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Abstract. Using purely elementary methods, necessary and sufficient conditions are
given for the existence of T-periodic and 2T-periodic solutions around the upper equi-
librium of the mathematical pendulum when the suspension point is vibrating verti-
cally with asymmetric high frequency. The equation of the motion is of the form

.. 1
G—T(g—ka(t))G:O,
where

a(t) L Ay, if kT <t <kT+ Ty,
T —A., ifkTHT, <t< (KT+T,)+T,,

Ay, Ae, Ty, T, are positive constants (T, + T, = T); g and [ denote the acceleration of
gravity and the length of the pendulum, respectively. An extended Oscillation Theorem
is given. The exact stability regions for the upper equilibrium are presented.
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1 Introduction

Since A. Stephenson discovered [21] that the upper (unstable) equilibrium of the mathematical
pendulum can be stabilized by vibrating of the point of suspension vertically with sufficiently
high frequency many papers (see, e.g., [2,4,8,15-17,20] and the references therein) have been
devoted to the description of this phenomenon (see also [1,5,19]). Investigating the small
oscillation around the upper equilibrium V. I. Arnold [1] and, later, M. Levi and W. Weckesser
[17] estimated the stability zones on the parameter plane. In [6] with Laszl6 Hatvani, we gave
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a more precise estimate for the stability regions than Levi and Weckesser. It is well known
[1] that the boundary curves of these zones correspond to the equations of motions having
T-periodic and 2T-periodic solutions, where T is the period of the vibration of the suspension
point. In the joint work [7] with Professor Laszl6 Hatvani, we gave necessary and sufficient
conditions for the parameters in the equation of motions so that the equation have periodic
solutions of 2T or 4T, in that case the suspension point of the pendulum moves vertically by a
symmetric effect. In the present article we investigate the equation of motion of the pendulum
when its suspension point moves under the influence of an asymmetric, T-periodic force and
give necessary and sufficient conditions for the parameters so that the equation of motion have
periodic solutions of T or 2T. Applying these conditions we can give an extended Oscillation
Theorem in the sense that setting special value for each independent parameter, this theorem
corresponds an oscillation theorem of the corresponding equation. The conditions define the
exact stability regions on the parameter space. The conditions and their proofs are based upon
purely elementary methods; we do not use even Floquet’s theory [1,5,19].

In Section 2 we set up the model describing the small oscillations of the excited pendulum
around the upper equilibrium. The model is a non-autonomous second order linear differ-
ential equation with a T-periodic step function coefficient. We reduce this equation to an
equivalent dynamical system on the plane. In Section 3 we construct periodic solutions of
period T and 2T to this equivalent system. In Section 4 we give an oscillation theorem and de-
duce stability conclusion, and present the stability regions on the parameter space introduced
in [6].

2 Technical background

It is well-known [1, 5,19] that motions of the mathematical pendulum are described by the
second order differential equation

1])+§simp:0 (—00 < ¢ < ), 2.1)

where the state variable ¢ denotes the angle between the rod of the pendulum and the di-
rection downward measured counter-clockwise; ¢ and | are positive constants. The lower
equilibrium position ¥y = 0 (mod 0) is stable, and the upper one ¢ = 7 (mod 27) is un-
stable. We want to stabilize the upper equilibrium position, so introducing the new angle
variable 8 = 1 — 7t and linearizing equation (2.1) we obtain the linear second order differen-
tial equation

which describes the small oscillations of the pendulum around the upper equilibrium position
6 =0 (mod 27).
Suppose that the suspension point is vibrating vertically with the T-periodic acceleration

a(t) :=

{Ah, if kT <t <kT+T, (k=0,1,...); 2.2)

—A,, HkTH+T,<t< (kT+Th) + T,

Ap, Ae, Ty, T, are positive constants (T, + T, = T). If p = p(t) and p denote the displacement
and the velocity in the vibration of the suspension point respectively, and p(0) =0, p(0) <0,
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Figure 2.1: Vertically excited inverted pendulum.

