ My (|x|) (6(x)) " My (8(x)) is in K(Q).
(i) [ s11M;(s)ds < oo, for i € {1,2}.
(zzz)A<207A—2wzthf S M) g5 < oo, for i € {1,2}.
Proof. The proof follows by similar arguments as in [24, Proposition 7]. O
Next, we recall the following lemma due to Lazer and McKenna [18, p. 726].

Lemma 2.9.

/ (0(x)) dx < oo ifand onlyif r> —1.
0
Following the proof of the previous lemma, we deduce the following property.

Remark 2 10. Let # > 0 and ¢ be a nonnegative continuous monotone function on (0, 7) such
that [/ (t)dt < co. Then

/1,1] )) dx < oo.

Proposition 2.11. Let v < 2and L € K defined on (0,7) (7 > diam(Q)) such that [ 1= L(#)dt <
oo, Then

0< /Q (6()) Y L(5(x))dx < oo,

that is, [, (6(x))' ™" L(6(x))dx ~ 1.
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Proof. Case 1: v < 2.
Using Lemma 2.7 (i), we deduce that the function x — (6(x))

belongs to Cy(Q2). Thus, there exists ¢ > 0 such that for x € Q)

-2 L(d(x)) is positive and

(SIS

0 < (6(x))" " L(3(x)) < e (6(x)) "%

Therefore by Lemma 2.9, we deduce that

0<Axamf*ua@mx<m.

Case 2: v = 2.

Let ¢(t) = @ Since by Remark 1.2 lim;_,o+ % = 0, we deduce that lim;_,g+ t:ﬁ(—g) =—1.
So the function 1 is nonincreasing in a neighborhood of zero. Hence the result follows from
Remark 2.10. This ends the proof. O

The next result will play an important role in the proof of our main result.
Proposition 2.12. Let v < n,v < 2and L3, Ly € K such that

U U
/ s" 7 1L5(s)ds < o and / s'7VLy(s)ds < o, for y > diam (Q). (2.3)
0 0

Set
b(x) = |x|77 Ls(|x[)(6(x)) "La(8(x)), for x € O\{0}.
Then for x € O\{0},

Vb(x) & [x[™™O2 ) T (|x]) (8(x)) ™02y (5(x)),

where Ly and Ly are defined on (0,7) by

1, ify <2,
L .
Lo I s =2,
a(t) :=
L3 (1), if2<vy<n,
fo s, ify=n,
and
1, ifv<l,
L .
L. | Fv=1,
A1) =
Ly(t), ifl<v<2,
fot L4T(S)ds, ifv=2.

Proof. Let r > 0 such that B(0,3r) C Q. For x € Q\{0}, we have

Vh) = [ Glowlblydy+ [ Gl y)bly)dy.

We distinguish two cases.
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Case 1. 0 < |x| < r. Using (2.2), we obtain that

1
Vb %/ - _’YL d 5 1,,,L 5 du.
(VR fyomy ey W1 LoDy @) La(ely))dy

Now we have
0< [ 10 OO L0y < [ (60)'~*La(o(y))dy.

Using Lemma 2.2 and Proposition 2.11, we deduce that

b( ) 2r " 1—v ( )d
Vb(x %/ ——I3(t)dt +1
0 max (|x|,t)" 2 °

|x| 2r
~ |x|2*”/O 1L (1) dt 4 <1+/ thLg,(t)dt).

Using (2.3) and Lemma 2.6, we deduce that

/x| 1L (1) dt {X’” Ls(|x]), ify <m,
3 =~
0

OM L3()dt ify=n
and
1, if v <2,
2r
1+ [ #77L(0dt~ § [T La(t if v =2,

[f? ”Ls(!x\), if2 <y <n
Hence, it follows by (2.3) and Lemmas 2.6 and 2.7 that for 0 < |x| <7,

1, if y <2,
7 Ls(t e
Vb(x)~ { t, ity =2
x>~ Ls(|x]), if2<y<mn,
x> O‘x‘ L3t(t) dt, if y=n.

It follows that
Vb(x) ~ |x[™"O2=Y Ta(|x]), for 0 < |x| < r.

Case 2. x € Q\B(0, 3r). Using (2.2), we have for y € B(0,2r),
G(x,y) = 6(x) and (6(y)) "La(é(y)) ~ 1.

