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Abstract. We present a new approach to the theory of asymptotic properties of solutions
to discrete Volterra equations of the form

A"xn = by + Y K(1, k) f(k, Xg(1))-
k=1

Our method is based on using the iterated remainder operator and asymptotic differ-
ence pairs. This approach allows us to control the degree of approximation.
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1 Introduction

Let IN, R denote the set of positive integers and real numbers respectively. Let m € IN. We
consider the nonlinear discrete Volterra equations of non-convolution type

A"xy =by+ Y K(n,k)f(k, Xo(k))s (E)
k=1

by e R, f:NxR—-R, K:NxN-—->R, c:N—-N, o(k)— .

By a solution of (E) we mean a sequence x : N — R satisfying (E) for every large n. We say that
x is a full solution of (E) if (E) is satisfied for every n. Moreover, if p € IN and (E) is satisfied
for every n > p, then we say that x is a p-solution. In this paper we regard equation (E) as a
generalization of the equation

A"x, = anf(n, xg(n)) + b, (11)
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Indeed, if K(n,k) = 0 for k # n, then denoting a, = K(n,1n) we may rewrite (E) in the form
(1.1). Hence the ordinary difference equation (1.1) is a special case of (E).

Volterra difference equations appeared as a discretization of Volterra integral and integro-
differential equations. They also often arise during the mathematical modeling of some real
life situations where the current state is determined by the whole previous history. Therefore,
many papers have been devoted to these types of equations during the last few years. For
example, the boundedness of solutions of such equations was studied in [6,12,17-22,25,39-41,
44]. Some results on the boundedness and growth of solutions of related difference equations
were proved also in [45-47]. The periodicity was investigated, e.g., in [1,9-11,16,22,37,43].
Several fundamental results on the stability of linear Volterra difference equations, of both
convolution and non—convolution type, can be found in [7,8,15]; see also [2,5,23,24,26,40,48].
Some related results on dynamic equations can be found in [3] and [4].

In recent years the first author presented a new theory of the study of asymptotic proper-
ties of the solutions to difference equations. This theory is based mainly on the examination
of the behavior of the iterated remainder operator and on the application of asymptotic differ-
ence pairs. This approach allows us to control the degree of approximation. The theory was
formed in three stages:

(S1) the approximation of solutions with accuracy o(1), (papers [27,28]),
(S2) the approximation with accuracy o(n°), s € (—o0,0], (papers [29,30,32,34,35]),

(S3) the approximation with accuracy determined by a certain asymptotic difference pair
(papers [33,36]).

In papers [34,35] this new theory was applied to the study of neutral type equations. The
application to the discrete Volterra equations was presented in [38] (stage (S1)) and in [37]
(stage (S2)). In this paper we continue those investigations by applying asymptotic difference
pairs and we generalize the main results from [27-31,33,37,38]. Moreover, we generalize some
earlier results, for example, from [13,14,25,42,49].

The paper is organized as follows. In Section 2, we introduce notation and terminology. In
Section 3, in Theorems 3.1 and 3.2, we obtain our main results. In Section 4, we present some
consequences of our main results. These consequences concern asymptotically polynomial
solutions. In the next section we use our results to investigate bounded solutions. In Section 6,
we give some remarks. In particular, we present some tests that are helpful in verifying
whether a given kernel K fulfills the assumptions of the main theorems. In the last section we
present some applications.

2 Notation and terminology

In the paper we regard N x R as a metric subspace of the Euclidean plane R2. The space RN
of all real sequences we denote also by SQ. Moreover

SQ* ={x€SQ: x, #0 forany n}.
For integers p, g such that 0 < p < g, we define

N(p)={pp+1p+2...}, Npqg={pp+1l....q}
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We use the symbols
Sol(E), Sol,(E)

to denote the set of all solutions of (E), and the set of all p-solutions of (E) respectively. If x,y
in SQ, then
xy and x|

denotes the sequences defined by xy(n) = x,y, and |x|(n) = |x,| respectively. Moreover

[[x]| = sup |xu].
nelN

If there exists a positive constant A such that x, > A for any #n, then we write
x> 0.

Leta,b,w € SQ,p € N, t € [1,00), X C SQ. We will use the following notations

Fin(p) = {x €SQ: x, =0 forn > p}, Fin = [ J Fin(p).
p=1

o(1) = {x € SQ: «x is convergent to zero}, O(1) = {x € SQ: x is bounded},
o(a) ={ax: x €o(1l)} +Fin, O(a) = {ax: x € O(1)} + Fin,
O(w,0) ={y€SQ:yoc € O(w)},

A(t) := {a €5SQ: i n'ta,| < oo} , A) = [ A(1),

n=1 te[1,00)
AT"b={yesSQ: A"y =0b}, AT"X={yeSQ: A"ye X},
Pol(m —1) = KerA™ = A™™0.

Note that Pol(m — 1) is the space of all polynomial sequences of degree less than m. Moreover
for any y € A7"'b we have
A™"b =y +Pol(m —1).

Note also that

U O(A") c A(eo) C [ o(n).

A€(0,1) s€ER
For L:INxIN — R, A C SQ, and ¢ € [1, 0] we define

L'esQ, L'(n)= i IL(n, k)|, K(A)= {L c RNN . 1/ ¢ A}, K(t) = K(A(t)).
k=1

For a subset Y of a metric space X and & > 0 we define an e-framed interior of Y by
Int(Y,e) = {x € X:B(x,¢) C Y}

where B(x,¢) denotes a closed ball of radius ¢ centered at x. We say that a subset U of X
is a uniform neighborhood of a subset Z of X, if there exists a positive number & such that
Z C Int(U, ). We say that a function # : N x R — R is unbounded at a point p € [—o0, 0] if
there exist sequences x : N — R and n : IN — IN such that

limxy =p, limng=oc0 and lim h(n, xx) = .
k—o0 k—o0 k—o0
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Leth:IN x R — R, x € SQ. We will use the following notations
U(h) = {p € [-o0,00| : his unbounded at p},
L(x) = {p € [—00, 0] : p is a limit point of x}.
Let g : [0,00) — [0,00) and w € SQ*, we say that f is (g, w)-dominated if
|f(n,t)| < g(Jtw, t|) for (n,t) € N x R. (2.1)

We say that a function g : [0,00) — [0, 00) is of Bihari type if

/1 v 2.2)

2.1 Remainder operator

Let

S(m) = {a € SQ : the series Z Z e Z a; 1is convergent } .

i1=1i=i Im=ipy—1

For any a € S(m) we define the sequence 1" (a) by

Then S(m) is a linear subspace of o(1), r"(a) € o(1) for any a € S(m) and
™ S(m) — o(1)

is a linear operator which we call the remainder operator of order m. The value r"(a)(n) we
denote also by 77" (a) or simply ri'a. If a € A(m), then a € S(m) and

m e (m—=14j—n .
@ =3 (", ) 23

for any n € IN. The following lemma is a consequence of [31, Lemma 3.1, Lemma 4.2, and
Lemma 4.8].

