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Abstract. The aim of this paper is to investigate theoretically the magneto-
thermomechanical interaction between a heated viscous incompressible ferrofluid and
a cold wall in the presence of a spatially varying field. Similarity transformation is
used to convert the governing non-linear boundary-layer equations into coupled non-
linear ordinary differential equations. These equations are numerically solved using a
discretization scheme using higher derivative method (HDM). The effects of governing
parameters corresponding to various physical conditions are analyzed. Numerical re-
sults are obtained for distributions of velocity and temperature, the dimensionless wall
skin friction and heat-transfer coefficients. The results indicate that two solution exists
in some cases. A comparison with previous studies available in the literature has been
done and we found an excellent agreement with it.
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1 Introduction

There is a necessity to develop novel types of fluids for technological, biomedical and aero-
space areas. Magnetic nanofluids are important functional fluids. Magnetic fluids, also called
ferrofluids, are stable colloidal suspensions of non-magnetic carrier liquid, typically water,
ethylene glycol, glycerol or oil, containing very fine magnetized particles, for example mag-
netite, with diameters of order 5–15 nm [22].

One of the most important features of ferrofluids is the ability to change their physical
properties by means of magnetic fields. In recent years, this capability makes ferrofluids very
useful in the fields of engineering and fundamental research. Such suspensions behave like a
normal fluid and act as a ferromagnetic material.

Ferrofluid has the merits of nanoparticles in improving the thermal properties of the fluid.
The addition of nanoparticles to the carrier fluid improves the transport properties of the fluid
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for example the thermal conductivity and leads to heat transfer enhancement. The velocity
and temperature distribution can be altered by applying an external magnetic field. This
thermo-magnetic coupling makes ferrofluids useful in various practical applications in indus-
trial engineering and technological applications. Such type of applications includes electrical
instruments, heat exchanger, vehicle cooling, cooling of electronic devices and vehicle thermal
management. Among the engineering applications of ferrofluids are those taking the advan-
tage of the application of an external force into the fluid, mainly filtering, percolation, sealing,
separation, ink-jet printing and heat transfer [3,8]. Magnetic fluids have also been used in the
lubrication of bearings as they have some advantages over conventional lubrication. Several
authors have theoretically investigated the characteristics of various bearing configurations
using ferrofluid lubricants [24, 26].

When magnetizable materials are subjected to an external magnetizing field H, the mag-
netic dipoles or line currents in the material will align and create a magnetization M.

In the magnetohydrodynamic theory, the Lorentz force can be non-zero even with the
application of a uniform magnetic field. the problem of MHD flow over infinite surfaces has
become more important due to the possibility of applications in areas like nuclear fusion,
chemical engineering, medicine, and high-speed, noiseless printing. Problem of MHD flow
in the vicinity of infinite plate has been studied intensively by a number of investigators (see,
e.g., [1,6,7,10,11,13,14,25] and the references therein). The hydrodynamic flow of MHD fluids
was studied when the applied transverse magnetic field is assumed to be uniform.

In recent years various theoretical models have been put forward to study the contin-
uum description of ferrofluid flow. Most of the analytical studies concerning the motion of
ferrofluids are based on the formulation given by either Neuringer and Rosensweig [20] or
Shliomis [23]. Neuringer and Rosensweig developed a model, where the effect of magnetic
body force was considered under the assumption that the magnetization vector M is parallel
to the magnetic field vector H.

Andersson and Valnes [5] extended the so-called Crane’s problem by studying the influ-
ence of the magnetic field, due to a magnetic dipole, on a shear driven motion, on a flow over
a stretching sheet of a viscous non-conducting ferrofluid. The fluid flow was formulated as a
system five partial differential equations and the influence of the magneto-thermomechanical
coupling was explored numerically. It was shown that the effect of the magnetic field was to
decelerate the fluid motion as compared to the hydrodynamic case. In [2] it was concluded
that the presence of heat source (or sink) controls the effect of the magneto-thermomechanical
interaction, which decelerates the flow along the stretching sheet thereby influence on the
heat transfer rate. Zeeshan et al. [28] investigated the effects of magnetic dipole and thermal
radiation on the flow of ferromagnetic fluid on a stretching sheet.

