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Abstract. The aim of this paper is to present some results on the exponential stability
of the zero solution for a class of fractionally perturbed ordinary differential equations,
whose right-hand sides involve the Riemann-Liouville substantial fractional integrals of
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result for this type of equations.
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1 Introduction
It is well known that the system of linear fractional differential equations
D*x(t) = Ax(t),  x(t) € RN, a € (0,1), (1.1)

where D*x(t) is the Riemann-Liouville or the Caputo derivative of x(t) of the order a« € (0,1)
and A is a constant matrix, do not have exponentially stable solutions, but asymptotically
stable only. The equilibrium x = 0 of this equation is asymptotically stable if and only if
|arg(A)| > &F for all eigenvalues A of the matrix A. In this case all components of x(t) decay
towards 0 like t~* (see e.g. [8]).

In the paper [3] a sufficient condition for the exponential stability of the zero solution of
nonlinear fractional systems of equations of the following class

x(t) = Ax(t) + g(t, x(£) RE1x(t), ... REI*x(t)),  x(t) € RV, (1.2)

is proved. Here A is a constant matrix and
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RLpay(f) = r(la) /0 (= ) Tx(s)ds (1.3)

is the Riemann-Liouville fractional integral of order « of the function x(t). The aim of this
paper is to prove a result of that type for the following class of fractional system

(1) = A(t)x(t) —|—F<t,x(t)> —i—f(t,l(“l'ﬁl)x(t),...,I(”‘"“ﬁ'")x(t)>,

(1.4)
t>0, x(t) € RN, x(ty) = xo,
where ;
1@Px(t) = F(ltx)/o (t —s)¥Le P=) x(s5)ds (1.5)

is the so-called fractional substantial integral of the function x(t) of order « > 0 with a pa-
rameter 8 > 0 (see e.g. [5]). This integral is more general than integrals defining the following
fractional derivations:

t
RED*x(t) := 1"(10c)cclit/ (t—5)*!x(s)ds (Riemann-Liouville), (1.6)
0
t
CDx(t) := T(ll—’y)/o (t—s)""x(s)ds, yv=1—a (Caputo), (1.7)
t
FDPx(t) := 11[3/ e_%(t_s)x(s)ds (Caputo-Fabrizio). (1.8)
—BJo

We remark that the substantial fractional derivative, corresponding to the substantial frac-
tional integral is defined as

DB x(t) = r(la) [z?t + ,B] /Ot(t — 5)¥ e PU=9) x(s5)ds, 0<a<l B>0. (1.9)

Definition 1.1. We say that x(t) is a solution of the initial value problem (2.1), defined on
the interval [to, T) it it is C!-differentiable, the fractional integrals in this equation exists, x(t)
fulfils the equality (2.1) for all + € (0,T) with x(0) = xp. It is called maximal, if there no
its proper continuation, i.e. there is no € > 0, such that there exists a solution y(t) of this
problem, defined on the interval [t), T 4 €) with y(t) = x(¢) for all t € [to, T). If T = oo, the
this solution is called global.

In the paper [4] the problem of exponential stability of fractional differential equations of
the type (1.2), where instead of the Riemann-Liouville fractional integrals there are Caputo—
Fabrizio fractional integrals, is studied.

The aim of this paper is to prove a result on the exponential stability of the zero solution of
equations of the form (1.2), where instead of the constant matrix A there is a time-dependent
matrix A(t) and instead the Riemann-Liouville fractional integrals there are the Riemann-
Liouville substantial fractional integrals. These integrals have some better properties, conve-
nient for the study asymptotic properties of solutions, than the Riemann-Liouville fractional
integrals.

In the papers [7] a sufficient condition for the asymptotic stability of the zero solution of
the equation

RED%x(t) = f(t,x(t)), a€(0,1), x€R, (1.10)
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where
If(t,x)| < t'd(t)e " |x|™, u>0,m>1,0>0, (1.11)

f, ® are continuous functions, are proved. In this case solutions decay toward 0 as t — oo like
t~*. It is proven in the paper [13] that solutions of the equation

u"(t) +aD*u(t) + bu(t) =0, a€(0,1),a>0,b>0 (1.12)

have the same asymptotic properties. This equation can be written in the form of the sys-
tem (1.4) and this means that there is a chance to obtain some conditions for the exponential
stability of the zero solution of a fractional perturbation of the equation (1.12), or the corre-
sponding system, only if we consider time dependent coefficients a, b. We consider this type of
equations in [3,4] with the Riemann-Liouville and Caputo-Fabrizio fractional integrals and in
this paper we study equations of this type with the Riemann-Liouville substantial fractional
integrals.

