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Abstract. In infinite-dimensional spaces there are non-equivalent notions of continuous
differentiability which can be used to derive the familiar results of calculus up to the
Implicit Function Theorem and beyond. For autonomous differential equations with
variable delay, not necessarily bounded, the search for a state space in which solutions
are unique and differentiable with respect to initial data leads to smoothness hypothe-
ses on the vector functional f in an equation of the general form

X'(t) = f(xt) € R?, withx(s) =x(t+s) fors <0,

which have implications (a) on the nature of the delay (which is hidden in f) and (b)
on the type of continuous differentiability which is present. We find the appropriate
strong kind of continuous differentiability and show that there is a continuous semi-
flow of continuously differentiable solution operators on a Fréchet manifold, with local
invariant manifolds at equilibria.
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1 Introduction

Consider an autonomous delay differential equation

X'(t) = f(x) (1.1)

with f : U — R”" defined on a set of maps (—o0,0] — R”, and the segment, or history, x;
of the solution x at ¢ defined by x;(s) = x(t+s) for all s < 0. A solution on some interval
[to,te), to < t, < 00, is a map x : (—oo,t,) — R" with x; € U for all t € [ty, t,) so that the
restriction of x to [to, t.) is differentiable and Eq. (1.1) holds on this interval. Solutions on the
whole real line are defined accordingly. A toy example which can be written in the form (1.1)
is the equation

x'(t) =h(x(t—7r)), r=r(x(t)) (1.2)

= Hans-Otto.Walther@math.uni-giessen.de



https://doi.org/10.14232/ejqtde.2019.1.13
https://www.math.u-szeged.hu/ejqtde/

2 H. O. Walther

with functions # : R — R and r : R — [0,00). Other examples arise from pantograph
equations
x'(t) = ax(At) + bx(t) (1.3)

with constants 2 € C, b € R and 0 < A < 1, and from Volterra integro-differential equations

¥(t) = /O "kt $)h(x(s))ds (1.4)

with k : R"*" — R and h : R" — R"” continuous [25]. Eq. (1.3) is linear, and both equations
(1.3) and (1.4) are non-autonomous. We shall come back to them in Section 9 below.

Building a theory of Eq. (1.1) which (a) covers examples with state-dependent delay like
Eq. (1.2) and (b) results in solution operators xo — x;, t > 0, which are continuously differen-
tiable begins with the search for a suitable state space. For equations with bounded delay the
basic steps of a solution theory were made in [20], starting from the observation that the refor-
mulation of examples of the form (1.2) with a state-dependent delay bounded by some R > 0
as equations of the form (1.1) yields (vector-)functionals on the right hand side which are not
even locally Lipschitz continuous on domains in the Banach space of continuous maps on the
compact initial interval [—R,0]. In order to obtain an equation with a continuously differen-
tiable functional, so that there is hope for continuous differentiability of solutions with respect
to initial data, one must restrict to the Banach space of continuously differentiable functions
on the initial interval. This, in turn, means a restriction to solutions which are continuously
differentiable everywhere, and not only on the interval where they satisfy Eq. (1.1), as in the
by-now well established theory of retarded functional differential equations [2,5]. A further
observation in [20] is that for a continuously differentiable solution, say, x : [-R,f,) — R",
the differential equation at + = 0 becomes a compatibility condition on the continuously dif-
ferentiable initial segment.

According to the preceding remarks the functional f in Eq. (1.1) above should be defined
on a subset U of the vector space C! = C!((—o0,0],R") of continuously differentiable maps
(—o0,0] — R". Linearization as in [20] suggests that in the new theory autonomous linear
equations with constant delay, like for example,

x'(t) = —ax(t—1)

will appear, which have solutions on R with arbitrarily large exponential growth at —co. In
order not to loose such solutions we stay with the full space C! and work with the topology of
locally uniform convergence of maps and their derivatives, which makes C! a Fréchet space.

