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1 Introduction

The aim of this paper is to consider the following boundary value problem involving an
ordinary differential equation with p(x)-Laplacian operator and nonhomogeneous Neumann
conditions

— (1 0)PO 2 () 4 a(@) () PO 2u(x) = M (x () in (0,1)
11/(0)[PO)-2u' (0) = —pg(u(0)), (P,
W () P0-20 (1) = p(u(1))

where p € C([0,1],R), f : [0,1] x R — R is a Carathéodory function, see [9, page 5] (that is
x — f(x,t) is measurable for all t € R, t — f(x,t) is continuous for almost every x € [0,1]),
g, h : R — R are nonnegative continuous functions, A and u are real parameters with A > 0
and p >0, a € L([0,1]), with essinfy;ja > 0.

The study of various problems with the variable exponent has received considerable atten-
tion in recent years both for their interesting in applications and for the many mathematical
questions arising from such problems. They can model various phenomena dealing with the
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study of nonlinear elasticity theory, electro-rheological fluids and so on (see [27,32]). The nec-
essary framework for the study of these problems is represented by the function spaces with
variable exponent LP()(Q)) and W™?(*)(Q)). For background and recent results, we refer the
reader to [1,3,4,6,8-10,18,19,22-26,31] and the references therein. For example, Zhang in [31]
via Leray-Schauder degree, obtained sufficient conditions for the existence of one solution
for a weighted p(x)-Laplacian system. Bonanno and Chinni in [3] by using a multiple critical
points theorem for non-differentiable functionals, investigated the existence and multiplicity
of solutions for the following problem

—Dpyu(x) = A(f(x,u) + pg(x,u)) in O,

u=20 on 0Q)
where QO C RY is an open bounded domain with smooth boundary, p € C(Q), f and g are
functions possibly discontinuous with respect to u. Cammaroto et al. in [8] by using a three
critical points theorem due to Ricceri, obtained the existence of three weak solutions for the
following problem

{Ap(x)u(x) 4 a(x)|ulP®2u = Af(x,u) + pug(x,u) in Q,
ou =0 on 0Q)
on
where a € L®(Q), a— = essinfna(x) > 0, n is the outward unit normal to 90}, A, u € (0, +0)
and p € L*(Q) is such that 2 < N < p~ = essinfq p(x) < p™ = esssup, p(x) < +oo. By
using variational methods, D’Agui in [9] established the existence of an unbounded sequence
of weak solutions for the problem (P?{/H) and Moschetto in [22] under suitable assumptions
on the functions «, f, p and g investigated the existence of at least three solutions for the
following Neumann problem

—Ayoyu + () [ulP 20 = a(x) f(u) + Ag(x,u), inQ,
g% =0, on o).

We refer to [7, 14] in which the existence of infinitely many solutions for variational-
hemivariational inequalities and variational-hemivariational inequalities of Kirchhoff-type,
both small perturbations of nonhomogeneous Neumann boundary conditions by using the
nonsmooth analysis, was discussed, respectively.

Motivated by the above facts, in the present paper, by using a three critical point theorem
which is a smooth version of [2, Theorem 3.3] (see also [2, Remarks 3.9 and 3.10]) due Bonanno
and Candito we study the existence of at least three non-trivial weak solution for the problem
(P){,y). Our main result is Theorem 3.1. Example 3.4 illustrates Theorem 3.1. In Theorem 3.3
we present an application of Theorem 3.1. Finally, as a special case of Theorem 3.1, we obtain
Theorem 3.5 considering the case p(x) = p for every x € [0,1].

A special case of our main result, Theorem 3.1, is the following theorem.