then it can be seen that the motion of the point is represented by the function

%Ah(t—kT)(t—kT—Th) KT < t < KT+ T,
plE) i= § At~ KT~ T;)? (k=01,...), (3
+%Ang(t KT-T)) AT+ Tyi<t<(k+DT,

(see Figure 2.1).
The maximum amplitudes of the vibration in the first and second phase within one period
Ty + T, = T are expressed by the formulae

1 1
Dh = gAhThzr D, = gAeTezl

and, presuming the natural condition that the velocity of the point of suspension is continu-
ous, the six parameters of the vibration satisfy the following two assumptions:

Ah Te Dh Th
=-° =1 2.4
A, T D. T. 24

Since the suspending rod is rigid, the acceleration of the vibration is continuously added to
the gravity, and the equation of motion of the pendulum is

6 — %(g +a(t))8 = 0. (2.5)

Every motion of (2.5) has two phases during every period, a hyperbolic and an elliptic one,
that are described by the equations

6—wid=0 (kT<t<kT+T,) (2.6)

and
6+w?0=0 (kT+T, <t<kT+T,+T,), 2.7)
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Figure 2.2: Hyperbolic and elliptic rotation.

where

[A [Ae —

denote the hyperbolic and the elliptic frequency of the pendulum, respectively.

A fruitful treatment can be found in [11]. Similar to that, we introduce two different phase
planes for the two different phases of the motions. Starting with the hyperbolic case, we
introduce the new phase variables

0
Xh == 9, yh — Jh/
in which (2.6) has the following symmetric form:
Xp=WpYn, Yo = WXy (2.8)

Using polar coordinates 1y, ¢, and the transformation rules
Xp =1 COS @y, Yp = rpsingy (rp, >0, —00 < @) < ),
(2.8) can be rewritten into the system
iy = rpwy sin 2@y, ¢ = wy cos 2y, (2.9)

The derivative of Hy(x,y) := x7 — y2 with respect to system (2.8) equals identically zero, i.e.,
H}, is a first integral of (2.8), so the trajectories of the system are hyperbolae; (2.9) describes
“hyperbolic rotations” (see Figure 2.2). We will need the solution of the second equation in
(2.9). This equation is separable, so we can write

" ¢nls) ds

=wpt, 0<t<Ty,
0 cos2¢y(s) “h == h

and so

on(t) de T

Let G(¢) := [ d¢/ cos2¢. Then

G(o) = —%ln ‘tan <g — go)

4
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whence 1
——Intan (E—qo) it —m/4<p<m/4,
G(g) == % 4 N (2.11)
—Elntan(go—z) if —3n/4< ¢ < —m/4

From (2.10) we obtain
Q)h(t) = G_l (cuht + G((Po)) .

Especially,
on(T, —0) = G Y (wy, Ty + G(g0)), (2.12)

where ¢ (T, — 0) denotes the left-hand side limit of ¢ at T. Now, we can give the solution of
the second equation of (2.9):

T arctan (e’Z“’httan (E — goo)) it —m/4<q@o<m/4,
en(t o) == f‘f 4 - (2.13)
1 + arctan (e’z“’httan ((po = Z)) if —3m/4<¢@o<—m/4.

Let us repeat the same procedure for the second phase of the period with the new phase
variables x, = 0, y, = 0/ w,. Then we get the systems

Xe = Wele, ye = —WeXe, (214)

Fe=0, (o= —we. (2.15)

Now H,(x,y) := x? +y?2 is a first integral, and the trajectories of (2.14) are circles around the
origin; (2.15) describes uniform “elliptic (ordinary) rotations”.

