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Abstract. We study a nonlinear, nonhomogeneous elliptic equation with an asymmetric
reaction term depending on a positive parameter, coupled with Robin boundary con-
ditions. Under appropriate hypotheses on both the leading differential operator and
the reaction, we prove that, if the parameter is small enough, the problem admits at
least four nontrivial solutions: two of such solutions are positive, one is negative, and
one is sign-changing. Our approach is variational, based on critical point theory, Morse
theory, and truncation techniques.
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1 Introduction

We study the following nonlinear, nonhomogeneous Robin problem:

—diva(Vu) + &(x)|ulP~2u = Ag(x,u) + f(x,u) inQ
ou
on,

(1.1)

+B(X)|u|P?u=0 on 9Q).

Here QO ¢ RN (N > 1) is a bounded domain with a C2-boundary 0, p>1,anda: RN — RN
is a continuous, monotone mapping (hence maximal monotone too) which satisfies certain
growth and regularity conditions (see hypotheses H, below). These conditions are mild
enough to include in our framework many non-linear operators of interest, such as the p-
Laplacian, the (p,q)-Laplacian, and the generalized mean curvature operator. The potential
function ¢ € L®(Q)) is indefinite (i.e., sign-changing, see hypothesis Hy).
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On the right-hand side, A > 0 is a parameter and g, f : () x R — R are Carathéodory
functions. We assume that for a.a. x € Q the mapping g(x,-) is strictly (p — 1)-sublinear
at oo (concave nonlinearity), while f(x,-) exhibits an asymmetric behavior, being (p — 1)-
superlinear at +co and asymptotically (p — 1)-linear at —oco (see hypotheses Hg, Hy below). So,
in the positive semiaxis we have a competition phenomenon between a concave and a convex
nonlinearity, while in the negative semiaxis and in the particular case of the p-Laplacian the
equation may be resonant with respect to the first eigenvalue.

In the boundary condition, du/dn, denotes the generalized normal derivative correspond-
ing to the mapping a, namely the extension of

u v (a(Vu),n), ueCcl(Q)

to WP(Q) (n denotes the outward unit normal to dQ2). The boundary coefficient g € C%*(9Q2)
is non-negative, and the special case § = 0 corresponds to the Neumann problem (see hypoth-
esis Hg below).

In this paper, using variational methods based on the critical point theory, together with
suitable truncation/perturbation techniques and Morse theory, we prove that, for A > 0 small
enough, problem (1.1) has at least four nontrivial solutions: two positive, one negative, and
one nodal (see Theorem 2.4 below and the ensuing discussion for a short account on our
method).

Recently, elliptic boundary value problems with asymmetric reactions were studied in
[15, 28, 29] (semilinear Dirichlet problems with zero potential), [18] (semilinear Neumann
problem with indefinite potential), [3,14, 23,24] (semilinear Robin problems with indefinite
potential). For nonlinear elliptic equations we mention [13,16] (Dirichlet problems driven by
the p-Laplacian), [20,26] (Dirichlet problems driven by the (p,2)-Laplacian).

Compared with the existing literature, our result is novel in a twofold sense: unlike most
of the aforementioned works, our result proves existence of four nontrivial solutions with
precise sign information; and it holds for a very general problem, incorporating Robin and
Neumann boundary conditions and several nonlinear leading differential operators as special
cases (the only exception is represented by [16], which provides four solutions but only for
Dirichlet conditions and the p-Laplace operator).

For the sake of completeness, we mention some more results on nonlinear Robin problems
(with symmetric reactions) contained in [19,21,25].

The paper has the following structure: in Section 2 we introduce our hypotheses and main
result, and we also establish some preliminary results and notations; in Section 3 we deal with
constant sign solutions; and in Section 4 we investigate extremal constant sign solutions and
nodal solutions.

2 Hypotheses and main result

We start this section by introducing and commenting the precise hypotheses on all features of
problem (1.1). We begin with the mapping a:

H, a: RN — RV is defined by a(y) = ao(|y|)y for all y € RN with ap : Ry — Ry, and we
setforallt >0

Ho(t) = ./Otao(T)TdT

and for all y € RN H(y) = Hy(|y|). Moreover:
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(i) ap € CY(0, +00), ap(t) > 0 for all t > 0, t — ag(t)t is strictly increasing on (0, +c0),

and ,
t
lim ap(t)t =0, T(t)
50+ -0+ ag(t)

> —1;

(ii) there exists 6 € C'(0,+00) s.t. for all t > 0

o' (1)t
<50 <

o c1, ctP 1 < 0(t) < c_q,(t(’_1 + t”_l) (co,c1,¢2,63>0,1< 0 <p),

and for ally € RN \ {0}

0(lyl)
lyl

[Va(y)| < c4 (cs > 0);

(iii) forally,z € RN,y #0

ey s B2,
(Valy)z,2) > =

1
-

(iv) there exists r € (1, p] s.t. t — Hy(t7) is convex,

T’Hg(t)

lim sup — <5 (c5 > 0),
t—=0*

and forallt > 0
pHo(t) — 110(t>t2 = —Cq (C6 > 0)

Hypotheses H, (i)-(iii) are dictated by the nonlinear regularity theory of [12] and the
nonlinear maximum principle of [27]. Hypothesis H, (iv) serves the needs of our problem
but is general enough to include several cases of interest (see Example 2.2 below). As a whole,
H, implies that Hy is strictly convex and increasing on R4, and H is convex with H(0) = 0,
VH(0) =0, and VH(y) = a(y) for all y € RN \ {0}, i.e., H is the primitive of a. This, along
with convexity, clearly implies for all y € RN

H(y) < {a(y),y)- 21)
Hypotheses H, (i)—(iii) and (2.1) lead to the following properties of 4 and H.
Lemma 2.1. If H, (i)—(iii) hold, then
(i) a:RN — RN is continuous and monotone (hence maximal monotone);

(ii) |a(y)| < cz(1+ |y|P~Y) forally € RN (c; > 0);

iii) (a(y),y) = 2 forall y € RN,
y)y) = 24 y

(iv) 2 < H(y) < cs(1+ |y|P) forall y € RN (cs > 0).

In what follows we shall denote A : W7(Q)) — WLP(Q)* the nonlinear differential oper-
ator defined for all u,v € W' (Q) by

(A(u),v) = /Q (a(Vu), Vo) dx,
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which is well defined by virtue of H, (i7). Such operator enjoys the (S).-property, i.e., when-
ever (u,) is a sequence in W' (Q) s.t. u, — u in W'?(Q)) and

limsup (A(uy), up —u) <0,

n
then u, — u in W (Q) (see [17, p. 405]). Here follow some examples.
Example 2.2. The following maps a : RN — RY satisfy H,:

(a) a(y) = |y|P~2y, corresponding to the p-Laplace operator

Apu = div (|Vu|P~2Vu);

(b) a(y) = ly|P 2y + |y|7%y (1 < g < p < +00), corresponding to the (p, g)-Laplace operator

Apu+ Agu = div (|Vu|P~2Vu + |Vul72Vu).

