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Abstract. A singular nonlinear initial value problem (IVP) with a ¢-Laplacian of the
form

(PP (1)) + p(O)f(@(u(t))) =0, u(0) =ug € [Lo,0), u'(0) =0

is investigated on the half-line [0, 00). Here, function ¢ is smooth and increasing on R
with ¢(0) = 0, function f is locally Lipschitz continuous with three zeros ¢(Ly) < 0 <
¢(L), function p is smooth and increasing on (0, c0), and the problem is singular in the
sense that p(0) = 0 and 1/p(t) may not be integrable on [0,1]. The main result of the
paper is the existence of homoclinic solutions defined as nondecreasing solutions u of
the IVP satisfying limy_,co u(t) = L.

Keywords: second order ODE, time singularity, ¢-Laplacian, homoclinic solution, half-
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1 Introduction

We investigate solutions of the initial value problem (IVP)

(P (1)) + p(t)f(P(u(t)) =0,  te€(0,00), (1.1)
u(0) =ug, u'(0)=0, up€[Ly0), (1.2)
where
¢ € C'(R), ¢'(x)>0 forxec (R\{0}), (1.3)
p(R) =R,  ¢(0)=0, (1.4)
Lo<O0<L,  f(¢(Lo)) = f(0) = f(¢(L)) =0, (15)
f e Lip[p(Lo), ¢(L)],  xf(x) >0 forx e ((¢(Lo),¢(L))\{0}), (1.6)
p € C[0,00)NCH0,00),  p'(t)>0 forte (0,00),  p(0)=0. (1.7)
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In particular, we find additional conditions for p, ¢ and f which guarantee for some uy €
[Lo,0) the existence of a nondecreasing solution of IVP (1.1), (1.2) converging to L for t — oo.
Note that if we extend the function p in equation (1.1) from the half-line onto R as an even
function and assume that ¢ is odd, then any solution u of IVP (1.1), (1.2) with lim; e u(t) = L
fulfils lim;_, o u(t) = L. Such solution u is called a homoclinic solution. This is a motivation
for Definition 1.4. Due to condition (1.7) the function 1/p(f) may not be integrable on [0, 1]
and consequently equation (1.1) has a time singularity at t = 0. Problems of this type arise
in hydrodynamics [10] or in the nonlinear field theory [7], where homoclinic solutions play
an important role in the study of behaviour of corresponding differential models. The paper
is a culmination of our previous research and results from [5] and [25], where other types of
solutions of IVP (1.1), (1.2) have been studied.
Our first attempts in this subject have been made for the equation without ¢-Laplacian

(P (1)) +q() f(u(t)) =0,  t€(0,00),
with p = g in [18-23] and for p # g in [4,6,24,26]. Other problems without ¢-Laplacian close
to (1.1), (1.2) can be found in [1-3,8,12-14] and those with ¢-Laplacian in [9,11,15-17].
IVP (1.1), (1.2) can be transformed to the equivalent integral equation

s
0

t 1
u(t) = u0+/0 o ! <_P(S)/ p() f (p(u(T))) dT) ds, t €0, 00). (1.8)
Assumption (1.3) implies that ¢ is locally Lipschitz continuous on R, but if ¢'(0) = 0, then

!/
i (¢71) () = e
lim (97 ) (x) = 0
and so ¢! does not fulfil the Lipschitz condition on intervals containing 0. If values of u are
between Ly and L, we see that

tim — [ p(0)f (pu()) dr =0,

s—0+ p(s)

Therefore ¢! in (1.8) is considered on an interval containing zero. Hence, in order to prove
the uniqueness for IVP (1.1), (1.2) if ¢'(0) = 0, we need to use some new condition for ¢~?
instead of the Lipschitz one. Such cases of ¢ have been considered in [5], where we have
proved the existence of a unique solution of IVP (1.1), (1.2) for up > Ly and ¢'(0) = 0 under
the assuption that ¢ fulfils conditions

!/
lim sup <—x ((p*l) (x)> < o, ¢’ is nonincreasing on (—oo,0), (1.9)
x—0~
/
lim sup <x (gb*l> (x)) < 00, ¢’ is nondecreasing on (0, c0). (1.10)
x—07F

Example 1.1. A typical model example is the a-Laplacian ¢(x) = |x|*sgnx, x € R, where
« > 1. Then ¢/(x) = alx|*! and conditions (1.3) and (1.4) are fulfilled. If « > 1, then
¢'(0) =0, ¢’ is nonincreasing on (—oo,0) and nondecreasing on (0, ). Further,

P = hlisgnr, (7)) @ =kl m (p7) () =,

x—0
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which yields that ¢! is not Lipschitz continuous at 0. Since

, 1) oy Lo 1 _
limx (97!) () = imxale ™" =0
we see that the a-Laplacian ¢(x) = |x|* sgn x fulfils (1.9), (1.10).

If we take p(t) = tP, t € [0,00), where B > 0, then p fulfils (1.7). As an example of f
satisfying conditions (1.5) and (1.6) we can take f(x) = x (x — ¢(Lo)) (¢(L) — x), x € R.