Theorem 1.1. Let f be a non-negative Carathéodory function in [0,1] x [0, +oco[. Assume that there
exist positive constants 01 > k, 6, 03 and n > 1 with 61 < {/||a|[1ky, max {, {/||a|l1kn} < 6, and
0> < 03 such that

max folP(x,91)dx folP(x,Gz)dx folF(X,93)dx 1 folF(x,vy)dx—folF(x,91)dx
0p 02 ' 63-63 K2lall e
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where

Then, for every

2
( %l mm{ 6} 3 63— 03 })
fol F(x,1)dx — fol F(x, 6y )dx 2k fol F(x,01)dx fol F(x,0y)dx fol F(x,03)dx

and for every non-negative continuous functions g, h : R — R there exists 6(A) > 0 given by

A€

02 — 2AK2 1 F(x,0y)dx 62 —2AK2 [ F(x,6,)d
5(A) = min Lzmm 1 fo (x,01) x, 2 fo (x,02) x,
2k G(61) + H(61) G(62) + H(62)

(63 — 63) — 2AK2 [} F(x,65)dx Ty — A (fol F(x,)dx — [y F(x, 91)dX)
G(63) + H(65) ' G(n) + H(nn) — G(61) — H(61)

such that for each p € [0,5(A)), the problem

u”(x) +a(x)u(x) = Af(x,u(x)) in (0,1),
u'(0) = —pg(u(0)),
uw'(1) = ph(u(1))

possesses at least three non-negative weak solutions uy, up, and uz such that

max up(x) < 01, max up(x) < 6, and max uz(x) < 6.
x€[0,1] x€[0,1] x€[0,1]
The paper consists of three sections. Section 2 contains some background facts concerning
the generalized Lebesgue-Sobolev spaces. The main results and their proofs are given in
Section 3.

2 Preliminaries

Our main tool to discuss the existence of three solutions for the problem (ij, ) i the following
three critical point theorem due Bonanno and Candito, see [2, Theorem 3.3 and Remarks 3.9
and 3.10].

Let X be a nonempty setand @, ¥ : X — R be two functions. For allr, r1, r, > infx ®, r, >
r1, r3 > 0, we define

(,,) . inf (Supueclrl(—oo,r) ‘P(”)) - T(”)
4 o ued-1(—oo,r) r— (D(I/l) !

. Y(v) —¥(u)
r1,72) = inf su —_—,
ﬁ( ! 2) MECI>7] (—00,7’1) Ue¢)7151172) @(U) - CD(M)

su 1o Y(u
,)/(72/ 7’3) = pueq) 1( r3lr2+73) ( )/

a(r1,12,73) == max{@(r1), p(r2), v(r2,73) }.
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Theorem 2.1 ([2, Theorem 3.3]). Let X be a reflexive real Banach space, ® : X — R be a convex,
coercive and continuously Giteaux differentiable functional whose Gateaux derivative admits a contin-
uous inverse on X*, ¥ : X — R be a continuously Gateaux differentiable functional whose Giteaux
derivative is compact, such that

(a1) infx® = P(0) =¥(0) =0;

(a2) for every A as in the conclusion and for every uy and up which are local minima for the functional
® — AY such that ¥ (uy) > 0 and ¥ (uy) > 0, one has

inf ¥(sup+ (1—s)up) >0.
s€(0,1]

Assume that there are three positive constants 11,1, r3 with r1 < rp, such that
(a3) @(r1) < p(ri,r2);

(as) @(r2) < p(ri,r2);

(as) v(r2,13) < B(r1,72).

Then, for each A € (# —L Y the functional ® — AY admits three distinct critical points

B(r1,r2)” a(ry,ra,r3)
Uy, U, uz such that u; € @ 1(—oo,r1), up € ® ry,12) and uz € ®1(—o0, 15 +13).

We refer the interested reader to the papers [5,15-17,20] in which Theorem 2.1 has been
successfully employed to obtain the existence of at least three solutions for boundary value
problems.

For the reader’s convenience, we state some basic properties of variable exponent Sobolev
spaces and introduce some notations. For more details, we refer the reader to [11-13,21,27,29].

We assume that the function p € C([0, 1], R) satisfies the condition

1 T = mi < = . 2.1
<p xrg[g)f}]p(x)_;? rg[gﬁp(x) (2.1)

The variable exponent Lebesgue spaces are defined as follows

Lp(x)([O,l]) = { : [0,1] — R measurable and / | ( P gy < —|—oo}

dxgl}.