Such operators arise in problems of mathematical physics, see [2] (reaction-diffusion equa-
tions), [4] (elementary particles), [30] (plasma physics). Further:

(c) aly) =1+ \y\z)’%zy, corresponding to the generalized p-mean curvature operator
div (1+ |Vu?) 'z Vu);
(d) a(y) = (2In(1+ |y|P) + (1 + |y|P) ™)y, corresponding to the operator

Vu
: p - .
div <21n(1—|— |VulP)Vu + T+ Vu\p>'

(e) a(y) = |y|P~%y + ly|P~2(1 + |y|?) 'y, corresponding to the operator

-+ (T2

14 |Vulp

Such operators arise in problems of nonlinear elasticity [7] and plasticity.
The other ingredients of (1.1) are subject to the following hypotheses:
Hy ¢ € L*(Q);
Hg B € C*(9Q) for some a € (0,1), B(x) > 0 for all x € 0.

We note that the potential ¢ may change sign, and that for § = 0 we recover the Neumann
problem. Finally we introduce our hypotheses on the reactions, starting with g:

H; ¢: QO xR — Ris a Carathéodory function, for all (x,t) € Q) x R we set

G(x,t) = /Otg(x, T)dT.

Moreover:
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(i) for all p > 0 there exists a, € L*(Q) s.t. fora.a. x € O, all |t < p
|g(x, )] < ap(x);

(1) im0 \t\(” Z)t = 0 uniformly for a.a. x € ();
(iii) there exists g € (1,7) s.t. fora.a. x € O, allt € R
glx, )t 2 colt|”  (co > 0);

(iv) limsup, ., ﬁ'(qx—,’?t < c19 uniformly for a.a. x € Q (c1p > 0);

(v) there exists Jp > 0 s.t. for a.a. x € Q, all || < Jy
g(x, t)t < qG(x, ).

We set & = (p—1)¢/ca, Bo = (p —1)B/c2 (c2 > 0 as in H, (ii)) and we denote by A; =
A1(p, €, Bo) > 0 the first eigenvalue of the auxiliary problem

—Apu+ Eo(x)[ulP2u = AMulP?u inQ

2.2
aau+’60( MNulP~2u =0 on 0Q). @2)
where 3
u 2
o, = (|Vu|P="Vu,n)

(n being as usual the outward unit normal to d)). Now we consider the asymmetric term f:

Hf f: QxR — Ris a Carathéodory function, for all (x,t) € Q x R we set
t
F(x,t) = / F(x, ) dT
0

(i) for all p > 0 there exists b, € L®(Q)); s.t. fora.a. x € ), all [t| < p

|f ()] < Bp(x);

Moreover:

(ii = 0 uniformly for a.a. x € ();
(x t

) i

(iii) lim;— 4o %577 = +oo uniformly for a.a. x € Q;
)
)

[~~~

(iv) f(x,t) <cn(tV L+ 71 —cpptP foraa. x € Q, all t > 0 (c11,c12 > 0);

(v) uniformly for a.a. x € Q)

—c13 < hmmf flxt) < limsup flxt) < oM

X X >0,'
iy SImSUP ey S oy (0> 0)

flxh) g uniformly for a.a. x € ();

(UZ) llmtﬁo W =

(vii) there exists 1 > 0 s.t. fora.a. x € (), all |t| < &

f(x, )t > 0.
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Finally, we set for all A > 0 and all (x,¢t) € QO xR
er(x,t) = Ag(x, t)t + f(x,t)t — p[AG(x, t) + F(x, t)]
and we assume the following condition:

H, forallA >0

(i) there exists 77, € L'(Q)4 s.t. foraa. x € Q,all0 <t <
ex(x,t) <en(x,t') +mr(x);

(ii) tlim er(x,t) = +oco uniformly for a.a. x € Q).
——00

We will write H to mean all hypotheses H;, Hg, Hﬁ, Hg, H s and H..

By H, (ii) g(x,-) is strictly (p — 1)-sublinear at Fco, so it gives a ‘concave’ contribution
to the reaction of (1.1). Hypotheses Hy (iii), (v) imply that f(x,-) has an asymmetric be-
havior at +co. More precisely, Hy (iii) means that f(x,-) is strictly (p — 1)-superlinear at
+00, so on Ry it represents a ‘convex’ contribution to the reaction, leading to a competition
phenomenon (concave-convex nonlinearities). We point out that the (p — 1)-superlinearity
of f(x,-) is not coupled with the usual Ambrosetti-Rabinowitz (AR) condition. Instead we
use the less restrictive quasimonotonicity condition H, (i), which includes in our framework
(p — 1)-superlinear reactions with a slower growth at +oo, that fail to satisfy (AR). Note that
H, (i) holds whenever we can find p > 0 s.t. the mapping

A+ £

is nondecreasing in [p, +-o0) for a.a. x € Q) [11]. On the negative semiaxis R, by H (v)
the mapping f(x,-) is asymptotically (p — 1)-linear at —co, and in the special case of the
p-Laplacian (Example 2.2 (a) with c; = p — 1) resonance with the principal eigenvalue is
allowed. Resonance occurs from the left, so by H, (ii) problem (1.1) is coercive on the negative
direction, which permits the use of the direct method of the calculus of variations. Finally we
remark that by H¢ (ii) f(x,-) does not satisfy the usual subcritical growth. Instead we have
‘almost-critical” growth, namely for all € > 0 we can find ¢, > O s.t. fora.a. x € ), allt € R

flx ) < et +ee.

This kind of growth is a source of technical difficulties, since W?(Q) is not compactly em-
bedded into LP" (Q). We shall overcome such difficulties by using Vitali’s theorem.

Example 2.3. The following functions (of the type Ag + f, A > 0) satisfy hypotheses Hg, Hy,
and H,:

MIEHP2t if <0

Bl if >0 lg<r<p<s<p)

(a) t— AHT2t+ {

Aq|H|P—2t if t <0

<r<p),
tPlIn(l1+¢) — 1 ift>0 (@ P)

(b) t— AJHT72t + {
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Aq|t|P—2t if t <0
(c) t = Alt]172t 44 i1 ptyp-1
In(1+t7)  p*(1+t7)In(1+1t7)2

<r< ;
1 ifE>0 (4 )

Note that (a) satisfies (AR) while (b) does not, and that (c) has an almost critical growth at
+-00.

Our main result is the following.

Theorem 2.4. If H hold, then there exists A* > 0 s.t. for all A € (0, A*) problem (1.1) admits at least
four nontrivial solutions uy, vy, u_,il € C! (ﬁ) with u,, vy positive in Q,u_ negative in Q, and ii
nodal.

Our approach is entirely variational, based on critical point theory. For all A > 0, we define
an energy functional ¢, for problem (1.1), which always admits 0 as a critical point. Then we
introduce two truncated/perturbed functionals q?)f, by replacing the indefinite potential ¢
with a positive one and truncating the reactions at 0: thus, nontrivial critical points of ¢,
(resp. ¢, ) are positive (resp. negative) solutions of (1.1). Then we study separately the critical
sets of such functionals: for A > 0 small enough, ¢ turns out to admit at least two nontrivial
critical points, namely, a local minimizer v, and another critical point 1 produced by the
mountain pass theorem; while ¢, contributes a negative global minimizer u_.

Then we go further, proving existence of a smallest positive solution u, and a biggest
negative solution #_ of (1.1), and we truncate again the reactions. The resulting functional
@, selects solutions lying in the interval [7_, 1|, and admits a critical point @ of mountain
pass type. By computing the critical groups at 0 and at ii, we see that 7 # 0, hence it must be
nodal.