Definition 1.2. A function u € C![0,00) with ¢(u') € C! (0,0) which satisfies equation (1.1)
for every t € (0,00) is called a solution of equation (1.1). If moreover u satisfies the initial
conditions (1.2), then u is called a solution of IVP (1.1), (1.2).

Remark 1.3. Equation (1.1) has the constant solutions u(t) = L, u(t) = 0 and u(t) = L.

Definition 1.4. Consider a solution u of IVP (1.1), (1.2) with ug € [Lo,0) and denote
Usup = sup{u(t): t € [0,00)}.

If usup < L, then u is called a damped solution of IVP (1.1), (1.2).

If usyp = L and u is nondecreasing (i.e. lim; ;o u(t) = L), then u is called a homoclinic
solution of IVP (1.1), (1.2).

The homoclinic solution is called a regular homoclinic solution, if u(t) < L for t € [0,00) and
a singular homoclinic solution, if there exists ty > 0 such that u(t) = L for t € [tg, o0).

If usup > L, then u is called an escape solution of IVP (1.1), (1.2).

Conditions giving the existence of damped solutions are published in [5] nad those for
the existence of escape solutions can be found in [25]. Our goal is to prove the existence of
a homoclinic solution of IVP (1.1), (1.2) with some starting value uy € [Lo,0) provided some
suitable additional conditions are fulfilled. The main result of the paper is contained in the
next theorem.

Theorem 1.5 (Homoclinic solutions). Let (1.3)—(1.7) and (2.2)—(2.4) hold. Further assume that
there exists a right neighbourhood of ¢(Ly), where f is decreasing. (1.11)

Then there exists u; € [Lo, B) such that a solution uy, of IVP (1.1), (1.2) with ug = ufj is homoclinic.

Examples of graphs of homoclinic solutions and of a function f satisfying the conditions
of Theorem 1.5 are in Figures 1.1-1.3.

2 Auxiliary results

Here we present an overview of results from [5] and [25] which we need to get a homoclinic
solution of IVP (1.1), (1.2). The first group consists of results about existence and uniqueness
which follow from [5, Th. 4.1, Th. 5.1, Th. 5.4, Th. 6.5] and [25, Th. 4.7].

Since values of any homoclinic solution belong to [Ly, L], we can assume without loss of
generality

f(x) =0 forx <¢(Lo), x> ¢(L) (2.1)

in our next investigation.
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Figure 1.1: Graph of a regular homoclinic solution uy,

Up

Figure 1.2: Graph of a singular homoclinic solution uy,

®(Lo) <I>(3§) 0 ®(L)

Figure 1.3: Graph of a function f (sizes of the orange and green areas are the
same)

Theorem 2.1 (Existence of solutions). Assume (1.3)—(1.7) and (2.1). Then, for each starting value
ug € [Lo,0), there exists a solution of IVP (1.1), (1.2).

Theorem 2.2 (Damped solutions). Let (1.3)~(1.7) and (2.1) hold and let

3B € (Lo,0): F(B) = F(L), where F(x)= /O "f((s))ds, x€ER, 2.2)
and "
m p = U. .
t—co p(t) 0 23)

Then every solution of IVP (1.1), (1.2) with the starting value ugy € [B,0) is damped.
Assume in addition that

lim x| (1) (x) < o0, 2.4)
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and that u is a damped solution of IVP (1.1), (1.2) with the starting value uy € (Lo,0). Then u is a
unique solution of this IVP.

Theorem 2.3 (Escape solutions). Let (1.3)—(1.7) and (2.1)~(2.3) hold. Then there exist infinitely
many escape solutions of IVP (1.1), (1.2) with starting values in [Lo, B).

Assume in addition that (2.4) hold and that u is an escape solutions of IVP (1.1), (1.2) with the
starting value ug € (Lo, B). Then u is a unique solution of this IVP.

Remark 2.4. The uniqueness of damped and escape solutions is proved in [5, Th. 5.4, Th. 6.5]
under the assumptions (1.9), (1.10). Using the arguments from the proof of Lemma 4.1, we see
that the requirement of the monotonicity of ¢’ can be omitted and (1.9), (1.10) can be replaced
with (2.4).

Remark 2.5. If we assume that (1.3)-(1.7) and (2.1)—(2.3) hold and in addition that ¢'(0) > 0,
then the condition

¢~ € Lipoc(R), (2.5)

is fulfilled. In this case, by Theorem 2.1 and [5, Th. 4.3], for each uy € [Lo,0) there exists
a unique solution of IVP (1.1), (1.2). In particular for ugp = Lo IVP (1.1), (1.2) has a unique
(constant) solution.

Example 2.6. As an example of ¢ satisfying (1.3), (1.4) and ¢'(0) > 0 we choose

¢$(x) =sinh(x) = (e* —e ™ ¥)/2, x e R

The second group contains results about asymptotic behaviour of damped, escape and ho-
moclinic solutions and can be reached from [5, L. 2.1b), L. 2.6, L. 2.8, L. 3.2, L. 3.4, L. 6.2, L. 6.3]
and [25, L. 3.3, L. 3.4]. In particular, paper [5] mostly deals with damped solutions and proves
their possible behaviour as illustrated in Figure 2.1. Paper [25] investigates escape solutions,
proves their monotonicity and presents conditions guaranteeing their unboundedness. For
graphs of escape solutions see Figure 2.2.