Lemma 2.1. Assume a € A(m), u € O(1), k € {0,1,...,m}, and p € N. Then
(a) O(a) C A(m) Co(n'™™), [r"(ua)| < [[ullr™|a], Ar™|a| <0,
(b) |ryyal < rplal < Yo, n™ Hayl|, r*a € A(m — k),
(¢) A"™r"a = (—1)"a, r"Fin(p) = Fin(p) = A™Fin(p).

For more information about the remainder operator see [31].
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2.2 Asymptotic difference pairs

We say that a pair (A, Z) of linear subspaces of SQ is an asymptotic difference pair of order m
or, simply, m-pair if
Fin+ZcCZ, O(1)ACA, ACA"Z

We say that an m-pair (A, Z) is evanescent if Z C o(1). If A C SQ and (A, A) is an m-pair, then
we say that A is an m-space. We will use the following lemma.

Lemma 2.2. Assume (A, Z) is an m-pair, a,b, x € SQ, and W C SQ. Then
(a) if Z+W CWandb—a € A, then WNAT"b+Z=WNA"a+Z,
(b) ifac Aand A"x € O(a) + b, then x € A™"b+ Z,

(c) if Z C o(1), then A C A(m) and r™A C Z.
Proof. Lety € WN A "a. Then
A"y —b=a—-be ACA"Z

Hence A™y — b = A"z for some z € Z. Therefore A" (y —z) = b and we obtain y —z € A™"b.
Moreovery —z€ W+Z C W. Hencey —z € WNA"b. If z; € Z, then

y+zi=y—z+z+z1€e WNAT""b+Z

and we obtain
WNA™a+Z CWNA b+ Z.

Since A is a linear space, the reverse inclusion follows by interchanging the letters 2 and b in
the previous part of the proof. Hence we get (a). For the proof of (b) see [33, Lemma 3.7]. (c)
is a consequence of [33, Remark 3.4]. O

Example 2.3. Assumes € R, (s+1)(s+2)...(s+m) #0,and t € (—oo,m — 1]. Then
(o(n*), o(n**™)),  (O(n*), O(n**™)),  (A(m—t), o(n'))
are m-pairs.
Example 2.4. If A € (1,00), then o(A") and O(A") are m-spaces.
Example 2.5. If k € N(0,m — 1), then (A(m — k), A %0(1)) is an asymptotic m-pair.
Example 2.6. Assume s € (—co, —m), t € (—00,0], and u € [1,00). Then
(o(n*), o(n*™)), (O(n*), O(n*™)), (A(m—t),0(n")), (A(m+u), A(u))
are evanescent m-pairs.
Example 2.7. If A € (0,1), then o(A"), O(A"), and A(oo) are evanescent m-spaces.

For more information about difference pairs see [33].
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2.3 Fixed point lemma
We will use the following fundamental lemma.

Lemma 2.8. Assume y € SQ, p € o(1), and
S={xeSQ:[x—yl <[}

Then the formula d(x,y) = sup, . |Xn — Yu| defines a metric on S such that any continuous map
H : S — S has a fixed point.

Proof. The assertion is a consequence of [32, Theorem 3.3 and Theorem 3.1]. O

3 The set of solutions

In this section, in Theorems 3.1 and 3.2, we obtain our main results.
For a sequence x € SQ we define sequences F(x) and G(x) by

n

F(x)(k) = f(kXo(),  G(x)(n) = Y K(n, k) f (K, xp(1)- 3.1)

k=1

Let K € K(m) and p € IN. We say that a sequence y € SQ is (K, f, p)-regular if there exist a
subset U of R and M > 0 such that

y(N) C Int(U, MryK’), |f(n,t)| <M forany (n,t)€NxU, (3.2)

and the restriction f|IN x U is continuous. We say that y is f-reqular if there exist a uniform
neighborhood U of y(IN) such that the restriction f|IN x U is continuous and bounded.

We say that a subset W of SQ is (f,0)-ordinary if for any y € W the sequence F(y) is
bounded. If any y € W is f-regular, then we say that W is f-regular.

Theorem 3.1. Assume (A, Z) is an m-pair, K € K(A), and W C SQ. It follows that
(A1) if Wis (f,o)-ordinary, then W N Sol(E) C A~"b+ Z.

Moreover, assume that the pair (A, Z) is evanescent, y € A~"b, and p € IN. It follows that
(A2) ifyis (K, f, p)-regular, then y € Sol,(E) + Z,
(A3) ifyis f-reqular, then y € Sol(E) + Z,
(A4) if Wis f-reqular and Z +W C W, then WNSOl(E)+Z =WNA"b+Z,
(A5) if Z+W C W and f is continuous and bounded, then

WNSolh(E)+Z=WNSol(E)+Z=WnNA"b+ Z.
Theorem 3.2. Assume (A,Z) is an m-pair, K € K(A), w € SQ*, g : [0,00) — [0,00), and f is
(g, w)-dominated. It follows that
(B1) if g is locally bounded, then O(w,c) NSol(E) C A~™b+Z,

(B2) if g is nondecreasing, o(n) < n for large n, K € K(1), b € A(1), w=! € O(n'™™), and g is
of Bihari type, then
Sol(E) € A™"b + Z.
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Moreover, assume that the pair (A, Z) is evanescent, y € A~"b, W C O(w,0), L, M >0,p e N, f
is continuous, and Z +W C W. It follows that

(B3) if g[0,L] C [0,M] and |y o 0| < L|w| — MryK’, then y € Sol,(E) + Z.
Moreover, assume that g is locally bounded and |w| > 0. It follows that
(B4a) WNA"b+Z =WnNSol(E) + Z,
(B4b) O(w,c)NA™"b+Z = O(w,0) NSol(E) + Z,
(B4c) ifwoo € O(w), then O(w) NA™"b+ Z = O(w) NSol(E) + Z.
Moreover, assume that g is bounded. It follows that
(B5a) WNA™b+Z=WnNSol(E)+Z =WnSol(E) + Z,
(B5b) O(w,c)NA™"b+Z = O(w,0) NSol(E) + Z = O(w,c) NSol4 (E) + Z,
(B5¢) ifwoo € O(w), then O(w) NA™"b+ Z = O(w) NSol(E) + Z = O(w) NSol; (E) + Z.