2.1 Notation

We establish some notation: we set Ry = [0,+o0), R_ = (—00,0]; ¢, ¢1,... denote positive
constants; for all t € R we set
t* = max{0, £t}.

In any Banach space X, — denotes weak convergence and — strong convergence; if X is a
function space on the domain D, then we denote the positive order cone by

Xy ={ueX:u(x)>0foraa xeD}.

We will say that a functional ¢ € C!(X) satisfies the Cerami condition (C), if any sequence
(un) s.t. (¢(uy)) is bounded in R and (1 + ||uy||)¢’(4,) — 0 in X*, admits a (strongly) con-
vergent subsequence. We will denote the set of critical points of ¢ by

K(p) = {u e X: ¢/(u) = 0}.

We also recall the basic notion from Morse theory: let ¢ € C!(X) and u € K(¢) be an isolated
critical point, namely there exists a neighborhood U C X of u s.t. K(¢)"U = {u}, and
@(u) = c. Then, for all k € IN, the k-th critical group of ¢ at u is defined by

Ce(pu) =Hy({fvel: ¢(v) <c}, {vel: ¢(v) <c v#u}),

where Hy(+,-) denotes the k-th singular homology group of a topological pair.
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We shall use the function spaces (W' (Q), || - ||) and (C*(QQ), || - lc1(q)), endowed with the
usual norms. Brackets (-,-) denote both the inner product of RV and the duality between

WLP(Q)* and WP(Q)), with no possible confusing arising. We shall also use the Lebesgue
spaces (L"(Q), || - [|v) for all v € [1,+c0], and the trace space (LP(9Q), | - ||1r(30)) (any u €
WL?(Q) will be identified with its trace on 9Q)). We set

D, ={uecCYQ): u(x) > 0forall x € Q},

noting that Dy C int (C}(Q)4).

3 Constant sign solutions
For all A > 0, u € W'"P(Q)) we set

pr(u) = /Q (Vu)dx + = / x)|ulP dx + — / B(x)|u|P do — / [AG(x,u) + F(x,u)] dx
(the integral on dQ) is computed with respect to the (N — 1)-dimensional Hausdorff measure).

By Lemma 2.1 (iv), Hg, Hg, Hy (i) (ii), Hy (i) (ii) (v), we have ¢, € C'(W'#(Q2)). Moreover,
@, is the energy functional for problem (1.1). Indeed, for all u € K(¢,), v € W'P(Q) we have

+/ x)|ulP~ 2uvdx+/ B(x)|ulP~ zuvda—/[)\g(x u)+ f(x,u)odx, (3.1)
i.e., u is a (weak) solution of (1.1). Besides, let

0> max{ } 1]l (32)

and for all (x,t) € Q x R set
ka(x,t) = Ag(x, t) + f(x, ) + plt]" 72,

kf(x, t) =ka(x, j:ti),

t
i)(x,if) :/ k(f)(x,r) dt
0

Now we define two truncated /perturbed functionals by setting for all u € wlrp (Q)

and the primitives

@}@):/ﬂ H(Vu)dx + ~ / %) + ) |ulP dx + = //3 |u\”da—/Kixu)dx

(note that & + y is positive by (3.2)). We shall study separately the properties of ¢ and ¢,
which are different by the asymmetry of f.

Lemma 3.1. If H hold, then for all A > 0 ¢ € CY(W'P(Q)) satisfies (C).

Proof. Clearly ki : QO x R — R is a Carathéodory function, with a growth defined by Hy (ii),
Hy (ii) (v), so ¢35 € CHW'P(Q))).
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Let (u,) be a sequence in W'P(Q) s.t. |9} (uy)| < c14 for all n € N (c14 > 0) and (1 +
u])(@F) () — 0 in WIP(Q)*. We can find a sequence (¢,) in R s.t. &, — 07 and for all
neN,ve W (Q)

’ +/ +V ’un’p andx—i—/ [3 ‘Mn’p u;ﬂ)dU’—/ k (x, un)vdx

€nl|0]]
< :
T+ [Jua|

(3.3)

Choosing v = —u;, in (3.3) and using Lemma 2.1 (iii) we get for all n € IN

wrllh+ [ @)+ W) dx <e,

Passing to the limit we see that u,, — 0 in W7 (Q)). Now we deal with u,/. By definition of
K we have for all n € N

pcia = p/ (Vuy) dx+/ x) 4+ p) |un|pdx+/ B(x)|un|F do — p/ K (x, uy) dx
>p/HVun dx+/(§x ”dx+/,8 do — p/ [AG(x,u; ) +F(x,u;)] dx,
0 o

while (3.3) with v = —u;} yields
(At ) = [ e yrdx - [ e do+ [ gl + el dx <e.
Adding up we get
/Q [PH(Vu,l) — (a(Vu)), V)] dx + /Qe)L(x,u;{) dx < c15 (c15 > 0),

which by H, (iv) implies
/Qe/\(xz”:) dx < ci16 (c16 > 0). (34)

We claim that (u;7) is bounded in WP(Q). Arguing by contradiction, we may assume that
(passing if necessary to a subsequence) ||u;f || — +oco. Then we set for all n € N w, =
w71, so w, € WHP(Q)) with ||w,|| = 1. Passing again to a subsequence we have w,, — w
in W (Q) and w, — w both in LP(Q) and in LF(9Q)) (due to the compact embeddings
WP (Q) < LF(Q), LP(3Q))). Clearly w € W' (Q) .. Two cases may occur:

(a) First we assume w # 0. Let
O ={xeQ: w(x) >0},

then |Q; | > 0 and for a.a. x € O we have u,f (x) — +o0. By Hy (iii) we have for a.a.
xe Qg
F(x,uy (x)) _ F(x,u, (x))
= Wy (x)P — +o0
ey

By Fatou’s lemma we have

+
lim P, uy)

dx = +o0.
nJor s ||P
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By Hy (i) (iii) we have for a.a. x € Q, all t > 0

P(X, t) >tV — C17 (C17 > 0),

+ QO
/ Lx “ )dx 2/ wh dx — c17| O]
ooy [P O\Q4 st [P

and the latter is bounded from below. Summarizing,

so we have

hm/ lu +||p = +o00. (3.5)
Besides, H, (ii) implies, as above,

+
lim Glx ty)

x=0.
noJay fu||P

By Hy (i) (ii), for any € > 0 we can find c13 = c1g(¢) > 0s.t. fora.a. x € O, allt > 0

G(X,t) < ;tp + C18-

So we have
+
lim sup deélimsup <8wr’+ €18 >dx<€||w]|z.
no Jovas lug P n o Jovac\p |35 | p

since ¢ > ( is arbitrary, adding the two integrals we get

+
lim / (1) 4o, (3.6)
N H’”

Now (3.5), (3.6) imply

dx = +oo.

/ AG(x,u;f) + F(x, u;})
hm
st |17

But again from boundedness of (¢} (1,)), and recalling that u, — 0 in W'?(Q), we
have for all n € IN

/()H(Vu;l“)dx—k;/ég’(x WPdx+— / B(x)(u, )P do — /[AG(xu )+ F(x,u; )] dx
> —C19 (c19 > 0),

which, along with Lemma 2.1 (iv), implies

/ AG(x, u+)+F(x,u,j)dx
o

[ [P
C19 C8<1 + ]Vu+|p) 1 P 1 p
+/ dx—l—f/gxwdx—i—f/ X)wy do
= kP st ||P pJa (x)wn p aQ'B() "
<o+ [[wnllP)  (c20 >0),

and the latter is bounded from above. Thus we reach a contradiction.
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(b) Now we assume w = 0. Fix M > 0 and set @, = (Mp)%wn forallm € N, so @, — 0
in W7(Q) and @, — 0 in LP(Q) and L?(9QY). By H, (i) (ii) we have for a.a. x € (), all
teR

|G(x,1)| < can(1+ |HP) (c21 > 0).

