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Abstract. We are concerned with a class of n-dimensional non-autonomous delay dif-
ferential equations obtained by adding a non-monotone delayed perturbation to a linear
homogeneous cooperative system of delay differential equations. Sufficient conditions
for the exponential asymptotic stability of the linear system are established. By using
this stability, the permanence of the perturbed nonlinear system is studied. Under more
restrictive constraints on the coefficients, the system has a cooperative type behaviour,
in which case explicit uniform lower and upper bounds for the solutions are obtained.
As an illustration, the asymptotic behaviour of a non-autonomous Nicholson system
with distributed delays is analysed.
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1 Introduction

This paper concerns the study of permanence for some families of non-autonomous delay
differential equations (DDEs) which have significant applications in population dynamics.

For T > 0, consider the Banach space C := C([—7,0];R") endowed with the norm ||¢| =
maxge(_,0) |¢(0)], where | - | is a fixed norm in IR". We consider DDEs expressed in a general
abstract form as

x'(t) = L(t)x; + F(t, x), t>0, (1.1)

where x; € C denotes the segment of the solution x(t) given by x;(0) = x(t +0), —t <6 <0,
L(t) : C — R" is linear bounded and continuous on t and the nonlinearities are given by
continuous functions F : [0,00) x C — R". As usual in mathematical biology models, we
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2 T. Faria

assume the existence of a linear instantaneous negative feedback term in each equation of
(1.1). To be more precise, writing L = (Ly,...,L,) and F = (Fy, ..., F,), we further assume:

n

L;(t = Lii(t)o;, t>0, = ,o..,0,) €C
()4’ ]—21 ]( )‘P] ¢ (le 4’) (1.2)

Lii(t)fpi = —di(t)(f)i(()) + Lii,0<t)4)i/ i=1,...,n,

where d;(t) > 0 and L;;o() is non-atomic at zero (see [10] for a definition); each component
F; of the nonlinearity F depends only on ¢t and on the ith component of the solution, so that

F(t,¢) = (Fi(t,¢1),..., Fu(t,pn)) fort>0,¢ = (¢1,...,¢n) € C. (1.3)

This family encompasses a significant number of delayed systems of differential equations
used in structured population dynamics, epidemiology and other fields. For the last decade,
systems of differential equations with time delays and patch structure have been extensively
studied, since they have been proposed as quite realistic models to account for situations
where several populations or variables are distributed over n different classes or patches,
according to a variety of relevant aspects for the model, with transitions among the patches.

As a subfamily, we may restrict our attention to non-autonomous differential equations
with multiple time-varying delays of the form

X1 = — di(t)xi(t) + iaij<t>xj<t (1)
=

—&i(t,xi(t) + filt, xi(t — T (t)), .., xi(t — Tam (1)),

(1.4)

fori =1,...,n, where all the coefficients and delay functions are continuous and nonnegative.
Here, we pursue the investigation in [8], where the stability and permanence of systems

. (1.5)
+ Y B hi(t, xi(t — (),  i=1,...,n,t>0,
k=1

was studied. Note that (1.5) is a particular case of (1.4). Moreover, (1.5) is obtained by adding
a delayed nonlinear perturbation to a linear ordinary differential equations (ODEs) of type
x'(t) = A(t)x(t), while in (1.4) delays are included in the linear terms.

The purpose of this paper is twofold. First, in Section 2 we generalize the setting in (1.5),
by considering systems (1.1) with distributed delays in both the linear and nonlinear terms.
Then, extending some ideas in [8], we give conditions for the global exponential stability of
linear systems x'(t) = L(t)x;. This stability and the monotone character of the linear system
is exploited to further establish sufficient conditions for the permanence of (1.1). Secondly,
by restricting the type of dependence on time in the nonlinearities F(t, x;) in (1.3), and taking
advantage of the permanence previously established, explicit estimates for uniform lower and
upper bounds of all solutions are obtained. This is the subject of Section 3. The results will be
illustrated with applications to systems inspired in well-known population dynamics models.
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2 Stability and permanence

In this section, we give some results on stability and permanence. We start by introducing
some notation.

By C* we denote the cone of nonnegative functions in C, C* = C([—7,0];[0,00)"), and
by int C* its interior. Let < be the usual partial order generated by C*: ¢ <  if and only if
p—¢ € CT; by ¢ < ¢, we mean that  — ¢ € intC™. The relations > and > are defined in
the obvious way; thus, we write ¢ > 0 for p € C™ and ¢ > 0 for ¢ € intC™. A vector v € R"
is identified in C with the constant function ¢(s) = v for —t < s < 0. For T = 0, we take
C =R",C* =[0,00)", and the induced order < is the usual partial order in R".