Therefore
Vb(x) ~ 6(x) [ T La(lyDdy + [ G(x,v)(6(y)) " La(8(y))dy.
(a0 [ LD+ [ GG 600) L)y
Since [ s"~771Ls(s)ds < oo, we deduce that

Vh(x) 20+ | o Gy @) L))y
~ /BW Gx, 1) (6(y)) " La(8(y))dy + G, ) (6(1))~"La(6(y))dy

Q\B(0,2r)
~ /Q G(x,9)(6(y)) ' La(5(y))dy.
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Therefore by [21, Proposition 1], we deduce that
Vb(x) ~ (6(x))™n12=YT, (5(x)), for x € O\B(0,3r). (2.5)
Now, it is clear that the function
o [x ™02 T () (8(x) 020 Ly (5())

is positive and continuous on Q\{0}.
On the other hand, by using (2.3) and Proposition 2.8, the function

x = q(x) = |x|" 777 Lo ([x]) (8(x)) "V La(d(x))

belongs to the class K(Q).

So, observing that b(x) = |x|* " g(x), we deduce by Proposition 2.5 that the function Vb is
positive and continuous on 2\ {0}.
Hence

Vb(x) ~ |x]mlnoz 7) La(|x]) (6(x))™n(1.2=)T, (5(x)), on D, (2.6)

where D is the compact set defined by D := {x € Q,r < |x| < 3r}.
Combining (2.4), (2.5) and (2.6), we obtain for x € Q\{0},
Vb(x) ~ [x™ O Ly(|x]) (8(x)) ™2 Ly(5(x)).
This completes the proof. O
Proposition 2.13. Under condition (H), we have
Vp(x) = 0(x), forxe Q\{0},
where p(x) 1= a(x)07(x), o < 1 and 0 is defined in (1.5).

Proof. Let a be a function satisfying (H). Using (1.3) and (1.5), we obtain

o

p(e) ~ x| La(fx) (L)) ™ (0()*La(6(x)) (La(0(x))) ™

where v = y — min (0, %:—g)a and v = A — min (1, %)a.
Since y < n+ (2—n)o and A < 2, then one can easy check that y < n and v < 2.
Now using Lemmas 2.6 and 2.7 and Proposition 2.12 with Ly = Li(L;)™° € K and

Ly =1L, (fz) 7 ¢ K, we deduce that for x € Q\{0},

Vp(x) = [x[MO2 To(|x]) (6(x)) ™2 Ly (3(x)).

Since min(0,2 — ) = min (0, %:—g) and min(1,2 —v) = min (1, %), we deduce for x €
0\(o), N
min( By~ min(1,2=2
Vp(x) & |20 Ly(|x]) (6(x)) W=Dy (6(x)) ~ 0(x).

This completes the proof. O
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3 Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. So, we need to establish some prelim-
inary results. Our approach is inspired from methods developed in [22,24] with necessary
modifications.

For a > 0, we denote by (P,) the following problem

( —Au(x) =a(x)u’(x), x € Q\{0} (in the distributional sense),
u > 0in O\{0},

lim |x|" 2 u(x) = a, (Pe)
|x|—0

lim [x|" % u(x) = a.
x—0Q)

Proposition 3.1. Let o < 0 and assume that hypothesis (H) is satisfied. Then for each & > 0, problem
(Py) has at least one positive solution u, € C(Q\{0}) satisfying for x € Q\{0}

ua(x) = s+ [ Glxy)al)ug (y)dy. @)

Proof. Let 0 < 0 and a > 0. Using hypothesis (H) and Proposition 2.8, we deduce that the
function g(y) := |y|® ™Y 4(y) belongs to K(Q).
By Proposition 2.5, we conclude that the function

¥ h(x) = |x|"*2/0c(x,y)a(y> Y@ dy isin G, (Q)). (3.2)

Let B := a+a” ||h|, - In order to apply a fixed point argument, we consider the convex
set A given by
A={veC(Q):a<v<B}

Define the operator T on A by

To(x) = a+[x"? [ Glx,y)aly) Iy o (y)dy.

We claim that TA is equicontinuous at each point of Q.
Indeed, let xg € Q. Since for all v € A, v7 < a“, we have for each v € A and all x € O,

To(x) = To(xo)| < a7 [ [1x" Glxy) = [x0l" Glaxo,y)]| ly]* " a(v)dy,

where q(y) = [y] >V a(y) € K(Q).
Now, by the proof of Proposition 2.5, we have for all € > 0, there exists § > 0 such that

ifx€ Qand |x— x| <6 = (x”/Q ’|x\”*2 G(x,y) — |xo|" > G(xo,y)’ > " g(y)dy < e.
This implies that for all ¢ > 0, there exists § > 0 such that
if x€ Qand |x — x| <J = |Tov(x) — To(xg)| < forallv € A.