Neuringer [21] has examined numerically the dynamic response of ferrofluids to the appli-
cation of non-uniform magnetic fields with studying the effect of magnetic field on two cases,
the two-dimensional stagnation point flow of a heated ferrofluid against a cold wall and the
two-dimensional parallel flow of a heated ferrofluid along a wall with linearly decreasing
surface temperature.

The aim of this paper is understanding the static behavior of ferrofluids in magnetic fields.
Similarity transformation is applied on the governing equations to transform partial differen-
tial equations to nonlinear ordinary differential equations. A numerical solution is obtained.
Wall shear stress, heat transfer, velocity and temperature boundary layer profiles are obtained
and compared with the results obtained in [21]. The behavior of the velocity and thermal
distribution is investigated. It will be shown that in some cases two different solutions exist.
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Figure 2.1: Parallel flow along a cold flat sheet in the presence of magnetic field
due two line currents.

The effects of the parameters involved in the boundary value problem will be graphically
illustrated.

2 Mathematical formulation

Consider a steady two-dimensional flow of an incompressible, viscous and electrically non-
conducting ferromagnetic fluid over a flat sheet in the horizontal direction shown in Figure 2.1.
The field is due to two line currents perpendicular to and directed out of the flow plane and
equidistant a from the leading edge. The wall temperature is a decreasing temperature and is
given by Tw = Tc[1− Axm+1], where A and m are real constants.

Introducing the magnetic scalar potential φ whose negative gradient equals the applied
magnetic field, i.e. H =−∇φ, the scalar potential can be given by

φ(x, y) = − I0

2π

(
tan−1 y + a

x
+ tan−1 y− a

x

)
,

where I0 denotes the dipole moment per unit length and a is the distance of the line current
from the leading edge. Then, the corresponding field components are given by

Hx = −∂φ

∂x
= − I0

2π

[
y + a

x2 + (y + a)2 +
y− a

x2 + (y− a)2

]
,

Hy = −∂φ

∂y
= − I0

2π

[
x

x2 + (y + a)2 +
x

x2 + (y− a)2

]
.

Moreover, the second derivatives are

∂2φ

∂x2 = −∂2φ

∂y2 = − I0

2π

 2x (y + a)[
x2 + (y + a)2

]2 +
2x (y− a)[

x2 + (y− a)2
]2


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and

∂2φ

∂x ∂y
= − I0

2π

 (y + a)2 − x2[
x2 + (y + a)2

]2 +
(y− a)2 − x2[
x2 + (y− a)2

]2

 .

In ferrohydrodynamic interactions, the existence of spatially varying fields is required [20].
The following assumptions will be made:

(i) the direction of magnetization of a fluid element is always in the direction of the local
magnetic field,

(ii) the fluid is electrically non-conducting and

(iii) the displacement current is negligible.

Then the dynamic response of ferrofluids to the application of non-uniform magnetic fields
follows from the fact that the force per unit volume on a piece of magnetized material of
magnetization M (i.e. dipole moment per unit volume) in the field of magnetic intensity H is
given by the form µ0M∇H, where

H =

√(
∂φ

∂x

)2

+

(
∂φ

∂y

)2

,

µ0 denotes the free space permeability and M represents the magnitude of M. Applying the
scalar potential φ, ∇H is calculated as follows

∇H =
(
[∇H]x , [∇H]y

)
=

 ∂φ
∂x

∂2φ
∂x2 +

∂φ
∂y

∂2φ
∂x ∂y√(

∂φ
∂x

)2
+
(

∂φ
∂y

)2
,

∂φ
∂x

∂2φ
∂x ∂y +

∂φ
∂y

∂2φ
∂y2√(

∂φ
∂x

)2
+
(

∂φ
∂y

)2

 .