Equation (2.5) has a piecewise continuous coefficient, so we have to modify the standard
definition of a solution of a continuous second order differential equation. A function 6 :
R* — R is a solution of (2.5) if it is continuously differentiable on R, it is twice differentiable
on the set

§ = R"\ ({kT}renw U {KT — T }en),

and it satisfies equation (2.5) on the set S. Any solution 6 consists of solutions x,: [kT,kT +
Ty) — Rand x, : [kT+ Ty, (k+1)T) — R of (2.8) and (2.14) respectively (k € IN). To
guarantee the continuity of § on R we have to require the “connecting conditions”

xg(kT + Th) = t_>k:'lli-|r-r’}17_0 xh(t),
k+1)T) = i b
xp((k+1)T) t%(kflr;T—O %e(t) (2.16)
we]/e(kT+ Th) = talei—Ikr};—O wh]/h(f), .
wpyn((k+1)T) = t%(khff;Twaeye(t).

Geometrically this means that when we illustrate the hyperbolic and elliptic phases in a com-
mon coordinate system, then the ends of the continuous parts of dynamics there acts a linear
transformation on the phase point (a contraction or a dilation)

(x,y) — (x,dy) =: (x,7) (0 <d=const, d#1)

in the direction of y-axis. Namely, d = w,/we at t = T, + kT, and d = w,/wy at t =
(k+1)T, k € N.
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The steps of dynamics of the system can be described as follows. The phase point starts
from (xp, o) and moves along a hyperbola during the interval [0, T},). At the moment t = T,
a dilation or a contraction of measure wy,/w, happens parallel with y-axis. Then the phase
point turns clockwise around the origin by w,T,. Finally, a contraction/dilation of measure
we/ wy, happens. These four steps are repeated ad infinitum, see Figure 2.3.

Figure 2.3: The phase space of the inverted pendulum, if w;, > w.,.

Let us consider this system in polar coordinates. Denote by (rg, ¢r), and (rc, ¢c) =
(p(r, ¢;d),¢(¢@;d)) the image of the point (7, ¢) at the rotation of a clockwise angle « and the
contraction-dilatation, respectively. Then, obviously, rr(r, ¢) = 1, ¢r(r, ¢) = ¢ — a; further-
more,

p(r, g:d) = \/x2 + &2 = r\/1 4+ (& — 1)sin® 9 = f(g;d)r,

Flo,d) = \/1+(d2—1)sin ¢, (d>0,—co< g < o).

It is easy to see that tan¢(¢;d) = dy/x =dtan¢ (x #0, i.e.,, ¢ # 7/2 (mod 7)), so

arctan(d tan ¢) + [ﬁ] - if @ £ (2k+1)

7T

P(@;d) =

\:Hg\:l

® if p=(2k+1) (ke z),

2/

where [x] denotes the integer part of x € R.

The detailed description of properties of functions f and ¢ can be found in [10]. During
our calculations we will use from these properties that f is even and ¢ is odd, furthermore

¢(- +km;d) = ¢(d) +kr (k € Z); ¢ (p(;d);1/d) = ¢ (9 € R).
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3 The construction of periodic solutions

Let us start a trajectory t — (7(t), ¢(t)) from ro, @o at to = 0. For the first five notable points
of the trajectory we introduce the notations g := wy,/w,,

ro := r(0), @0 := ¢(0) (mod 27), —271 < @9 < 0;

r1 = T’(Th — 0), 91 = ¢(Th - 0);

roi=r(Ty) = fleug)r,  ¢2:=¢(Ty) =P (91;9); 3.1)
r3:=1r(T—0)(=r2), @3 := (T —0);

ry :=71(T) = f(o31/q)rs,  ¢s:=@(T) = $p(93;1/9).

If g > 1 then the first jump is a dilation and the next one is a contraction, and so on, however,
in the case g < 1 the first impulsive step is a contraction and the next one is a dilation and so
on. If g = 1 then w, = w, and so A, = Aj + 2g. In this case the phase point does not make
jump: from a hyperbola passes to a circle around the origin, see Figure 3.1.

y

Figure 3.1: The trajectory if g = 1.