So the family TA is equicontinuous at each point of Q and the claim is proved. In particular,
forallv € A, Tv € C (Q) and therefore TA C A.
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Moreover, since the family {Tv(x), v € A} is uniformly bounded in Q, then by Arzela-Ascoli
theorem (see, for example [4, Theorem 2.3]) the set T (A) becomes relatively compact in C (ﬁ) .
Next, we prove the continuity of T in A. Let (vx), C A and v € A such that |[vx — ||, — 0 as
k — co. Then we have

Toy(x) = To()| < 13" | Glx,)a(y) 1) 0§ () = o (v)]dr.

Now, since
[of (v) —o7(y)| < 2a7,

we deduce by (3.2) and the convergence dominated theorem that
Vx €Q, Tor(x) — To(x) ask — oo.
Since T (A) is relatively compact in C (Q) , we obtain
|Tox — Tv||, = 0 ask — oco.

So T is a compact mapping of A to itself. Therefore, by the Schauder fixed point theorem,
there exists v, € A such that for each x € Q

0u(x) =+ [x"? [ Glxp)aly) Iy oS (y)dy. (3:3)

Since v§ < a“, we deduce from (3.3) and (3.2) that

xlirgbva(x) =u. (34)
We claim that

lim v, (x) = a. (3.5)

|x|—0

Indeed, let r > 0 such that B(0,3r) C Q) and x € B(0,7)\{0}. Since & < v, < B, by using (3.3),
hypothesis (H) and similar arguments as in the proof of Proposition 2.12, we obtain

B N _ 2r t?’l+(2—71)(7—1—y
(va(x) — ) = |x| ; ———— Li(t)dt+ 1. (3.6)

max (|x|,t)

Now since n > 3, and for x € B(0,7)\{0} and t € (0,2r), we have

I tn+(2—n)¢7—1—;4 ) 1 1
s La(t) SRR (1) = () € LY(0, ),
max (|x|,t)"

%]

and +@em1
_ tl’l —n)o—1—u
e Li(t) =0,

|x|—0 max (x|, 1)

we deduce from (3.6) and the dominated convergence theorem that

lim (v, (x) —a) = 0.

|x|—0

Put 1, (x) = |x[* " v4(x), for x € Q\{0}. Then u, € C (Q\{0}) and we have

ua(x) = x4 [ Glxyalyul )y, 7)
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and

a7 < g (x) < Bl (3.8)
Now, since the function y — a(y)uf(y) € Li (Q\{0}) and from (3.7) the function x

Jo G(x,y)a(y)ul(y)dy € L .(Q\{0}), we deduce by (1.7) that u, satisfies

—Auy(x) = a(x)uf(x), x€Q\{0}, (in the distributional sense).

By (3.4), we have

This completes the proof. O

Corollary 3.2. Let 0 < 0, and assume that hypothesis (H) is satisfied. For 0 < a1 < ay, we denote
by u,, € C(Q\{0}) the solution of problem (Py) given by (3.1). Then we have

0 < 1ty (%) — 1hg, (x) < (2 — ) [x[*",  for x € Q\{0}. (3.9)
Proof. Let g be the function defined on O\{0} by

g(x) =

ugy () —ug, (x) .
a(x) iy A e (%) 7 e (%)
ay (%) =1ty ()
0, if ug, (X) = Uy (X).
Since 0 < 0, then g € BT (Q\{0}) and we have
Uy — U, +V (g (uaz — ual)) = (@ —ay) [x[*7". (3.10)

On the other hand, by using (3.1), (3.2) and (3.8), we obtain for x € Q\{0},

V(g

s = 10, ) () < (o +09) [ Glxy)a(y)y/* " dy < o

a
Therefore inequalities in (3.9) follow from (3.10) and Lemma 2.3. O

Proposition 3.3. Let o < 0. Under hypothesis (H), problem (1.2) has at least one positive solution
u € C(Q\{0}) satisfying for x € Q\{0}

u(x) = [ Glryau v)dy. 1)

Proof. Let (ay), be a positive sequence decreasing to zero. Let uy € C(Q\{0}) be the solution
of problem (P,,) given by (3.1). By Corollary 3.2, the sequence (uy), decreases to a function u,
and since ¢ < 0 the sequence (uk — o |x|2_" ) , increases to u. Therefore, by using (3.1), (3.8)
and the fact that ¢ < 0, we obtain for each x € Q\ {0},

n(x) = u(x) = a2 = | Glxy)aly)ug (v)dy
> B7 [ Glxy)aly) [v)> " dy >0,

where B := ax + af |||, and & is given by (3.2).
By the monotone convergence theorem, we obtain

u(x) = [ Glxy)al)u’ (y)dy.
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Since for each x € Q\{0}, u(x) = infy ux(x) = sup, (ux(x) — ay |x|*7" ), then u is upper
and lower semi-continuous function on Q\{0} and so u € C(Q\{0}).
Since the function y — a(y)u’(y) is in L{ (Q\{0}) and from (3.11) the function x —

loc

Jo, G(x, y)a(y)u® (y)dy is also in L} (Q\{0}), we deduce by (1.7) that
—Au(x) =a(x)u’(x), x € Q\{0}, (in the distributional sense).

