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Abstract. In this paper, we consider the multiplicity of positive solutions for a class
of Schrédinger equations involving concave-convex nonlinearities in the whole space.
With the help of the Nehari manifold, Ekeland variational principle and the theory of
Lagrange multipliers, we prove that the Schrédinger equation has at least two positive
solutions, one of which is a positive ground state solution.
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1 Introduction and main results

This paper concerns the multiplicity of positive solutions for the following Schrodinger equa-
tion

—Au+V(x)u= f(x)|uli?u+ g(x)|ulP"2u in RV, w1
ue H' (RV), '

where 1 < g <2< p <2*(2"=owif N=12and 2* = 2N/(N—-2) if N > 3) and
V(x), f(x),g(x) satisfy suitable conditions.

There are many works on nonlinearity of concave-convex type under various conditions
on potential V(x). When V(x) = 0, Equation (1.1) is considered in a bounded domain. This
problem can date back to the famous work of Ambrosetti-Brezis—Cerami in [1], where the
authors considered the following problem

{—Au = AMulT2u+ [ulP2u  in Q, 1.2)

u € Hj(Q),
where O C RV is a bounded domain, 1 < g < 2 < p < 2*. They proved that Equation

(1.2) has at least two positive solutions for suffciently small A > 0. In this case, the compact
embedding H(Q) < LP(Q) (p € [2,2%)) plays an important role; for more general results
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in bounded domains see [4,5,8,13,18,24,27] and their references. In the whole space RN
some authors concerned Equation (1.1) with V(x) satisfying suitable conditions such that the
embedding

X::{uefﬂ(RN>:4NVQNu@ﬂ%M<:+m}cﬁ[ﬁ(RN), pe22), (13

is compact. For example, Bartsch and Wang [2] first introduced the following weaker condition

(V) V(x) € C(RN,R),Vp := infgn V(x) > 0 and for any M > 0, there exists a constant
ro > 0 such that meas ({x € B,,(y) : V(x) < M}) — 0 as |y| — +oo, where B,,(y) de-
notes the ball centered at y with radius ry and meas the Lebesgue measure in RY.

For some results in this area, we also refer to [14,21].

If the potential function V(x) is bounded, the embedding (1.3) is not compact; in the case
of the constant potential, i.e., V(x) is a positive constant in Equation (1.1), we can refer to
[25,26,28]. However, we do not know any results for Equation (1.1) with both V(x) and g(x)
bounded functions. A direct extension to the case V(x) and g(x) bounded functions is faced
with difficulties. On the one hand, because the nonlinearity is a combination of the concave
and convex terms, estimating the critical value by suitable autonomous equation becomes
complex. On the other hand, since both V(x) and g(x) are bounded functions, the proof of
the (PS) condition satisfied for the critical value in suitable range becomes delicate. In this
paper, we are concerned about Equation (1.1) with both V(x) and g(x) bounded functions
on the basis of variational arguments. If V(x), f(x) and g(x) satisfy the suitable conditions,
we prove multiple positive solutions for equation (1.1) under the quantitative assumption.
Up to now, there is a lot of papers considered different problems and obtained the relevant
results under the quantitative assumption, see [6,7,12,29] for Kirchhoff problems, [15,26,27]
for Schrodinger problems and [16] for Schrodinger-Maxwell problems. For example, Wu [27]
considered the following Schrodinger problem:

—Au = f(x)[u]12u+ (1—g(x))|[ul* 2u inQ,
u=0, in 0Q),

where 1 < g < 2,2* = 2N/(N —2)(N > 3), QO C RN is a bounded domain with smooth
boundary and the weight functions f,g € C(Q) satisfy the suitable conditions. Then there
exists Ag > 0 such that if ||[fT||;;+ < A, this problem has three positive solutions, where
gt =2"/(2* —g) and f* = max{f,0} # 0.

To state our main result, we introduce precise conditions on V(x), f(x) and g(x):

(V) V(x) e C(RN,R), 0< Vp:= inf V(x) < V(x) < Veo:= lim V(x) < oo,
x€RN |x]|—+o00
(f) f is positive, continuous and belongs to L7 (RN), where g* is conjugate to p/q (i.e.
g =p/(p—q)
(8) g(x) e C(RN)NL® (RN),0< goo:= lim g(x) < g(x) < sup g(x) < +oo.

\x\—)-ﬁ-oo Y€RN

Our main result is as follows.
Let o := (p —2)(2 —q)> 9/ (r=2) (%)(pfq)/(pfz) and 0 < 0* = qo/2 < o, where S,, is the
best Sobolev constant described in the following Lemma 2.2.
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Theorem 1.1. Under the assumptions (V), (f) and (g), if |f\q*ygy£§*‘”/(’”*2) € (0,0"), Equation
(1.1) has at least two positive solutions, which correspond to negative energy and positive energy,
respectively; in particular, the one with negative enerqy is a positive ground state solution.

The combined effects of a sub-linear and a super-linear terms change the structure of the
solution set. According to the behaviour of nonlinearities and to the results we want to prove,
the method of the decomposition of Nehari manifold turns out to be more appropriate. With
the help of suitable autonomous equation, the Ekeland variational principle and the theory of
Lagrange multipliers, we can prove that Equation (1.1) has at least two positive solutions, one
of which is a positive ground state solution. In addition, the condition (V') can be replaced by
other forms.