Since systems of (2.6) and (2.7) are linear, it is obvious that if t — (x(t),y(t)) is a solution
of a system then t — (—x(t), —y(t)) is also a solution. So, it is sufficient to consider the half
plane of the right-hand side, namely, when —7/2 < ¢o < 71/2.

Definition 3.1. A solution of the equation (2.5) is called T-periodic if the corresponding tra-
jectory t — (r(t), ¢(t)) satisfies that

rg=ro, @s=¢p (mod 27m).

Definition 3.2. A solution of the equation (2.5) is called 2T-periodic but not T-periodic if the
corresponding trajectory t — (r(t), ¢(t)) satisfies that

Ty = 10, @1 = @o—m (mod 2m).

Using (3.1) and the Definition 3.1, it can be seen that if a solution is T-periodic, then

r3 = f(@s;9)ra = f(9o;9)r0-
From equations (2.9) we obtain that every hyperbola satisfies some differential equation
T n
2 7

g:rtaan) ( 1 >

7T
To <p<gtm me{—1,o,1}). (3.2)
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(3.2) is separable, so integrating it we have

r || cos2go| T T - -
ro \ |cos2¢] ( 4+m2<q0o,q0<4+m2,mg{ 11011})- (3.3)

If the solution is T-periodic and r3 = r,, from (3.1), we have

n _ [lcos2¢o| _ f(poiq) _ |1+ (g% —1)sin® g (3.4)
10 |cos2¢1|  f(91;9) 1+ (g2 —1)sin® 1 '
By the use of the function (see Figure 3.2)
cos 2
W(g) = — 10829l (3.5)

1+ (g2 —1)sin g

(3.4) can be expressed by h(¢g) = h(¢1).

y

—m/4

Figure 3.2: The graph of function i; g > 1.

An elementary calculation shows that for every g function / is strictly increasing on the
closed interval [r/4 + mm/2,71/2 + mrt/2], and strictly decreasing on [mm/2, 7t/4 + mr/2]
(m € Z).

If po € [0,71/4] or ¢y € [1t/4,71/2], then ¢; must be found in the same interval. Since h
is strictly monotonous in these intervals, h(¢@o) = h(¢1) cannot be satisfied. So, a T-periodic
solution cannot start from such a ¢y.

Function / is even and periodic of period 7, so if g € (—7/4,0) or ¢y € (—7/2,—7/4)
then there exists exactly one ¢; € (0,71/4) or ¢1 € (=37/4, —7t/2) for which h(@o) = h(¢1).

Since equation (2.5) is linear, so a solution f — (r(t), ¢(t)) is 2T-periodic but not T-periodic
if and only if (T) = r(0), ¢(T) = ¢(0) — 7t (mod 27). Therefore, the phase point in a 2T-
periodic solutions case can start from same state as in the T-periodic cases.

After these comments we give two lemmas without the proofs about the behaviour of the
trajectories in the cases of T- and 2T-periodic solutions. The exact proofs can be found in [7].

Lemma 3.3. Let ¢g € [—7t/2,7/2). Then t — (r(t), ¢(t)) is a trajectory of a T-periodic solution of
(2.5) if and only if either
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(a) —m/4 < @o < 0 and there is a non-negative integer k such that
P1="%0 (3.6)
@3 = —¢2 — 2k,
or
—711/2 < @y < —7t/4 and there is a non-negative integer k such that
b / @ /4 and there i qative integer k such th
Pr="¢o—7n (3.7)
pz3=—¢o—m—2(k+1)m.

Lemma 3.4. Let @9 € [—m/2,7w/2). Then t — (r(t), ¢(t)) is the trajectory of such a 2T-periodic
solution of (2.5) which is not T-periodic if and only if either

(a) —mt/4 < @o < 0and there is a non-negative integer k such that

L= (3.8)
@3 = —¢y — 1w — 2k, '

or

(b) —m/2 < @o < —m/4 and there is a non-negative integer k such that

=T (39)
P3 = —@2 — 2 — 2k7t.