2 Existence result

In this section, we prove a local existence and uniqueness result concerning the initial value
problem

(1) = A(t)x(t) + }"(t,x(t), [P (t), .. .,I(""”'ﬁ"')x(t)>, x(to) = xo, @.1)

where A(t) is a continuous matrix function and F (¢, x,v1,v2,...,vy) is a continuous mapping
in the variables (t,x,v1,0y,...,0y) in all variables t > 0,v1,0y,...,0, € RN,

Theorem 2.1. Let G C R x RY be a region, H,, C R™ is a region with 0 € Hy, and F € C(G x
H,,, RN) be a continuous locally Lipschitz mapping. Then for any (to,xo) € G, to > 0, there exists
a 6 > 0 such that the initial value problem (2.1) has a unique solution x(t) on the interval Iy =
[to, to + 0).

Proof. Let
Gy = {(t,x,ul,...,um) EGXxHy tg<t<ty+aty>0, 22)
|x —x0l| <b, Ju;] < ||x0l| +b, i=12,...,m}, '
for some a > 0,b > 0. Let
M; = max A(t)x||},
! ||xfx0|\§b,to§t§to+aH <) H}
My = max F(t,x,uy,...,u
2= |7 (¢ x, u1 m)ll (2.3)
= A(t
My = max [A(t)]
and the mapping F satisfies the condition
m
|\ F(t,x,u1,uz, ... um) — F(t,y,01,02,...,0m)| < Lollx—y| + ZLiHui — vl (2.4)

=1

for all (t,x,uq,uz, ..., um), (t,y,01,02,...,0m) € Go. Let

b 1
0<d=min<a, , C, , 2.5
' { M + M, M3+LO+Z:'”:1L1‘} 25)
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1
where ¢ = minj<j<, [['(a;)a;]%. Let C5 := C(I;,RN), Is = [to, to + 6], be the Banach space
of continuous mappings from I5 into RN endowed with the metrics d(h,g) := ||h —g|| :=

maxcy, ||1(t) — g(t)||. Let us define the successive approximations {x,}5 , ¥, € C; :=
C(L;, ]RN), by

XO(t) = Xo,
Xpi1(F) = x0 + tA(s)xn(s)ds

to

t 1 s
_ \ar—1,-B1(s—1)
+ to]—"(s,xn(s),r(al)/o(s ) e x,(T)dT, (2.6)

1 S
ey m /0 (S — T)“"‘_le_'g”’(s_r)xn(l’)d’l') dS,

tel;, n=12,...

First, let us show that ||x,(t) — xo|| < b forall n > 1, t € I;. From the definition of the
number c it follows that

1 ! a;—1,—pBi(t—s) 1 5% 1 "
_ i i < — <
() /0 (t—s)""e WS T S Ty o
1

1 F(IXZ')IX,' (27)

<

and so, we have

1 o™
< ———||xoll + 8] < ||x0|| + b,
£y ol + 81 < ol .

i=1,2,...,m tel,.

L /t(t — )% e Bilt=s) yodt
T(ai) Jiy

Hence, the first approximation x; (t) is well defined and

b

t) — < M6+ Myb = (M M>)d < (M My))—m—— =
[x1(t) — xol] < M6+ M2d = (M1 + M2)d < (M + 2)M1+M2

b, tel. (29

This yields the inequality
|x1(£)]| < |lxo|| +b forall t € Iy (2.10)

and thus

t
(t, x1(t), r(;) /0 (t — 1)~ le=Pilt=s)y, (1)dr,

1

t @.11)
ceoy m /O (t — T)“m—le_ﬁm(t—s)xl (T)dT) c GO
m

for all t € Is. Now, similarly as in the proof of the existence theorem in [3] we find using the
Lipschitz condition (2.4) and the inequality (2.7) that