So we get
lim / G(x, ) dx = 0. (3.7)
nJo

Clearly (@,) is bounded in LP" (Q), so set

Koy = sup ||wn|]5*.
nelN

By Hy (i) (ii), for any e > 0 we can find c1 = cx(e) > 0s.t. foraa. x € Q,allt € R
€ ‘
Flx, )| < —|t|P .
|F(x,t)] ZKOH +

So, the sequence (F(-,@,)) is bounded in L!(Q)). Furthermore, for any measurable set
B C Q with |B| < &(2c) ! we have for all n € N

N € o opt
[, 1P ) [ dx < i + el B < e

So the sequence (F(-,@,)) is uniformly integrable in Q) (see [8, Problem 1.6]). Passing to
a subsequence, we have F(x,®,(x)) — 0 as n — oo, for a.a. x € Q). By Vitali’s theorem
[8, p. 5] we have

lim / F(x, y) dx = 0. (3.8)
n Ja

Since ||u;f || = +oo, for n € IN big enough we have

==

(Mp)r 4
i |

Let 7 € C1(WP(Q)) be defined for all u € W (Q)) by

0<

o IValp [ @)+l [ Bl do — [ K ()

For all n € N there exists t, € [0,1] s.t.

P (u) =

i () = manx 95 (8.
In particular, by (3.9) we have for n € IN big enough
§y (bt ) = Py (@n)
;Ziwl 1 Vewa||h + M/Q(C(x) + p)wh dx — /Q [AG(x, @) + F(x, ) + Mpwl)] dx
> M(cos — il|wa|}) — /Q (AG(x, @) + F(x, )] dx  (c23 > 0)

>

(recall that pt > ||¢]|« and ||wy|| = 1). Now by (3.7), (3.8) we have for n € IN even bigger

¥ (tattyy ) > Meo (€24 > 0)
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which by arbitrarity of M > 0 implies ¢ (t,u,;) — 400 as n — co. By Lemma 2.1 (iv)
we have ¢} (1) > ¢} (u) for all u € WP(Q), hence the sequence (¢ (1,})) is bounded
from above. Besides, clearly ¢} (0) = 0. So, for all n € N big enough we must have
t, € (0,1). By definition of t,, then,

d ., o
S )y, = (B () ) = 0,

Multiplying by t, we get
Hp—i—/ )ttt pdx—i—/ P do

—/ [Ag(x, tyuh) + f(x, tyu, ) tau; dx.

By H, (i), t, <1, and (3.4) we have

/(2€A(x, tou,) dx < /Qe)\(x, w, ) dx + ||nallh < 25 (c25 > 0),
which implies
/Q[Ag(x,tn )+ f(x, tau))) [ taust dx < p/ [AG(x, tyu)}) + F(x, tyu;l )| dx + cos.
Thus, for all n € IN big enough we have
pyy (b)) = / [Ag(x, tuu)l) + f(x, byt ) tut +dx—p/ [AG(x, tau;l ) + F(x, tyuyy )] dx
< €25,

a contradiction.

By the claim above and u, — 0, we see that (u,) is bounded in WP(Q). Passing to a
subsequence, we may assume i, — 1 in W?(Q) and u, — u in LP(Q)) and LF(0Q)). By Hg
(i) (ii) we have for a.a. x € O, allt € R

8(x, ) Scas(T+[HPT)  (c26 > 0),

hence by Holder’s inequality
lim/ g(x,u; ) (uy —u)dx = 0. (3.10)
nJo

Besides, (u,) is bounded in L? (Q2), so we set

K =
ne
By Hy (i) (ii), for any € > 0 we can find cpy = co7(e) > 0s.t. foraa. x € Q,allt >0

flxB)] <

14 Co7.
1

Passing if necessary to a subsequence, we have f(x,u; (x))(un(x) —u(x)) — 0 as n — oo, for
a.a. x € (). Moreover, for any measurable B C () with

NS
|B| <
6K1c27
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we have by Holder’s inequality

‘/Bf(x,uf{)(un—u)dx

€ .
< */B(uf{)p Yy — u| dx + cop||uy — u|

€ -1 o
< 3Kf* [ 2* ([tn — ul[p= + 27| Bl & [Jun — 1] pr
2, e
=3 3 7

So, the sequence (f(-, u;7) (1, — u)) is uniformly integrable in Q). By Vitali’s theorem we get

1i£n/0f(x, 1) (4 — u) dx = 0. (3.11)

If we choose v = u;, — u in (3.3), pass to the limit as n — oo, and use (3.10) and (3.11), we now
get
limsup(A(uy), u, —u) =0.

n

By the (S).-property of A we have u, — u in W?(Q)), which concludes the proof. O

The following lemmas show that for A > 0 small enough ¢ exhibits the ‘mountain pass’
geometry.

Lemma 3.2. If H hold, then there exists A* > 0 s.t. for all A € (0, A*) there exists py > 0 s.t.

inf ¢ (u) = >0.
[[ull=pa

Proof. By Hy (ii) (iv), for all € > 0 we can find cz3 = c28(¢) > 0s.t. fora.a. x € O, all £ > 0
G(X, t) < ;tp 4 gt

(recall that g < p). By Hy (iv) we have as well for a.a. x € Q, all t > 0

F(x,t) < Ly 4 SOy 2
p r
Recalling that g < r < p < p* and choosing ¢ < c¢12/A we get fora.a. x € (), allt > 0

AG(x,t) 4+ F(x,t) < Acogt? + cpgt? — C;’)Oti’,

where, taking cg,c29 > 0 big enough, we may assume c3p > ||¢][. So, recalling Hg and
> ||€||eo, for all u € WP (Q)) we have
2 —P 1 / _
> ——||Vu |+ = [ (&(x)+pu)(u)Fdx
I e [ @)+ )
+

¢y (u)
C2 1
— = __||Vu" p+f/ x)(u™ ”dx—/ AG(x,u™) + F(x,ut)| dx
BVt 1 [ S = [ MG 1)+ Fxu)]
— €2 +p o L + +119 + 7
> ca|u HPWLWHV” ||p+p/0(§(x)+030)(u )P dx — Acag||u™[|g — cool[u™ || -
> catflu” [P+ sl |ut||P — Acss|ul|T — caal|ul|””
=

P <C31,...,C35>0).

cas [ u]|” — Acas[[ul|T — caal|u|



14 A. lannizzotto, M. Marras and N. S. Papageorgiou

Summarizing, we have

¢y () = (c35 — ja(llu])[[ull”, (3.12)
where we have set for all tp > 0

ja(p) = Aczzp™ P + cagp? P

Since g < p < p*, we have for all A > 0

lim ja(p) = Hm ji(p) = +oo,

p—0F
so there exists py > 0 s.t.
' = inf jr (p).
Jalpa) = inf ja(p)
In particular we have

0= jy(pr) = Acaalq — P)P?:pfl +aalp” — P)pfj*p*l,

0y = <7\033(P - 67)) O
caa(p* —p)

We are interested in the mapping A — j\ (o)), which amounts to

which yields

%

irlor) = 036)\% (c36 > 0 independent of A),
and the latter tends to 0 as A — 0". So there exists A* > 0 s.t. for all A € (0,A*) we have
ir(pr) < c35. Thus, by (3.12) we have for all u € WP (Q) with |lu|| = p,
9 (u) > (cas — jalpa))py =2 11y >0,
which concludes the proof. O

Let 11 = 11(p, o, Bo) € D4 be the positive, L¥(Q))-normalized first eigenfunction of the
eigenvalue problem (2.2).