Remark 1.2. Assume that (V),(f) and (g), if |f g]&f’qw(p*z)

Theorem 1.1 still holds.

gt is sufficiently small, then

Remark 1.3. Assume that V(x) = C, (f) and (g), if | f|4 g|§§‘q)/(”‘2)

Theorem 1.1 still holds, where C is a positive constant.

is sufficiently small, then

The rest of this paper is organized as follows: Section 2 is dedicated to our variational
framework and some preliminary results. Section 3 concerns with the proof of Theorem 1.1.

Throughout this paper, C and C; denote distinct constants. L? (RV) is the usual Lebesgue
space endowed with the standard norm |u|, = ([g~ |u]”dx)1/p for1 < p < oo and |u|e =
sup,.gn |u(x)| for p = co. When it causes no confusion, we still denote by {u,} a subsequence
of the original sequence {u,}.

2 Preliminary results

With the fact that the problem (1.1) has a variational structure, the proof is based on the

variational approach and the use of the Nehari manifold technique. So, we will first recall

some preliminaries and establish the variational setting for our problem in this section.
Define

E:— {u e H' (RY) \{0} ‘ /RN V(x)|u? dx < +oo}

with the associate norm

el = [ (9P + vy )

Under the assumption (V), we know that the norm || - || is equivalent to the usual norm in
H' (RV). The energy functional corresponding to Equation (1.1) is

I() = i/w (IVul + V(x)uP?) dx—zl/]RNf(x)qux—;/H{Ng(x)\uwdx, ueE 1)

Lemma 2.1. If (V), (f) and (g) hold, then the functional I € C'(E,R) and for any u,v € E

<I/(u),v> = /]RN Vqudx—i—/]RN V(x)uvdx

) -2
—/]RNf(x)|u]q uvdx—/ g(x)|ulP""uvdx. (2.2)

RN

Furthermore, I' is weakly sequentially continuous in E.
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Proof. The proof is a direct computation. Here we omit details and refer to [23]. O

Lemma 2.2 ([23]). Under the assumption (V), the embedding E — LF (RN) is continuous for
p € [2,2%]. Let

2
Sy= inf L
HEEVO} (e fuf? dx) ™

4

then ]
|u|p§5;7||u|\, Yu € E.

It is well-known that seeking a weak solution of Equation (1.1) is equivalent to finding a
critical point of the corresponding functional I. In the following, we are devoted to finding
the critical point of the corresponding functional I.

As usual, some energy functional such as I in (2.1) is not bounded from below on E but,
as we will see, is bounded from below on an appropriate subset of E and a minimizer on this
set (if it exists) may give rise to a solution of corresponding differential equation (see [22]). A
good exemplification for an appropriate subset of E is the so-called Nehari manifold

N = {u e H'(RN)\{0} | (I'(u),u) = o},

where (, ) denotes the usual duality between E and E*. It is clear to see that u € N if and
only if for u € H! (]RN) \{0},

w2 = [ FE i+ [ g(olul dx. 3

Obviously, N contains all nontrivial solutions of Equation (1.1). Below, we shall use the Nehari
manifold methods to find critical points for the functional I.

The Nehari manifold N is closely linked to the behavior of functions of the form K, : t —
I(tu) for t > 0. Such maps are known as fibering maps, which were introduced by Dréabek
and Pohozaev in [9]. For u € E, let

1 1 1
Ku(t) = 1) = PNl = 00 [ FOlultdx = [ ()l

RN

! _ 2 491 q _4p—1 p .
Ko(0) = tul2 =07 [ feluptdr =07 [ g ul dx;

Ki(t) = ulP = (=162 [ flulfdx—(p=1)2 [ g(x)|ul"dx.

RN

Lemma 2.3. Let u € Eand t > 0. Then tu € N if and only if K|, (t) = 0, that is, the critical points of
Ky () correspond to the points on the Nehari manifold. In particular, u € N if and only if K},(1) = 0.

Proof. The result is an immediate consequence of the fact:
1
K (t) = (I'(tu),u) = 7 (I'(tu), tu) . O

Thus, it is natural to split N into three parts corresponding to local minima, points of
inflection and local maxima. Accordingly, we define

NT={ueN|K]1) >0}, N°={uecN|K/1)=0} and N ={uecN|K](1) <0}
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It is easy to see that

K1) = [l = (g =1) [ Folufiax—(p=1) [ g(x)lul’dx. 24

Define

¥ = K1) = (M) =l = [ pluliae- [ surds @3
Then for u € N,
=1

d
(dt‘l’(tu)>
=P = =1 [ f@ultdx—(p=1) [ go)lul"dx

For each u € N, ¥(u) = K/,(1) = 0. Thus, for each u € N, we have

= (¥'(u),u) = (¥'(u),u)y — (I'(u),u) = K (1)

Ky (1) =Ky (1) = (g =1D)¥(u) = 2= q)ull> = (p—q) /RNg(X)IuI”dx (2.6)
and
Ky (1) =Ky(1) = (p=1)¥(u) = 2= p)llul*+ (p — 9) /IRNf(X)IMquX- (2.7)

In order to ensure the Nehari manifold N to be a Cl-manifold, we need the following
proposition.

Proposition 2.4. Let o := (p —2)(2 — q)>~9/(r=2) (%)(p—q)/(p—Z)

constant described in Lemma 2.2. If | f |4 |g|£§*q)/(”*2) € (0,0), then the set N° = @.