The space (LF®)([0,1]), |Ju] L) ([01] )) is a Banach space called a variable exponent Lebesgue
space. Define the Sobolev space with variable exponent

equipped with the norm

u(x)
p

]| oo 017y = mf{

WP ([0,1]) = {u € LP™([0,1]) : o € U’(")([O,l])}
equipped with the norm

[[1t][ wpco )([01]) "= ||”||Ln (o) t ||”,||LV<X)([0,1])- (22)
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It is well known (see [13]) that, in view of (2.1), the spaces L¥)(]0,1]) and WP(*)([0,1]), with
corresponding norms, are separable, reflexive and uniformly convex Banach spaces. More-
over, since & € L*([0,1]) and a_ := essinfc|g;) a(x) > 0 the norm
)
dx <15,

, L (x) u(x) P&
u|[y ;= inf >0: / — —
|| ”Dé {:B 0 ( ’B ,B
on W) (]0,1]) is equivalent to that introduced in (2.2).

Next, we refer to the following embedding result of G. D’Agui [9]:
Proposition 2.2 ([9, Proposition 2.1]). For all u € W“*(*)([0,1]), one has

p(x)

+ a(x)

[l copo,1 < Kllulla (2.3)
where
_ % 1
p sy
1 1 ="
2 o + |1-— o fa_ <1,
p— p~(1-pT) +1 oél:p+ +1
B o ot
1 4 1 L ’
2 f + 1 — 14—] leﬁp‘F l_fl)Cf Z 1
| a1

Now, we present the followmg propositions which will be used later.
Proposition 2.3 ([13,19]). Set p(u fo |u' (x + a(x)|u(x)|P¥))dx. For u € X we have
@) fulla < (=>)1 < p(u) < (=;>)1/
(i) Julla < 1=l < p(u) < Jull
Gii) ulla > 1= Julll < p(u) < Jull?

Remark 2.4 ([9, Remark 2.2]). It is worth mentioning that if «_— > 1, the constant k does not
exceed 2. Instead, when a_ < 1, k depends on a_ and in particular is less than 2(1 4+ -1).

We introduce the functions F : [0,1] x R - R, G: R -+ R and H : R — R, corresponding
to the functions f, g and & as follows

F(x,t) = /Otf(x,(,‘)dc;‘ for all (x,t) € [0,1] X R,

t
G(t) = /0 g(¢)d¢ forallt € R

and

t
H(t) = /O h(&)dE forall t € R.

We say that a function u € W) ([0,1]) is a weak solution of problem (P{,y) if

/ ! () [P =24/ dx+/ POI=24(x) v(x) dx
—)\/0 fx,u(x))o(x)dx — p(g(1(0))v(0) + h(u(1))v(1)) =0

holds for all v € W) ([0,1]).
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3 Main results

We fix four positive constants 6; > k, 65, 3 and y > 1, put

0 = min
Agh kP p+

1. [6] — Ak pt [) F(x,61)dx
mi ,
G(61) + H(61)

68 — AkP pt [ F(x,62)dx (65 — 65 ) —AkP p* [} F(x,63)dx a1
GO+ HO) G(65) + H(6s) o B

"l — A (Jo Flemydx — 3 F(x,01)x)
G(n)+H(n) — G(61) — H(61)

We present our main result as follows.

Theorem 3.1. Let f be a non-negative Carathéodory function in [0,1] x [0, +oco[. Assume that there
exist positive constants 01 > k, 0, 03 and 5 > 1 with 6, < *\/||a||1ky and

+ +
max {17, "\ p}y(xnlkqg} <6 <03

such that
(A)  max { fol F(x,if)l)dxl fol F(x,i(?z)dx’ fol Fi(x, 93)dx}
o7 o) o0 ol
- p- fol F(x,n)dx — fol F(x, Bl)dx‘
kP pt ||l "
Then, for every

e L] - s 60 6 6l
fol F(x,n)dx — fol F(x,0;)dx pHkP fol F(x,0:)dx’ fol F(x,0)dx’ fol F(x,03)dx

and for every non-negative continuous functions g,h : R — R there exists 6, o > 0 given by (3.1)
such that for each y € (0,05 4 1,), the problem (P){ ) possesses at least three non-negative weak solutions
Uy, Ua, and us such that

max up(x) < 6y, max up(x) < 0, and max uz(x) < 0s.
x€[0,1] x€[0,1] x€[0,1]