Lemma 3.3. If H hold, then for all A > 0

. ,\+ A _
Tim () = —oo.

Proof. Fix A > 0. By Hg (ii), Hy (iii), for all 7 > 0 we can find c37 = c37(17) > 0 s.t. for a.a.
xeQ,allt>cyy

AG(x,t) + F(x,t) > Ty,

N

Since #1; € D, for all t > 0 big enough we have til;(x) > c37 for all x € Q. Then by Lemma 2.1
(iv) we have

¢y (tiy)

<c8/0(1+t”]V121]’”)dx+;/O(C(x)er)(tﬁl)pder;19 aQﬁ(x)(tﬁl)Pda—/QZ(tﬁl)’”dx

< 38+ (c39Hﬁ1HP—ZHmH§>tP (cag,c39 > 0).

Choosing # > 0 big enough, the latter tends to —co as soon as t — 400, concluding the
proof. O
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The above lemmas lead, through the use of the mountain pass theorem and constrained
minimization, to the existence of two positive solutions.

Proposition 3.4. If H hold, then there exists A* > 0 s.t. for all A € (0,A*) problem (1.1) admits at
least two positive solutions uy,v, € Dy.

Proof. Fix A € (0,A*). By Lemmas 3.2, 3.3 we can find t > 0 s.t. ¢ (t;) < 1} . Recalling also
Lemma 3.1, we can apply the mountain pass theorem and find u; € K(¢;) s.t. ¢ (u4) >
1y > 0. In particular we have 1 # 0. For all v € W (Q)) we have

+/ x) 4 p)|uy|PT 2u+vdx+/ B(x)|ug|P~ 2u+vda—/ ki (x,uy)vdx. (3.13)

Choosing v = —u7 in (3.13) and applying Lemma 2.1 (iii) yields

2Vl + [ (@) + ) dx <o,
hence u; € W (Q); \ {0}. So (3.13) becomes for all v € W?(Q))

v) + /Q(j(x)u’:lvdx + /aoﬁ(x)uflvda = /Q[/\g(x,qu) + f(x,uy)]vdx,

i.e., uy is a solution of (1.1). Reasoning as in [19,21] we have u, € L®(Q)). By the nonlinear
regularity theory of [12] we have u, € C!(Q). \ {0}. For a.a. x € Q) we have by H, (iii)

g(x,ui(x)) >0,

while by Hy (ii) (vi) we have

*

flx,up(x)) = —caoup(x)P ~ (cap > 0).
So we have in () (in a weak sense)
diva(Vuy) < ||§Hoouf:1 + c40u’_f*1 < c41ufl (ca1 > 0),

since 1. is bounded. By the nonlinear maximum principle [27, pp. 111, 120] we have u, € D,.
Now let 4p > 0 be as in Hy (v). By H, (iv) we can find é; € (0,00), ca2 > c5 s.t. for all
yeRN, [y <&
H(y) < calyl".
Fix any u € D. For t > 0 small enough we have Htu||c1(ﬁ) < Jy, in particular |V (fu)(x)| < &
for all x € Q). Thus, recalling Hy (iii) (v), Hf (vi), we have

gbj[(tu):/QH(V(tu))dx—i—z:/QC( x)uf dx + — / x)uf do — / [AG(x, tu) + F(x, tu)] dx

t
< cat || V7 + C43;||MH’7 - AC44E||M||”7 (ca3, 44 > 0).

Recalling that ¢ < r < p, we deduce that ¢ (fu) < 0 for all f > 0 small enough. Let p; > 0 be
as in Lemma 3.2, then we have

inf ¢ (u) <O.
l[ull<pa
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By H, (iv) and the compact embeddings W'P(Q) — LP(Q), LP(dQ2), ¢} is sequentially
weakly Ls.c. in W7 (Q). So we can find v, € W' (Q) s.t. |04 ]| < pp and

§1(0) = inf ¢F(u) <0<},
ull<pa

In particular vy # 0,14 and |[vy| < p). Therefore v, € K(¢;). As above we deduce that
vy € D, and is a solution of (1.1). O

The case of ¢, is simpler.
Lemma 3.5. If H hold, then for all A > 0 ¢, € CY(WP(Q)) is coercive and satisfies (C).

Proof. Preliminarily we prove that uniformly for a.a. x € ()

lim (79(;;:2_1);\1\1‘]” - KA(x,t)> = +oco. (3.14)

t——oo
Indeed, by H, (i), for all # > 0 we can find c45 = cs5(17) > 0 s.t. fora.a. x € (), all t < —cy5
Ag(x, )t + f(x, t)t — p(AG(x,t) + F(x,t)) > 7.
Recalling the definition of K, for a.a. x € ), all t < 0 we have

d Ky (x,t)  (Ag(x, t) + f(x,t) + p|t|P=2t) [t — (AG(x,t) + F(x, t) + pu/ plt|?) p|t|P >t
e Jtp ]2
Ag(x, )t + f(x, t)t — p(AG(x,t) + F(x,t)) o

|t[Pt = [t

(recall that t < 0). So, for a.a. x € Q and all < t < —cy45 we have

Ki(xt)  Ki(xt) _ oy <17( 11 ) (3.15)

T e A N AN T

Besides, by H, (ii), Hy (v) we have uniformly for a.a. x € O

K5 (x,t
— 46 < liminf A (1)
t——o0 ’t‘p

K (x,t A
A0t o oh +g (ca6 > 0). (3.16)

< limsu <

e 7T pp =)
Passing to the limit in (3.15) as ' — —oo and applying (3.16), we see that for a.a. x € (), all
t< —cy5

~

P28
plp—1)
and the latter tends to +oc0 as t — —oo, yielding (3.14).

Now we prove coercivity, arguing by contradiction. Let (u,) be a sequence in W7 (Q)) s.t.
|un]| = oo and @, (un)| < ca7 (ca7 > 0). For all n € N set wy, = [[un|| 1up, so ||w,| = 1.
Passing if necessary to a subsequence, we have w, — w in W'?(Q) and w, — w in LP(Q)
and L?(0Q)). By Lemma 2.1 (iv) we have for all n € IN

— K Ui
HP — K (x,t) < =[tH]P — =,

1 1
IVl [ @)+l dx+ S [ p@warde~ [

K (x,un)
140 [|P

Ca7
< W (3.17)

dx
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By H, (i) (ii), Hy (i) (v) we have fora.a. x € Q,all t € R
|K5 (2, )] < cag(1+ [t]P) (cag > 0).