The Figure 3.3 and 3.4 shows an example for the trajectories on the phase plane which trajec-
tories correspond to the T- and 2T-periodic solutions, respectively.

y

0,4

AT\

Figure 3.3: Trajectories corresponding to a T-periodic solution.

Now, we can formulate two theorems which yield necessary and sufficient conditions for the
existence of T-periodic and 2T-periodic solutions of (2.5).
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Theorem 3.5. Suppose that q # 1. Then there is a solution of (2.5) of period T if and only if there are
positive constants Ay, A, and Ty, T, in (2.2) and a non-negative integer k such that either

ethh — 1
2 arctan <q ethh—|—1> + 2kt = weTg, (310)
or
ewnTh 11
2 arctan (q Ethh—1> + (2k + 1)7'[ = weTe- (311)

\2

0,8

i
y

Figure 3.4: Trajectories corresponding to a 2T-periodic solution.

\
/ X

Theorem 3.6. Suppose that q # 1. Then there is a 2T-periodic solution of (2.5) which is not T-periodic
if and only if there are positive constants Ay, A, and Ty, T, in (2.2) and a non-negative integer k such
that either

e“nTn — 1
2 arctan (q e“’hTh—i-1> + (2k+ 1)1 = w,Te, (3.12)
or ot 1
2 arctan <q Ty > + 2kt = w,T,. (3.13)
Remark 3.7.

1. If g = 1, the corresponding formulae can be obtained from (3.10)-(3.13) by an obvious
modification: wy, = w, = w.

2. We prove only Theorem 3.5. The proof of Theorem 3.6 can be given by similar calcula-
tions.

Proof. Necessity. We suppose that 0 is a T-periodic solution of equation (2.5), furthermore, case
(a) of Lemma 3.3 is satisfied. Using notations (3.1) and the second equation of (2.15) we obtain

¢3 — @2 = —weT. (3.14)

We eliminate ¢, and ¢3 in (3.14) in terms of ¢. Since ¢2 = ¢(@1;9) = ¢(—@0;9), 93 = (@1, 9);
furthermore, ¢3 = —¢@, — 2kt and so by the periodicity @3 = ¢(¢o;q) — 2kt we can write
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¢3 — @2 = ¢(@0;9) — 2kt — ¢(—¢@o;q) = —w,T,. Using the parity of ¢, (3.14) can be rewritten
as

2¢(¢o;q) — 2kt = —w,T,. (3.15)
Using (2.12) and (2.13) we obtain
@o = arctan Z_::YT;: = arctan 1;_2::;:. (3.16)
Substituting (3.16) into (3.15) we get
1 — ewrTn
2 arctan (ql—i—e‘*’hTh> — 2kt = —weT,. (3.17)

Multiplying (3.17) by (—1) we obtain (3.10).
Now, let us suppose that case (b) of Lemma 3.3 is satisfied. Similar calculations lead to the
equations:

2¢(po;q) + = 2(k+ 1)1 = —w, T, (3.18)
and o .
e “nih +1 1+ e“ntn

@o = arctan e T arctan Ty (3.19)

which yield (3.11).
Sufficiency. Suppose that (3.10) is satisfied. If

1 — eWhn Ty
Qo = arctan m (320)
then the solution of (2.5) is T-periodic. Indeed. From (3.20) we get e“nTh = i;::ﬁ gg; further-

more, using also (2.13) we can write
T _l+tangy T
tan <4 (pl) =1 —tan 90 = tan <4 +q00>.
Since @9 € (—7/4,0) we obtain ¢; = —¢@o. We show that the second equality in (3.6) is also
satisfied. In fact, from (2.9) and (3.10) we obtain

e%h T, _ 1

2 arctan <q m

> + 2kt = — (@3 — ¢2). (3.21)
From (3.1) and (3.20) we can write

P2 = ¢(91;9) = ¢(—@o;9) = — arctan(q tan ¢o)

1 — ewnTh ewrnTn — 1
) = arctan (q )

= — arctan (qil ooy et 1

Therefore, (3.21) can be rewritten into the form:

292 + 2kt = — @3 + @2,
ie.,

@3 = —q@o2 — 2k

So we have proved that (3.6) is satisfied. Lemma 3.3 guaranties that the solution is T-periodic.
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If (3.11) is satisfied, then we define

e“nTn 41 T T
@ := — arctan ( - )

ewnTn — 1 2’ 4

Repeating step by step the previous reasoning we get that (3.7) is satisfied, and the solution
with this ¢ is T-periodic. ]

Parameters wy, we, Ty, Te, namely Ay, Ae, Ty, T, in (3.10)—(3.13) are not independent, see
(2.4). Let introduce the new, independent parameters:

e — /D _ |8
d:.= A, g:= K U= A (3.22)

Note that d = 1 characterizes the symmetrically excited pendulum case [7]. Using (3.22) the
equations of Theorem 3.5 and 3.6 can be rewritten into the next form.

Corollary 3.8. There is a solution of (2.5) of period T if and only if there are positive constants d, e, u
and a non-negative integer k such that either

1 1+d2 2 2\[£dw/1+d2
2 arct —1/ 2k = 2V 2e4/1 — 112, 3.23
arcan(d 1= ersd\/H7+1 + 2k7T V2e H ( )
1+d2 2 Z\fsd\/lerZ +1 .
2arctan (d” NN T + (2k + 1)m = 2v/2e4/1 — p2. (3.24)

Corollary 3.9. There is a 2T-periodic solution of (2.5) which is not T-periodic if and only if there are
positive constants d, e, u and a non-negative integer k such that either

1 1 +d2 2 2f8d\/1+d2
2 arct — 2k +1)mr = 2v2e4/1 — 12, 3.25
arctan | 4/ =— ez\fgd\/”TJrl + (2k+ 1) =2V2ey/1—p (3.25)
1 1+d2 2 Zfsd\/l—l-dz +1
2 arct - 2kt = 2v2e4/1 — 12 3.26
arctan d“ T ezfed P + 2kt \/14/ u ( )

4 An oscillation theorem and its consequences

or

or

Equation (2.5) is a special type of Hill’s equation. One of main results about Hill’s equation
is the Oscillation Theorem [18]. The previous corollaries lead us to an oscillation theorem for
(2.5) which, using the parameters ¢, 4 and d we can formulate as follows.

Theorem 4.1. For every d > 0 and for every 0 < u < 1 there exist sequences of functions
{en(p, d) Yy, {€n(p, d)}5 such that (2.5) with € = €, (respectively, e = &,) has T-periodic (respec-
tively, 2T-periodic) solutions. In addition,

0<e1 <8 < << <& <Epy1 <epy1 < égpgo < -+

lim &, = oo, lim &, = oo.
n—oo n—oo
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Proof. Let us introduce the functions

1 1 _|_ d2 2 Z\fsd\/l—o—dz;tz
F(e, pt,d) := 2 arctan g 2\[801\/”? O + 2k,
. 1 1+d2 2 p2V2ed/14+d%2 4 q
Gk(el I’l/ d) := 2arctan H 1— ez\fgd\/H_T
_ 1 1+d2 2 p2v/2ed/1+d2y? (4.1)
Fi(e, i, d) := 2arctan 71 / zfsd\/HT " + 7T+ 2km,

1 1+d2 2 2\/7£d\/1+d2 +1
Gi(g, p,d) := 2arctan (d” RN Ny + 7T+ 2k,

H(e p) := 2\@8\/1—}12, k € N.