Unless otherwise stated, we consider the maximum norm in R"”. For a positive vector
v = (v1,...,v,) we denote by v~! the vector v ! = (v;l,...,vgl) and by |- |, the norm
defined by |x|, = maxj<j<, (vi|x;|) for x = (x1,...,x,) € R"; the associated norm for ¢ € C is
[¢llo = maxge[_9 [¢(0)]o. Hereafter, we use 1= (1,...,1).

Let D C C(]—7,0];R"), and consider a general non-autonomous DDE written as

X(t)=f(t,x), tel, (2.1)

where [ = [0,00) and f : I x D — R" is continuous. Of course, any other choice of I = R or
I = [tp,o0) with ty € R is possible. Suppose that f is sufficiently regular, so that the initial
value problem is well-posed, in the sense that for each (¢, ¢) € [0,00) x D there exists a unique
solution of the problem x'(t) = f(t,x;),x, = ¢, defined on a maximal interval of existence.
This solution will be denoted by x(t,0,¢) in R" or x;(c, ¢) in C.

Now, suppose that [0,00) is the maximal interval of existence for any solution x(t,0, ¢) of
(2.1) with initial condition xy = ¢ € D, and write f = (f1,..., fx). The DDE (2.1) is said to be
cooperative if it satisfies Smith’s quasimonotone condition given by

(Q) for ¢, € D,¢p < ¢ and ¢;(0) = ;(0), then fi(¢t,¢) < fi(t, ), i=1,...,n, t > 0.

Similarly to what happens for ODEs, there is a comparison result between solutions for two
distinct DDEs x'(t) = f(t,x;) and x'(t) = g(t, x¢), if f < g and at least one of the functions f or
g is cooperative. See Smith’s monograph [15], for further definitions and relevant properties
of cooperative systems.

Consider a non-autonomous linear differential equation with distributed delays

x'(t) = L(t)x: (2.2)

with L(t) as in (1.2). We further write (2.2) in the form
no0
xi(t) = —di(t)xi(t) + Z/ xj(t+s)dsvij(t,s), i=1,...,n, t>0, (2.3)
17T

for which the following assumptions will be imposed:

(L1) the functions d; : [0,00) — (0,00) are continuous; the measurable functions v;;(t,s)
are bounded, nondecreasing in s € [—7,0], with the total variation Var_. g v;j(t,-) of
v;j(t,-) on [T, 0], given by

0
ai]-(t) = /;T dsl/ij(t,S) = Ui]'(i', 0) — Vi]'(t, —T), (2.4)

a continuous function on t > 0, fori,j € {1,...,n};
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(L2) there exist a vector v = (vy,...,0,) > 0 and T > 0 such that d;(t)v; — Yi_y a;i(t)v; > 0
forallt>T,i=1,...,n.

A stronger version of (L2) will be often considered:

(L2*) there exist a vector v = (v1,...,v4) > 0and T > 0, § > 0 such that d;(t)v; —
2}7:1 aj(t)jo; > oforallt > T,i=1,...,n

Define the n x n matrix-valued functions
D(t) = diag(dy(t),...,dn(t)), A(t) = [ai]-(t)] for t € [0,00).

Assumptions (L2), respectively (L2*), are thus simply written as: there exist a vector v > 0
and T > 0 such that [D(t) — A(t)]v > 0, respectively [D(t) — A(t)]v > 61 for some é > 0, for
allt > T.

Observe that the particular case of (2.3) with time-varying discrete delays given by

xlf(t) = —di(t)xi(t) + iaij(t)xj(t . O'i]‘(t)), i=1,...,n, (2.5)
=1

is obtained with v;j(t,s) = az-]-(t)H_al,j(t) (s), where Hy(s) is the Heaviside function H(s) = 0 if

s <'t, Hi(s) = 1if s > t, the delay functions 0;;(t) are continuous and satisfy 0 < 0;;(t) < 7.
The theorem below addresses the asymptotic behaviour of the linear DDE (2.3), as well as

the dissipativeness for systems obtained by adding a bounded perturbation f (¢, x) to (2.3).

Theorem 2.1. Consider the non-autonomous linear equation (2.3).
(i) If (L1) is satisfied, (2.3) is cooperative and the cone C" is positively invariant.

(ii) If (L1), (L2) are satisfied, (2.3) is uniformly stable. Moreover, for v and T as in (L2),
(x(t,to, @)1 < @l t = to =T, 9 € C.

(iii) If (L1), (L2*) are satisfied and a;;(t) are bounded functions for all i, ], (2.3) is globally exponen-
tially stable on [0, c0); in other words, there exist k, & > 0 such that |x(t,to, )| < ke=*(=10)|g|
forallt >ty > 0and ¢ € C.

(iv) If(L1), (L2*) are satisfied, and f: [0,00) x C — R" is continuous and bounded, f = (f1,..., fu),
then all solutions of the DDE

xi(t) = —d;(t)xi(t) + i/o xi(t +s)dsvj(t,s) + fi(t, x:), t>0,i=1,...,n, (2.6)
=T

are defined on [0,00) and (2.6) is dissipative, i.e., there exists M > 0 such that
limsup,_, . |x(t)| < M for any solution x(t) of (2.6).