L
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Figure 2.1: Graphs of damped solutions
Theorem 2.7 (Starting value in (Lo, 0)). Let (1.3)~(1.7) and (2.1)—(2.3) hold and let u be a solution
of IVP (1.1), (1.2) with the starting value uy € (Lo, 0). Then
u(t) > Lo and 3¢ >0 suchthat |u'(t)] <¢é fort € (0,00). (2.6)

The constant ¢ depends on Lo, L1, ¢ and f and does not depend on p and u.
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Figure 2.2: Graphs of escape solutions

1. Assume that usyp < L, i.e. u is a damped solution.
o Let 0 > 0 be the first zero of u. Then there exists € < a < b such that
u(a) € (0,L), u'(t)>0 on(0,a), u'(a)=0, u'(t)<0 on(ab). (27)
® Let u < 0on [0,00). Then
u'(t) >0 forte (0,00), limu(t)=0, limu'(t)=0. (2.8)

t—ro0 t—o0

2. Assume that usy, > L, i.e. u is an escape solution. Then
u'(t) >0 fort € (0,00). (2.9)
3. Assume that usyp = L. Then there are two possibilities.
* u(t) < L fort € [0, 00) which yields
u'(t) >0 forte (0,00), limu(t)=1L, limu'(t)=0, (2.10)

t—o0 t—o0
and u is a regular homoclinic solution.
e There exists to > 0 such that u(ty) = L, u'(ty) = 0 which implies
u'(t) >0 forte (0,t), (2.11)

and there exists a singular homoclinic solution v, where v = u on [0,ty] and v = L on
[to, OO)

Consider a solution u # Ly of IVP (1.1), (1.2) with uy = Lg. Since Ly < 0, there exists ¢ > 0
such that u(t) < 0 for t € [0,¢], and by (2.1), f(¢(u(t))) <0 fort € [0, ¢]. Integrating (1.1) over
[0, t] we get

P09 () = — [ p(o)f@u(s))ds 20, te 0]

Hence u/(t) > 0 and u(t) is nondecreasing on [0, ¢]. Consequently, since u # Ly, there exists a
maximal a9 > 0 such that

u(t) = Lo on [0,a0] and u is increasing in a right neighbouhood of 4. (2.12)

The next theorem describes asymptotic behaviour of damped, homoclinic and escape solutions
starting at Lo, which is the same as that of solutions with starting values greater than Ly.
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Theorem 2.8 (Starting value Ly). Let (1.3)~(1.7) and (2.1)—(2.3) hold and let u be a solution of IVP
(1.1), (1.2) with the starting value ug = Lo. Further, let u % Lo and let ag > 0 be from (2.12). Then

u(t) > Ly and 3¢6>0 suchthat |u'(t)] <& fort € (ag, ). (2.13)
The constant ¢ depends on Ly, L1, ¢ and f and does not depend on p and u.

1. Assume that usyp < L, i.e. u is a damped solution.
o Let 0 > ag be the first zero of u. Then there exist § < a < b such that
u(a) = (0,L), u'(t)>0 on(aga), u'(a)=0, u'(t)<0 on(ab). (2.14)
e Let u < 0on [0,00). Then
u'(t) >0 on (ap,00), limu(t)=0, limu'(t)=0. (2.15)

t—o0 t—ro0

2. Assume that usyp > L, i.e. u is an escape solution. Then
u'(t) >0 fort e (ag, ). (2.16)
3. Assume that usy, = L. Then there are two possibilities.
* u(t) < L fort € [0,00) which yields

u'(t) >0 forte (ag,00), limu(t)=L, limu'(t)=0, (2.17)

li

t—o0 t—o0
and u is a reqular homoclinic solution.

e There exists tg > ag such that u(ty) = L, u'(ty) = 0 which implies

u'(t) >0 fort e (ag,to), (2.18)

and there exists a singular homoclinic solution v, where v = u on [0,tyg] and v = L on
[t(), 00)

3 Escape solution and damped solution start in (Lo, 0)

In this section we derive further needed properties of escape and homoclinic solutions.
Assume (1.3)—(1.7), (2.1)—(2.4) hold and define sets

M, = {ug € (Lo,0) : u is an escape solution of IVP (1.1),(1.2)}, (3.1)
My = {up € (Ly,0) : u is a damped solution of IVP (1.1), (1.2)}. (3.2)

By Theorem 2.2, the set M, is nonempty. In this section we assume that the set M, is also
nonempty and prove that the sets M, and M, are open in (Lo,0). These properties of M,
and M, are used in Section 5 in the proof of Theorem 1.5.