In infinite dimension there a different, non-equivalent generalizations of the canonical
notion of continuous differentiability for maps in Euclidean spaces, all of which can be used
as a basis for calculus, see for example [19]. For maps in Banach spaces, existence of the
Fréchet derivatives and continuous dependence with respect to the norm topology on the
Banach space of continuous linear mappings is convenient. Without norms, for maps in
Fréchet spaces, often continuous differentiability in the sense of Michal [15] is chosen, which
means for a continuous map f : VO U — W, V and W topological vector spaces and U C V
open, that all directional derivatives

Df(u)o = Tim (F(u+to) — F(u))

0#£t—0 t
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exist and that the map
UxV >3 (uv)—Df(u)veW

is continuous. In [23-26], this notion of continuous differentiability was called C}VIB-smooth-
ness, with reference to [15] and also to work of A. Bastiani [1]. In the present paper we prefer
to speak of Cg—smoothness, for a reason which will become apparent below. Let us recommend

Part I of Hamilton’s paper [6] as an introduction into calculus based on C%-smoothness.

We return to Eq. (1.1), now for f : C! D U — R" which is Cé-smooth and has the additional
extension property that

(e) each derivative Df(¢) : C! — R", ¢ € U, has a linear extension D,f(¢) : C — R", and the
map
UxC3 (¢,x) = Def(§)x € R”

is continuous.

Here C is the Fréchet space of continuous maps (—oo,0] — R" with the topology of locally
uniform convergence. Property (e) is closely related to the earlier notion of being almost
Fréchet differentiable from [14], for maps on a Banach space of continuous functions, and it is
often satisfied if f comes from an example of a differential equation with state-dependent
delay.

The analogue of the compatibility condition from [20] defines the set

Xp={peclU:¢'(0)=f(¢)}.

In [23] we saw that under the hypotheses just mentioned Xy, if non-empty, is a C%—submanifold
of codimension 7 in C!. Notice that Xy consists of the segments x;, 0 < t < ¢, of all con-
tinuously differentiable solutions x : (—oo,t,) — R" on [0,f.), 0 < t, < oo, of Eq. (1.1). It is
shown in [23] that these solutions constitute a continuous semiflow (t,xp) + x; on Xy, with
all solution operators xg — x¢, t > 0, Cg-smooth.

Let us call the set X the solution manifold associated with the map f.

The motivation for the present study of Eq. (1.1) is the fact that functionals f : C! D
U — R" which are C%—smooth amd have property (e) are in fact continuously differentiable
in a stronger sense. This is the content of Proposition 8.3 below, which guarantees that such
functionals f satisfy the conditions stated in the following definition.

Definition 1.1. A continuous map f : V O U — W, V and W topological vector spaces and
U C V open, is said to be continuously differentiable in the sense of Fréchet if all directional
derivatives exist, if each map Df(u) : V — W, u € U, is linear and continuous, and if the map
Df : U > u+ Df(u) € L.(V,W) is continuous with respect to the topology B of uniform
convergence on bounded sets, on the vector space L.(V, W) of continuous linear maps V. — W.

We abbreviate continuous differentiability in the sense of Fréchet by speaking of Cé-

smoothness. In case V and W are Banach spaces Cé-smoothness is equivalent to the familiar
notion of continuous differentiability with Fréchet derivatives, see e.g. Proposition 4.2 below.
In case V and W are Fréchet spaces Clls-smoothness is equivalent to Cé—smoothness combined
with the continuity of the derivative with respect to the topology g on L.(V,W), see e.g.
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Corollary 3.2 below. For examples of maps C! — R" which are Cé—smooth but not Cllg—smooth,

see [26].