Proof. (i) Write (2.3) in the form (2.2), where L(t) = (Ly(t),...,L,(t)) : C — R" is linear
bounded for ¢t > 0. From hypothesis (L1), v;;(t,s) are nondecreasing, thus a;;(t) > 0, and L
satisfies (Q). Clearly, the linearity of L also implies that L;(t)¢ > O foralli =1,...,n,t > 0
whenever ¢ € CT and ¢;(0) = 0. Thus, the set C* is positively invariant for (2.3) [15, p. 82].
(ii) Rescaling the variables by %;(t) = vi_lxi(t) (1 <i<n), where v = (vy,...,v,) > 0
is a vector as in (L2), we obtain a new linear DDE #/(t) = L(t)#;, where the correspond-
ing matrices D(t) = diag(dy(t),...,d,(t)) and A(t) = [4;;(t)] have entries di(t) = d;(t) and
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2;j(t) = v; 'a;j(t)v;. In this way, and after dropping the hats for simplicity, we may consider
(2.3) where v = 1 := (1,...,1) is the positive vector in (L2) and |x|,-1 = maxj<ij<y |x;|. We
now adapt some argument in [8].

Let x(f) # 0 be a solution of (2.3). To prove the claim, we show that ||x;|| < ||x,|| on each
fixed interval | = [to, t1], T <ty < t;. Define u; = maXx( ] |x;(t)], and let u; = max;<j<, u;,
with u; = |x;(t.)| for some t. € [tg — T, t1]. If t. € [to — T, to], then [[x;|| < [|xg,|| for ¢t € .
If t, € ], it suffices to show that |x;(f)| is non-increasing on J, or, in other words, that u; =
|xi(to)]-

We suppose that x;(t.) > 0; the case x;(t.) < 0 is treated in a similar way. Denoting
Di(t) = [, di(s) ds, from (L2) and the definition of a;;(t), we derive x;(t) +d;(t)x;(t) < di(t)u;
for t € J. Hence

xi(t) < xi(tg)e P (1 — e~ P20, te].

For t = t, , we obtain u;e Pilt) < x;(tg)e Pi"), which implies u; = x;(to).
(iii) Without loss of generality, take v = 1 and T,6 > 0 in (L2¥), and let M > 0 be such
that ), az-]-(t) <M, forallt >T,i=1,...,n. Effect the change of variables y(t) = e*x(t) for a

small € > 0 to be determined later. The linear DDE (2.3) is transformed into
yi(t) = —d;(t)y;(t) + i/or e Cy;(t +s)dsvij(t,s), i=1,...,n, t>0,
j=17"
or equivalently,
40 = <A + L0, =1 n 120
=

where d;(t) = d;(t) — e and

0

Ly = [ e 0y(s)auvi(t,5)

We have [|Ljj(t)|| < e“a;j(t). Next, we observe that, for ¢ > 0 sufficiently small, this trans-
formed system satisfies (L2):

[ji(t) — ZeSTaij(t) = di(t) —e—eT Zal‘]’(t)
] ]
> (1—eT)) a(t) —e+0
j

>(1—e")M—-¢+5—6>0 ase—0".

From (ii), it follows that |y(t,to, ¢)| < ||@|| for t > to > T, thus |x(t, to, ¢)| < e | @] for all
t>ty>Tand ¢ € C.

(iv) Let T(t,0) be the solution operator and X(t,0) the fundamental matrix solution for
(2.3). See Chapter 6 of [10] for definitions and results. From (iii), (2.3) is globally exponentially
stable on [0, ), and [10, Lemma 6.5.3] implies that there are positive constants k, K, & such
that ||T(t,0)| < ke =), || X(t,0)|| < Ke=*(!=9), t > ¢. The solutions x(t) = x(t,, @) of (2.6)
are given by the variation of constants formula [10, p. 173] as

t46
(0, 9)(8) = T(t,7)p(6) + /U X(t+6,5)f (s, %s(0, ) ds.

With |f| uniformly bounded by m > 0 on [0,00) x C, this leads to limsup, ., |x(t, 0, ¢)| <
mK/w. O
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Remark 2.2. The criterion for the exponential stability of the linear system (2.3) in Theorem
2.1(iii) does not require that the functions d;(t) are either bounded above or below by positive
constants, however the coefficients a;;(t) must be bounded.

Remark 2.3. In a recent paper, Hatvani [12] studied a scalar linear equation of the form

x'(t) = —a(t)x(t) + b(t) /tt A(s)x(s) ds, t>0, (2.7)

with a,b : [0,00) — [0,00),A : [-T,00) — R piecewise continuous continuous, for which
sufficient conditions for its asymptotic stability and uniform asymptotic stability were given.
The approach used by Hatvani in [12] is quite different from our techniques, since it relies on
the method of Lyapunov functionals and the annulus argument, see also [3,11]. Moreover,
the elaborate, powerful criteria established in [12] do not require the boundedness of the
coefficients functions a(f), b(t).