Lemma 3.1. Let (1.3)~(1.7) and (2.1)—~(2.4) hold. Assume that B € [Ly,0), B, € (Lo,0) forn € N
and
lim B, = B.

n—oo
Further, let u, be a solution of IVP (1.1), (1.2) with ug = B,, n € IN, and let u be a damped solution
or an escape solution of IVP (1.1), (1.2) with ug = B. Then for each b > 0
lim wu,(t) = u(t) wuniformly on [0, b]. (3.3)

n—o0
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Proof. Since each u,, fulfils (1.1) we get after integration

uy(t) = By + /Otcp_l (_p(ls) /OS p(T)f((P(un(T)))dT) ds, t €]0,00), n € N. (34)

Choose an arbitrary b > 0. By (2.6) the sequence {1, } is bounded and equicontinuous on [0, b]
and by the Arzela—Ascoli Theorem there exists a subsequence {uy} C {u,} which uniformly
converges on [0, b] to a continuous function v. Hence the limit v fulfils

t 1 s
— -1({__=
o)) =B+ [ 07 (— | POFGEENAT) b5, re o,
So, v is a solution of IVP (1.1), (1.2) with uy = B. By Theorems 2.2 or 2.3, we get u = v on [0, b]
and (3.3) follows. O

Lemma 3.2. Let (1.3)—(1.7) and (2.1)~(2.4) hold. Then the set M, from (3.1) is open in (Lo, 0).

Proof. Let us choose an arbitrary B € M,. Then the corresponding solution u of IVP (1.1),
(1.2) with ug = B is an escape solution and so there exists b > 0 such that u(b) > L.

Assume that in any neighbourhood of B there exist starting values of solutions which
are not escape solutions. Then we get a sequence {B,} C (Lo,0) converging to B and a
corresponding sequence {u,} of solutions of IVP (1.1), (1.2) with uy = B, satisfying (3.3). In
addition u, < L on [0,00) for n € IN. By (3.3) we get u(b) < L, a contradiction. Therefore for
each B € M, there exists a neighbourhood of B belonging to M.. O

Lemma 3.3. Let (1.3)~(1.7) and (2.1)—~(2.4) hold. Then the set M from (3.2) is open in (Lo, 0).

Proof. Let us choose an arbitrary B € M,. Then the corresponding solution u of IVP (1.1),
(1.2) with up = B is a damped solution.

Assume that in any neighbourhood of B there exist starting values of solutions which are
not damped solutions. By Theorem 2.7 we get a sequence {B, } C (Lo, 0) converging to B and
a corresponding sequence {u,} of nondecreasing solutions of IVP (1.1), (1.2) with ug = B,
satisfying (3.3). Therefore u is also nondecreasing.

1. Assume that u has a zero 6 > 0. By (2.7) there exist 6 < a < b such that u(a) € (0,L)
and u is decreasing on [, b], a contradiction.

2. Assume that u < 0 on [0, ). Then (1.1) yields

O (1) + B O 1) + Fpt)w (0 =0, t>0. (9

Integrating (3.5) from 0 to ¢ > 0 and using (2.2) and (2.8) we get

!

. CPIS) Y ey e —
/0 x¢'(x) dx —|—/0 o(s) ¢(u'(s))u'(s)ds = F(B) — F(u(t)), t>0, (3.6)

and for t — o

©p'(8) i _ .
/0 (690 () (5) ds = F(B) € (0,00). 3.7)

Consequently there exist b > 0 and 7 > 0 such that

*p'(s) / / F(L)
/b o(s) p(u'(s))u'(s)ds <y < 5 (3.8)
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Hence (3.7) and (3.8) give

W AC PN
/ (i ()i (s) ds > F(B) — 1. (3.9)
o p(s)
(i) Assume for each n € IN, that starting value B, can be chosen such that the corre-
sponding solution u, is not a singular homoclinic solution. So, u, is either escape or regular
homoclinic solution, and for n € IN, we get similarly as in (3.6)

- CPS) iy _
/0 ¢ (x)dx+/0 P (5 (s) ds = F(BN) — Flwn(1)), >0 (3.10)

and so

F(un(t)) < F(By) —/Ob ’;9'((5))¢(u;(s))u;(s)ds, t>b. (3.11)

Using (3.9) we derive an estimation for the integral in (3.11) as follows. We have

bP’(S> / / bp/(S) W (SN () — d(u' ()i (s s B
/O p<s)4’(un(s))un(s)ds>/o ) (¢(u ()1t (5) — p(u () (5)) ds + F(B) — 1,

and due to (3.6) and (3.10),

[ (ot 1)t ) — plal (9)()) s

ps)
' (b
= F(B,) — F(B) + F(u(b)) — F(un(b)) + /((b)) x¢’(x) dx.
Therefore, (3.11) yields
F(uu(t)) < |F(u(b) — F(un(b))| + /Iu,:;) x¢'(x) dx| + 1, t>b.

By (3.3) and (3.4),
lim F(u,(b)) = F(u(b)), lim u},(b) = u'(b),

n—oo n—oo

and so if n is sufficiently large, then
F(un(t)) <3y < F(L), t>b.

By (2.2) the function F(x) is increasing for x € (0,00), and so if 0 < u,(t) then u,(t) <
F~1(3y) < L for t > b. Consequently, since u, is increasing on [0, c0) we have u, < F~1(35) <
L on [0, ) which contradicts the assumption that u, is an escape or regular homoclinic solu-
tion.