The following, final, theorem is a curiosity. It concerns all the solutions of equation (E);
moreover there are no conditions placed on the function f. This theorem generalizes [33,
Theorem 4.2].

Theorem 3.3. Assume (A, Z) is an m-pair, K € K(A), and x € Sol(E). Then

x€A"b+Z or L(x)NU(f) # Q.

3.1 The proof of Theorem 3.1

(A1) Assume W is (f,0)-ordinary and x € WNSol(E). Let M = ||F(x)||. By (3.1), |G(x)| <
MK’. Hence

A"x € G(x) +b+Fin C O(K") + b+ Fin = O(K’) +b.
Moreover K’ € A. Therefore, using Lemma 2.2, we obtain x € A™"b + Z.

(A2) Choose a positive constant M and a subset U of R such that (3.2) is satisfied and f is
continuous on IN x U. Let 2 = K. Define p € SQ and S C SQ by

Mrita forn > p,
pn:{ P S={xeSQ:|x—y| <p} (3.3)

0 forn < p,

Since the sequence 1"|a| is nonincreasing, we have p,, < p, for any n. Assume x € S. If k € IN,
then [x,() — Yoy | < po@) < pp and we obtain

Xo(k) € B(Yorr), pp) C U.
Hence |f(k, x;(x))| < M. Therefore, for n € IN, we get

G(x)(n)] = kZ K(n, k) f(k, Xo1))| < ki [K(m, k)| f (K, Xo (1)) | < May.
=1 =1
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Thus, for any x € S, we have Gx € O(a) C A C A(m). Let

H:S—-5Q,  H(x)(n) = {y” forn < p

If x € Sand n > p, then
[H(x) (1) = ya| = |ri Gx| < 7f|Gx| < Mrifa = pu.
Hence HS C S. Let ¢ > 0. Choose g € IN and B > 0 such that
MY n"la, <e and B i n"la, <e.

n=q n=p
Let

D={(nt)e NxR:neN(pq) and [t— Y| < pn}

Yo+ (=1)"r"Gx forn > p.

(3.4)

(3.5)

Then D is a compact subset of R>. Hence f is uniformly continuous on D and there exists

d > 0 such that if (n,s), (n,t) € D and |s — t| < 6, then

|[f(n,8) = f(n,t)| <B.

Letx,z € S, ||x — z|| < J. Using Lemma 2.1 we obtain

|Hx — Hz|| = ||r"™(Gx — Gz)|| = sup |7} (Gx — Gz)| < supr]'|Gx — Gz|

n>p n>p

= ri|Gx — Gzl < Y w7 1[G (x) () — G(z) ()
n=p

q 0
< Y n"HG(x)(n) = G(z)(m)| + Y n"HG(x)(n) — G(2) (n)]

n—=

n=q

IN

n=p n=q n=q

+MY n"la,+ MY 0" la, < 3e
n=q n=q

IN
™

p
BY 1"+ Y " NG ()] + Y a7 G () ()]

Hence the map H : S — S is continuous. By Lemma 2.8, there exists an x € S such that

Hx = x. Then, for n > p, we get x, = y, + (—1)"r'Gx. Hence
x—y—(—=1)""Gx € Fin(p).
Therefore, by Lemma 2.1,
A"x —b — Gx € A"Fin(p) = Fin(p).
Thus x € Sol,(E). Moreover, Gx € O(a) C A. By (3.6), we have

yex+r"A+Fin(p) C x+Z C Sol,(E) + Z.

(3.6)

(A3) Now, we assume that y is f-regular. Choose a uniform neighborhood U of y(IN) such
that the restriction f|IN x U is continuous and bounded. There exists a positive constant ¢

such that y(IN) C Int(U,c). Let
M = sup{|f(n,t)| :n € N,t € U}.
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Since 1K’ € o(1), there exists an index p such that Mr})K’ < c. Then
y(N) C Int(U,c) C Int(U, MryK') C U.

This means that y is (K, f, p)-regular. By (A2), we get y € Sol,(E) + Z C Sol(E) + Z.
(A4) Now, we assume that W is f-regular and Z + W C W. Let

S=Sol(E), Y=A"b.

Obviously, W is (f,o)-ordinary. If w € W NS, then, by (Al), w = y + z for some y € Y and
z€Z Hencey = —z+w e Z+ W C W. Therefore w = y+2z € WNY + Z and we obtain

WNS+ZCWnY+Z

If we WNY, then, by (A3), w = x +z forsome x € Sand z € Z. Hence x = —z+w €
Z +W C W. Therefore w = x +z € WN S + Z and we obtain

WNY+ZCWNS+Z.
(A5) Now we assume that f is continuous and bounded and Z + W C W. By (A4) we have
WNSol(E)y+Z=WnNA"b+Z.
Since Sol; (E) C Sol(E), we get
WNSoh(E)+ZCWNA™b+ Z.
Let M = sup{|f(n,t)| : (n,t) € N x R} and let U = R. Then for any y € SQ we have
y(N) C R = Int(U, Mr{'K’).
Since f is continuous on R, any y € SQ is (K, f,1)-regular. Hence, by (A2), we obtain

WNA™b+Z C WNSol(E) + Z.

3.2 The proof of Theorem 3.2
We will use the following three lemmas.

Lemma 3.4 ([35, Lemma 4.1]). Assume a,u € SQ are nonnegative, p € N, g : [0,00) — [0, 0),

P dt
g(t)

7

n—1 %)
0<c<B, gc)>0, up<c+) ajg(u) forn>p, sz]g/
j=p j=1 ¢

and g is nondecreasing. Then u, < B for n > p.