, where Sy is the best Sobolev

Proof. Suppose, on the contrary, there exists a u € N such that K}/(1) = 0. By Lemma 2.2,
_r
[ )l dx < [g]esS; ] @9
Noting that 2 < p < 2%, from (2.6) we have

_r
@=lull® < (p = 9)gleS, * ull?,

SO
1

A=
(2—4q)S;
lul| > | P20 (2.9)
(p—a)lgle
Moreover, by the Holder inequality and Lemma 2.2, we have

Jofluras < ([ 17 as) ™ ([ )" = flpfulf < 1.5, it @10

From (2.7) we have
g
(p=2)[[ull* < (p — @) flg=Sp * lull?,

(r—2)S;

which implies that



6 X. Cao and |. Xu

This with (2.9) and (2.11) implies that

1 p=2 r—q
2y (2—¢q)S2 -2 1 29 (S P2
fq*go”o2>( pq”) P25~ (p-2e-9 (52) 7 -0

which contradicts with the condition. O
Proposition 2.5. Suppose that |f|,- |g|£7q)/(p72) € (0,0) and u € E. Then, there are unique t* and
t~ with 0 <t < tmax <t~ such that tTu e N*, t - u € N~ and

I[(tTu) = inf I(tu), I(t u)= sup I(tu).

Ogtgtmax tZtmax

Proof. Let
() = £ ul? =71 [ g()lul? dx,

]RN
then we have

KL (f) = 91 <h(t) - /RN F()ul? dx) . 2.12)

Clearly, 1(0) = 0 and h(t) - —occast — oc0. From1 < g <2 < p < 2* and

H) =t (@ el - (p-) [ s@lulrar) =0,

we can infer that there is a unique fmax > 0 such that h(t) achieves its maximum at fmax,
increasing for t € [0, tmax) and decreasing for t € (fmax, o) with lim;_,e h(t) = —oco, where

1

t:( (2 q)lju]? )
"\ (= a) Jrug(x)[ulp dx

It follows
g 2-g
(tma) = lull? (el pz(z =
Jrn §(x)[ulPdx r—q) p—1q
= o NE
> flull? ”uH < _q>p P (2.13)
18leSp leullf’ P P4
2—q
pP—
2
= >0
| P—q
From |f|; |g| ), (2.10) and (2.13) we also have
2—q
(Z—q)Sg Tp 2
Jo Sl <l | P | B < ) 214)

Moreover, for tu € N, K/ (t) = 0. By (2.12) we obtain that
KI'(t) = t77 1/ (¢).
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By (2.12) and (2.14) we know there are unique +* and ¢~ with 0 < T < tpa < t~ such that
Kl. (1) =0, K- (1) =0, that is t*u,t u € N. From KJ/(t) = t1~'1/(t) and ' (t7) > 0 >

tru
h'(t~), one arrives at the conclusion. O

The forthcoming lemma is to obtain the minimizing sequence of the energy functional I
on the Nehari manifold N.

Lemma 2.6. The energy functional I is coercive and bounded from below on N

Proof. For u € N, then, by the Holder inequality and Lemma 2.2,

I(u) = I( —*<I'( ), 1)
- (—;) = (5 =) [ feoutas
> (53 ) W= (G =5 ) Ulesy e
This completes the proof. ]

Lemma 2.7. Under the assumptions (V'), (f) and (g), the following results hold.
(@) If |f 1419187772 € (0,0), then ¢; = infyep 1(u) < 0;

(ii) If|f|q*|g\g_q)/(p_2) € (0,0%), then ¢y = inf,cpr- I(u) > 0, where 0* = qo /2 and o described
in Proposition 2.4.

Proof. (i) For each u € N, K//(1) > 0. From (2.7), we have
(p=a) [, Flul?dx > (p=2) ]

It |f‘q*‘8’giq)/(’]72) € (0,0), then

1 (
I(u) = I(u) — = (I'(u >— H 1> - Sf@)[u|dx
P R (2.15)
p—2, 1o p—2 2_(79 2)([1 2) 2 '
< -l T ] T Jul]” <0

Thus, inf,cn+ (1) < 0.
(ii) For each u € N~, K”(1) < 0. From (2.9) and (2.10), we have if |f|,|g|&"/
(0,0*), then

1) = 160) = 3 () = (5= 3 Il = (5 =3 ) [, Flulrdx
> (53 ) 1= (5= 5) VoS5l
=t (55 ) bt = (3= ) ey

s\ ay (emwsE Ny
> ((p—q)goo) <2 p> ((P—Q)gm) <Cl P> [flg=Sp > 0.

_2) 6

I\J\F—‘
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Lemma 2.8. If |f|, ]g|c(§*q)/(p72) € (0,0), then the set N~ is closed in E.

Proof. Let {u,} C N~ such that u, — u in E. In the following we prove u € N . Indeed, for
any u € N, from (2.6) we have

@=q)lul? < (p—q) [ ()l dx.

Similar to the proof of (2.9), we have

1

(2—67)55 "
u>((p_q)gm) : (2.16)

Hence N~ is bounded away from 0.