(ii) Let B,, n € IN, be such that the corresponding solutions u,, n € IN, are singular
homoclinic solutions. According to Theorem 2.7 there exists a sequence {t,} C (0,00) such
that

u,(t) >0, te(0,ty), u,(ty)=0, uu(t)=L, tE€][t,, o), necN. (3.12)
Let there exist ¢ € (0,00) such that t, < ¢, and hence u,(c) = L, n € IN. Then (3.3) yields
u(c) = L. Since we assumed that u < 0 on [0,00), we get a contradiction. Therefore there
exists a subsequence {t;} C {t,} going to oo, and for b from (3.8) we get t; > b for k > ko,
with a sufficiently large ko. Similarly as in (3.10) and (3.11) we derive

!

uy (t) t (s
[ s [T 2B g ) ds = FB) ~ Flu(t), 1€ 1), k2o
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F(u(t)) < F(By) — /Ob ’;/((SS)%(M;((S))L[;{(S) ds, te(bty), k> ko (3.13)

We derive the estimation of the integral in (3.13) as in (i) and get for a sufficiently large k the
estimate u;(t;) < F~1(37) < L contrary to (3.12).

We have proved that for each B € M, there exists a neighbourhood of B belonging to
M. O

4 Escape solution and damped solution start at L,

If we have not an escape solution of IVP (1.1), (1.2) starting at 1y > Lo, we need some further
properties of escape and damped solutions starting at Ly.

Assume (1.3)-(1.7), (1.11) and (2.1)-(2.4) hold and denote by S the set of all damped,
escape and homoclinic solutions of IVP (1.1), (1.2) with the starting value up = L. Let u, be
an escape solution and u; # Lo be a damped solution of IVP (1.1), (1.2). In this section we
assume that

Ue, Uy € S. (4.1)

According to (1.11) there exists C € (Lo, 0) such that f is decreasing on [¢(Lo), ¢(C ]
Theorem 2.8 there exist minimal 9; > 0 and minimal 7, > 0 such that u;(v;) =
ue(y.) = C. Let us put

Yo = min{7,, Y4} (4.2)

Lemma 4.1. Let (1.3)—(1.7), (1.11) and (2.1)—(2.4) hold. Then for each -y > 7o there exists a unique
solution u., € S satisfying u-(y) = C. Further there exists a, € [0,) such that

u,(t) =Ly on0,a,], u(t) € (Lo,C) on (a,,7). 4.3)

Proof. The existence follows from Lemma 4.6 in [25] where it is proved by the lower and upper
functions method. Theorem 2.8 yields (4.3). It remains to prove the uniqueness.

Step 1. Let us show that
V<N <72 = a4y Za,, (4.4)

Assume on the contrary that a,, > a,,, so the graphs of u,, and u,, intersect and there exists
¢ € (ay,,71) such that

Uy, (8) =y, (£) = Lo on [0,ar,], 1y, (£) <ty (£) o (ary,8), 1, (§) = 1, (§) € (Lo, C)

Consequently,

(€)- (4.5)

Uz
0),(C)] we get due to (1.3) —f(¢(ur, (1)) >
.1), we get by integration over [0, &]

On the other hand, since f is decreasing on [¢ (
—f(¢p(uy, (1)) for t € (a,,,¢). Since u,, satisfy (1

0 (6,@) =~ [ POF Q) a5 i=12

so ¢ (u),(8)) > ¢ (u,(8)) and u! (&) > ul, (&), contrary to (4.5).

Step 2. Now, assume that for some ¢ > 7 there exist two different solution u;,u, € S such
that u1(y) = up(y) = C. Similarly as in Step 1 we get that the graphs of u; and u, cannot
intersect. Therefore there exists an interval (1, 1) C (0,7) such that u; > up on (1, 77) and



Homoclinic solutions 11

u1(1) = uz(1w), uj(w) = uh(w), u1(r) = ux(m). Then uj(r) < uh(m). Since uy, u, are
solutions of (1.1), it holds

(p()P(i(1)) + p(£) f(P(ui(t))) =0, t€(0,00), i=1,2. (4.6)

Integrating (4.6) over |19, 1] we have

P (1)) = p(w)g (ui(w) — [ p(s)f (@lule)) ds,  i=12,

T

which implies u5(7) < uj(11), a contradiction. We have proved that

ui(t) = us(t) forte0,7]. (4.7)

Step 3. Integrating (4.6) over [, t] we get for t >

/ 1

S PO ds = A, i=12

and so t

ui(t) = ¢~ (Ai(t),  wi(t) =C +L ¢ (Ai(s))ds,  i=1,2.
By Theorem 2.8 there exist § > 7 and co, & such that

0<co <ui(t) <g u;(t) € (Lo, L), t € [, B, i=1,2. (4.8)
Then 0 < ¢(co) < Ai(t) < ¢(¢) for t € [y,B], i = 1,2. Therefore, due to (1.3), there exists a
Lipschitz constant A, of the function ¢~ on the interval [¢(co), (€)] such that

|uh (£) — up(£)] < Ayr| Ax (£) — Aa (1)), \M1(f)—uz(f)|§/\¢1/Wt!A1(S)—A2(S)|dS/ te [, Bl

In addition, by (1.3) and (1.6) we can find Lipschitz constants Ay and Af of the functions ¢
and f on the intervals [Lo, L] and [¢(Lo), ¢(L)], respectively. Hence, by (1.7), (4.7) and (4.8),

[A1(t) — Aa(F)] < P(lt)/;r?(S) [f(¢(ua(s))) = f(@(ua(s)))]| ds

< Ashy [:|u2(s)—u1(s)|ds, te [y, Bl.