Proof. Without loss of generality, we can assume f(x,t) = f(x,0) forall (x,t) € [0,1]x] — o0, 0].
We apply Theorem 2.1 to our problem. Let X be the Sobolev space WP(*)([0,1]). Fix A, g

and p as in the conclusion. In order to apply Theorem 2.1 to our problem, we define ®, ¥ for
every u € X by

@) = [ s (WGP + alolu(n)P) da 62
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and

Y(u):= /01 F(x,u(x))dx+ G(u(0)) + H(u(1)), (3.3)

and put I)(u) = ®(u) — A¥(u) for every u € X. Note that the weak solutions of (P?{/H) are
exactly the critical points of I. The functionals ® and ¥ satisfy the regularity assumptions of
Theorem 2.1. Indeed, ® is Gateaux differentiable and sequentially weakly lower semicontinu-
ous and its Gateaux derivative is the functional ®'(u) € X*, given by

@ (w)(0) = [ a1 (x)ol () + [ () ) ) 2u(x) o(x) d

for every v € X. We prove that ®' admits a continuous inverse on X*. Assuming ||u|, > 1,
by Proposition 2.3 we have

@) = [ ()P + a0 dx > ull

and since p~ > 1, it follows that @’ is coercive. Since @' is the Fréchet derivative of ®, it
follows that @’ is continuous and bounded. Using the elementary inequality [28]

e =yl <27(]x" P = [y Py)(x —y) ify >2,
for all (x,y) € RN x RN, N > 1, we obtain for all u,v € X such that u # v,
(@' (u) — @' (v),u —0v) >0,

which means that @' is strictly monotone. Thus @' is injective. Consequently, thanks to
the Minty-Browder theorem [30], the operator @' is an surjection and has an inverse &'~ :
X* — X, and one has @'~ ! is continuous. On the other hand, it is well known that ¥ is a
differentiable functional whose differential at the point u € X is

¥ (w)(o) = [ fu(x))o()dx + g(u0))o(0) + h(u(1)e(1)

for any v € X as well as it is sequentially weakly upper semicontinuous. Furthermore ¥’ :
X — X* is a compact operator. Put

Lo LenNt 1Nt 1 (6 —6)
1-—p+ k , 2-—er k , 3-—p+ e

and w(x) =y for all x € [0,1]. We clearly observe that w € X. Hence, we have definitively,

and
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From the conditions 63 > 6,, 6; < 7\/||a|[1k# and

+ s
Prlal =g

o

o p~ 1/pty _
we get r3 > 0 and 11 < ®(w) < rp. By Proposition 2.3 and the fact that max {r;"" ,r;"" } =

o
”1/ P" we deduce

0
{uex;cp(u)<r1}g{uex;y|u||a<r}/*’ }:{ueX:HuHa<kl}

Moreover, due to (2.3), we have
[u(x)| < [Juflo < kfjulle <61, Vxe[0,1].

Hence,

0
{u € X: fulla < kl} C{ueX:||lulo <6}

and this ensures

¥ (1) < P [/01 F(x, u(x))dx + G(u(0)) + H(u(1))
1
< ) max Flx O+ max [G(1) + ()

1

= [ maxF(x,t)dx + G(6;) + H(61)
0 [t|<6;

for every u € X such that ®(u) < r;. Since we assumed that f is non-negative, one has
1

sup ¥(u) < / F(x,01)dx + G(6) + H(61).