By (I' (un),un) = 0 and Lemma 2.1, we have (I'(u),u) = 0. (2.6) implies that K} (1) —
—2)

K;/(1). From Kj; (1) <0, we have K}/(1) < 0. By Proposition 2.4 we know, if | f|,- ]g]&%fcl)/(p €
(0,0), then K//(1) < 0. Thus we deduce u € N~ O

The following lemma is used to extract a (PS)., (or (PS)c,) sequence from the minimizing
sequence of the energy functional I on the Nehari manifold N'* (or N'7).

Lemma 2.9. If [f],- \g|£§“’)/(’”‘2) € (0,0), then for every u € N't, there exist € > 0 and a differen-
tiable function ¢t : B¢(0) — Ry := (0, +00) such that

eT(0)=1, ¢T(w)(u—w)e N, Vwe B(0)

and
((97)'(0),w) = L(u,w)/K; (1), (2.17)

where
L(u,w) = 2(u,w) — q/]RN £ |u|T 2 uw dx — p/]RN g(x)|u|P2uwdx.

Moreover, for any C1,Cy > 0, there exists C > 0 such that if C; < ||u|| < Cy, then
{(¢7)' (0),w)| < Clw].
Proof. We define F : R x E — R by
F(t,w) = K,_ (),
it is easy to see that F is differentiable. Since F(1,0) = 0 and
Fi(1,0) = K;(1) >0,

we apply the implicit function theorem at point (1,0) to obtain the existence of € > 0 and
differentiable function ¢ : B.(0) — R4 := (0, +o0) such that

et(0)=1,  F(p"(w),w)=0, Vw € Be(0).

Thus,
et (w)(u—w) e N,  Vw € Be(0).
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Next, we prove for any w € B¢(0), ¢"(u —w) € N'*. Indeed, by u € N and the set
N~ UNVis closed, we know dist (1, N~ UN?) > 0. Since ¢ (w) (1 — w) is continuous with
respect to w, we know when € is small enough, for w € B.(0), then

" () — ) —ul| < Jdist (1, A UAY),
S0
@™ (w)(u —w) = N~ UN?|| > dist (u, N UN?) —dist (¢ (w) (u — w), u)
> %dist (u, N"UN?) > 0.

Thus, for w € Be(0), then ¢ (w)(u —w) € N'T.
Besides, by the differentiability of implicit function theorem, we have

((¢)(0),w) = _W

Note that L(u, w) = — (F,(1,0), w) and K[/(1) = F;(1,0). Therefore (2.17) holds.

In the following we prove that there exists 6 > 0 such that K[/(1) > ¢ > 0 with C; < ||u| <
Ca, u € N'*, where C;,C; > 0. On the contrary, if there exists a sequence {u,} € N'* with
C1 < |Jun|| £ Cy, such that for any 6, sufficiently small, K}/ (1) < d,, 6, — 0 as n — co. From
(2.6) we have

@=q) [mall* = (= a) [ 8(0)ual” dx+0(60),

where O(6,) — 0 as 6, — 0. Noting that 1 < g <2 < p < 2%, C; < ||uy|| < G, and (2.8), we
have )
(2= ) unl® < (p = 9)Ig]ewSp * llutu]” +O (84,

B p/2 1/(p—2)
[[n]| = (QEI)S”) +0(6,). (2.18)

and so

(P —9)I8le

From (2.7) we also have
(P=2) [l = (p=a) [ £l dx+0 (60)
In view of (2.10), we have

_1
(P —=2) unll* < (p = DIflgsSp * luall +0O (),

which implies that

_ 1/(2-q)
E (W) L0, 219

Let n — oo, from (2.18) and (2.19) we deduce a contradiction.
Thus if C; < |[u]| < Cy, then there exists C > 0 such that

[((¢%) (0),w) | < Clw].

This completes the proof. O
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Similarly, we establish the following lemma.

Lemma 2.10. If |f|, g\gfq)/(pfz) € (0,0), then for every u € N, there exist € > 0 and a
differentiable function ¢~ : B¢(0) — Ry := (0, +00)

¢ (0)=1, ¢ (w)(u—w) e N7, Vw € B.(0)

and
((¢7) (0, w) = Liw,w) /K1),
where
L(u,w) = 2(u,w) — q/]RN F(2)|u] T ?uw dx — p/}RN g () |u|P~uw dx.

Moreover, for any Cy,Cy > 0, there exists C > 0 such that if C; < |ju|| < C,

[{((¢7)(0),w)| < Clfwl]|.

From above, we can extract a (PS),, (or (PS).,) sequence from the minimizing sequence
of the energy functional I on the Nehari manifold N'* (or N'7).

Lemma 2.11. If | f|,- |g|§§*q)/(”*2) € (0,0), then the minimizing sequence {u, } C N'* is the (PS),
sequence in E.

Proof. By Lemma 2.10 and the Ekeland Variational Principle [10,23] on N'* U A, there exists
a minimizing sequence {u,} C N UN? such that

1
inf | <] inf I -, 2.20
el () = ) < _Jnf o 10+, 220
I (1) — % o — unl| < I(0), Vo NTUNY. (2.21)

From Proposition 2.5, we know for each u € E\{0}, there is a unique t* such that t7u €
N7, then inf,cp+ I < I(tTu). By Lemma 2.7 and I(0) = 0, we get that inf, .+ a0 [(1) =
inf,cpn+ I(u) = ¢1. Thus we may assume u, € N, I (u,) = ¢; < 0. By Lemma 2.9, since
]f]q*|g\gfq)/(p72) € (0,0), we can find €, > 0 and differentiable function ¢;; = ¢;f (w) > 0
such that

o) (w) (uy —w) € N7, Vw € Be, (0).