This implies

t
|1 (t) —ua(B)] < Ag1ApAg (P — 7)/7 |ur(s) —ua(s)|ds,  telypl,
and the Gronwall lemma yields

up(t) = ua(t) fort € [v,pBl. (4.9)

Let f* be a supremum of all such f satisfying (4.8). Let us denote p(t) := u1(t) — uz(t). Then
by (4.7) and (4.9)
p(t) =0 fort e [0,B). (4.10)

If B* = oo, then 17 = uy on [0,00) and the uniqueness is proved.
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Step 4. Let B* < o0. Since p € C[0,0), it holds p(B8*) =0, p'(B*) = 0 due to (4.10), and uy, us
reach L at B* or u}, u), reach 0 at p*.

(i) Let u1(B*) = ua(B*) = L and ) (B*) = ujp(B*) > 0. Then u; and u, are escape solutions,
and by (2.1), we obtain by integration of (4.6) over [S*, t]

Therefore 1] = uj, on [B*,00) and
ui(t) =L+ /t ¢! <’;(Z;)q>(u’l(ﬂ*))> ds = uy(t), t> B (4.11)

(ii) Let u1(B*) = ux(B*) = L and uj(B*) = u5H(B*) = 0. Then u; and u, are singular
homoclinic solutions, and
m(t) =L=ult), t=p" (4.12)

To summarize, in the both cases (i) and (ii) the uniqueness is proved.

(iii) Let uq(B*) = ua(B*) < L and uj(B*) = u5H(B*) = 0. Then u; and u, are damped
solutions and by Theorem 2.8 there exists b > B* such that u1, u, are decreasing and positive
on [B*,b]. Therefore

min{ f(¢(u;(t))) : t € [B*,b]} =: Kmin > 0, max{ f(¢(u;(t))) : t € [B*,b]} =: Kmax < 00.

Integrating (4.6) over [B*, t], we get for t > B*

¢ (ui(t)) = —p(lt)/ip(S)f (p(ui(s))) ds =: AX(t), i=1,2,

and hence () ()
pis * p{s *
— P2 ds < AF(t) < —Kpmi L . .
Konax //3 S A < Kmm/ﬁ* S ds e (4.13)
Consequently, there exists a function K with

Kmin < K(t) < Kmax for t € (8%, 1],

such that
— * — * -1\’ f 5 * * *
0 Ai0) =0 a30) < (977) (—k0) [ BV as) i) - 430l re (6
Due to (2.4), there exists Ky > 0 such that
!
0< x| (¢71) () <Ky x€[-10), (4.14)
and since K is bounded, there exists § € (8%, 1) such that

-1 < —K(#) ﬁi I;Ej))ds <0, t e (B*,9].

Clearly, for x = —K(t) f ﬁt Z% ds in (4.14), we obtain

0 < K(t) /f: ’;8 ds (4:—1)’ (—K(t)‘ ; ’;E‘g ds) <K, te(p.d.  (415)
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Denote
o(t) i= max{lur(s) — wa(s)| s € [B°,4]}, e [B]).
Since t
w(t) = () + [ 97 (Ai@) ds =12
and
410) = 43001 < 1 [ PO () = Flotin)] ds < p(r1asg [ B ds
we get by (4.15)
p(t) < ‘P Ay ﬁip(s)ds, t e [B*,9].
The Gronwall lemma yields
u(t) = up(t) fort e [B*,4]. (4.16)

Modifying and repeating the arguments from Steps 3-5 we get the uniqueness in case (iii). [
Define sets
I'e={vy €[y0,):u, €S isan escape solution and u,(y) = C}, (4.17)

Iy ={v € [y0,0):u, €S isadamped solution and u,(y) = C}. (4.18)

According to (4.1) the sets I',, I'; are nonempty. We prove that these sets are open in [yo, ),
which we need in the proof in Section 5.

Lemma 4.2. Let (1.3)—(1.7), (1.11) and (2.1)—(2.4) hold. For n € IN consider v, € (7yo,o0) and
Uy, € S with u, (yn) = C. Assume that

lim v, = v € [70,).

n—o0

Then for each b > vy

lim wu,, (t) = u,(t) wuniformlyon [0,b], u, €S and u,(y)=C. (4.19)

n—00

Proof. Since each u., fulfils (1.1) we get after integration

Uy, (t) = Lo+ /Ot(p_l <_p(15) /Osp(T)f((P(u%(T)))dT) ds, te€[0,00), n € N. (4.20)

Choose an arbitrary b > <. By (2.13) the sequence {u,,} is bounded and equicontinuous
on [0,b] and by the Arzela-Ascoli Theorem there exists a subsequence {u,,} C {u,,} which
uniformly converges on [0, b] to a continuous function v. Hence the limit v fulfils v(y) = C
and
- /t1<—1f d>d £ e [0,b]
o) = Lo+ [0 (=55 [ sl ar) as 8.