Lemma 3.5 ([30, Lemma 7.3]). If x is a sequence of real numbers, m € N and p € IN(m) then there
exists a positive constant L = L(x, p, m) such that

1

ne
x| < ™1 <L+ ) |Amxi|> forn > p.

i=p
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Lemma 3.6. Let w € SQ

(1) if [w| > 0, then O(w) +O(1) C O(w), and O(w, o) +O(1) C O(w,0),

(2) ify € O(w, ), then O(y) C O(w, 0),

(3) ifwoo € O(w), then O(w) C O(w, 7).
Proof. Lety € O(w) and u € O(1). Choose positive 6, L, M € R such that

|wn| > 6, |un| <L, and |yu| < Mlw,|

for any n. Then
Yn + tn| < Y| + [ttn| < Mlwy| + L = M|w,| + L6716 < Ml|wy| + L5 Hw,| = (M + L5 1) |wy|

for any n. Hence O(w) + O(1) € O(w). Similarly O(w, o) + O(1) C O(w,r). Assume
y € O(w, o) and x € O(y). There exist positive constants M, P such that

y(o(n)| < Mlwy|,  |xa] < Plya|

for large n. Then |x(c(n))| < Ply(c(n))| < PM|w,| for large n. Hence x € O(w, o) and we
get (2). (3) is a consequence of (2). O
Now we start the proof of Theorem 3.2.

(B1) Assume g is locally bounded. Let P be a positive constant. For any ¢ € [0, P] there exist
a neighborhood U; of t and a positive constant Q; such that [g(s)| < Q; for any s € U;. By
compactness of [0, P] we can choose t1, 1, ..., t, such that [0,P] C U, UU, U---UU;,. Then

g(S) < Q:maX{wa"'/QtW} (37)

for any s € [0,P]. Let y € O(w, ). Then y oo € O(w). Since w € SQ*, there exists a positive
constant P such that
|y¢7 | < Plw,| (3.8)

for any n. Using (2.1), (3.8), and (3.7) we get

Yo(n)]
[F(x) ()] = [ (1, Yom))| < g( ’;( |) <Q.
Hence the set O(w, o) is (f,0)-ordinary and, by Theorem 3.1 (A1), we obtain
O(w, o) NSol(E) C A™"b+ Z.

(B2) Assume x is a solution of (E). Since K € K(1), we have K’ € A(1). Hence

imUwzzmuwiy'

j=1 i=1j=1

M8

Il
—_

i

Choose M > 0 such that |w,!| < Mn!~™. For j € N let

U, = MY K
i=j

Ui = 1 Xo(j)w;
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Using the condition: K(i,j) = 0 for i < j we obtain

K < MY Y KG ) = MY Y K,

i j=1i=1 i=1j=1

agk
e

M

M

&j

\
I
—

~.
Il
—_
Il

i

M

I
2

Il
—_
.

|K(i,j)| = MiK’(i) < oo.

—_
Il
—_

By Lemma 3.5, there exists a positive constant L such that
o(n)—1 -1
Xy S om)™ L+ Y [A"x| ) <n™ UL+ ) A" ).
i=p i=p

Letc = ML+ MY 2, |b;j|. Then

n—1
—1 x| =ML+M})  |b

Up = |Xg(n)Wh
i=1 i=1 j=1
n—1n-1
<ML+MZ!b\+MZDK1] |§(uj) = c+M [K(, )18 (1))
i=1 i=1j=1 i=1 j=1
n—1n-1 -1 oo
=c+M) ) IK(f)lg(uj) < ZZ (i, )Ig(w))

—_

i=1 j=1i=

]:
n—1 oo -1
=c+ ZM|K(1,])|g(uj) =c+ Zoc]-g(u]-).
j=li=j j=1
Hence, by Lemma 3.4, the sequence u is bounded. Therefore, there exists a constant Q > 1
such that g(u;) < Q for any i and we get

’f(i/xa(i))‘ < g(

X! |) = g(u) < Q

for any i. Hence
n
< Q) [K(n,i)| = QK.

i=1

Y K, i) f (i, %))

For large n we have
n
A"x, = b, + ZK(n, i) f(i, xa(i)).
i=1
Hence A"x € b+ O(K’) and K’ € A. By Lemma 2.2, we have x € A™"b + Z.
(B3) Let a = K'. Define p and S by (3.3). Let x € S. Using the inequality

lyoo| < Llw| — Mry'a, we get

Xo(n) — Yo(n) T Yo(n)
|wn|

Xo(n)
Wy

< |x¢7(n) - ya(n)| + |ya(n)| < Mr;na + ’]/U(n)’

<L

W, | Wy

for any n. Using (2.1) and inclusion g[0, L] C [0, M], we have

Wy

[F(x)(m)| = [f (1, xXo(m))| < 8 <W> <M
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for any n. Therefore

n

Y K(n,k)F(x) (k)

k=1

G (x)(n)| =

n
< Y M[K(n,k)| < May.
k=1

Now, repeating the second part of the proof of Theorem 3.1 (A2), we obtain
y € Sol,(E) + Z.

(B4a) Now, we assume that g is locally bounded, |w| > 0, W C O(w,c), and Z+ W C W. Let
y € WN A~"b. Choose positive constants P, A such that |y o | < P|w| and |w| > A. Let

Li=P+1 and a=inf{Li|wy| — Yol : 7 € N}.

Then
Lilwn| = [Yom)| = Plwn| = Yol + lwal = Plwn| = [Yom)l +A > A

for any n. Hence « > A > 0. Similarly as in (3.7) there exists a positive constant M; such that
gl0,Ly] C [0, M;]. Since 1i_1>n rit|a| = 0, there exists an index p such that
n—o0

Myryfal < a.
Then Myr|al < Liwn — [Yo(n)| for any n. Hence, by (B3), y € Sol,(E) + Z and we obtain
W N A™b C Sol(E) + Z.
By (B1), we have WNSol(E) C A~™b + Z. Using [33, Lemma 4.10] we obtain
WNA™b+Z=WnSol(E) + Z.

(B4b) Since Z C o(1), by Lemma 3.6 (1), we have O(w,0) + Z C O(w, o). Hence, by (B4a), we
get
O(w,c) NA™"b+Z = O(w, o) NSol(E) + Z.

(B4c) By Lemma 3.6 (1) and (3) we have
O(w)+Z Cc O(w) and O(w) C O(w, ).

Hence (B4c) is a consequence of (B4a).
(B5a) Since Soly(E) C Sol(E) we have

W NSoly(E) + Z C W N Sol(E) + Z. (3.9)

Choose M, € (0,00) such that [g| < M and |w| > 6. Lety € WN A~™b. Since y € O(w,0),
there exists a positive P such that |y o | < P|w|. Let

L=P+6 MK,

Then
lyoo| < Plw| = Llw| — 6 Hw|Mr'K' < Lw| — Mri'K'.