Thus, the sequence (K (-, uy)||us|| ") is uniformly integrable in (). By the Dunford—Pettis
theorem, then, it admits a weakly convergent subsequence in L!(Q)). More precisely, using
(3.16) and arguing as in [1, Proposition 30], we can find 0, € L®(Q) s.t. 0, (x) < A; for a.a.

x € Q) and ( )
K (- un ( o)) _ y) Np e 11
——- 2 | — = -+ ) (w )P inL(Q).
Tl \pp—mor tp) @) nlQ)

Passing to the limit in (3.17) as n — co, and recalling that by convexity
14 o p
V|, < lim inf |V ||,

we get

c 1 1
s oyl Velb 4 L@@+ pll a2 [ @kl do

g/ﬂ(lq(;il)e;(x)+;‘>(w—)vdx.

Operating on both sides and recalling the definitions of ¢y, Bo, we have

||Vw‘||5+/ r:o(x)(w—)PdH/a Bo(x) (w™ )P do < /9 Vdx.  (3.18)
0 0
Now we distinguish two cases:

(a) If 0, # A; (non-resonance), then we can find cg9 > 0 s.t. for all v € WP (Q)
190l + [ a@lel?dx+ [ poolol?do — [ 67 (x)[ol? dx > cuslo]”

So, by (3.18) we have w™ =0, ie., w € WLr(Q),. Passing to the limit in (3.17), we get
2 v+ 1/ (E(x) + p)w dx + 1/ B(x)w? do < 0,
p(p—1) pJa p Joo

hence w = 0. Thus, using again (3.17) we see that ||Vw,||, — 0, which along with
wy, — 0in LP(Q) yields w, — 0 in WP(Q), against ||w,|| = 1.

(b) If 0, = A1 (resonance), then (3.18) becomes
[V 1+ [ o) (@) dx+ [ o) ()7 do < Al |

By the Lagrange multiplier rule and the definition of A1, either w~ = 0, or w~ €
WLP(Q); is a principal eigenfunction of (2.2). If w~ = 0, arguing as in case (a) we
reach a contradiction. So, let w~ € W7 (Q), \ {0} be a principal eigenfunction of (2.2).
Then w~ € D, which implies u,(x) — —oo for a.a. x € ). Using (3.14) and Fatou’s
lemma, we have

hm/( Allun] - K (x,un)> dx = +o0.
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So, for all n € IN big enough
A €2 A
030 > s (19l + [ Gl [ o)l de =Rl )

Co A —
+/ (/\ uy P — K5 (x,u, )dx,
o\p(p—1) el = Ky )

and the latter tends to +o00 as n — oo, against |, (u,)| < ca7.

In both cases we reach a contradiction, which proves that

lim ¢ (u) = +oo. (3.19)

[[uf=+e0

Now we prove that ¢, satisfies (C). Let (u},) be a sequence in W'P(Q) s.t. (¢; (u},)) is
bounded in R and (1 + ||u},]|)(¢; )’ (u},) — 0 in WP (Q)*. So, we can find a sequence () s.t.
¢n — 07 and for alln € N, v € W (Q)

’ +/ X) 4 ) [, P~ 2ulvdx—|—/ B(x)|uj,|P~ 2w vdo — /k x, ul,)vdx

ello]
S gl

By (3.19) (u},) is bounded, so passing to a subsequence we have u/, — u’ in W'?(Q) and
u, = u' in LP(Q)) and LP(0Q)). So, choosing v = u), — u’, we easily get

limsup(A(u),), u, —u') <0,

n
which by the (S)-property of A implies u}, — u’ in W?(Q), concluding the proof. O

By applying the direct method of the calculus of variations, we produce a negative solu-
tion.

Proposition 3.6. If H hold, then for all A > 0 problem (1.1) admits at least one negative solution
u_ € —D+.

Proof. Fix A > 0. By Lemma 3.5 ¢, is coercive. Besides, it is sequentially weakly Ls.c., hence
we can find u_ € W' (Q) s.t.

Pr(u) = inf @y (u).

uewlr(Q)

Reasoning as in Proposition 3.4 we see that ¢, (u-) < 0, in particular u_ # 0. For all
v € WP (Q) we have

+/ X)) |u_|P2u vdx+/ Blx)|u_|P~2u_ vda—/k x,u_)vdx. (3.20)
Choosing v = u™ in (3.20) and applying Hg and Lemma 2.1 (iii), we get

2 Vutlly+ /Q@(x) + ) (uh)P dx <0,
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hence u_ € —WP(Q); \ {0}. Then (3.20) becomes for all v € W*(Q)

—|—/ X |u_|P?u_ vdx—l—/ B(x)|u_|P~2u_ vda—/[)tg(xu )+ f(x,u_)vdx,

i.e., u_ is a solution of (1.1). Reasoning as in [19,21] we deduce u € L®(Q)). Then nonlinear
regularity theory [12] applies, yielding u_ € C'(Q) \ {0}. By H, (iii) we have for a.a. x € O,
allt <0

glx 1) <0,
while by Hy (v) (vi) we can find c5o > 0 s.t. fora.a. x € Q, all £ <0

f(x,t)t > —C50|t|p.
So, for a.a. x € () we have
diva(V(—u_)) < ([|&]leo + c50) (—u— )P~

By the nonlinear maximum principle [27] we get —u_ € D, ie,u_ € —D,. O

4 Extremal constant sign solutions and nodal solution

In this section our purpose is twofold: first we improve the results of Propositions 3.4 and 3.6
by proving that problem (1.1) admits extremal constant sign solutions, i.e., a smallest positive
solution and a biggest negative solution. Then we use truncations and a Morse-theoretic
argument to prove existence of a nodal solution, thus completing the proof of Theorem 2.4.

Preliminarily, we note that by Hy (iii), Hf (ii) (v) we can find c51 > ||¢][co s.t. for all A > 0,
aa.xeQ,andallt € R

Ag(x, )+ F(x, )t = Aco|t]T — csy (JE]P” + [t]F). (4.1)
We introduce an auxiliary Robin problem (with critical growth):
—diva(Vu) + &(x)|ulP~2u = Aco|lu|T2u — cs1(|u|P” 2u+ |[u|P"2u) in Q
{aa; + B(x)|ulPu =0 on 9Q). ®.2)
We prove an existence/uniqueness result for constant sign solutions of (4.2).

Proposition 4.1. If H,, Hg, Hg hold, then for all A > 0 (4.2) admits a unique positive solution
u, € D, and a unique negative solution v, € —D.

Proof. First we prove existence of a positive solution. Set for all u € W7 (Q)

i) = [ H(Vu)dxt / 0)lult dx + -+ /,B el dor+ £

Acg, C51 C51 . +
_THM Hﬁ-F!u p*+?H” [
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where pt > ||¢]|c is defined as in (3.2). By Lemma 2.1 (iv) and recalling that c5; > ||{]|c, We

have for all u € W'"7(Q)
1 -
I9ully + (@) 0
Ac
2|

C2
Yi(u 27
) P(P 1)
Cs51
Pdx + —|lut|. —
u®) P*H i p

+ / —|—C51
C52||u|!p — Acsz||u|? (cs2,c53 > 0),

and the latter tends to +oo as ||u| — 4oo (since g4 < p). Thus, 7, is coercive in W7 (Q))
Besides, 77 is sequentially weakly Ls.c. So we can find u, € W7 (Q) s.t.