So, v € S. By Lemma 4.1 we get v = u,, on [0, )], and (4.19) follows. O
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Remark 4.3. Consider u, and the sequence {u,,} from Lemma 4.2. Since u,(y) = C and
Uy, (vn) = C, we have u, # Lo and u,, # Lo, n € IN. So, according to (2.12) and (4.19), there
exist maximal a9 € [0,7) and a, € [0, ;) such that

u,(t) =Lo fort e [0,a9], U, (t) =Ly forte[0,a,], n €N, ’}ij{}oan =ag. (4.21)

Lemma 4.4. Let (1.3)—(1.7), (1.11) and (2.1)—~(2.4) hold. Then the set T, from (4.17) is open in [yo, c).

Proof. Let us choose an arbitrary o € I'.. Then the corresponding solution u, € S with
() = C is an escape solution and so there exists b > -y such that u,(b) > L.

Assume that there exist a sequence {7,} C (y0,0) converging to v and a corresponding
sequence of non-escape solutions {u,,} C S with u,,(vy,) = C. By Lemma 4.2, the sequence
{u,,} uniformly converges to u, on [0,b]. Since u.,(b) < L, we get u, < L, a contradiction.
Therefore for each 7y € I, there exists a neighbourhood of v in [, ) belonging to T. O

Lemma 4.5. Let (1.3)—(1.7), (1.11) and (2.1)—(2.4) hold. Then the set T 4 from (4.18) is open in [yo, 00).

Proof. Let us choose an arbitrary v € I';. Then the corresponding solution u, € & with
U, () = C is a damped solution.

Assume that there exist a sequence {7,} C (y0,0) converging to v and a corresponding
sequence of non-damped solutions {u,,} C S with u,,(y,) = C. Due to Remark 4.3, the
conditions (4.21) hold. By Theorem 2.8, each u,, is nondecreasing on [0, c0). By Lemma 4.2
the sequence {u,, } uniformly converges to u, on [0, b] for any b > <. Therefore u, is nonde-
creasing on [0, ).

1. Assume that u, has a zero 6 > ag. By (2.14) there exist § < a < b such that u,(a) € (0,L)
and u., is decreasing on [a, b], a contradiction.

2. Assume that 1, < 0 on [0, c0). Then (1.1) yields

(1t (81l (8) + f(p(uy (£)))uy (£) = 0, £ > a. (422)

Integrating (4.22) from ag to t > ap, using (2.2), (2.15) and arguing as in the proof of Lemma 3.3,
we get

[ s acs [P g0t o6 ds = Ly - Fun ), 1w 629

and for t — o

/a °° ’;/((:))Lp(u;(s))u;(s) ds = F(Lg) € (0,0). (4.24)

Consequently there exist b > ag, b > a,, n € N, and # > 0 such that

/b°° Z((;))fp(u;(s))u;(s) ds <7 < F(;) (4.25)
Hence (4.24) and (4.25) give
b ot
/ R é:))q;(u;(s))u;(s) ds > F(Lo) — 1. (4.26)
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(i) Assume for each n € IN, that 7y, € (9, 0) can be chosen such that the corresponding so-
lution u,, is not a singular homoclinic solution. So, u,, is either escape or regular homoclinic
solution, and for n € IN, we get similarly as in (4.23)

ul, () t 4/
/0 x¢' (x) dx + /uﬂ Z((SS))(P(MQ" (s))ul, (s)ds = F(Lo) — F(us,(t)), t>a,  (427)
and so
bp(s) o :
Flun, (1)) < F(Lo) = [ B8, (o), (s)ds, ¢, @29
Using (4.26) we derive an estimation for the integral in (4.28) as follows. We have
b ot
"B gt o), ()
b 4 b 4/
> r;((;)(p(u;n(s))u;n(s)ds - /ao Z((s))¢(u;(s))u:,(s)ds+F(Lo) —1,

and due to (4.23) and (4.27),

b /(s / / bp/(s / /
) ’;((S)) o, ) ()~ [ ’;((S))w ! (s))ul (s) dis
()
= iy (0)) = Fla, () + [ 50/ )

Therefore, (4.28) yields

F(uy, (8)) < [F(uy(b) = F(uy, (0))] +

By (4.19) and (4.20),

lim F(u, (b)) = F(u, (b)),  lim 1

n—r00 n—oco In

and so if n is sufficiently large, then
F(u,,(t)) <3y < F(L), t>b.

We get a contradiction as in part (i) of the proof of Theorem 3.3.