By the continuity of ¢; (w) and ¢;/ (0) = 1, without loss of generality, we can assume €, is
sufficiently small such that 1/2 < ¢;f (w) < 3/2 for |w| < €,. From ¢,/ (w) (u, —w) € Nt
and (2.21) , we have

7

(3 (@) (n — 0)) 2 T ()~ [ (@) (s — 0) — iy
which implies that
(I' (tn) , @y (W) (1 — W) — tty) +0 (Hﬁoi(w) (1n —w) — “nH) 2 _% Hq’;{(w> (1n —w) — ”nH :
Consequently,
P (w) (1 (un) , w) + (1= @y (w)) (I’ (un) , 4

< 2 () = 1) 10— gt @)0]] + 0 (Lo (@) (0~ 0) — ).
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By the choice of €, and 1/2 < ¢,f (w) < 3/2, we infer that there exists C3 > 0 such that

1 ) 0)] < (o) 0w |+ ol +o (| (0) 00, (uall + 0]

Below we prove for {u,} C N7, inf, ||u,|| > C; > 0, where C; is a constant. Indeed, if
not, then I (u,) would converge to zero, which contradicts I (u,) — c¢1 < 0. Moreover, by
Lemma 2.6 we know that I is coercive on N'*, {u,} is bounded in E. Thus, there exists C; > 0
such that 0 < C; < |luy|| < C,. From Lemma 2.9, [{(¢,)’(0),w)| < C||w]|. So

(1 ), w)] < Sl + el + o)

and
!
HI/ (un)H = sup M < E _1_0(1),
webvoy @]l n (2.22)
| (up)|| =0, asn — co.
Thus, {u,} C N is (PS),, for I in E. O

Lemma 2.12. If |f g’((f*”/)/(i’*z) e (

sequence in E.

e 0,0), then the minimizing sequence {u,} C N~ is the (PS),,

Proof. From Lemma 2.8, N~ is closed in E. By Lemma 2.6, we know [ is coercive on N~
So we use the Ekeland Variational Principle [23] on A/~ to obtain a minimizing sequence
{un,} € N~ such that

1
inf I(u) <1 inf [ =
10 S ) < B 1)

1
I(”n)—EHU—MnHSI(U), VoeN™.
In view of (2.15) and Lemma 2.6, we know that there exist C;, C; > 0 such that
0< C1 < HunH < Cz.

Hence by Lemma 2.10, in the same way as Lemma 2.11, there exists a minimizing sequence
{un} C N~ is the (PS), sequence in E. O

The following lemmas aims at obtaining the critical points of I on the whole space from
the critical points of I|y+ and I| -, respectively.

Lemma 2.13. Suppose that u is a local minimizer for I on N'*. Then I'(u) = 0.

Proof. If u # 0, u is a local minimizer for [ on N't, then u is a nontrivial solution of the
optimization problem
minimize I subject to ¥ (u) =0,

where ¥ (u) is described in (2.5). Then, u € N C N such that
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Note that ¥'(u) # 0 and AT is a local differential manifold. So by the theory of Lagrange
multipliers, there exists y € R such that I'(u) = ¥’ (u). Thus

(I'(u),u) = u (¥ (u),u).
Since u € N, we have (I'(u),u) = 0 and (¥'(u),u) = KJ/(1) # 0. Hence, 4 = 0 and
I'(u) = 0. O

Lemma 2.14. Suppose that u is a nontrivial critical point of I| -, then it is a nontrivial critical point
of I'inE, ie, I'(u) =0.

Proof. If u is a nontrivial critical point of I|-, i.e., u € N7\{0} and (I|p-) (#) = 0. Note
that V'~ is a local differential manifold and ¥'(u) # 0, where ¥ (u) is described in (2.5). So
by the theory of Lagrange multipliers, there exists y € R such that I'(u) = p¥’(u). Thus

(I'(w),u) = u (¥ (u),u).
Since u € N, we have (I'(u),u) = 0and (¥'(u),u) = K/(1) # 0. Hence, p = 0 and I'(u) = 0.
Thus the proof is complete. O

3 Proof of Theorem 1.1

In order to obtain the nontrivial solutions, we bring in the following lemma.

Lemma 3.1 (Lions [19,20,23]). Let r > 0,q € [2,2*). If {uy} is bounded in H'(RN) and

lim sup |u|1dx =0,
"y eRrN /B ()

then we have u, — 0in LP (RN) for p € (2,2*). Here2* =2N/(N —2) if N > 3 and 2* = o if
N=1,2

Lemma 3.2. Let {u,} C E be a bounded (PS) sequence for 1. Then either
(1) u, = 0in E, or

(ii) there exist a sequence {y,} € RN and constants r, § > 0 such that

lim inf iy |* dx > 6 > 0.
n—o0 Br(]/n)

Proof. Suppose the condition (i) is not satisfied, i.e. for any r > 0, we have

lim sup \un\z dx = 0.
n—)ooye]RN B.(y)