Let us consider d > 0 as parameter in formulae (4.1), then, we can visualize the graphs of
these functions, see Figure 4.2. Since

0F/0e >0, 0F/de >0, 0G;/de <0, 9G;/de<0 (ke N)

and
0°F/0e* <0, 0°F/0e® <0, 9*Gi/0e®> >0, 0°Gr/0e? >0 (ke N),

so the intersection curve of surface z = Fi(e, i) (z = Fi(e, 1)) and the plane u = const.
is increasing and concave, and intersection curve of surface z = Gi(e, u) (z = Gi(g, u)) is
decreasing and convex; furthermore, intersection of z = H(e, u) and p = const. is a straight
line, see Figure 4.1. From these it is easy to see that for every fixed k and every fixed u the
equations F, = H, Gy = H,E. = H, G = H each have exactly one solution:

Sk_;’_l < §k+1 < ék+2 < €k+2 (k S N),

provided that positive parameter d is fixed. According to the Implicit Function Theorem we

L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1
. €
) €y €n 3.0

Figure 4.1: Intersection of surfaces; k = 0.

can write: eg11 = ex1(i;d), Exr = Ex1 (5 d), Exin = Exia(p;d), €x42 = €xi2(p; d). Moreover,
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the Implicit Function Theorem shows also that for every k € IN and every d > 0, de/ou > 0,
namely functions &;(y;d) and &(y; d) are increasing. O

Figure 4.2: Conditions (3.23)—(3.26), when k = 0,d =0, 7.

Note that Theorem 4.1 for each d and for each p corresponds to an oscillation theorem of
a corresponding Hill’s equation.

For the linear equation (2.5) we use the stability notations accepted in [1]. Equation (2.5)
is strongly stable if it is stable in the sense of Lyapunov together with all of its sufficiently
small perturbation, i.e., there exists an 6 > 0 such that 60— ((g+a(t))/1)0 = 0 is stable if
(A — Ap)?+ (Ao — A)?> + (Ty — Ty,)? < 6%, where the step function @ belongs to Ay, A,, T, in
the sense of the definition (2.2), provided that T, = T — Tj, and the first equality in (2.4) is
satisfied for the parameters with". The set in the ¢ — y — d-space consisting of all the points
corresponding to the strongly stable equations is called the stability region of (2.5).

Figure 4.3: A part of stability region, k = 0.
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Figure 4.4: The approximating (cave-like part inside the solid) and the exact
stability region (the whole solid).

Floquet Theory [1] says the stability region and the instability region are separated by
surfaces whose points correspond to the equations of form (2.5) having T- or 2T-periodic
solutions. So, drawing the solution sets of equations (3.23)—(3.26) in the ¢ — yu — d-space, we
get the boundary surfaces of the stability region, see Figure 4.3. In [6], using a different
method, with Laszl6 Hatvani we gave an approximation for the stability region. Figure 4.4
shows the earlier approximating and the exact stability region.

As we can see, now we have much more chance to stabilize the upper equilibrium of the
pendulum than in the earlier approximated case, however, as ¢ — co our chance is less and
less, because the stability region becomes thin.

4.1 Numerical simulations

Using the stability map we can prepare some computer simulations which demonstrate our
previous results. The computer solved the system x = vy, y = wx, where ¢ =981, | =2;
so now we use the “physical” phase plane. Due to Figure 4.3, we can choose the following
parameter values: ¢ = 02, y = 0.2, d = 1.05 and thus we obtain A, = 24525, A, =
222.448, Ty, = 0.056, T = 0.1. From (3.16) we get for the initial values: xo = 1.918, yo = —0.562.
The calculations were carried out in different long time intervals, and so we can present the

next figures.

Figure 4.5 illustrates the first 10 periods, we can not deduce any conclusion from behaviour
of this trajectory.

When the simulation runs on a longer interval than [0, 1], see Figure 4.6, we can see that
the phase point goes to the half-plane x < 0, namely, the origin may be stable.
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<Y

Figure 4.6: Phase curve, when t € [0,2].

Following the movement of the phase point during a relatively long time: t € [0,10]
(respectively, t € [0,20]) we can see that the solution of the equation of motion is bounded,
see Figure 4.7 (respectively, Figure 4.8).

As we can see, the simulations suggest that the upper equilibrium is stable.
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Figure 4.8: Phase curve, when t € [0,20].
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