It seems that Cllg-smoothness of maps in Fréchet spaces which are not Banach spaces has not
attracted much attention, compared to Cé—smoothness and further notions of smoothness [19].
For possible reasons, see [1, Chapter II, Section 3]. In any case, for the study of Eq. (1.1) the

notion of Cé-smoothness is useful — and yields, of course, slightly stronger results, compared

to the theory based on Cé-smoothness in [23,24]. The present paper shows how to obtain
solution manifolds, solution operators, and local invariant manifolds at stationary points, all
of them Ck-smooth, and discusses Egs. (1.2)—(1.4) as examples. We mention in this context
that we do not touch upon higher order derivatives, in light of the fact that solution manifolds
are in general not better than Cé-smooth [13]. The same holds true for infinite-dimensional
invariant manifolds in the solution manifold, like the local stable and center-stable manifolds
at stationary points, whereas the finite-dimensional local unstable and center manifolds at
stationary points may be k times continuously differentiable, k € IN, under appropriate hy-
potheses on the map f in Eq. (1.1) [10,12].

The present paper is divided into three parts. Part I with Sections 2-8 is about Cé- and
C}a-maps in general. Many results in Part I, notably in Sections 2—4, are known in more
general settings, see e.g. [9] and the references given there. We present this material in a
form which is convenient for the purpose of this paper, and include proofs for convenience.
Section 2 introduces topologies on spaces of continuous linear mappings, among them the
topologies  and ¢ of uniform convergence on bounded sets and on compact sets, respectively.
Section 3 about maps in Fréchet spaces characterizes Cé—smoothness in terms of the topology ¢

(therefore name and symbol) and compares it to Cé-smoothness. Section 4 provides elements

of calculus for Cllz-maps, including the chain rule. In order to keep Section 4 short we make

extensive use of [6, PartI] on Cé-smoothness. Sections 5-6 deal with parametrized contractions
and with the Implicit Function Theorem based on Cé—smoothness.. Section 7 contains simple

transversality- and embedding results which yield C},-submanifolds of finite dimension or
finite codimension. The content of Sections 5-7 is familiar in the Banach space case, and most
of it is well-known also in the Cé—setting [3,4,23,24].

Part II with Sections 8-12 is about well-posedness of the initial value problem associated
with Eq. (1.1). Section 8 introduces the Fréchet and Banach spaces of continuous and dif-
ferentiable maps from intervals into Euclidean spaces which will be used in the sequel. We
mentioned already Proposition 8.3 which establishes that functionals on the space C! with

property (e) which are C%-smooth also are Cé-smooth. Section 9 verifies that for examples

of the form (1.2)—(1.4) the associated functionals f on the right hand side of Eq. (1.1) are Cél—

smooth and have property (e) — so they are Cé—smooth and have property (e). Proposition 9.3

guarantees that the set X; # @ is indeed a Cé-submanifold of codimension 7 in the space C'.
The proof is by Proposition 7.1 on transversality. Sections 10 about segment evaluation maps
prepares the construction of solutions to Eq. (1.1) which start from initial data in X (Sec-
tion 11). In Section 12 these solutions constitute a continuous semiflow on X; whose solution
operators are C}lg-smooth. Sections 10-12 are analogous to parts of [23], and we only describe
how to modify these parts of [23] in order to obtain the present result on the semiflow.

Part III on local invariant manifolds at equilibria is based on [24] about Eq. (1.1) with f
only C%-smooth. In Sections 13-17 below we explain how to modify constructions in [24],
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in order to obtain local invariant manifolds at stationary points of the semiflow which are
Cé-smooth (and not only C%-smooth), by means of the transversality and embedding results
from Section 7.

The present approach also shows that a technical hypothesis on smoothness which was
made in [24] is obsolete. Let us briefly expand on this. An important ingredient in [24] is
[23, Proposition 1.2] which says for a map f : C! D U — R”" that its smoothness has an
implication on the nature of the delay: if f is Cg-smooth then it is of locally bounded delay in
the sense that

(Ibd) for every ¢ € U there are a neighbourhood N(¢) C U and d > 0 such that for all x, in N(¢)
with
x(t) =y(t) forall te[—d,0]

we have f(x) = £().