D(u)<rn 0

In a similar way, we have
1

sup ¥(u) < / F(x,8,)dx + G(62) + H(6>)

D(u)<r, 0

and

1
sup  ¥(u) < / F(x,85)dx + G(85) + H(685).
DO (u)<rp+r3 0

Therefore, since 0 € ®~!(—c0,71) and ®(0) = ¥(0) = 0, one has

. (Supuecb’l(foo,rl) "F(M)) o 1Y(M)
p(r1) = inf ’ —Ye

VAN

w
[
aS
m
<
N
3
=
L —
S
-
—~
=
=
—
=
N—
N—
[
=
+
>=
—
)
—
<
—~
(e}
N—
N—
+
=
=
—~
—_
N—
SN—
N—
| I

IN




Three solutions for second-order boundary-value problems 9

SUPcp-1(—co,r,) T(u)
rp
SUP, -1 (—cory) | Jo F1(x))dx + 5 (G(u(0)) + H(u(1)))]
r2
Ji F(x,02)dx + £(G(62) + H(6,))

1 ()"
pt \ k

¢(r2) <

and

Supuedfl(—oo,rz—&-rg,) ‘Y(M)
r3

SUP, e 1(—sory iy | Jo F(X14(x))dx + E(G(u(0)) + H(u(1)))]
r3

) F(x,05)dx + £(G(63) + H(93)).

< L
a1 (6 -8
pt kP~

On the other hand, we have

¥(r2,13) <

! 2
¥ (w) = /O F(x,w(x))dx + £(G(w) + H(w))
= [ Feumx+ B + Hn),
For each u € ®~!(—o0,r{) one has

3 E(x,)dx — [} F(x,61)dx + £ (G(y) + H(jp) — G(61) — H(61))

plrvr) = 2(w) ~ ®(1)
2f F(x,n)dx — [ F(x,00)dx + ¥ (G(y) + H(y) — G(61) — H(61))
AP
p

Due to (A1) we get

a(ry,ro,13) < B(ri, ).

Now, we show that the functional I satisfies the assumption (a;) of Theorem 2.1. Let 17 and
up be two local minima for I,. Then u; and u; are critical points for I), and so, they are weak
solutions for the problem (P{/ H)' We want to prove that they are non-negative. Let 1o be a (non-
trivial) weak solution of the problem (P/{,y)' Arguing by a contradiction, assume that the set
A= {x€[0,1] : up(x) < 0} is non-empty and of positive measure. Put 7(x) = min{0, uo(x) }
for all x € [0,1]. Clearly, o € X and one has

[ o D+ [ (@)oo 2ug(x)o(x)dx
0
= [ ()0 (x)ax — g 0(0))2(0) — (o (1)o(1) = 0.
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Since we could assume that f is non-negative, and g and / are non-negative, for fixed A > 0
and u > 0 and by choosing 7(x) = u(x) one has

/|uO )P dx+/ x)|uo (x) [P dx

= A/Af x, g (x) )uo (x)dx + pg(140(0)) (0(0) + ph(uo(1)) (uo(1) < 0.

Hence Hu0||w1,p<x)( 4) = 0 which is an absurd. Hence, our claim is proved. Then, we observe
up(x) > 0 and uy(x) > 0 for every x € [0,1]. Thus, it follows that (Af + u(g+h))(x,sus +
(1 —s)up) >0 for all s € [0,1], and consequently, ¥ (su1 + (1 —s)uz) > 0, for every s € [0,1].
Hence, Theorem 2.1 implies that for every

e o= llallx LI, o o of — o’
fol (x,1 dx—fO x,61) dx’ prkvr fo x,61) dx’ fol F(x,Gz)dx’fol F(x,03)dx

and u € [0, 5A,g), the functional I, has three critical points u;, i = 1,2,3, in X such that
D(uy) < ry, ®(up) < rp and ®(u3) < rp +r3, that is,

max uq(x) < 61, max up(x) < 6, and max uz(x) < 63.
x€[0,1] x€[0,1] x€[0,1]

Then, taking into account the fact that the weak solutions of the problem (P{ H) are exactly
critical points of the functional I, we have the desired conclusion. O

Remark 3.2. We observe that, in Theorem 3.1, no asymptotic conditions on f and g are needed
and only algebraic conditions on f are imposed to guarantee the existence of the weak solu-
tions.