We now add a perturbation F(f,x;) to (2.3), where F satisfies (1.3). In order to include a
broad class of systems, we write the new system as

xf(t) = — di(t)xi(t) + i /0 x]-(t + s)dsvi]-(t,s)
- (2.8)
—x;(t )+ Z Bix (¢ /_le(t) hie(s, xi(s)) dsni(t, s), i=1,...,n,

where p > 1, the delays are bounded and, without loss of generality, max; s sup,-, Ti(t) < T.
Assume also:

(F1) Ty, xi, Bix : R — [0,00) are continuous and bounded, the measurable functions 7 :
[0,00) x [—T,0] — R are continuous on f, with 7;(t, -) non-decreasing and

Zﬁzk / dpi(ts) >0, teER, (2.9)
t—Ty (1)

forie {1,...,n}, ke {1,...,m}.
Besides the previous matrices D(t), A(t), define the n x n matrix-valued functions

B(t) = diag(B1(t),. .., Bu(t))

M(t) = B(t) + A(t) = D(t),  t>0. (2.10)

System (2.8) can be used to model the growth of n populations structured into n classes
or patches, with migration among them. For a biological interpretation of such models, see
[5,8,13]. Clearly, the case of multiple discrete time dependent delays of the form

i ajk(t — oijk(t))

k=1

xXi(t) =~ di (1) (1) +

J (2.11)

= L=

— Ki(t)xiz(t) + ,Bik(t)hik(t,xi(t — Tl‘k(t))), i= 1,. ..,n, t Z 0,

»
Il

1

is included in our setting.
For the definitions of persistence and permanence given below, see e.g. [13].
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Definition 2.1. Fix
Co={pecC:¢>0,¢(0) >0}

as the set of admissible initial conditions. A DDE x'(t) = f(t x;) is said to be uniformly
persistent (in Cp) if all solutions x(t,0,¢) with ¢ € Cy are defined on [0,c0) and there is
m > 0 such that liminf; ;o x;(¢,0,¢) > m forall 1 <i < n,¢ € Cy. The system is said to be
permanent (in Cp) if it is dissipative and uniformly persistent; in other words, all solutions
x(t,0,¢),¢ € Cy, are defined on [0, 0) and there are positive constants m, M such that, given
any ¢ € Cp, there exists ty = to(¢) for which

m < x;(t,0,¢) <M, 1<i<mn, t>t.

The following criterion for permanence of (2.8) relies on the dissipativeness of the system.
Theorem 2.4. Let a;;(t), Bi(t) be defined by (2.4), (2.9). Assume (L1), (L2*), (F1), and suppose that:

(F2) hy : [0,00) x [0,00) — [0,00) are bounded, continuous, locally Lipschitzian in the second
variable, with h;.(t,0) = 0 for t > 0 and

hir(t,x) > h; (x), t>0,x>0,k=1,...,m,

where h; : [0,00) — [0,00) is continuous on [0,00), continuously differentiable in a right
neighbourhood of 0, with h; (0) =0, (h;)'(0) = 1and h; (x) > 0forx >0,i € {1,...,n}.

(F3) there exist vectors u = (Uy, ..., uy) > 0and n = (11,...,1n) > 0 such that

M(t)u > n forlarge t > 0. (2.12)

Then (2.8) is permanent.

Proof. Write (2.8) in the form (1.1) and observe that x/(t) > L;(f)x; — x;(t)x;(t)P with L;(t)¢p >
—d;(t)¢$i(0) for ¢ € C*. We first compare solutions of (2.8) with solutions of the decoupled
system of ODEs

Vi) = —diOw(t) — (OB, =T (213)

which obviously satisfies (Q). We deduce that solutions x(t) = x(t,0,¢) of (2.8) with ini-
tial conditions xo = ¢ (¢ € Cp) satisfy x;(t) > y;(t) for t > 0,i = 1,...,n, where y(t) =
(y1(t),...,yn(t)) is the solution of (2.13) with initial condition y(0) = (¢1(0),...,¢,(0)) > 0.
Hence x(t) > 0 for t > 0.