Then by Lemma 3.1, u, — 0 in LP(RN) for p € (2,2*). Therefore,
q P
0| [ S ol dx+ [ gl x| <17
Since {u,} C E is a bounded (PS). sequence for I, we have
o(1) = T’ (tn) ty = /RN (173t 4+ V (x) ) o — (/IRNf(x) |7 dx + /]RNg(x) L dx) ,

as n — oo. It follows that u, — 0in E as n — o9, i.e., the condition (i) is satisfied. Thus, the
proof is complete. O

q* |”n|Z + (8]0 ’“n|z — 0.
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To recover the compactness, we need to evaluate the critical value of Equation (1.1) through
the critical value of a autonomous equation. Now, we consider the following autonomous
equation

{—Au + Vot = goo|u|P72u in RV, 3.1)

u € HY(RN),
where 2 < p < 2%(2* = c0if N = 1,2 and 2* = 2N/(N —2) if N > 3). The corresponding

functional and the corresponding manifold are

Io(u) = ;/]RN (|Vul* + Veo|u[?) dx—:)/RNgoo]u]’”dx
and
Noo = {u e H! (IRN> \ {0} ‘ (I, (), ) = o}.

Let wy be the unique radially symmetric solution of Equation (3.1) such that I (wy) = €,
where ¢ = inf,epn, loo(u) (see [3,17]).

In the following, we prove that when the critical value of Equation (1.1) is contained in the
suitable range, (PS). condition holds.

Proposition 3.3. Let the assumptions of (V), (f) and (g) be satisfied, if | f |, yg|£§“’)/(P‘2) € (0,0%),
then each (PS). sequence {u,} C N (N = N* or N7) for I in E with ¢ < ¢1 + ¢ has a strongly
convergent subsequence, where cy is described in Lemma 2.7.

Proof. Let {u,} C N such that
I(uy) »c and [I'(uy) -0 asn— oco.

From Lemma 2.6 we know that the (PS). sequence {u,} C N for I in E is bounded. Then,
going if necessary to a subsequence, we have

U, - u inkE,
u, —u in LI (RN), r € [2,27), (3.2)

U, — U a.e.in RN,

Set v, := u, — u, then there exists C > 0 such that ||v,|| < C. It is sufficient to prove that
v, — 0in E as n — oo.
Note that

o = [uf’| < |un —ul® fors>1, (3.3)

we can infer that
q q ' q
/]RNf(x)\un\ dx—>/]RNf(x)|u] dx and /RNf(x) oa" dx 0 asn 0.  (34)

Indeed, from the condition (f), we have that for any € > 0, there exists R sufficiently large

such that
* 1/q*
</ ]f(x)|‘7'dx> <e
[x|>R
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_ /
And from {u,} C N in E is bounded, we can infer that (f|x‘>R |y — ul? dx>q P bounded.
These facts with (3.2), we have

[ 17 (l? =) < [ £) =l

= /|<Rf(x)|un—u|q dx + (x) |upy — u|" dx

|x|>R
( [,

IN

. 1/q9* q/p
9 dx> (/ |ty — ul|? dx)
[x|<R
. 1/q* q/p
—I—(/ |f(x)|7 dx) (/ [ty — u|? dx)
[x[>R |x|>R

— 0 asn — oo.

From (3.2) and Brézis—Lieb lemma in [23], we can deduce that

I(vy) =I(up—u)

=2 [ (19 = )P+ V) g — ul?) ax
]f p . q (3.5)
= o 8O e —l? [0l
=TI (un)—I(u) +o0(1)
and
I/ (Un) Op = I/ (un - u) (L{n - u)
= [ IVt =) P+ V() [ — ) dx
RN (3.6)

— ]RNf(x) |ty — ulT dx — /]RN g(x) |uy — u|? dx.
= 1" (uy) uy — I'(w)u + o(1).

By Lemma 2.1, I’ is weakly sequentially continuous in E, so I' (1) = 0. Therefore if u # 0
and I'(u)u = 0, then u € N" or u € N~. According to Lemma 2.7, no matter u € N'* or
u e N, weall have I(u) > ¢1. If u =0, then I(u) = I(0) =0 > ¢;. So

I(on) = I () = 1(u) +0(1) < ¢ — 1 +0(1) (37)

and
I' (vy) vy = 0(1). (3.8)

Indeed, if v, - 0 in E, we choose (t,) C (0,00) such that {t,v,} C N&. We will prove
that the case of limsup, . t, > 1, limsup, . t, < 1and limsup, . t, = 1 cannot happen.
Then we obtain a contradiction and v, — 0 in E. To do this, we distinguish the following three
cases:

(i) limsup, .ty > 1.

In this case, we may suppose there exist ¢ > 0 and a subsequence still denoted by {t,} such
that t, > 14 o for all n € IN. From (3.6) and (3.8), we have

I' (vg) vy = /1RN (]an]2+V(x) \vn|2> dx—/]RNf(x)|vn|‘7dx—/]RN g(x) |oq|” dx = o(1). (3.9)
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Moreover, since {t,v,} C N, then we have

I (tyvn) tho, = t3 /]RN (\an\z + Voo |vn]2> dx —t /]RN Goo |0n|? dx = 0. (3.10)
Combining (3.9) and (3.10), we obtain that
/]RN(VOO—V( ) [oa? dx+/ — go0) [0n]” dx+/ F(2) [on] dx

2
_ ANgm tfj —1) |0u|” dx +0(1).
By conditions (V) and (g), for any € > 0, there exists R = R(e) > 0 such that
V(x) > Vo —€ and go > g(x) —€ forany |x| > R. (3.11)
This with (3.2) and (3.4) implies that
p=2 _ P
(1 +0)P2—1) /IRN oo [on|P dx < Ce+0(1). (3.12)