Moreover g[0, L] C [0, M]. Hence, by (B3), y € Sol;(E) + Z and we obtain

WNA™b C Soly(E) + Z
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Letw € WNA™™b. Choose x € Soli(E) and z € Z such that w = x + z. Then
x=w—-—zcW+ZCW.
Hence w € WNSoly(E) + Z and we obtain
WNA™b C WNSoli(E) + Z. (3.10)

By (B4a) we have
WNA"b+Z=WnNSol(E) + Z (3.11)

Using (3.9), (3.10), and (3.11) we obtain (B5a).
(B5b) Analogously to the proof of (B4b), we can see that (B5b) is a consequence of (B5a).
(B5¢) The assertion is a consequence of (B5a) and Lemma 3.6 (1) and (2).

3.3 The proof of Theorem 3.3

Assume
L(x)NU(f) = Q. (3.12)

We will show that the sequence F(x) is bounded. If

limsup F(x)(n) = limsup f (1, Xy(,)) = o0,

n—oo n—oo

then there exists an increasing sequence (1) of natural numbers such that
lim £ (g, o)) = oo
Let yx = Xy(n,) and let p € L(y). There exists a subsequence (yx,) of (yx) such that
lim y, = p.
1—00

Then lim; e f (115, yx;,) = co. Hence p € U(f). Since yx = X,(,,) and o(n) — oo, we have
L(y) C L(x). Therefore p € L(x) which contradicts (3.12). Analogously liminf F(x)(n) > —oo
and so F(x) is bounded. Since x € Sol(E) we have

A"x € aF(x) +b+Fin C O(a) +b+Fin =0O(a) + b
and, by Lemma 2.2 (b), we obtain x € A™"b + Z.

4 Asymptotically polynomial solutions

In this section we apply our main results to investigate asymptotically polynomial solutions
of equation (E). We assume that g : [0,00) — [0,00) and w € SQ*.
Let k € IN(0, m). We say that a sequence ¢ is asymptotically polynomial of type (m, k) if
¢ € Pol(m) + o(n").
Moreover, if
¢ € Pol(m) + A %o(1),

then we say that ¢ is regularly asymptotically polynomial of type (m,k). Note that, by [30,
Lemma 3.1 (b)], we have

A% o(1) = {x € o(n*) : APx € o(n*"F) forany p € N(0,k)}.
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Corollary 4.1. Assume (A, Z) is an m-pair, K € K(A), b € A, and x is an (f, 0 )-ordinary solution
of (E). Then
x € Pol(m —1) + Z.

Proof. By Theorem 3.1 (Al), we have x € A™"b+ Z. Since b — 0 € A, taking W = SQ in
Lemma 2.2 (a), we obtain A™"b+Z = A0+ Z =Pol(m — 1) + Z. O

Note that if k € IN(0,m — 1) and Z C o(n¥), then by Corollary 4.1, any (f,c)-ordinary
solution of (E) is asymptotically polynomial of type (m — 1, k).

Corollary 4.2. Assume s € (—oo,m — 1], K€ K(m —s),b € A(m —s), and x is an (f,0)-ordinary
solution of (E). Then
x € Pol(m —1) + o(n®).

Proof. By Example 2.3, (A(m —s), o(n®)) is an asymptotic m-pair. Hence the assertion is a
consequence of Corollary 4.1. O

Corollary 4.3. Assume k € N(0,m —1), K € K(m — k), and b € A(m — k). Than any (f,0)-
ordinary solution x of (E) is reqularly asymptotically polynomial of type (m — 1, k).

Proof. By Example 2.5, (A(m — k), A"%0(1)) is an asymptotic m-pair. Hence, by Corollary 4.1
we obtain
x € Pol(m — 1) + A %o(1). O

Corollary 4.4. Assume s € (—oo,m —1], K € K(m —s), b € A(m —s). Then for any (f,0)-
ordinary solution x of (E) there exist a sequence ¢ € Pol(m — 1) and z € o(n®) such that x = ¢ +z
and APz, = o(n°~F) for any p € IN(1,m).

Proof. By [33, Example 5.3], (A(m —s), ¥ A(m —s)) is an m-pair. Hence, by Corollary 4.1,
there exist a sequence ¢ € Pol(m —1) and z € rA(m — s) such that x = ¢ +z. By [30,
Lemma 4.2], we have APz, = o(n°~P) for any p € IN(0, m). O

Corollary 4.5. Assume K € K(1), b € A(1), and x is an (f, 0)-ordinary solution of (E). Then there

exists a constant A € R such that
APy, A

LT *D
forany p € IN(0,m —1).
Proof. Taking k = m — 1 in Corollary 4.3 we obtain
x € Pol(m — 1) + A" 1o(1). (4.2)
The existence of A follows from [30, Lemma 3.8]. O

Note that if condition (4.1) is satisfied, then by (4.2), x is regularly asymptotically polyno-
mial of type (m —1,m —1).

Corollary 4.6. Assume (A,Z) is an m-pair, K € K(A), b € A, g is locally bounded, and f is
(g, w)-dominated. Then
O(w, o) NSol(E) C Pol(m —1) + Z.
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Proof. Note that b —0 € A. Let W = SQ. By Lemma 2.2 (a), we have
A"+ Z=WNA"b+Z=WNA""0+Z =Pol(m—1)+ Z.
Hence the assertion is a consequence of Theorem 3.2 (B1). O

Corollary 4.7. Assume s € (—oco,m — 1], K € K(m —s), b € A(m —s), g is locally bounded, and f
is (g, w)-dominated. Then

O(w, o) NSol(E) C Pol(m — 1) + o(n®).

Proof. Since (A(m —s), o(n®)) is an asymptotic m-pair, the assertion is a consequence of Corol-
lary 4.6. O

Corollary 4.8. Assume s € (—oo,m —1], K € K(m —s), b € A(m—s), k € [s,m —1] NIN(0),
w, = n*, o(n) = O(n), g is locally bounded, and f is (g, w)-dominated. Then

O(n*) NSol(E) C Pol(k) 4 o(n®).
Proof. Let y € O(n*) N Sol(E). Choose positive constants Q and L such that
o(n) <Qn and |y,| < Ln*
for large n. Then |y,(,)| < Lo(n)f < LQ*nF. Hence yoo € O(n*) = O(w,). Therefore
y € O(w, o) and, by Corollary 4.7, we have y € Pol(m — 1) 4+ o(n®). Choose ¢ € Pol(m — 1)

and z € o(n°) such that y = ¢ + z. Then ¢ = y — z € O(n*) and we obtain ¢ € Pol(k). O

Corollary 4.9. Assumek € N(0,m —1), K € K(m —k), b € A(m —k), g is locally bounded, and f
is (g, w)-dominated. Then

O(w, ) NSol(E) C Pol(m —1) + A Fo(1).
Proof. Since (A(m —k), A~"0(1)) is an asymptotic m-pair and b € A, we have
A~*b + A7 %0(1) = Pol(m — 1) + A %o(1).
Hence the assertion is a consequence of Corollary 4.6. O

Corollary 4.10. Assume (A,Z) is an m-pair, K € K(A), b € A, A C A(1), g is nondecreasing,
o(n) < nforlarge n, n" =1 = O(wy,), f is (g, w)-dominated, and g is of Bihari type. Then

Sol(E) C Pol(m —1) + Z.