On the other hand, we compare solutions of (2.8) with the solutions of the auxiliary coop-
erative system

n 0
xl’»(t) = —di(t)xi(t) + Z/ x]-(t -+ S)dsl/i]'(i’,S) + Mi, i= 1, coo,n, (214)
=1l

where M; > 0 are such that

Bi(t) max sup hy(t,x) < M;, i=1,...,n
k  tx>0
Theorem 2.1 implies that system (2.14) is dissipative. By comparison, each solution x(¢,0, ¢)
of (2.8) is bounded from above by the solution of (2.14) with the same initial condition ¢ € Cy,
thus (2.8) is dissipative as well.
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Once the dissipativeness is observed, the result of uniform persistence follows by compar-
ison of solutions with solutions of a second auxiliary system, which here is taken as

xi(t) = t)xi(t) + Z/ xi(t +s)dsvii(t,s)
(2.15)
—xi(t )+ Z Bir(t /t o H;(x(s)) dsnix(t,s), i=1,...,n,
Tik

where H;(x) = h; (x) for 0 < x < ¢, Hj(x) = h; (¢), and ¢ is chosen sulfficiently small
so that H; is non-decreasing (in this way (2.15) is cooperative) and h;(t,x) > H;(x) for all
t > 0,x > 0. One can check that the arguments for the proof of Theorem 3.3 in [8] can be
carefully adapted to the present situation, in order to deal with the distributed delays, thus
as in [8] one concludes that (2.15) is uniformly persistent. Details are omitted. Since solutions
of (2.8) are bounded from below by solutions of (2.15), it follows that it is also uniformly
persistent. This ends the proof. O

Remark 2.5. The arguments above show that in (2.8) the terms —x;(#)x! (t) (p > 1) can actually
be replaced by instantaneous nonlinearities of the form —x;(t)g;(x;(t)), with k;(¢) as above and
gi:]0,00) — [0,00) continuous and g;(x) = o(x) as x — 0.

Hypothesis (F2) depends solely on the type of nonlinearity added to (2.3), while (F3)
depends also on the linear coefficients. To test whether there are positive vectors satisfying
hypotheses (L2*) and (F3), the following lemma is useful.

Lemma 2.6. Suppose that liminf;_,. Bi(t) > 0, i = 1,...,n, and that there exist a vector v =

(v1,...,0,) > 0, Ty > 0 and positive constants ;, y; such that

Bi(t)v; .
= <75 fort>Ty i=1,...,n. (2.16)
di(t)v; — Uiy aii(t) 1 ¢

Then assumptions (L2%) and (F3) are satisfied.

1<a; <

Proof. Let Bi(t) > B; > 0 for t > Ty, with T; > Tp. From (2.16), we have d;(t)v;

):;'1:1 aij(t)vj > ’)’;1,3;01' and B;(t)v; —d;(t)v; +Z;1:1 aij(t)vj > (@i — 1)( i(t)ovi ):] 1 aq( Jo ) >
(a; — 1)7;1/51701' forallt >0and i€ {1,...,n}, thus (L2*) and (F3) hold for a common vector
v = u as in (2.16). O

Example 2.7. Consider the system:

ﬁzk xl le ..
Z 1+ ca(b)xo(t — rlk ) Za” (1) (2.17)

—di(t)x;(t) — K,-(t)x-z(t), t>0,i=1,...,n,

1

where a > 1, all the coefficients B (t), cik(t), aij(t), di(t),x;(t) and delays T (t), o7;(t) are non-
negative, continuous and bounded functions in t € [0,00), k = 1,...,m;, i,j = 1,...,n; the
functions cj(t) are assumed to be bounded below from zero.

System (2.17) can be interpreted as a model for n populations of one or multiple species,
distributed over n different classes with dispersal terms among them, with Beverton-Holt
nonlinearities hy(t, x) = T Ow (¢ > 1). The coefficients a;;(t) stand for the migration rates
of populations moving from class j to class i, and o;;(t) for the time-delays during dispersion.
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The instantaneous loss term —d;(t)x;(t) incorporates the death rate for the ith-population, as
we all as the terms —d;;(t)x;(t), to account for the individuals that leave class i to move to
different classes j # i. (It is thus natural to consider d;;(t) = 0 for each i € {1,...,n}, but this
assumption is not relevant here).

With &« = 1, (2.17) can be seen as a modified delayed logistic equation for n populations
of one or multiple species, distributed over n different classes with dispersal terms among
them. See [1] for the deduction of the model in the case n = 1 as well as for a biological
interpretation, and [2,7] for more results. With x; = 0, we obtain a generalization of Mackey-
Glass equation for n populations with patch structure and migration among the patches.

System (2.17) has the form (2.11) with hy(t,x) = W fort,x > 0. If a =1, hy(t, x) are
increasing in the second variable, hence (2.17) is cooperative. Since cj(f) are bounded above
and below by positive constants, let 0 < ¢; < cj(t) < ¢j. One obtains I, (x) < hy(t,x) < ﬁfl,
with h; (x) = 7. If « > 1, the functions x — hy(t,x) are not monotone, but they are
bounded, unimodal and satisfy hj(t, x) > Tre= for t,x > 0. Hence, (F1), (F2) are satisfied. As
an application of Theorem 2.4, we deduce that if there exist § > 0, T > 0 and positive vectors
v, u such that

[D(t) — A(t)]v > 61, M(H)u >61, fort>T, (2.18)
then (2.17) is permanent (in the set of solutions with initial conditions in Cp).