For positive constants 6; > k, 04 and 77 > 1, set

P kP
71 . 0 —AkP p fo x,0p)dx /
kP~ p* G(61) + H(61)

59\,g,h ‘= min
_ -~ 1 _
92’ —2AkP" pt fo F(x,%[(h)dx QZ —2AkP p* fol F(x,04)dx
" 2(G(6s) + H(64)) '
2(G(5550) +H(5250))

';Lj||oc||1—)\<f01 (x,1 dx—fo x,61) dx)
G(n7) + H(y) — G(61) — H(61)

(3.4)

Now, we deduce the following straightforward consequence of Theorem 3.1.

Theorem 3.3. Let f be a non-negative Carathéodory function in [0,1] x [0, +oco[. Assume that there
exist positive constants 601 > k, 04 and n > 1 with

i +
6 < mm{ " , P/ e kiy} and max{q, PPH’Xﬂlkﬂg} < by
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such that
1 1 1
(Ay) i Jo F(x,01)dx 2 [y F(x,04)dx _ p- Jo F(x,1)dx
0] 0y pm kK ptlal g
Then, for every

p_+kP ptall, pt
prpkr

P P
AE 7 , — min T % , il i
fo E(x,m)dx Pk Jo F(x,01)dx 2 [, F(x,04)dx

and for every non-negative continuous functions g,h : R — R there exists o', on >0 given by (3.4)
such that for each p € [0, ) g,h), the problem (P{/H) possesses at least three non-negative weak solutions
U1, Uy and uz such that

1
< 04, < ——0 d < O4.
il I A

Proof. Choose 6, = %ﬁ&; and 63 = 64. So, from (A;) one has

1
fl F(x,0:)dx 2 Jy F(x,p%ﬁ(h)dx Zfol F(x,04)dx

i = - < . (3.5)
05 0} 0y
_ p- fol F(x,n)dx
poHkp el g
and
1 1 1
Jo F(x,03)dx _ 2 [y F(x,04)dx _ p- Jo F(x,1)dx (3:6)
0y — o) o) pm+kptlal g7

r
Moreover, taking into account that 6; < 177~ , by using (Az) we have

P fol F(x,n)dx — fol F(x,61)dx

kP~ p* (el v
1 1
p~  JoFlxmdx  p= [y Fx,61)dx
optllaln o koptllali gt
P fol F(x,m)dx P fol F(x,n)dx
kP pt el " pm Ak ptlaly w7
P fol F(x,n)dx

T kel g

Hence, from (A), (3.5) and (3.6), it is easy to see that the assumption (A7) of Theorem 3.1 is
satisfied, and it follows the conclusion. ]

We now present the following example to illustrate Theorem 3.3.
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Example 3.4. We consider the problem

- (\u'<x>|P<x> 2 (x)) -+ @) ()P0 2u(x) = Af(u(x)) in (0,1),
P02/ (0) = —pug(u(0)), (37)
' (1)[PO 20 (1) = ph(u(1))

where p(x) = x? + 4 for every x € [0,1], a(x) = x*> + 1 for every x € [0,1] and

710, ift<1,
f(t) = .
6t+e 7t ift>1.

We have
t’, ift <1,
F(t) =
32 —el™f -1, ift > 1.
By simple calculations, we obtain k = @, “=1at =2 p =4and p" = 5. Taking

0, = 10, 6, = 10* and n = 1, then all conditions in Theorem 3.3 are satisfied. Therefore, it
follows that for each

60k* ' 5k

and for every non-negative continuous functions g, h : R — R there exists § > 0 such that, for
each u € [0,0), the problem (3.7) possesses at least three non-negative weak solutions u1, 1,
and u3 such that

4 3
A (1”20]‘ 10 ) ~ (0.33763,4.299)

1
ui(x) < —, u <—104 d u < 10%.
max (x) < g5, max u2(x) < 510" and max us(x)

We want to point out a simple consequence of Theorem 3.3, in which the function f has
separated variables.