Since (∂φ/∂x)y=0 = 0 and
(
∂2φ/∂y2)

y=0 = 0 at the wall, then [∇H]y vanishes.
In the boundary layer for regions close to the wall when distances from the leading edge

large compared to the distances of the line sources from the plate, i.e. x � a, then one gets

[∇H]x = − I0

π

1
x2 .

The boundary layer equations for a two-dimensional and incompressible flow are based
on expressing the conservation of mass, continuity, momentum and energy. The analysis is
based on the following four assumptions [21]:

(i) the applied field is of sufficient strength to saturate the ferrofluid everywhere inside the
boundary layer,

(ii) within the temperature extremes experienced by the fluid, the variation of magnetization
with temperature can be approximated by a linear equation of state, the dependence of
M on the temperature T is described by M = K(Tc − T), where K is the pyromagnetic
coefficient and Tc denotes the Curie temperature as proposed in [4, 21],

(iii) the induced field resulting from the induced magnetization compared to the applied
field is neglected; hence, the uncoupling of the ferrohydrodynamic equations from the
electromagnetic equations and
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(iv) in the temperature range to be considered, the thermal heat capacity c (1.6–2.2 J/g K),
the thermal conductivity k (1–1.6 W/m K), and the coefficient of viscosity ν (5–5000·10−6

m2/s) are independent of temperature.

Then, the governing equations are described as follows

∂u
∂x

+
∂v
∂y

= 0, (2.1)

u
∂u
∂x

+ v
∂u
∂y

= − Ioµ0K
πρ

(Tc − T)
1
x2 + ν

∂2u
∂y2 , (2.2)

c
[

u
∂T
∂x

+ v
∂T
∂y

]
= k

∂2T
∂y2 , (2.3)

where the x and y axes are taken parallel and perpendicular to the plate, u and v are the
parallel and normal velocity components to the plate, respectively, ν is the kinematic viscosity
and ρ denotes the density of the ambient a fluid, which will be assumed constant. Equations
(2.1)–(2.3) are considered under the boundary conditions at the surface (y = 0)

u(x, 0) = 0, v(x, 0) = 0, T(x, 0) = Tw, (2.4)

with Tw = Tc − Axm+1 and

u(x, y)→ u∞, T(x, y)→ T∞ (2.5)

as y leaves the boundary layer (y → ∞) with T∞ = Tc, and u∞ is the exterior streaming
speed which is assumed throughout the paper to be u∞ = U∞xm (U∞ = const.). Parameter
m is relating to the power law exponent. The parameter m = 0 refers to a linear temperature
profile and constant exterior streaming speed. In case of m = 1, the temperature profile
is quadratic and the streaming speed is linear. The value of m = −1 corresponds to no
temperature variation on the surface.

Introducing the stream function ψ, defined by u = ∂yψ and v = −∂xψ, problem (2.1)–(2.3)
can be formulated as

∂yψ ∂yxψ− ∂xψ ∂yyψ = ν ∂yyyψ− I0µ0K
πρ

(Tc − T) , (2.6)

c
[
∂yψ ∂xT − ∂xψ ∂yT

]
= k ∂yyT. (2.7)

Boundary conditions (2.4) and (2.5) are transformed to

∂yψ(x, 0) = 0, ∂xψ(x, 0) = 0, T(x, 0) = Tc − Axm+1, (2.8)

∂yψ(x, y)→ U∞xm, T(x, y) = Tc as y→ ∞. (2.9)

Now, we have two single unknown functions and two partial differential equations. The
structure of (2.6)–(2.9) allows us to look for similarity solutions of a class of solutions ψ and T
in the form (see [9])

ψ(x, y) = C1xb f (η), T = Tc + Axm+1Θ (η) , η = C2xdy, (2.10)

where b and d satisfy the scaling relation

b + d = m
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and for positive coefficients C1 and C2 the relation

C1

C2
= ν

must be fulfilled. The real numbers b, d are such that b− d = 1 and C1C2 = U∞, i.e.

b =
m + 1

2
, d =

m− 1
2

, C1 =
√

νU∞, C21 =

√
U∞

ν
.