Example 2.8. Consider the following non-autonomous Nicholson system with patch structure
and multiple time-dependent discrete delays (see e.g. [8,9,14]):

. (2.19)
+ Y Bu(t)xi(t — Ty (t))e aWx=m®) =1, n,
k=1

which has the form (2.11) with nonlinearities hj = h; given by h;(t, x) = xe~ (DX for all i, k.
Here, the coefficient and delay functions are supposed to satisfy (L1), (F1), with ¢;(t) > 0
continuous and bounded. Clearly, (F2) is satisfied, hence if conditions (2.18) hold the system
is permanent.

Generalizations of (2.19) will be presented in Example 3.2. Other useful population models
can be written in the form (2.8) (see e.g. [5]). Among them, instead of the Ricker-type terms
as in (2.19), one could consider modified exponentials f(t, x) = xe~()*" (x > 0).

3 Uniform lower and upper bounds for models with cooperative

behaviour

If x; = 0 and the nonlinearities /;; are autonomous and identical in each equation 7, system
(2.8) becomes

Yi(F) = —dl(t)xl(t)—i—Z/ x;(t — 5)devyj(£,5)
=T
- t (3.1)
Y Bl [ () dealts), i= 10
k=1 t—Ty(t)

and (F2) simply reads as
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(F2*) h; : [0,00) — [0,00) are locally Lipschitz continuous, bounded, and differentiable on a
vicinity of 07, with 1;(0) = 0,h}(0) =1, hj(x) > 0forx > 0,i € {1,...,n}.

In some concrete applications, the a priori knowledge of permanence of (2.8) can be used
to deduce explicit upper and lower bounds for the asymptotic behaviour of solutions. This
technique was used in [2,6] for cooperative scalar equations, and in [7] for multi-dimensional
cooperative DDEs. Although in general (2.8) is non-monotone, here the method is illustrated
with the situation of autonomous functions #;(x) as in (3.1), if constraints are imposed in order
to force (3.1) to have a cooperative type behaviour.

For functions h; satisfying h;(0) = 0,k/(0) = 1 as in (F2*), we may write h;(x) = xg;(x),
where g; is continuous and g;(0) = 1. We now impose an additional hypothesis:

(F4) there exists max,>o h1;(x) = h;(c}); with ¢! the first point of absolute maximum of #;(x),
hi(x) is increasing on [0, c;] and h;(x)/x is decreasing on (0, c}], where ,i =1,...,n.

Theorem 3.1. Assume (L1), (F1), (F2*¥) and (F4). In addition, suppose that:
(i) iminf; e Bi(t) >0, i=1,...,1;

(ii) there exists v = (v1,...,0,) > 0 such that

o Bi(t)vi
RO mE SO
Bi(t)v; < (hi(c}

) o 1g?n(vj_lc}k)f i=1,...,n

>1,

(3.2)

lim su
ool di(£)o; — ¥ aij(t)v;

Then all solutions x(t) = x(t,0,¢) of (3.1) with ¢ € Cy satisfy the estimates

limsup x;(t) < ¢}, i=1,...,n
t—o0

and
m < liininf(xi(t)/vi) <limsup(x;(t)/v;) < M, i=1,...,n, (3.3)
—00

t—o00

with explicit uniform lower and upper bounds

di(t)v; — Y a;i(t)v;
M = max lg.’l lim inf i(H)o: Z] l]( ) J
1<i<n 0; ! t—ro0 ’Bi(t)l),‘

(3.4)
- . 1 1 < . di(t)vi — E] Llﬁ(f)’(’)j)
m = min —g¢: " | limsup ,

1<i<n 0; o0 Bi(t)vi
where the functions g; are defined by g;(x) = hj(x)/x forx >0andi=1,...,n.

Proof. From (3.2), there exist Tp > 0 and constants «;, ; such that

Bi(t)v; .
< < i, t>Ty,i=1,...,n, 3.5
= di(t)vi — Xjai(t)o; — i ‘ (39)

&
with
*

-1 . -1 .
a; >1 and v < (hi(c))) v 1%?n(vf c]’-‘), i=1,...,n
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Since B;(t) are bounded, the above estimates also imply that d;(t), a;;(t) are bounded on [0, o),
for all 7,j. From Theorem 2.4 and Lemma 2.6, the imposed assumptions imply that (3.1) is
permanent.