Theorem 3.5. Let f; € L'([0,1]) and f, € C(R) be two functions. Put F(t fo f2(&)d¢ for all
t € R and assume that there exist positive constants 61 >k, 04 and n > 1 wzth

2ptilally, b
\/alliky ¢ and  max< 1y, Py =———knr > < 04

p+

01 < mm{
P

such that

(A3) fi(x) > 0foreach x € [0,1] and f,(t) > 0 for each t € [0, +o0[;

(A) max Sup|t|§6_1 F(t), 25“P|t\g_94F(t) _ p- F(17+).
o7 of pm kP pt el pP

Then, for every
p+kP ptlall pt

p*v kv 1 - o A
mm ., -
) Jo fi)dx" prke [) fi(x Sup |y <p, F(t)" 2supy, o, F(t)
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and for every non-negative continuous functions g,h : R — R there exists 5, > 0 given by

) = min

1 in ol —AkP p sup|t‘<911i" fo fi(x
kP pt G(6,) +H(6) ’

6, —2AK p* Sup\t\<#9 E(t) [y fi(x)dx
2(G(53 7500+ H( f94)) ’

0 —2AkP p*sup o, F(t) [y fi(x)dx
2(G(64) + H(64)) '

0
P lall — A fy fi(x)dx (E(r) — supy<q, E(1))
[GGy) + H(y) — G(0:) — H@y)]

such that for every u € [0,0,) the problem

— (1 @920 () + (PO 2u(x) = Afi()falw)  in (0,1),
/(0) P02 (0) = ~Ag(u(0)),
(1) P02/ (1) = Ah(u(1))

possesses at least three non-negative weak solutions uy, up and uz such that

1
< 04, < ——0 d < O4.
il T A

Proof. Set f(x,u) = f1(x)f2(u) for each (x,u) € [0,1] x R. Since
F(x,t) = fi(x)E(t),
from (A4) we obtain (A). O

Next, we present a simple consequence of Theorem 3.3 in the case f does not depend
upon x.

Theorem 3.6. Assume that there exist positive constants 61 > k, 64 and 1 > 1 with
+ +
01 < mm{ " VAl H1k17} and max {17 2p PH Hlk;yv } < Oy
such that
(As) f(t) > 0foreacht € [0, +co[;

F(61) 2F(6s) P F(1)
(Ag) max < .
0y 6] pm+kpt el g

Then, for every
p~+kP pialh, pt

PPk min 0] A
F(n) "prkr F(61)" 2F (64)

A€
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and for every non-negative continuous functions g,h : R — R there exists &) > 0 given by

, ) ) — AR ptF(6)
J) = min kp,Perln G(6)) + H(8y)

of —2W pF(5E00) g o prrcey) | A el — 2 (B — F(6)
z(c( A )+H( f@)) 2(G(63) + H(82)) (' G(p) + Hn) — G(8y) — H (@)

such that for every p € [0,6)) the problem

~ (W PO 20 (1)) + (@)l PO 2u(x) = Af(x)  in (0,1),
' (0)[P©)-2u'(0) = —Ag( (0)),
[ (1)[P20 (1) = AR(u(1))

possesses at least three non-negative weak solutions uy, up and uz such that

1
max uq(x) < 0y, max u < —=04 and max u < Oy.
x€[0,1] () ! x€[0,1] 2(%) "2 * xel0,1] 3(%) *

The following result is a consequence of Theorem 3.3 when y = 0.

Theorem 3.7. Let f : [0,1] x R — R be a continuous function such that tf(x,t) > 0 for all
(x,t) € [0,1] x (R\{0}). Assume that

(A7) lithO ’j;(;/_t)l = lim M = 0.

[t| =00 ’t|p -1
Then, for every A > A where

p+ K prafl

A=
prp Rk
p+ p_ _ p_ . p+
X max ¢ inf ;77} inf 1;77; inf 1(#); inf 1(# ,
=1 fo x,n)dx 0<n<l [“F(x,n)dx —1<n1<0 ["F(x,n)dx 1=-1 [} F(x,n)dx

the problem (P{ H)’ in the case y = 0 possesses at least four distinct non-trivial solutions.