By taking into account (2.10), equations (2.6) and (2.7) and conditions (2.8) and (2.9) lead
to the following system of coupled ordinary differential equations

f ′′′ −m f ′2 +
m + 1

2
f f ′ − β Θ = 0, (2.11)

Θ′′ + (m + 1) Pr
(

1
2

f Θ′ −Θ f ′
)
= 0 (2.12)

subjected to the boundary conditions

f (0) = 0, f ′(0) = 0, Θ(0) = 1, (2.13)

f ′(η) = 1, Θ(η) = 0 as η → ∞, (2.14)

where Pr = cν/k is the Prandtl number and β = I0µ0KA/(πρU2
∞).

The components of the non-dimensional velocity v = (u, v, 0) can be expressed by

u = U∞ xm f ′ (η) ,

v = −
√

νU∞ x(m−1)/2
(

m + 1
2

f (η) +
m− 1

2
f ′ (η) η

)
.

The shear stress and the heat transfer at the wall are derived

τy=0 = νρ

(
∂u
∂y

)
y=0

= ρU∞
√

νU∞ x
3m−1

2 f ′′(0),

−k
(

∂T
∂y

)
y=0

= −kA

√
U∞

ν
x

3m+1
2 Θ′(0),

where f ′′(0) denotes the skin friction coefficient and Θ′(0) stands for the heat transfer coeffi-
cient.

According to our knowledge, the coupled boundary-layer equations for the case when
m = 0 were first examined by Neuringer [21]. If m = 0 and β = 0, equation (2.11) is equivalent
to the famous Blasius equation

f ′′′ +
1
2

f f ′ = 0, (2.15)

which appears when studying a laminar boundary-layer problem for Newtonian fluids [12,
14].

In the mathematical study of a model describing the dynamics of heat transfer in an incom-
pressible magnetic fluid under the action of an applied magnetic field, the fluid is assumed
nonelectrically conducting and the obtained solutions are valid only for distances greater
than a.
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3 Results and discussion

There are several methods for the numerical solution of boundary value problems of similar
type of coupled strongly nonlinear differential equations as (2.11)–(2.12). In [12], the authors
applied the successive linearization method to solve the boundary value problem, where the
unknown functions are obtained by iteratively solving the linearized version of the governing
equation. Using a selection of initial guesses and auxiliary linear operators is quite essential to
find the homotopic solutions for flow analysis [18]. Tzirtzilakis et al. [27] obtained numerical
results by a numerical technique based on the common finite difference method. Zeeshan et
al. [28] and Abraham et al. [2] solved the highly non-linear differential equation subjected to
boundary conditions by shooting method when the higher-order ordinary differential equa-
tions are converted into the set of first-order simultaneous equations, which can be integrated
as an initial value problem using the well known Runge–Kutta Fehlberg fourth-order scheme.
The initial guesses for the unknown functions were adjusted iteratively by Newton–Raphson’s
method.

In this paper, the coupled ordinary differential equations (2.11)–(2.12) are solved numeri-
cally with boundary conditions using higher derivative method (HDM) with A-stability prop-
erty. The algorithm of HDM is implemented in Maple by Chen et al. [16]. After the implemen-
tation, the algorithm is shared as an open access Maple code. Their implementation is able
to determine efficient solution to boundary value problems, which are described by ordinary
differential equations.

Although, there are numerous numeric solving program, this code plays a very impor-
tant role in the numerical analysis of boundary value problems because it can be possible
to realize increasing accuracy while ensuring stability by using higher derivatives [17]. In
the manuscript [16], a detailed description and several examples are given that prove its
widespread applicability. It is necessary to note that this source code works from Maple 8
up to the latest version.