N x) — i f N .
) = inf A )

Arguing as in Proposition 3.4 we see that v} (u.) < 0, hence u, # 0. For all v € W7 (Q)) we

have
x)|ug|P u*vdx+/ B(x)|us|P~ u*vd(7+y/ )P lodx

vors [ g
= Acg /Q(u* VI lodx — c5; /Q[(uj)’” 1 (uhH)P Yodx.

Choosing v = u; yields, by Lemma 2.1 (iii),
wlp+ [+ ws) <o,

hence u, € WP(Q))4 \ {0}. As in previous cases we deduce that 1, € D, and is a solution of

(4.2).
Now we prove uniqueness. Set for all u € L!(Q)

+c51wdx-|— /ﬁ urd(r if u>0ur € WP(Q)

/H (V(ur))dx+ = /
= Q
otherwise.

\:H

We claim that x : L'(Q)) — R U {+o0} is convex. Choose uy,u; € dom (x), T € [0,1], and set

1\~

for all x € )
(1= 7)ur(x) + Tuz(x)) 7,

u(x) =

then by [5, Lemma 1] we have for a.a. x € Q)
1 1
(A=D)Vu) @)+ 7|V (ug)(x)]")

<1

[Vu(x)| <

By H, (i) (iv) we know that Hj is increasing and t — Hy(¢7) is convex in R . So we have for
aa.x €()

H(V((1 =) + 1) 7 (%)) = Ho(|Vu(x)]) < Ho(((

(
(x)) + TH(V (u3)(x)),
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so the functional

w\._x

oo

is convex. Besides, since v < p, ¢51 > |||, and B > 0, the functional
U — / x)+cs1) urdx+ / B(x urda

is convex as well. Summarizing, we get the claim. By Fatou’s lemma, x is l.s.c. in L'(Q) and
Gateaux differentiable at C'(Q))-functions.

Now we assume that u € W7 (Q) \ {0} is a solution of (4.2). As usual we getu € D, in
particular u € int (C}(Q)4 ). So, for all v € C}(Q)) and ¢ > 0 small enough, we have u” + tv €
int (C1(Q)+). Taking t > 0 even smaller if necessary, we have as well u’, + tv € int (C}(Q)).
By what observed above, we have

(¢ ("), 0) = ; /Q —diva(Vu) +u ORI / 5uuj1 vdo,

and a similar relation holds for u,. Since X’ is a monotone operator, and recalling that u, u,
solve (4.2), we have

0.< (' (u') = x' (), " — )

_ . 1 -
1 [ Acoud™ — csuP” 1 1 [ Acoud ™t — cspul

</ ([ RS L =ty d
rJo u rJjo Uy
1

= ;/ [Aco(ui™" —ul™") — csy(uf T — uf*_r)] (u"—ul)dx <0
Q
(recall that g < r < p*). So we have u = u,, i.e., u, is the only positive solution of (4.2).
Since problem (4.2) is odd, it clearly has a unique negative solution v, = —u, € —D,,
which concludes the proof. O

From now on, for all u,v € W' (Q) we shall write u < v meaning that u(x) < v(x)
for a.a. x € Q. Such partial ordering makes W*(Q)) an ordered Banach space, and for all
set S ¢ WIP(Q) we will use accordingly the notions of minorant, majorant, infimum, and
supremum of S. Similarly, if u; < uy we set

[ulr uZ] - {u € WLP(Q) LUy < u < 1,[2}_

Now we go back to problem (1.1). For all A > 0 we denote by S(A) (resp. S (A), S—(A)) the set
of all solutions (resp. positive, negative solutions) of (1.1). From Proposition 3.4 we know that
@ # S4(A) C Dy for all A € (0,A*), while Proposition 3.6 tells us that @ # S_(A) C —Dy
for all A > 0. Moreover, from [25], [6] we know that for all A > 0 the set S (A) is downward
directed, i.e., for all uj,up € S (A) we can find uz € S (A) s.t. u3 < uy and u3 < up. Similarly,
S_(A) is upward directed. Now we prove a lower bound for S; (A) and an upper bound for
S_(A), respectively.

Lemma 4.2. If H hold, then
(i) forall A € (0,A*) and all u € Sy (A), u > u;
(ii) forall A > 0andallu € S_(A), u < v,.



22 A. lannizzotto, M. Marras and N. S. Papageorgiou

Proof. We prove (i). Fix A € (0,A*), u € S;(A). Since u € D, we can set for all (x,#) € Q xR

0 if t <0
By (x,t) =< Acgt™! — ey t?" =1 — (c51 — p)tP 1 if 0 <t < u(x)
Acou(x)171 — cspu(x)P 1 — (c51 — w)u(x)P~1 if t > u(x)

and ,
Hy (x,t) :/ hi(x,7)dt.
0

Then we define a functional 45 € C'(W#(Q))) by setting for all u € W7 (Q)

?j((u):/o H(Vu)dx + — / x)+ u)|ulPdx + = /,B )|ulPdo — /H*xu)dx

Since i > [|¢]|co, and & (x,-) is bounded in R for a.a. x € R, 4 is coercive and sequentially
weakly Ls.c. So there exists i, € W7 (Q) s.t.

TH@) = _inf | Fi00) <0,
in particular 7, # 0. For all v € W' (Q) we have
+/ x) + ) | [P0 vdx+/ B(x)|d. P~ u*vdo'—/ hi(x, 4. )vdx.  (4.3)
Choosing v = —il; in (4.3), we have by Lemma 2.1 (iii)

Azl + [ @) + ) dx <o,

hence i, € W'7(Q); \ {0}. Instead, choosing v = (i, — u)" in (4.3), applying (4.1), and
recalling that u € S, (A) yields

. 1, =1
(A(1), (1, — +/ (i —u) v+ [ pOal (@ —u) " do
= /Q[)\C91ﬂ_1 —csu? TV — (cs1 — p)uP 7Y (e — u) T dx
< [ gt ) + Flaru) 4+ a1 = ) dx
= (A(u), (0 —|—/ x) + w)uP (1, +dx—|—/ OuP~ (i, —u)t do,
hence

(A(i) = AQw), (0, =) )+ [ (@) + @™ = w2, —u) dx <0,
o)
By Lemma 2.1 (i), this implies 7, < u. So (4.3) becomes for all v € WP (Q))
v) —|—/ E(x)nl~ 1vdx—i—/ B(x)il odo = / Y ——— LA o dx.
0 90 O
We conclude that i, is a positive solution of (4.2), hence by Proposition 4.1 we have 7, = u,.

Thus, we have u > u,.
Similarly we prove (ii). O
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Using these bounds, we can detect extremal constant sign solutions of (1.1).
Proposition 4.3. If H hold, then
(i) forall A € (0,A*) there exists u, € S (A)s.t. u, =inf S (A);
(ii) forall A > O there exists i € S_(A) s.t. u_ = sup S_(A).