Proof. Since A™"b + Z = Pol(m — 1) 4+ Z, the assertion is a consequence of Theorem 3.2 (B2).
O

Corollary 4.11. If (A, Z) is an evanescent m-pair, K € K(A), b € A, and ¢ € Pol(m — 1) is
f-regular, then ¢ € Sol(E) + Z.
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Proof. Note that b € A C A(m). Letz = (—1)"r"b, and let y = ¢ + z. Then
A"y =AN"o+A"z=0+b=0.
Since ¢ is f-regular, there exists a subset U of IR and a positive number ¢ such that
¢(IN) C Int(U, ¢)

and f|IN x U is continuous and bounded. Let u € (0,¢/2). Since z, = o(1), there exists an
index p such that |z,| < u for any n > p. Then

(¢ +2)(N(p)) C Int(U, ).

Let
y*(n): {(P(ﬂ) fOI'T’l<p’ b*(n _ {A (P(Tl) fOI'I’l<p.
(p+2z)(n) forn>p b(n) forn>p

Then y* is f-regular and A™y* = b*. Hence, by Theorem 3.1 (A3), there exists a solution x of

the equation
n

Ax, = b*(n) + kz K(I’l, k)f(k/ xO’(k))
=1

such that y* € x + Z. Since b*(n) = by, for n > p, we get x € Sol(E). By the definition of y* we
have ¢ +z — y* € Fin(p). Hence

pey —z+Fn(p) Cy'"+ZCx+2Z+Z=x+Z. O

5 Bounded solutions

In this section we apply our main results to investigate the bounded solutions of equation (E).

We say that a function f : N x R — R is locally equibounded if for every t € R there
exists a neighborhood U of t such that f is bounded on IN x U. Obviously every bounded
function f:IN x R — R is locally equibounded.

Example 5.1. Let fi(n,t) =t and fa(n,t) = n. Then f; is continuous, unbounded and
locally equibounded, f, is continuous but not locally equibounded.

Example 5.2. Assume g1,...,¢: R — R are continuous, a1,...,a; € O(1) and let

k
fln,t) = ;“i(n)gi(t)-

Then f is continuous and locally equibounded.
Lemma 5.3. If f is locally equibounded, then O(1) is (f, o )-ordinary.

Proof. Let x € O(1). Choose a4,b € R such that x(IN) C [a,b]. For any t € [a, b] there exist an
open subset U; of R and a positive constant M; such that

[f(n,8)] < M
for any s € U; and any n € IN. There exists a finite subset {t,...t,} such that
[a,b] C Uy U---UUy,.

If M = max(My,, ... M,), then |f(k, x,))| < M for any k. O
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In the next corollary we identify the set R with the space Pol(0) of constant sequences.

Corollary 5.4. Assume (A,Z) is an m-pair, K € K(A), w € O(1), b = A"w, and f is locally
equibounded. Then
O(1) NSol(E) C w+ R + Z.

Proof. Note that A="b = w + Pol(m — 1). Since the sequence w is bounded, we have
OoO1)NA™™b=0(1)N(w+Pol(m—1)) =w+Pol(0) =w+ R. (5.1)

By Lemma 5.3 O(1) is (f,0)-ordinary. Hence the assertion is a consequence of Theorem 3.1
(A1). 0

Corollary 5.5. Assume (A,Z) is an evanescent m-pair, K € K(A), w € O(1), b = A"™w, and f is
continuous and locally equibounded. Then

O(1)NSol(E)+ Z =w+R + Z. (5.2)

Proof. If f is continuous and locally equibounded, then O(1) is f-regular. Hence, using (5.1),
and Theorem 3.1 (A4) we obtain (5.2). O

Corollary 5.6. Assume (A,Z) is an evanescent m-pair, K € K(A), w € O(1), b = A™w, and f is
continuous and bounded. Then

O(1) NSol(B) + Z = O(1) NSol(E) + Z = w + R + Z. (5.3)

Proof. Since the set O(1) is f-regular, the assertion is a consequence of Corollary 5.5 and
Theorem 3.1 (A5). O

Let k € IN and Z C SQ. We define

Per(k) = {x € SQ: «x is k-periodic}, Val(k) = {x € SQ: card(x(IN)) < k}.
Per(k, Z) = Per(k) + Z, Val(k, Z) = Val(k) + Z,

Corollary 5.7. Assume (A,Z) is an evanescent m-pair, K € K(A), k € IN, and f is locally equi-
bounded. Then

(1) if A~™bNPer(k,Z) # @, then O(1) NSol(E) C Per(k, Z),
(2) if A"™bN Val(k, Z) # @, then O(1) NSol(E) C Val(k, Z).
Proof. If w € A~"bNPer(k, Z), then by Corollary 5.4
O(1) NSol(E) C w+ R+ Z C Per(k) + Z = Per(k, Z),
and we obtain (1). Analogously we obtain (2). O

Corollary 5.8. Assume f is continuous and locally equibounded, (A,Z) is an evanescent m-pair,
K eK(A), and w € A~™b. Then

(1) ifw € Per(k, Z), then O(1) NSol(E) + Z = Per(k,Z) NSol(E) + Z =w+ R+ Z,

(2) ifw € Val(k, Z), then O(1) NSol(E) + Z = Val(k,Z) NSol(E) + Z =w+ R + Z.
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Proof. Since f is continuous and locally equibounded, the set O(1) is f-regular. Moreover,
since the pair (A, Z) is evanescent, we have Z + O(1) C O(1). Using Theorem 3.1 (A4) and
(5.1) we have

O(1)NSol(E)+Z=0(1)NA"™b+Z =w+ R+ Z.