llx2 — x1|| < ké||x1 — xo]|, (2.12)

where k = M3 + Lo + )" L; and one can show by induction that

|1 — x| < (k&)™ |21 — x0l|, n=12... (2.13)
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Since
xa(t) = xo(t) + Y [xi(t) — xi1(f)]  with xo(t) = xo, (2.14)
i=1

we obtain

n

lxo(t) + }_[xi(t) — xica (D]I] < llxoll + an [[x:(8) — xi -1 (1)
=1 =1 (2.15)

n .
< (Ixoll + Yo (ko)) 1 = xoll, Ve L.
i=1

From the definition of ¢ it follows that k6 < 1, and so the series ||xo|| + Y2, (ké)' is conver-
gent. This yields the uniform convergence of the sequence {x,(t)}*, on the interval I; to a
continuous mapping x € Cs, which is a unique solution of the equation (2.1). ]

Corollary 2.2. For any xo € RN and any ty > 0 there exists a maximal solution of the initial value
problem (2.1).

This corollary is a consequence of Theorem 2.1.

3 Exponential stability of fractionally perturbed ODEs with linearly
bounded right-hand sides

The results described in this section, is based upon a method developed by Rigoberto Medina
in the paper [9] for systems of the form (1.4) without the fractional part. We extend his results
to the fractional system (1.4). We will work with the logarithmic norm (B), of a square N x N
matrix B = (b;;) defined by

. |II+eBj| -1
B) = lim ——F—, 3.1
#(B) = lim - (3.1)
where [ is the unit matrix and || - || is a norm on R¥. For example,
n
#(B) = p1(B) = max {bjj + Z\sz!}, (3.2)
i#j
with respect to the 1-norm ||x|| := ||x||1 = XN, |xi|,x = (x1,x2,...,%n) (see [9, Lemma 5]).
We will apply the following Coppel’s inequality:
Bt < e B, vt >o. (3.3)
To established the main results we make the following assumptions:
(H1) There are positive numbers ©, g such that
1A(E) = AG)I < qlt —s[®,  VEs >0, (34)

where | - || denotes a norm in RY.

(H2) For any logarithmic norm j, the matrix A(t) satisfies

p = —supu(A(t)) > 0. (3.5)

t>0
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(H3) For a positive constant r < oo, there is a constant y = 7(r) such that p > 7y and
[F(t,u)l| < yllul,  Vt>0, YueQ(r), (3.6)
where Q(r) = {h € RN : ||k|| < r}.

(H4) There are positive constants #;, pt; > p,i =1,2,...,m such that

m
1f(t, 01,02, ..., om)|| <Y e P |oi]l, Vt>0, Vo, € Qr), i=1,2,...,m. (3.7)

Theorem 3.1. Suppose that the conditions (H1)-(H4) are satisfied. In addition, let

re+1)  1& 1
GAW)E f)i=q——ar Py Ty 2y T ) (3.8)
(AW Ef) == e+ pgﬁi’(ﬂi—p)
where -
I'(z) :/ e Tdr (3.9)
0

is the Euler’s Gamma function. Then the zero solution of the equation (1.4) is exponentially stable with
respect to the ball U(A), with A = r(1 — G(A(+), F, f)), provided that

[x(0)[] < A. (3.10)

Proof. Let x(t) be a solution of the equation (1.4) on the interval [0,T),0 < T < oo with the
initial value x(0) € Q)(A). Rewrite this system in the form

2(t) = A(T)x(t) + [A(t) — A(T)]x(t) + F(t,x(t)) +f(t, 1B (1), .. .,I(“’”'ﬁm)x(t)), (3.11)
regarding an arbitrary T > 0 as fixed. Then
x(t) = ety (0)
+ [ AOIAG) - AD)]x(s)ds
+/teA(T)(t_S)F (s, x(s))ds (12
+ / (5, 1048 x(s), .., 1B x(5) ) s,

There are two cases to consider: r = oo and r < oo. First, assume that »r = c. Then we obtain
the relation

Ix(£)] < e A (0 ||+/ AT gls — 7||x(s) | ds
+/0 e ATDES)y |1 x(5)||ds (3.13)

t m
n / e”(A(T”(’*‘S)(ZmH I(“z‘fﬁi)x(s)Hds>,
0 i=1

where

t
1B x(s)| < <+ (=51 B x(s) s, (3.14)
j 0
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Hence, we have
x(6)] < A0 [x(0)]|
t
+/ et AMIE=s) g5 — 7|9 x(s)||ds
0

t
+ [ Ay x(s) ds

t m s
+/0 ey(A(r))(t—s>< ;”ie_msr(ii) /0 (S_a)"‘i_le_ﬁi(s_”)||x((7)||da>ds.