Proof. We prove (i). By [10, Lemma 3.10, p. 178] we can find a sequence (u,) in Sy(A),
pointwise decreasing, s.t.

inf u, =inf S (A). (4.4)
nelN

For alln € N, v € W'?(Q)) we have

v) + /Qé(x)uﬁ_lvdx - /aQﬁ(x)uﬁ_lvdU = /Q[Ag(x, un) + f(x,uy)odx.  (4.5)

Choosing v = u, in (4.5), recalling that 0 < u, < uy, and using Lemma 2.1 (iii), we see
that (u,) is bounded in WP(Q)). Passing to a subsequence, we have u, — u, in W'?(Q),
uy — u, in LP(Q) and LP(9Q)). In particular u, € W*(Q).. Choosing v = u, — u, in (4.5)
and passing to the limit as n — oo then provides

Hm (A (uy), un —u,) =0,
n

which by the (S). property of A implies u, — u, in W'?(Q)). Once again we use (4.5) and
for all v € WP (Q)) we have

o)+ [ e odx+ [ plnul Todo = [ g(xu,) + fxu o

Sou, € S(A). Lemma 4.2 (i) implies u, > u, > 0,so u, € S;(A). Then by (4.4) we have
u>u, forall u e S;(A).
Similarly we prove (ii). O

Let us recall a basic notion from Morse theory (see [15, Definition 6.43]). Let ¢ be a C!-
functional defined on a Banach space X, and u € X be an isolated critical point of ¢, i.e., there
exists a neighborhood U of u s.t. u is the only critical point of ¢ in U. For all k € IN, we define
the k-th critical group of ¢ at u as

Ce(pu) = He(fv e U: ¢(v) < @(u)}, {v € U: ¢(v) < p(u), v # u}),

where Hi(-,-) denotes the k-th singular homology group of a topological pair of sets (such
definition is independent of U). Now we can perform our final step and produce a nodal
solution.

Proposition 4.4. If H hold, then for all A € (0,A*) problem (1.1) admits a nodal solution ii €
CHQ) \ {0} s.t. forall x € Q)
i (x) < ix) <, (x).

Proof. Fix A € (0,A*), and letzi_ € S_(A), u, € Sy (A) be given by Proposition 4.3. We set for
all (x,f) e QxR
Ag(x, 1 (x)) + fx, - (x)) + pla—(x) [P0 (x) if t <7 (x)
ka(x, t) = < Ag(x, t) + f(x, t) + p|t|P—2t if i (x) <t <u,(x)
Ag(x, 1y (x)) + fx, 1y (x)) + py (x)P ift>u,(x)
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(with p > 0 given by (3.2)), as well as

t~
KA(x,t):/ ky(x,7)dt.
0
Now we set for all u € WP (Q))
or(u) = /Q H(Vu)dx + — / x) 4+ u)|ulPdx + — / B(x)|ulP do — /KA x,u)dx.

Clearly @, € C1(W?(Q)). We study now the properties of its critical set:
K(¢y) C [-,u.]NS(A). (4.6)

Indeed, let u € K(@,). For all v € W*(Q)) we have

+/ x) 4 p)|ulP~ 2uvdx+/ B(x)|ulP~ ZMUdO’—/ ka(x, u)vdx. 4.7)
Choosing v = (1 —u, )" in (4.7) we have

(A(u), (u—u.) +/ +y|u!p2(u—u+)+dx+/ B(x)|ulP2u(u—u, )t do
= [ Agr) £ ) g (= )
= (A, (=) + @)+l - )+ [ peoul (- ) do,

(A(u) = Auy), (u—u)") + /Q((;‘(x) +u) (P =Y (u—u )t dx <0

Since p > ||&]|oo, we have u < u . Similarly, choosing v = (71— — u)" in (4.7) we get u > 7_.
Thus, (4.7) becomes for all v € WP (Q)

+/ x)|ulP~ 2uvdx+/ B(x)|ulP~ zuvda—/[)\g(x u) + f(x,u)]vdx,

hence u € S(A). In particular, by nonlinear regularity theory [12] we have u € C}(Q)).
Now set for all (x,¢) € O xR

~ ~ t ~
FE(o ) = ka(x, ££5),  RE(xt) = / kE(x, 7) dt,
0
and the corresponding functionals @; € C'(W'?(Q)) defined for all u € W7 (Q) by
(p;§<u>:/ H(Vu)dx + - / %) + ) |ufP dx + ~ / B(x)|ul? do — /Ki x, 1) dx.
0

For the critical sets of such functionals we have a complete description:

K(gy) = {0 u}. (4.8)
Indeed, clearly 0,1, € K(¢ ). Besides, reasoning as above we see that for all u € K(¢; ) \ {0}

ue (0,1, NS4 (A).
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Then, by Proposition 4.3 (i) we have u > u ., hence u = u . Similarly we get

K(gy) ={0,u-}. (4.9)

We prove now that u, u_ are local minimizers of ¢,. We only deal with u ., as the case of
u_ is analogous. Since Iz)f(x, ) is bounded in R for a.a. x € (), the functional ¢ is coercive,
beside being sequentially weakly l.s.c. So we can find . € W'P(Q) s.t.

pr(iiy) = inf @i (u) <0,
P (iiy) ue#‘/p(o)ﬁo)\(”)

in particular 7 # 0. By (4.8), then, we have i, = u_, i.e., u, is a global minimizer of (PX’. We
recall that
u, € Dy Cint(C(Q)4),

and clearly the functionals §,, ¢ agree on C}(Q);. So u, is a C!(Q)-local minimizer of ¢,,
namely there exists p > 0 s.t. for all u € C1(Q) with |lu —u lci@) < p we have

Pa(u) = ga(uy).

By the results of [21], u, is as well a W'P(Q)-local minimizer of @, namely there exists
csa = csa(p) > 0s.t. for all u € WP (Q) with ||u — u, || < cs4 we have

Pr(u) = ¢aluy).

Without loss of generality we may assume ¢, (7—) < @, (1), and that the set K($,) is finite.
Clearly ¢, satisfies (C). By [1, Proposition 29], then, we can find p) € (0,|[u- —u||) s.t,
summarizing,

gb/\(ﬁf) < (f)A(g+) <my = inf (P/\(u). (4.10)

[u=1y | =pa
Applying a convenient version of the mountain pass theorem [9], we see that there exists
il € K(¢,) of mountain pass type, namely, s.t. the set

{ue W (Q): [lu—all <p, ga(u) < §a(a)}

is path disconnected for all p > 0 small enough, and §, (i) > i1,. By (4.10) we have ii #
u,,u_, so it remains to prove that 7 # 0. Indeed, since i is of mountain pass type, by
[17, Corollary 6.81] we have

C1((p)\, ) 75 0. (4.11)
Let do, 61 > 0 be as in Hg (v), Hy (vii), respectively, and set

03 = mm{(So,(Sl, miny_, min(—u )} >0
Q Q

(recall that u,, —u_ € D). Fix cs5 > ¢, 6 € (0,03). Then for a.a. x € (), all |t| < § we have by
H, (iii) (v), Hf (vi) (vii)
cs5 [AG(x, t) + F(x, )] — [Ag(x, £)t + f(x, 1)t]
> M(ess —q)G(x,t) + (9G(x,t) — g(x, 1)) ] — f(x, )t

> A(C55;‘7)"9;tw — cagltP (cs6 > 0),
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and the latter is positive for § > 0 small enough (as g < p). Thus we can apply [22, Proposition
6] and get for all k € N
Ci(§2,0) = 0. (4.12)

Comparing (4.11) and (4.12) we see that @ # 0. Furthermore, by (4.6) we have i_ <@ < u,,
so as above we get 71 € S(A). Proposition 4.3 now implies that 7 is nodal. O

Now we can prove our main result at once.

Proof of Theorem 2.4. It follows at once from Propositions 3.4, 3.6, and 4.4. ]
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