The discretization of boundary value problems based on HDM scheme. The concept of
HDM scheme originates from the stability function of A-stable implicit Runge–Kutta meth-
ods, for example, Gauss–Legendre methods and Lobatto IIIA methods. It operates nth order
derivative to receive 2n order of accuracy at each node point. The implemented method
contains two routines that can be called by the user: (1) Procedure HDM (2) Procedure HD-
Madapt. The HDM procedure returns the solutions based on a given mesh and order, while
HDMadapt procedure returns the solutions with automatically adjusted mesh and order [16].
It is experienced that most of the test runs quickly, in a few seconds, i.e., the calculation time
is short.

A discretization scheme using higher derivative method (HDM) suggested by Chen et al.
[16] is applied for the solution of the boundary value problem (2.11)–(2.14). The setting of
digits in our case is digits = 15. The boundary value problem is considered as a system of first
order ordinary differential equations:

diff(y1(x), x) = y2(x),

diff(y2(x), x) = y3(x),

diff(y3(x), x) = m ∗ y2(x) ∗ y2(x)− (m + 1)/2 ∗ y1(x) ∗ y3(x) + β ∗ y4(x),

diff(y4(x), x) = y5(x),

diff(y5(x), x) = −Pr ∗((m + 1)/2 ∗ y1(x) ∗ y5(x)− (m + 1) ∗ y4(x) ∗ y2(x)),

where y1(x) = f (η) and y4(x) = Θ(η).
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The left and right boundary conditions are defined by bc1 and bc2, respectively

bc1 := evalf([y1(x), y2(x), y3(x)− B, y4(x)− 1, y5(x)− C]),

bc2 := evalf([y2(x)− 1, y4(x)]),

where B and C are unknown parameters. It is necessary to give the range (bc1 to bc2) of the
boundary value problem (Range := [0., ηmax]). We have three parameters, m, β and Pr (e.g.,
pars := [m = 0.0, b = 0.0, Pr = 10.0]), and two unknown B and C (unknownpars := [B, C]).
The next step is to define the initial derivative in nder and the number of the nodes in nele
(nder := 3; nele := 5;). Next settings of the absolute and relative tolerance for the local error
are (atol := 1e− 6; rtol := atol /100;). The HDM adapt procedure is applied to determine the
approximate numeric solution. The simulation gives the value of unknown parameters B and
C, and then we get the figure of all solution functions (from y1 to y5).

During our investigations, the velocity and temperature changes in the boundary layer are
examined and the effects of the parameters on the solution are illustrated in the figures.

Studies conducted by Neuringer [21] on the ferrofluid flow indicated that the decrease
of the f ′′(0) and Θ′(0) with increasing β is slightly non-linear. Our numerical solutions for
the same parameters β, Pr = 10 and m = 0 as obtained in [21] are presented in Table 3.1
applying the same length for ηmax = 6. The Prandtl number Pr = 10 is fixed as a typical
value of kerosine based ferrofluid. The comparison of the values of the dimensionless wall
skin friction and heat-transfer coefficients, f ′′(0) and Θ′(0), shows good agreement. The
effect of parameter β on the nondimensional velocity and thermal distribution is exhibited on
Figs. 3.1–3.2.

f ′′(0) Θ′(0)
β [21] present [21] present

0.00 0.3020 0.332566 −1.1756 −1.176316
0.05 0.3058 0.305901 −1.1557 −1.155898
0.10 0.2782 0.278368 −1.1338 −1.134037
0.15 0.2497 0.249826 −1.1102 −1.110458
0.20 0.2199 0.220084 −1.0845 −1.084788
0.25 0.1887 0.188882 −1.0561 −1.056504
0.30 0.1556 0.155840 −1.0244 −1.024832
0.35 0.1201 0.120373 −0.9881 −0.988552
0.40 0.0811 0.081472 −0.9449 −0.945512

Table 3.1: f ′′(0) and Θ′(0).