Rescaling the variables as y;(t) = x;(t)/vj, (3.1) is transformed into

n 0
Vi) = =)+ Loty [ (e —s)dy (e
N (3.6)
+ Zﬁzk /_le(t)l:l (]/i(s>)ds77ik<tfs)f i=1,...,n,t>0,

where f1;(x) := v; 'h;(v;x), x > 0. For (3.6), a;(t) := vi’lai]'(t)vj replaces a;;(t) in formula (2.4),
for all 7,j. In what follows, we keep the hats in (3.6) in order to avoid misinterpretations.
System (3.6) satisfies the hypotheses (L1), (F1), (F2*) and (3.2) with v = 1.
For any solution x(t) := x(t,0,¢) of (3.1), set x; := liminf;, x;(t), X; := limsup, , , x;(t),
1 <j < n. From Theorem 2.4, 0 < X <Xj <o for all j. Next, consider the corresponding so-
lution y(t) of (3.6), and Y, ::Em irlftﬁoo yi(t), yj = limsup, , yi(t), 1 §.j <mn, nqt forg?ttir}g
however that y; = x;/v; and §; = X;/vj, so the weights v; must be taken into consideration in
the final estimates.
For (3.6), each one of the functions ; attains its absolute maximum at v, 'cr and hi(x) <
hi(o7cr) = v hi(c}) for 0 < x < vy ¢}, Together with (3.6), we consider the auxiliary system
ul(t) = )+ Zv v]/ uj(t — s)dsvii(t,s)
(3.7)

+ Z Bir(t /t (t)Hz'(”i(S)) dsnir(t,s), i=1,...,n,t>0,
Tik

where H;(x) = hi;(x) if 0 < x < v; ¢}, Hi(x) =
satisfies the quasimonotone condltlon (Q).

From Theorem 2.1, all the positive solutions u(t) of (3.7) are bounded, thus u; :=
limsup,_,, u;(t) are finite, 1 < j < n. Consider an i such that #; = max;<j<, u;.

By the fluctuation lemma, take a sequence (t) with fp — oo, u}(t,) — 0 and u;(tx) — ;.
For any & > 0 small and k sufficiently large, we have 0 < u;(s) < u; + ¢ for s > t; — T and all j.
Recalling that all the coefficient functions are bounded on [0, o), for sufficiently large k, from
(3.5) and (2.9) we derive

u(te) < = dilt) (@ —€) + (W +¢) (zaq b)) + Bit)or ()

v thi(cr) if x > v; 'l Tt is apparent that (3.7)

Y

= () = S () [_”l’ I A )| +00

< (di(tk) _]Zﬁij(tk>> [ i+ viv; hi(c; )} + O(e).

Taking limits k — oo,& — 07, this leads to 0 < d;[—u; + 7; v;lhi(cl’-‘)], where d; = sup;q di(t).
Thus,

< 1 % -1
i < 07 i) < i (v;cj) < o]

and, for any other j,

*

<u<m1nv c <v
! 1ﬁ<n(€é) ]
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Since (3.7) is cooperative and f;(x) < H;j(x) for all j, we derive that y(t) < u(t) for
solutions y/(t), u(t) of (3.6), (3.7), respectively, with the same initial conditions [15]. This yields
thaty; <u; < v;l cf forallj € {1,...,n}, and hence, for t > 0 sufficiently large, y(t) is also a
solutlon of (3.7).

Returning to the original (after scaling) system (3.6), in a similar way we fix i such that
Y; = maxi<j<, J;, and choose a sequence (t) with tx — eo, y;(t) — 0 and y;(fx) — ¥;. For
any ¢ > 0 such that 7; + ¢ < v; !¢} and k sufficiently large, we have

vit) < —di(h)(F — &) + (7 +¢) (Zau b)) + Bilt (7, + )

_7 Bi(te)
vit di(ti) — ¥ aij ()

Bi(tk) hi(vi(y; +¢€))
di(tx) — ¥ aij(t) 0iY;

hi(F; + )| +OC(e)

— (di(tk) — Zﬁz‘j(fk))
]

= (dit) = Ty,
]

-1+ + O(e).

Taking limits k — oo, ¢ — 07, this estimate yields

, Bi(t) =
1< llrfgsoljp [di(t) _ Zj ﬁij(t)] 8i(vil;)-

In other words,

t) — X ai(t)

o il
gi(viy;) > liminf

t—o0 ’Bi(t> !
or equivalently
1 di(t) — ¥ a;(t)
< lim inf 1Y
yz — Ul'gl < voo ﬁi(t)

from which we derive X;/v; < X;/v; < M,j =1,...,n, for M as in (3.4).