Denote by ¥(t) the right-hand side of this inequality. Then
Ix()] < ¥ (t) < A x(0)]
t
+/ et AME=s) g5 — 7|9 (5)ds
0

+ay / A (-9 (5)ds
0

t m 1 s
H(A(T))(t-5) oS / _ )1, Bi(s—0)
+/O e (i_zliyze () o (s —o)%le ‘I’(cr)dcr)ds.

Since the function ¥ (t) is nondecreasing and

/t (HAT(E=) |5 _ 7195 < /t e P(t=5)|T _ 5[04s
0 0

we obtain the inequality
_ re@+1 v & ;
Y () < e P x(0)]| + (q(®+1)> +1y M”_l)‘ff(t).
P [ —p)
Hence, we have the inequality

¥ (1) (1 - G<A<->,P,f>) < e x(0)]],

ie.

-1
Jx()] < ¥(H) < e (1 - G(A(-),F,f)> X)) Vvie[oT),

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

where G(A(+), F, f) is given by (3.8). Since the right-hand side of (3.8) is independent of T this

inequality holds for all ¢ € [0, ).
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Hence the condition ||x(0)|| < A = r[1 — G(A(:), F, f)], ensure the exponential stability of
the solution x(f) with respect to the ball Q(A).

If r < oo, then using the Uryson’s lemma [2, Lemma 10.2], we get the exponential stability
in this case. O

4 Example 1

Let us illustrate Theorem 3.1 by the following example, which is a fractional perturbation of
the [9, Example 9, p. 4]:

(1) = A(H)x(t)

+ F(x(t)) —|—f<t/1(zx1,ﬁ1)x(t),[(ﬂtz,ﬁz)x(t)>/ >0, x(t) € RN, x(ty) = o, (4.1)
where
A(t) _ _[ﬂl +d1(t)] dz(t) ] , (42)
di(t) —[a2 + da(t)]

where ay, a4, 71, 72 are positive constants, dy (¢), d2(t) are continuous nonnegative and bounded
functions.

x(t) = (xl(t),xz(t))T,F(x(t)) = (R (x(t), B(x()) = (m1x1(t)e 1) poxy (£)e=22(1)) (4.3)
where v;,6;(i = 1,2) are positive constants,
f(t,v1,02) = e M'Boy +e "'Cvy, v, €R? i=1,2, (4.4)
where B, C are constant 2 x 2 matrices and y1 > p, 42 > p are constants.
Theorem 4.1. Suppose that the following conditions are satisfied:
(C1) There are positive numbers ©, q1, g2 such that
\di(t) —di(s)] < gt — 5|, Vt,s > 0; (4.5)
(C2)
o>, (4.6)
where p = min{ay, a2}, v = max{y1, 72 };

(C3) For a positive r < oo, there is a constant v = y(r) such that

[Fu)ll < yllull, — Vt>0, Yu € Q(r); 4.7)
v ( ) |B| IC]|
TrO@+1) -« 1< B C >
S == + =+ - o] + (%3 < 1’ 4.8
0TI e P e \Bi (p1—p) Bl (p2a—p) (*8)

where g = max{2q1,242}.