By v, - 0in E and (3.9), similar to Lemma 3.2, we can prove that there exist a sequence
{y»} C RN and constants r, § > 0 such that

lim inf [o|* dx > 6 > 0. (3.13)

n—00 Br (yn)

If we set w,(x) = v, (x+yn), then there exists a function w and a subsequence still
denoted by {w,} such that w, — w in E, w, — w in L (RY) where s € [2,6) and wy,(x) —

loc
w(x) a.e. in RN. Moreover, by (3.13) there exists a subset A C RN with positive measure such

that w # 0 a.e. in A. It follows from (3.12) that
0< ((1+0)P2-1) /Agoo|w|” dx < Ce+o(1),
where € > 0 is arbitrary. This is impossible.
(i) limsup, . ts <1.

In this case, without loss of generality, we suppose that t, < 1 for all n € IN. From (3.2),
(3.4), (3.7), (3.9), (3.10) and (3.11), we can deduce that

1
Coo < o (tnvn) = I (tnvn) - ; <Iéo (tnvn) /tnvn>

_ (1 1 2 2 1 1 2 2
_ <2 p) /]RN(M"”"’ + Vio |£n04] ) dx < <2 p) /]RN(W”"' + Vio [0n] ) dx

_ (; _ ;) /RN (1I90u2 + V() [ou + (Voo = V() [0 dx
= 3 o (V0P V@ ) dx = [ ) ol d
+(375) e =V ol dx o)
< ;/R (1900 + V() ual?) dx—;/]RNg(x) 4] dx—;/ﬂ'wf(x) ] dx
- (; [ (9P +v@luP) dx—;/IRNg(x)luI”dx—;/IRNf(xMuwdx) +Ce+o(1)

=1(uy)—I(u)+Ce+o(l) <c—c1+Ce+o(1).

Let n — 0o, we get ¢ > ¢1 + . This contradicts ¢ < ¢1 + Ceo.
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(iii) limsup, , t, = 1.

In this case, there exists a subsequence, still denoted by {t,} such thatt, — 1 as n — oo.
Note that
I(v,) — Lo (ty0 )—1/ (1—12)|Vo yzdx+1/ V(x) o |2dx—é Vo |0 |? dax
n oonn—z]RN n n 2 Jrn n 21RNoon
1

1 1
—p/IRNg(x) |on|P dx+p/]RNgoo|tnvn|p dx—q/]RNf(x) |on|? dx.

From (3.2), (3.4) and (3.11), we can infer that
This with (3.7) implies that ¢ > ¢; + ce, Which contradicts ¢ < ¢1 + Co. ]

Lemma 34. If |f gyf,i*")/(”*z) € (0,0*), Equation (1.1) has at least one positive solution.

q*

Proof. From Lemma 2.11, we know if |f|; g\gfq)/(pfz) € (0,0%), then there is minimizing
sequence {u,} C Nt which is a (PS),, sequence in E. Obviously, ¢; < ¢1 + ¢, S0 from
Proposition 3.3, there is a strongly convergent subsequence still denoted by {u,} such that
U, — up in E. From Lemma 2.11 we know there exist C1,Ca > 0 such that 0 < C; < |Ju,|| < Cy,
then 0 < C; < ||u1]| < Ca. Thus u; # 0.

Next we prove u; € N'*. Indeed, By (2.6), it follows that K}, (1) — K/ (1). From Kj; (1) >
0, we have Kj; (1) > 0. By Proposition 2.4 and u; # 0 we know, if |f|; \g\gfq)/(pfz) € (0,0%),
then Kj; (1) > 0. Thus

up €N, I(uy) = lim I (uy) = inf I(u).

n—»00 ueN+

We recall (see [11]) that [y |V|u|[?dx = [ |Vu|?dx, therefore I (u1) = I(Ju1|) and |uq| €
N, then, without loss of generality, we may assume that u; is positive. This with Lemma 2.13
implies the desired result. O

In the following, motivated by the arguments in [26], we will prove ¢, < ¢1 + coo. Let
w;(x) = wo(x +1e), forl € Randec SN,

where SN71 = {x € RN : |x| =1} . Then, w;(x) is also a positive solution of limit equation
(3.1) and I, (w;) w; =0, oo = oo (wy).

Lemma 3.5. Under the assumptions of Proposition 3.3, if | f |4 |g\£§“7)/(’7‘2) € (0,0%), then
2 < (1 + Ceo.

Proof. We prove this result in the following two steps.
Step 1: For all I € R, sup,-, I (u1 + tw;) < c1 + Ceo-
Since -
I(u1+twl)—>l(u1):c1 <0 ast—0

and
I(uy +tw;) — —co ast — oo,
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then there exist t > #; > 0 such that I (11 +tw;) < c1 + ¢ for all £ € [0, /] U [tp,00). It is
sufficient to prove that sup, ., I (1 + tw;) < ¢1 + ce. Indeed, by Willem [23], we know that

I (twy) < coo foralll € R.
Note that
(u+0)P —uf —ovP —puPlo >0 for (u,v) € [0,00) x [0,00) and p > 2.