By Corollary 5.7, O(1) NSol(E) C Per(k, Z). Hence
O(1) NSol(E) C Per(k, Z) N Sol(E).

Since Per(k, Z) C O(1), we get O(1) N Sol(E) = Per(k, Z) N Sol(E) and we obtain (1). Similarly
we obtain (2). O

Corollary 5.9. Assume f is continuous and bounded, (A, Z) is an evanescent m-pair, K € K(A), and
w e A™"b. Then

(1) ifw € Per(k, Z), then

O(1) NSol(E) + Z = O(1) NSoly(E) + Z = Per(k, Z) N Sol(E) + Z
=Per(k,Z) NSoh(E)+ Z=w+ R+ Z,

(2) ifw € Val(k, Z), then

O(1) NSol(E) + Z = O(1) N Soly (E) + Z = Val(k, Z) N Sol(E) + Z
= Val(k,Z) NSoli(E)+ Z =w+ R+ Z.

Proof. By Theorem 3.1 (A5) we have

O(1) NSol(E) + Z = O(1) N SoLy(E) + Z

and

Per(k, Z) NSol(E) + Z = Per(k, Z) N Sol4(E) + Z.
Hence (1) is a consequence of Corollary 5.8 (1). Analogously we obtain (2). O
6 Remarks

In this section, we present some examples of f-regular sets. These sets are used in Theorem
3.1. Next, we discuss the condition w oo € O(w) which is important in Theorem 3.2. Fi-
nally, we present some tests that are helpful in verifying whether a given kernel K fulfills the
assumptions of Theorems 3.1 and 3.2.

Remark 6.1. If K € K(m), then, by (2.3), 7K’ € o(1). Hence for any f-regular sequence y
there exists an index p such that y is (K, f, p)-regular.

We say that a subset W of SQ is o(1)-invariant if
o(l)+ W cCW.
Note that if W is o(1)-invariant and (A, Z) is an evanescent m-pair, then Z + W C W.

Example 6.2. If f is continuous and bounded, then SQ is f-regular and o(1)-invariant. If f is
continuous and locally equibounded, then O(1) is f-regular and o(1)-invariant.
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Example 6.3. If f is continuous and locally equibounded, then the set of all convergent se-
quences x € SQ is f-regular and o(1)-invariant. More generally, the set

{x € SQ : L(x) is finite}
is f-regular and o(1)-invariant.

Example 6.4. Assume U is a uniform neighborhood of a set Y C R and f is continuous and
bounded on IN x U. Then the sets

We={yeSQ: L(y) CY}, We={yeSQ:limye Y}
are f-regular and o(1)-invariant.

By Lemma 3.6 (3) the condition w o o € O(w) implies O(w) C O(w, o). Moreover, subsets
of O(w, ) play an important role in Theorem 3.2. Below, we discuss the condition wo o €
O(w).

Example 6.5. If s € (0,00), w, = n°, and 0(n) = O(n), then w > 0 and wo o € O(w).

Justification. Obviously, w > 0. If M is a positive constant such that o(n) < Mn for any n.
then w(o(n)) = (c(n))* < (Mn)® = M°w,. Hence wo o € O(w). O
Example 6.6. If O(w,+1) = O(w,), and the sequence o (n) — n is bounded, then wo o € O(w).

Justification. Choose k € N such that |c(n) —n| < k for any n. Since w,+1 = O(wy), there
exists a constant M > 1 such that |w, 11| < M|w,| for large n. Then

W y2| < Mlwyia| < M |wyl, ..., [wyik] < MFlw,].
Hence, for any p € IN(0, k), we have
’wn+p| < Mk‘wn|

for large n. Analogously, since w, = O(wy11), there exists a constant Q > 1 such that for any
p € IN(0, k), we have
|[wn—p| < Q|wy|

for large n. Now, if L = max(MF, QF), then |w(c(n))| < L|w,| for large n. O

Remark 6.7. If s € R and w, = n®, then O(w,+1) = O(wy,). Similarly, if A € (0,00) and
w, = A", then O(w;.1) = O(wy). On the other hand, if w, = n", then (w, 1) ¢ O(wy,).

In our main theorems we assume that (A, Z) is an m-pair and K € K(A). The basic
example of an m-pair is (A(t),0(n™"")). Hence in our theory, the answer to the following
question is very important: whether for a given kernel K : IN x IN — IR the relation K €
K(A(t)) = K(t) is fulfilled? Below we present some lemmas concerning this problem. These
lemmas are analogous to the classical tests for absolute convergence of series.

For n € IN let

K*(n) = nmax{|K(n,1)|, |K(n,2)|,...,|K(n,n)|},

K.(n) = nmin{|K(n,1)|,|K(n,2)|,..., |K(n,n)|}.

Note that
K, <K <K*. (6.1)
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Moreover if |K| is nondecreasing with respect to second variable, then
K.(n) =n|K(n,1)|, K*(n)=n|K(n,n)|
for any n, if |K| is nonincreasing with respect to second variable, then
K.(n) =n|K(n,n)|, K*(n)=n|K(n,1)|
for any n.

Lemma 6.8 (Comparison test 1). Assume a,b,c € SQ, and A is a linear subspace of SQ, such that
O(1)A C A, and Fin+ A C A. Then

(1) if |bu| < |cn| forlargenand c € A, then b € A,

(2) if |by| > |ay| for large nand a & A, then b ¢ A.
Proof. For the proof of (1) see [33, Lemma 3.8]. (2) is a consequence of (1). O
Lemma 6.9 (Comparison test 2). Assume A is a linear subspace of SQ, such that

O(1)AC A, and Fin+ A C A.
Moreover, let L € K(A), ¢ € A, and
K<L or |KI<SIL| or K*"<|c|.

Then K € K(A).
Proof. The assertion is an easy consequence of Lemma 6.8. O
Lemma 6.10 (Logarithmic test). Assume t € [1,00),

_ InKi(n)

~ InK*(n)
Inn )

Inn

uy(n) = , u*(n) =

Then

1) if liminfu*(n) > t, then K € K(t),

2) if limu*(n) = oo, then K € K(c0),
)

3) if u.(n) <t forlarge n, then K & K(t),

(
(
(
(4) if limsupu.(n) <t, then K ¢ K(t).