Finally, using the fact that for all x € O\{0}, 0 < u(x) < uy(x) and that u is a solution of
problem (P,, ), we deduce that

lim |x|" ?u(x) =0and lim u(x) = 0.
|x|—0 x—0Q2
Hence u is a solution of problem (1.2). O

Proof of Theorem 1.3

Assume that the function a satisfies hypothesis (H). By Proposition 2.13, there exists M > 1
such that for each Q\{0},

L6(x) < Vp(x) < M6 (x), (3.12)

where 6 is the function defined in (1.5) and p(y) := a(y)67 (y).
To prove Theorem 1.3, we discuss the following two cases.

Case 1: 0 < 0.

By Proposition 3.3 problem (1.2) has a positive continuous solution u satisfying (3.11). We
claim that u satisfies (1.6).
By (3.12), we have
M (Vp)” (x) < 67 (x) < M7 (Vp)' (x), (3.13)

Let c = M~ 7. Then by elementary calculus we have
cVp=V(a(cVp)?)+Vf, (3.14)

where f(x) := ca(x)[07(x) — M7 (Vp)? (x)], for x € Q\{0}.
Clearly, we have f € BT (0\{0}) and by using (3.11) and (3.14), we obtain

cVp—u+V(a(u —(cVp)7)) = Vf. (3.15)

Let ¢ be the function defined on O\ {0} by

o) = { T TG () # (Vp) (1),
0, if u(x) = (cVp) (x).

Since 0 < 0, then g € BT (Q\{0}) and we have
a(u”—(cVp)?) =g(cVp—u). (3.16)
Therefore the relation (3.15) becomes

cVp—u+V(g(cVp—u)) =Vf.
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Now since f € BT (Q\{0}) by using (3.16), (3.11), (3.14) and (3.12), we obtain

V(glcVp—ul) <V (au")+V (a(cVp)?)
<u+cVp
<u+cMO < oco.

Hence by Lemma 2.3, we obtain

Similarly, we prove that

Thus, by (3.12) u satisfies (1.6).

Case2: 0<o <1
Let ¢(x) = |x|" 2 6(x), for x € Q. By (3.12), we have

L9 (1) < X" Vp () < Mg (x).

Put ¢ = Mt and consider the closed convex set given by

—_

A= {UGCO(Q),C(p§v§c¢}.

Clearly ¢ € A.
We define the operator 7 on A by

To(x) := \XI”‘2/QG(x,y)a(y) & (y)dy,  xeqQ.

By using (3.17), we obtain for all v € A,
1
9= To < co.
Since for all v € A, we have
)] < ¢, forallye O,
we deduce as in the proof of Proposition 3.1 that

ToeCy(Q), forallve A

So, T (A) C A.
Let (vg), C Co(Q)) defined by

1
w =9 and v 1 =7Tuv, forkeN.

Since the operator 7 is nondecreasing and 7 (A) C A, we deduce that

1
EQOIUOSTMszﬁ“'SUkSUkHSCqD-

15

(3.17)
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Therefore, the sequence (vy), converges by the convergence monotone theorem to a func-

tion v satisfying for each x € Q)

So(0) < o(x) <cp(r) and o(x) = 11" [ Glxy)aly) Iy o ().

Since v is bounded, we prove by similar arguments as in the proof of Proposition 3.1 that

(RS Co(Q).
Put u(x) = |x|* " v(x). Then u € C(Q0\{0}) and satisfies the equation

u(x) = V(au”)(x), forx e Q\{0}. (3.18)

Finally, since the function y — a(y)u’(y) is in L _(Q\{0}) and from (3.18) the function
x — V(au“)(x) is also in L}

loc (Q\{0}), we deduce by (1.7) that u is a solution of problem (1.2).
The proof of Theorem 1.3 is completed.

Example 3.4. Let 0 < 1 and a € C(Q\{0}), such that

i on () (o (35))

where d := diam(Q)), y < n+ (2—n)o and B € R. Then, by Theorem 1.3, problem (1.2) has
at least one positive solution u € C (QQ\{0}) satisfying the following estimates.

(i) If2 < p<n+(2—n)o, then for x € O\{0},

e = 7 (s () (s (55))

(i) If y =2and B > 1 or u <2, then for x € O\{0},

o ()

(iii) If p =2 and B = 1, then for x € O\{0},

o o () (e (3))

(iv) If y =2 and B < 1, then for x € Q\{0},
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