Furthermore, since u; is one of positive solution of Equation (1.1), w;(x) is a positive solution
of limit equation (3.1), t; < t < t; and the conditions (V), (f), (g), we can infer that

I (1 + fwy) = 2/ IV (11 + twy) |2 dx+2/ %) [ur + fwy 2 dx

—f/ F(x) Ju + o dx—p/wgm g + toy|P dx

| /\

2/ |V |? dx—|—2/ |Viw, |* dx+/ tVu, Vw, dx + = / x) [ug|* dx

2/ Vo |ty |* dx—|—2/ o) |ty dx
S q
+/]RN tV (x)ugw; dx /Nf(x) |uq|? dx

1

-2 (. <>|u1|de+/ gt x4 [ g(0) P )

3 o (860 = g 1 dx

< I(u1) + I (twy) < €1 + Ceo-

Step 2: There exist typ > 0, s; € (0,1) such that u; + s;fpw; € N, then combining Step 1, we

obtain ¢y < ¢1 + Ceo.
N- { E\{0 (”):1}.
ueE\0}: H 1t Tl

First, we prove that
Indeed, for u € N, set v = u/||u||, then by Proposition 2.5, there is a unique ¢~ (v) > 0 such
thatt~ (v)v e N~ ie .t (u/||u|)) u/|ju|| € N~. Because of the uniqueness, t~ (u/||u]|) 1/ ||u| =
1 is proved. For u € E\{0} with ¢~ (u/||u|))1/||u| = 1, set v = u/||u|| € E\{0}, then by
Proposition 2.5, there is a unique ¢~ (v) > 0 such that ¢t~ (v)v =t~ (u/||u||) u/||ul| € N—, so

ue€ N~ . Let .
= {ue et () =1} v

= {wees e (up) <1

Then N~ separates E into two connected components U; and Uy, thatis E\ N~ = U; U U.

Define a path 7,(s) = uj + stow; for s € [0,1], then 7;(0) = u; and v;(1) = uy + tow;. If
we can prove ;(0) = uy € Uy and (1) = uy + tow; € Uy, the continuity of t(u) as in [23]
yields that there exists s; € (0,1) such that u; + s;fpw; € N . Thus, it is sufficient to prove
that (i) 9;(0) = uy € U; and (ii) v;(1) = uq + tow; € Up.

and
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@) 71(0) =uy € Us.

Indeed, uy € N, if N C Uy, then u; € Uj. In the following we prove N C Uj. For
any u € Nt C E, there is unique t*(u) such that t"(u)u € N*. From the uniqueness,
we obtain 7 (u) = 1. By Proposition 2.5, we have 1 = t1(u) < tmax(#) < t (u). Since
t=(u) =t (u/||ul]) /||ull, then 1 <t~ (u/||u])) /|jul|, that is N C Uj.

(ii) ’yl(l) = uq + tow; € U,.

Indeed, for any u, € E\ {0}, there exists t,, := t~ (u,) such that {t, u,} C N, we fist prove
{t;; } is bounded. Suppose on the contrary that there exists a subsequence, we still denote
{t;; }, such that t;; — oco. Then I (t, u,) — —oo, this contradicts Lemma 2.6 I is bounded from
below on N ™. So there exists M > 0 such that ¢~ ((u1 + tow;) / ||u1 + tow||) < M. Let

1
-2 2
t0:<P ’MZ—HulHZD ,
pees
where

1 11
Coo = Ioo (W) = Lo (w)) — ELQO (w;) w; = (2 - ) /]RN (ww2 + Veo ]w1]2> dx

p
Since w;(x) = wo(x +1le) — 0, Vw; = Vwo(x +1le) = 0asl — oo and V is a positive bounded
function, we have f wj<r (Voo = V() lw;|* dx — 0 and f|x|>R o — V(%)) |w]* dx — 0 as

I — oo due to (3.11). Then
|y + towy||* = ||ur||* + £ ||y ||* + 2t /IRN (Vuy Vo, + V(x)ugw;) dx
2+ ”p_z Jeor P |2 = i P + 2t [ (Va0 + V (x)ug) dn
= o+ 2= o M2~ P+ 0(1) st o

and

~ (5 3) oo (01 V) ol (v = V) ) i

= (; - ;) /]RN (|le|2 + V(x) ]wl|2> dx+o(1) asl — oo.

From above, we deduce that
1 + towy||* = [|u || + f% leH2 +0(1)

= P+ £ 2 el M2 — [ ] + 0(2)
> [l |+ [M2 = flun|?] + 0(1) > M? +0(1)
2
_( u1+tow ))
>t | ————— 4+o0(1) asl — oo.
( (o)) +o0

Thus t~ ((u1 + towl) / Hu1 + tole) / Hu1 + t0w1|| <1, ug + tgw; € Uy. ]
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We are now in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. From Lemma 2.12, we know if |f|q*\g|£§“’)/(’”‘2) € (0,0%), then there
is a minimizing sequence {u,} C N, which is a (PS)., sequence in E. By Lemma 3.5,
c2 < €1 + Ceo, SO from Proposition 3.3, there is a strongly convergent subsequence, still denoted
by {u,}, such that u, — up in E as n — co. By Lemma 2.8 the set N~ is closed, we know
uy € N~. Thus, I(uz) = limye I (uy) = infyepn— I(u). Since I (uz) = I (Juz|) and |uz| € N,
then, without loss of generality, we may assume that u; is positive. Lemma 2.14 implies that
uy is a positive solution of Equation (1.1). This with Lemmas 2.7 and 3.4 completes the proof
of Theorem 1.1. O
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