Proof. The assertion is a consequence of (6.1), Lemma 6.8 and [33, Lemma 6.2]. O

Lemma 6.11 (Raabe’s type test). Assume t € [1,00),

u*(n):n<1<f<(;(11'_)1)—1), u*(n):n(lf(;(j_)l)—o.
Then

(1) if liminfu*(n) >t, then K € K(t),
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(2) if limu*(n) = oo, then K € K(c0),
(3) if ui(n) <t forlarge n, then K ¢ K(t),

(4) if limsupu,(n) <t, then K & K(t).

Proof. The assertion is a consequence of (6.1), Lemma 6.8 and [33, Lemma 6.3].

Lemma 6.12 (Schlomilch’s type test). Assume t € [1,00),

K. (n)
K.(n+1)’

K*(n)

u*(n) = nlnm

uy(n) =nln

(1) if liminfu*(n) > t, then K € K(t),
(2) if limu*(n) = oo, then K € K(o0),
(3) if u.(n) <t forlarge n, then K ¢ K(t),

(4) if limsupu.(n) <t, then K ¢ K(t).

Proof. The assertion is a consequence of (6.1), Lemma 6.8 and [33, Lemma 6.4].

Lemma 6.13 (Gauss’s type test). Let t € [1,00), A,y € R, s € (—oo,—1), and

K, (n)

K'(n) . M s
K.(nt1) =14 =40(n%).

)L S
=1+ 400, mnin Ty
Then

(a) ifu >t, then K € K(t),

(b) if A <'t, then K & K(t).

Proof. The assertion is a consequence of (6.1), Lemma 6.8 and [33, Lemma 6.5].

Lemma 6.14 (Bertrand’s type test). Assume t € [1,00) and

K, (n) t Ay K*(n) t Hn
- 7 = — :1 - .
Ki.(n+1) 1+n+n1nn' K*(n+1) t ot inn

Then
(1) if iminfu, > 1, then K € K(t),
(2) if Ay <1 for large n, then K ¢ K(t),

(3) iflimsup A, < 1, then K ¢ K(t).

Proof. The assertion is a consequence of (6.1), Lemma 6.8 and [33, Lemma 6.7].

21
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7 Examples of applications

If the kernel K of equation (E) satisfies some additional conditions, then from Theorem 3.1 we
can obtain many interesting results. Some of them are presented below.

Corollary 7.1. Assume x € Sol(E) is (f,o)-ordinary, y € A~"b is f-reqular,

s € (—oo,—m), and limsupn ) |K(n,k)| < co. (7.1)
n— 00 k=1
Then
x € A" +0O(n"™") and y € Sol(E) + O(n™"*). (7.2)

Proof. By (7.1), K" = O(n®). Using Example 2.6 and Theorem 3.1 (A2) and (A3) we obtain
(7.2). 0

Corollary 7.2. Assume x € Sol(E) is (f,o)-ordinary, y € A~"b is f-reqular,

n
limsup (/Y [K(n, k)| <A <1 (7.3)
n—o00 k=1

x € AT"b+0(A") and y € Sol(E) + o(A"). (7.4)

Then

Proof. By (7.3), K' = o(A"). Using Example 2.7 and Theorem 3.1 (A2) and (A3) we obtain
(7.4). 0

Corollary 7.3. Assume x € Sol(E) is (f,o)-ordinary, y € A~™b is f-reqular,

!/
s € (—0c0,0] and liminfn ( I,<” — 1> > m —S. (7.5)
n—reo Kn+1
Then
x € AT"b+o0(n®) and y € Sol(E) + o(n®). (7.6)

Proof. Using (7.5) and [33, Lemma 6.3], we get K’ € A(m —s). Using Example 2.6 and Theo-
rem 3.1 (A2) and (A3) we obtain (7.6). O

Corollary 7.4. Assume x € Sol(E) is (f,o)-ordinary, y € A~"b is f-reqular,

(n—1)!

SE(—OO;O]/ t>m—s and K(n’k):k(t+1)(t+2)"'(t+n)'

Then
x € AT"b+o0(n°) and y € Sol(E)+ o(n®). (7.7)

Proof. For any n we have
n!

(t+1)(t+2)---(t+n)

K*(n+1) N n+1 T n+1 ’
By Lemma 6.11 we have K € K(m — s). Using Example 2.6 and Theorem 3.1 (A2) and (A3) we
obtain (7.7). O

K*(n) =

Hence
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Corollary 7.5. Assume f(n,t) =e', s € [1,00),

W={yesSQ:y(N)C (—oo,1)}, U={yeSQ:limsupy, < co},

n—oo

and ;

ad -~ —1+In7
pmts—1 K(n k)| < ———.

3w ¥ ko) < L

n=3
Then
WNA™b CSolz3(E) + A(s) and UNA™"b C Sol(E) + A(s).

Proof. By assumption K’ € A(m +s). Obviously, the set U is f-regular. Using Example 2.6
and Theorem 3.1 (A4) we obtain

UNA™b C Sol(E) 4 A(s).

Note that

(o] (e 9] n _1 1 7
AK <Y K < Y Y K k)| <
n=3 n=3 k=1

Assume y € W and n € IN. Then
f(n,yn +7r5K") = exp(yn + 7r5K') < exp(1—1+1n7) =7.
Hence any y € W is (K, f, 3)-regular and, by Theorem 3.1 (A1), we have
WNA™™b C Sols(E) + A(s). O
Corollary 7.6. Assume x € Sol(E) is (f,c)-ordinary, y € A~"b is f-reqular, and
K(n k) = k2=v*
foranyn € N and k € N(1,n). Then
x € A"+ A(co) and y € Sol(E) 4 A(oo). (7.8)

Proof. For any n we have K*(n) = n?2~V". Hence

nlnlf(;(i)l) =nln ((L)zzwﬁﬁ)) =2In <n_7_1)n +n (\/ﬁ— \/ﬁ> In2 — oo.

By Lemma 6.12 we have K € K(c0). Using Example 2.7 and Theorem 3.1 (A2) and (A3) we
obtain (7.8). O

Corollary 7.7. Assume u € O(1), f(n,t) =e ' +uy, A € (e71,1),

n! koM™
b, = ot and K(n, k) = ( >

n+1

forany n € N and k € IN(1,n). Then for any ¢ € Pol(m — 1) such that lim,_,. ¢(n) = oo there
exists a solution x of (E) such that
Xn = @(n) +o(A").
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Proof. Note that

2

cor-a()s - () e

bn+1_ n " 1
b, _<n+1> _)E<A'

Hence K’ € o(A") and b € o(A"). Moreover, ¢ is f-regular and o(A") is an evanescent m-space.
Therefore, the assertion follows from Corollary 4.11. O
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