Unlike initial value problems, where a unique solution can be guaranteed with initial con-
ditions of differential variables, boundary value problems sometimes have the situation that
either no solution or multiple solutions exist even for the simple set of differential equations
(see [15] and [19]). Applying the HDM method on different length of intervals ηmax introduces
the existence of two solutions: an upper and a lower solution for f ′ and also two correspond-
ing solutions for the nondimensional temperature profile. Table 3.2 lists the values of the
dimensionless wall skin friction and heat-transfer coefficients, f ′′(0) and Θ′(0) respectively,
depending on the parameter β. It is also indicated that the corresponding length of interval is
different for different values of β.
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type I. type II.
β f ′′(0) Θ′(0) ηmax f ′′(0) Θ′(0) ηmax

0.05 0.305507 −1.155421 6.5 −0.148283 2.981088 6.6
0.10 0.277750 −1.133269 8.0 −0.162851 1.301214 8.1
0.15 0.249132 −1.109570 8.1 −0.178707 0.770688 8.3
0.20 0.219295 −1.083745 8.3 −0.190675 0.467910 8.4
0.25 0.187974 −1.055260 8.0 −0.199114 0.257365 8.2
0.30 0.154770 −1.023305 8.0 −0.203945 0.091868 8.2
0.35 0.120373 −0.988552 6.0 −0.207633 −0.033516 6.5
0.40 0.081472 −0.945512 6.0 −0.203722 −0.165718 6.5
0.45 0.035499 −0.888527 6.5 −0.191647 −0.301338 6.9
0.50 −0.021471 −0.807126 6.5 −0.1681002 −0.445667 6.8

Table 3.2: Two types of solutions obtained by HDM Maple.

The ferromagnetic parameter β highlights the effect of the external magnetic field. The
dimensionless velocity decreases with an increasing ferromagnetic parameter (see Figure 3.1).
Figure 3.2 shows that increasing the value of β will lead to increase in the temperature of
the fluid in the boundary layer region. We note that the thermal boundary-layer thickness is
smaller than the corresponding velocity boundary-layer thickness.

Figure 3.1: The effect of β for the nondimensional velocity distribution for m = 0
and Pr = 10.

Figures 3.3–3.4 exhibit the upper and lower solutions for dimensionless velocities f ′ and
the temperature θ as a function of η for the values m = 0, Pr = 10 and β = 0. It shows that
one the lower flow reverses itself in the region close to the wall. Moreover, the changes in the
boundary layer thickness is the same. The lower solution (blue line on Fig. 3.3) has greater
velocity boundary layer thickness, and the corresponding thermal distribution has also greater
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Figure 3.2: The effect of β for the nondimensional temperature distribution for
m = 0 and Pr = 10.

thermal boundary layer thickness (blue line on Fig. 3.4).

Figure 3.3: The upper and lower velocity distribution for m = 0, Pr = 10,
β = 0.4.

Figure 3.5 shows the dependence of temperature profiles on the Prandtl number. Greater
values of Pr result in thinning of thermal boundary layers. It is observed that an increasing in
the Prandtl number decreases the temperature profile in the flow region.

The velocity and temperature distributions are illustrated on Figs. 3.6–3.7 for negative
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Figure 3.4: The upper and lower temperature distribution for m = 0, Pr = 10,
β = 0.4.

Figure 3.5: The effect of the Prandtl number on the temperature profile as m = 0
and β = 0.1.

value of power-law exponent, when m = −0.1. This shows an increase in the velocity profile
in the neighborhood of the leading edge. Figure 3.6 predicts a strict increase in the boundary
layer thickness comparing with the case of m = 0.
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Figure 3.6: The nondimensional velocity distribution for m = −0.1, β = 0 and
Pr = 10.

Figure 3.7: The nondimensional temperature distribution for m = −0.1, β = 0
and Pr = 10.
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