Then the zero solution of the equation (4.1) is exponentially stable with respect to the ball Q) (Ag) with
)\0 = 7’(1 — So)
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Proof. One can check that the condition (C1) yields the inequality
|A(H) = A(s)|| < qlt—s|®  Vts>0, (4.9)

i.e. the condition (H1) of Theorem 3.1 is fulfilled. By the formula [9, (44)] u(A(t)) = —p,t 20,
where p is defined in (C2), the condition (H2) of Theorem 3.1 is also fulfilled. Since F;(x) =
vilxil,i = 1,2, where 71,72 > 0, ||F(x)|| < | x| with v = max{~y1, 72}, the condition (H4) of
Theorem 3.1 is fulfilled with #; = ||B||, 72 = ||C||. If the condition (C4) is satisfied, then the
condition formulated in Theorem 3.1 is satisfied and hence we have proved that the assertion
of Theorem 4.1 is a consequence of Theorem 3.1. O

5 Exponential stability of fractionally perturbed ODEs with several
power nonlinearities

In this section we consider the equation (1.4) under the following assumptions:

(G1) There are positive numbers ©, g such that

|A(t) — A(s)|| < gt —s|®, Vt,s > 0; (5.1)

(G2) For any logarithmic norm y, the matrix A(t) satisfies

p=—suppu(A(t)) > 0; (5.2)

t>0

(G3) For a positive r < co, there are constants v = (r), €; = €;(r) such that

IE@)[l < yllull + }_eillul, ¥t >0, YueQ(r), (5.3)
i=1

where 1 < w; < wy < -+ < wy, are constants, independent of » such that

win; > 1, w; > P, i=1,2,...,m. (5.4)

(G4) There are positive constants #;,§;, 1 = 1,2,...,m and u;, u; > p,vi,v; > p,i =1,2,...,m
such that

m m
1f(t, 01,00, om) || < Y mie P Joi|| 4+ Y &ie ™ |vi ||, vt >0, Yo; € Q(r), (5.5)
i=1 i=1

where 1 < w; < wy < -+ < wy, are constants, independent of » with the additional
property: w;x; > 1,w; > p,i=1,2,...,m.
Theorem 5.1. Let the conditions (G1)—-(G4) be satisfied. In addition, let

T(@+1)

G(A(-),F,f) = qp@m+;+ Yo <1 (5.6)

Then the solution x(t) of the initial value problem (2.1) with ty = 0 is global and

lx(®)|F < H([[x(0)[[)e™*" ¥t € [0,00), (5.7)
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where
H(z) = zKD1(z)D3(z) - - - Diu(2), z € Q(r), (5.8)
Dl(Z) = <1 — (w1 — 1)(KZ)w11G1> o
o (5.9)
Di(z) = <1 — (w; — 1)(Di1)‘*’i1Gi) L i—23,. . m,
where

Gi = K <e'+ L >
Cowi—p\ T Tl —p] )
wi = I\NP i — 1\ ]9
Li:< i > [r( i )] . i=123,...,m, (5.10)
wiﬁi w;—1

K= (1 - G(A(-),F,f)> 71,

provided x(0) € Q(r) with
r=sup{z: (w; —1)D;(z)¥1G; < 1,i=1,2,...,m}. (5.11)

Proof. Let x(t) be a solution of the initial value problem (2.1) with x(0) = x¢. Then
t t
lx(®)] < Hx(O)lle_ptﬂi/O e_p(t_s)ls—T|®HX(S)HdS+7/O e P lx(s) | ds
t m 1 S
—p(t=s) ; / _ )i~ 1,=Bils—0) d )d
[ (;n Fy = )t P (o) e s
m t
£y [ et x(s)| s
i=1 70

t o 1 s 1 (s Wi
+/O e Pl S);Cie Vlsl"(le-)wi (/0 (s — o)~ le=hils ‘T)Hx(cT)Hda> ds.

The first three integrals are the same as in the linear case studied in Section 4. Therefore we
can apply the same procedure as in the proof of Theorem 3.1. Denote by ®(t) the right-hand
side of the inequality (5.12). Hence, if K = (1 — G(A(:),F, f)) ! then from this inequality we
have

(5.12)

lx(B)]| < &(#)

m t
< e PK||x(0)|| + K / —0(t=5) P (5)wid
< PKIO) |+ K L [ eI ds 613

Wi

t m 1 s
K/ —p(t—s) ; —V;s (/ _ )il *.Bi(S*V)Q) d ) ds.
+K | e ;Ce @)@ \ o (s—o)hle (o)do ) ds