Proof. Set

0, otherwise,

filx,t) = {f(x,t), if (x,t) € 0,1] x [0, +00),

and

otherwise,

folx,t) = {;f(x,—t), if (x,1) € [0,1] x [0, 400),

and define Fy(x, t) fo fi1(x, &)d¢ for every (x,t) € [0,1] x R. Fix A > A*, and let # > 1 such

that
p~+kP p*all ,7;#
prpk
A > .

fol Fi(x,n)dx
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From

o f1et) Al ) _o,

Ho+ -1 e pp 1
there is 6; > k such that

p+

fol Fi(x,61)dx 1
Vil | ang 222U <
1

01 < mm{

and there is 64 > 0 such that

1
2ptall, = Jo Fi(x,04)dx 1

’ ——k <8 d - —.

max {17 p- ne 4 an QZ < AP pt

Then, (A;) in Theorem 3.3 is satisfied,

p_ kP pt ey, p*

Ae M min o %
fol Fi(x,n)dx "ptkr fo Fi(x,01) dx 2f0 Fi(x,04)dx

Hence, the problem (Pf '), in the case y = 0 admits two positive solutions u1, 1y, which are
positive solutions of the problem (P { ;4) in the case y = 0. Next, arguing in the same way,

from
fz(x t) _ fa(x,t)
lim =0,
H0+ T =S
we ensure the existence of two positive solutions u3, u4 for the problem (P){Z), in the case

u = 0. Clearly, —u3, —uy are negative solutions of the problem (P)J\[/H)’ inthecase y =0. [

Remark 3.8. We explicitly observe that in Theorem 3.7 no symmetric condition on f is as-
sumed. However, whenever f is an odd continuous non-zero function such that f(x,¢) > 0
for all (x,t) € [0,1] x [0, +0), (A7) can be replaced by

ot g fe

= 1m
tp_fl t—o0 tp_fl

(Asg) limy o+

ensuring the existence of at least four distinct non-trivial solutions the problem (P
case y = 0 for every A > A* where

\ P) in the

p_+kP ptialh, pt

A" = inf Pk
=1 fol F(x,n)dx

We end this paper by presenting the following version of Theorem 3.1, in the case p(x) = p
for every x € [0,1] and a(x) = 1 for every x € [0, 1].

Theorem 3.9. Let f be a non-negative Carathéodory function in [0,1] x [0, +oco[. Let p(x) = p > 1
for every x € [0,1]. Assume that there exist positive constants 61 > k, 65, 03 and n > 1 with 6, < ky,
max {1, kn} < 0, and 6, < 03 such that

(Ag) max fOlF(x’gl)dx fOl F(x,05)dx fol (x,05)dx < 1 fo X, 1 dx—fo x,01)dx
Gf 4 95 ’ 95 _ ep kp 7’]p
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==

where k =3 [1]7 . Then, for every

\e N o g
min ’ 7
fol (x,7)dx — fo x,01)dx " pk? fol F(x,61)dx fol F(x,0:)dx fol F(x,03)dx

for every non-negative continuous functions g, h : R — R there exists 6, ; > 0 given by

N 6Y — AkPp [\ F(x,61)dx 65 — AkPp [\ F(x,6;)dx
(5/\g = min{ —— min , ,
’ pk¥ G(61) +H(9 ) G(62) + H(62)

(65 —65) —AkppfolF(x,Og,)dx ’77 )‘(fo X, dx—fo X, 01)dx )
G(63) + H(6s) " G(n)+H(y) — G(61) — H(61)

such that for every p € (0,0, ¢) the problem

= (Jo/ () |P~2u/ ()" + |
[ (0)[P~2u'(0) = —Ag(
W' ()P~ (1) = (u(l))

possesses at least three non-negative weak solutions uy, up, and uz such that

2u(x) = Af(x,u(x)) in (0,1),

=
—~

=)
~—

xrg[g,)f] uq(x) < 64, ;2[3)1(} ux(x) < 6, and xrg[%i(] uz(x) < 6s.
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