For the lower estimate we use arguments similar to the ones above, by considering y. =
ming <<y, 2 and a sequence (fx) with ty — oo, yi(t) — 0 and y;(t,) — Yy, so details are
omitted. It is however important to notice that d;(t)v; — Y; a;(t)v; > 7; 18:(t)v; where v; is

as in (3.5), thus from (i) we deduce that d;(t)v; — }; a;;(t)v; is bounded away from zero by a
positive constant. O

Example 3.2. Consider a Nicholson system with distributed delays

n ¢
xi(t) = —di(t)xi(t) + ) aij(t)/ Aij(s)xj(s) ds
=1 £ (t) (3.8)

+ Z Bir(t / " )%k(s)xi(s)e’cf"f(s) ds, i=1,...,n,
t—"Tjk

where ¢; > 0, d;(t) > 0,a;i(t), Aij(t), Bir(t), vi(t), 0ij(t), T (t) are continuous, bounded and
nonnegative for t > 0, for all 7, j, k. According to the biological explanation of the model, rxij(t)
are the dispersal rates of the population in class j moving to class i, so one may incorporate a
delay in the migration terms, to account for the time the species take to move among different
patches (see e.g. [16]). Clearly the nonlinearities h;(x) = xe %, x > 0, satisfy (F2*), (F4),
with ¢ = ¢!, hi(x) = xgi(x) where g;(x) = e~%* and h;(c})~! = cje. Thus (3.8) has a
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cooperative type behaviour when each component x;(t) of any positive solutions x(t) has
values in the interval (0,c; ) where ; is strictly increasing. As an immediate consequence of
the Theorem 3.1, we get the explicit uniform lower and upper bounds given in the following
theorem:

Theorem 3.3. Consider (3.8), define

t m t
a;j(t) = aj(t) /t%_(t) Aij(s)ds, — Bi(t) := k;ﬁik(f) /trik(t) i(s) ds

for1<i,j<mn,i#jt>0,and suppose that:
(i) liminf, ,e Bi(t) >0, 1,...,1;

(ii) there exist v = (v1,...,v,) > 0, Ty > 0 and constants w;,vy; such that (3.5) is satisfied with

ViC; .
a;>1 and 9, <e—"——, i=1,...,n.
max (vjc;)’
1<j<n

Then, all the solutions x(t) = x(t,0,¢) with ¢ € Cy satisfy the estimates (3.3) with explicit uniform
lower and upper bounds m, M given by

M = max

. Bi(t)v;
1<i<n U;C; log (hrtiscgp di(t)oi — iz aij (1)

Bi(t)v;
T i<i<n vic; (hﬂi?f di(t)o; — Lz ai(t)oj )

If (3.2) holds with v = 1 and ¢; = c for all 7, a better criterion is obtained. This is illustrated
here with a situation with discrete delays.

Corollary 3.4. Consider the system

n
xXi(t) = — )+ Y ai(t —0y(t)) + Z Bir ()i (t — Ty ()~ t=m() - (3.10)
j=Li#

where all the coefficients and delays are continuous and bounded, ¢ > 0, d;(t) > 0 and a;;(t)

(j # i), Bix(t),0ij(t), Tik(t) are nonnegative, with B;(t) := Y4, Bu(t) > 6 > 0, for t > 0 and
all i,j, k. Assume that

Bi(t) . Bi(t) ,
;= liminf > 1, ;= limsu <, i=1,...,n.
e () - 1 (0) S O RS VIO
Then, all positive solutions x(t) = (x1(t), ..., x,(t)) of (3.10) satisfy the estimates
¢! min log(a;) < hmmfx]( ) <limsupx;(t) <c ~1 max log(7y;), 1<j<n. (311)

1<i<n 1<i<n

t—o0

For the scalar case of (3.8), we obtain the next corollary:
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Corollary 3.5. Consider the non-autonomous Nicholson’s equation given by

mo t
X (1) = —d(Bx(t)+ Y Blt) [ ns)x(s)e O ds (3.12)
k=1 t—Ti(t)
where ¢ > 0, d(t) > 0, Br(t), vk(t) > 0,7 (t) > 0 are contznuous and boundedfunctions on [0, 00).
Suppose that iminf,_,e Y JL 4 P (t) > 0, where By (t) ft T s)ds > 0, and
1 & 1 &
1 <liminf | — t) |, limsup [ ——< t) | <e. (3.13)
t—o0 d(t) k;ﬁk( ) t—>oop d(t) kgllgk( )
Then, all the solutions x(t) = x(t,0, ¢) with ¢ € Cy satisfy the estimates
1 m
1 < i <1
h{nglflog (d(t) ; ,Bk(t)> < hgglfx(t) < llris;lp x(t)
(3.14)
< limsup log < Z )
t—o0 k=1

In particular, for the non-autonomous Nicholson’s equation with time-varying discrete delays given by
(1) = ) + Z Br(H)x(t — Tie(t))e =m0, >0, (3.15)

condition (3.13) implies that all solutions x(t) = x(t,0,¢) with ¢ € Cy satisfy (3.14).

Remark 3.6. For the case (3.15), the above corollary recovers Theorem 3.3 in [6] under slightly
weaker hypotheses. See also [4] and references therein, for the stability and global attrac-
tivity of a positive equilibrium analyses for n-dimensional Nicholson systems with constant
coefficients and multiple time-varying delays of the form

n m
xi(t) = —dix;i(t) + Y aixi(t) + ) Baexi(t — Ty () )e % (t=Tik(D) i=1,...,n.
j=1,j#i k=1
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