Now, let us apply the desingularization method suggested in the paper [10] (see also
[11,12]). Using the Holder inequality with w; and k; = — = we obtain the estimate:

w;—1
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s wi
</ (s — a)“f_le_ﬁf(s_”)©(a)da>
0
W (5.14)
S i; S
< ( / (s — o)Fil@i—D) gripils— ”)d¢7> / O (0)ido.
0 0
We have the following estimate:
S
/(S_J)Ki(m D p=kiBi(s=0) jor — / ni i(i— Kﬁ”diy
0
1 Kl‘ﬁl‘s
— i(@i—1),—
= (P o= /0 Z\i— ) e ™2 d7 (5.15)
1
<
< Gaprnal ki(e = 1) +1).
Since k; = w“’l 1/ ﬁf =w;—1LKi(a;—1)+1= “Z)‘:"'__ll,xi ;= :j’z ’f 7, we obtain the inequality
s wi s
</ (s —0)"‘1'18/51'(5‘7)@(0)11(7) < Ll-/ P (o) (5.16)
0 0
where
wi — I\ o — 1\
— ! 1t
Ll_(Wi‘Bi ) F( w0 —1 > . (5.17)
Using this inequality we obtain from the inequality (5.13):
m t
x(t)]] < @(t) < e PK||x(0)]| + Ke ** Zei/ e P (s)¥ids
' t (5.18)
+ (Ke Pt/ Zgl >/ d(0)¥ido.
0
From this inequality it follows the following inequality for v(t) = ®(¢)e :
o(t) < K[|x(0)]| + 2/ )“ids, (5.19)
where
L.
Fi(t) = Ke_[‘”i_"]t<e - 1), i=12,...,m 5.20
0 @)l (520

From Pinto’s inequality [14], which is a generalization of the Bihari inequality [1], it follows
an integral inequality, corresponding to several power nonlinearities, formulated and proved

in [3] (see [3, Lemma 3.1]), we obtain the inequality:

v(t) < H([|lx(0)[1),

(5.21)
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where
H(z) = zKD1(z)D3(z) ... D (2), z € Qr), (5.22)
-
Dl (Z) = <1 — (w1 — 1)(KZ)W11G1> '
L (5.23)
Do) = (1- (@ - DO 6) T =23
where
G-—/OoP(s)ds—K<e-+Li> i=1,2 m (5.24)
1 0 1 wz_p 1 F(D{l)w’[vl—p] 7 15y .
and
r=sup{z: (w; —1)D;(z2)* G, < 1,i=1,2,...,m}. (5.25)
This yields the inequality
lx(8)] < @(t) = v(t)e " < H(|[x(0)[)e * ¥t € [0,00) (5.26)

and since the function H(z) is continuous on Q)(r) and H(0) = 0, from the inequality (5.26) it
follows that the maximal solution x(t) is global and that if x(0) € Q(r), then lim;, ||x(¢)|| =
0. O
6 Example 2
Consider the system (4.1) with A(t) defined by (4.4), F(x) defined by (4.3), e = 0, i.e. F is
linearly bounded),

flt,w) = qe_”fw +Ce‘”t(w%, w%), w = (wy,wz), ¢ >0, >0, (6.1)

If (8, w)l| < e |[w]| + Ge™|[w]?, V>0, we R, (6.2)

m=1 O=1 a=a=

WIN

, = = 2/ = = 2,
Pr=F =@ 63)
p=min{a,m} <w=2, upp=u>p, v1=v>p.

Assume that

G(A(-),F, f) = (max{2q1,2q2}) (min{ar @] T min{ar aa] 61
i 1 <1 '
25 (min{ay,a2}) (3 — min{ay,a,})
We have 1
H(z) = zKD;(z) = zK (1 - C(KZ)G1> , (6.5)
where K = G(A(+),F, )7},
Gy — KL, (6.6)

(2 - min{al,az})F(%) [v — min{ay, a,}]’
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where

(o =\ o =1\ 1\ /4
wen=(G) FEa=)) @6 @

The function H(z) is obviously defined for all z € Q(r) with

1 G(A(:), F,
r = sup {z: |z| < (ﬂ(Gl} = (é();lf) (6.8)

If x(t) is a solution of the initial value problem (4.1), then by Theorem 5.1

Ix()) ] < H(||x(0)[[)e~tmintenebt vt > 0 (6.9)

for any x(0) € Q(r).
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