(ii) Let 7, n € IN, be such that the corresponding solutions u,,, n € IN, are singular
homoclinic solutions. According to Theorem 2.8, for n € N, there exists a t, € (a,,00) such
that

ul, () >0, te(anty), u, (ta) =0, uy,(t)=1L, tEe€lt, o), necN.

Then we argue similarly as in part (ii) of the proof of Theorem 3.3 (working on (ay, t;) instead
of (0, f)) and derive a contradiction.

We have proved that for each v € T; there exists a neighbourhood of «y in [, o) belonging
to Fd. ]
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5 Proof of Theorem 1.5

Having the results from Section 3 and Section 4 we are ready to prove Theorem 1.5.

Proof. First, assume (2.1).

Step 1. Consider the sets M, and M, from (3.1) and (3.2), respectively, and assume that M,
is nonempty. By Theorem 2.2 the set M, is also nonempty. Further, by Lemmas 3.2 and 3.3
the sets M, and M, are open in (Ly,0). Therefore the set M) := (Lo, 0) \ {M,U M} is
nonempty. Consequently, there exists at least one starting value uj € (Lo, 0) which does not
belong to M, U M, and hence a solution u;, of IVP (1.1), (1.2) with uy = u satisfies

sup{uy(t) : t € [0,00)} = L.

According to Definition 1.4, uj is a homoclinic solution. By Theorem 2.2, every solution of
IVP (1.1), (1.2) with a starting value ug € [B,0) is a damped solution, and hence uj € (Lo, B).
See Figure 5.1.

Step 2. If M, is empty, then no escape solution of IVP (1.1), (1.2) has its starting value ug
greater than Ly. In this case we consider the set S of all damped, escape and homoclinic
solutions of IVP (1.1), (1.2) with the starting value ug = Lp. Theorem 2.3 guarantee the
existence of infinitely many escape solutions in S. Choose one of them and denote it by ..

Consider a sequence {B,} C (0,Lg) converging to Ly and a sequence {u,} of solutions of
IVP (1.1), (1.2) with starting values B,,. By (2.13), for each b > 0, the sequence {u, } is bounded
and equicontinuous on [0,b], and by the Arzela-Ascoli theorem there exists a subsequence
{ur} C {u,} uniformly converging on [0, b] to a continuous function v. Since u, fulfils (3.4), v
satisfies t -

o) =to+ [ o7 (~o5 [pOfG@EENa) a5 telbiL
By (2.1), f is bounded and hence v can be extended to [0, o) as a solution of equation (1.1).
Consequently v € S.

If v is an escape solution, then similarly as in the proof of Lemma 3.2 we deduce for a
sufficiently large k that u; is also an escape solution. But u; ¢ S because By > Ly, and so we
have a contradiction. Therefore v cannot be an escape solution.

If v = Ly, we get as in the proof of Theorem 4.7 in [25] that there exist escape solutions in
the sequence {u, }, which yields a contradiction as before.

Assume that v # Ly is a damped solution and denote it by u;. Then (4.1) holds and we
consider the nonempty sets I', and I'; from (4.17) and (4.18), respectively. By Lemmas 4.4
and 4.5 the sets T, and I'; are open in [yg,c0). Therefore the set T}, := [y, 00) \ {T. UT;} is
nonempty. Consequently, there exists at least one value 1y, € (o, 00) which does not belong
to I', UT; and hence a solution uj, € S with uy(y,) = C satisfies

sup{uy(t): t € [0,00)} = L.

According to Definition 1.4, uj, is a homoclinic solution.
Finally, if v is not a damped solution, it has to be a homoclinic solution and we can put
v = uy,. See Figure 5.2.

Step 3. To summarize, we have proved that IVP (1.1), (1.2) has a homoclinic solution u;, for
some uy = u; € (Lo, B) - in Step 1 or for uyg = Lj - in Step 2. This was proved under
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assumption (2.1). So, it remains to show that assumption (2.1) can be omitted. It is clear that
if (2.1) is not fulfilled, we can define an auxiliary function f

2oy ) f(x) forx € [p(Lo) ¢(L)],
fx) = {0 for x < ¢(Ly), x > ¢(L), 61

and consider an auxiliary equation which has the form

(p(p(u' (1)) + p(t) f(@(u(t))) =0,  t€ (0,00). (5.2)

Since f satisfies (1.5), (1.6) and (2.1), we know, according to Steps 1 and 2, that IVP (5.2), (1.2)
has a homoclinic solution u, for some uy € [Lg, B). By Definition 1.4, it holds Ly < u,(t) < L
for t € [0,00). Consequently f(¢(uy(t))) = f(¢(un(t))) for t € [0,00), and hence uy is a
homoclinic solution of IVP (1.1), (1.2). O

e
/ /x

Figure 5.1: Graphs of damped, homoclinic and escape solutions u, uy, u.

L /-
0 P e
-

Ud

Ly

Figure 5.2: Graphs of damped, homoclinic and escape solutions u4, uy, u.

Remark 5.1. By Remark 2.5, if ¢ in Theorem 1.5 fulfils in addition ¢’(0) > 0, then each
homoclinic solution of IVP (1.1), (1.2) has its starting value greater than L.
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