Property (Ibd) is used in [24] in combination with transversality in order to obtain a local
stable manifold for Eq. (1.1), with its solution segments defined on (—oo, 0], from a local stable
manifold for an associated equation

X'(t) = fa(xi) (1.5)

with solution segments x; defined on a compact interval. The local stable manifold for (1.5)
stems from [7, Section 3.5], where it was found under the hypothesis that the functional on the
right hand side of the delay differential equation considered is — in terms of the present paper
— Cl-smooth and has an extension property analogous to property (e) above. Without knowing
Proposition 8.3 of the present paper, the smoothness properties of f; had to be assumed in [24]
as property (d).

For other work on delay differential equations with states x; in Fréchet spaces see [17,18,
25].

Notation, preliminaries. The closure of a subset M of a topological space is denoted by M
and its interior is denoted by M.
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Part 1

2 Preliminaries about topological vector spaces

This section provides a proposition about uniform continuity and introduces the two topolo-
gies which are relevant in the sequel. Nothing is new, proofs are included in order to make
Part I of the paper more self-contained.

A topological vector space T is a vector space over the real or complex field together with
a topology on T which makes addition and multiplication by scalars continuous, with respect
to product topologies. We follow [16] and assume in addition that singletons in topological
vector spaces are closed subsets. For elementary results about topological vector spaces which
below are used without proof consult [16].

Recall that a subset B of a topological vector space T over the field K = R or K = C is
bounded if for every neighbourhood N of 0 € T there exists a real ry > 0 with B C rN for
all reals r > ry. The points of convergent sequences form bounded sets, compact sets are
bounded. A set A C T is balanced if zA C A for all z € K with |z| < 1. If A is balanced and
|z| > 1 then A C zZA.

Continuous linear maps between topological vector spaces map bounded sets into bound-
ed sets.

Products of topological vector spaces are always equipped with the product topology.

Proposition 2.1 ([25, Proposition 1.2]). Suppose T is a topological space, W is a topological vector
space, M is a metric space with metricd, g : T x M D U — W is continuous, U D {t} x K, K C M
compact. Then g is uniformly continuous on {t} x K in the following sense: For every neighbourhood
N of 0 in W there exist a neighbourhood Ty of t in T and € > 0 such that for all t' € Ty, all € Ty,
all k € K, and all m € M with

dim,k) <e and (f,k)eU, (tm)elU
we have
g(t, k) —g(t,m) € N.

Proof. Choose a neighbourhood N’ of 0 in W with N’ + N’ C N. For every k € K there exist
open neighbourhoods T (k) of t in T and §(k) > 0 such that for all ' € T(k) and all m € M
with d(m, k) < é(k) and (#',m) € U we have

g(t',m) —g(tk) € N',
due to continuity. The compact set K is contained in a finite union of open neighbourhoods

S(k;
{meM:d(m,kj) < (2])}, i=1,...,n,

with kq,...,k, in K. Set

o(k;
e:min{(zj) = 1,...,n} and Ty = ﬁ}lle(kj).
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Lett/eTN,fETN,kGK,andeMwith

dimk) <e, (f,k)el, (Em)el

be given. For some j € {1,...,n}, d(k k;) < L’;"). By the triangle inequality, d(m, k;) < d(k;).

It follows that
g(t,K) — g(f,m) = (g(¥, k) — g(t.k) + (g(t.k) —g(Em)) e N+ N'CN. O

Let V, W be topological vector spaces over R or C. The vector space of continuous linear
maps V — W is denoted by L. = L.(V,W). For a given family F of bounded subsets of V
which is closed under finite union and contains all singletons {v} C V, v € V, a topology
T = 7r on L.(V, W) is defined as follows. For a neighbourhood N of 0 in W and a set B € F
consider the set

uN,B = {A €L.:AB C N}

Every finite intersection of such sets LIN].,B]., j € {1,...,]}, contains a set of the same kind,
because we have
J . J . ] .
N Unys D {A € Le: A(ULB) € NN},

F is closed under finite union, and finite intersections of neighbourhoods of 0 in W are neigh-
bourhoods of 0. Then the topology T is the set of all O C L. which have the property that for
each A € O there exist a neighbourhood N of 0 in W and a set B € F with A+ Uy, C O. It
is the easy to show that indeed 7 is a topology, with the sets Uy g being neighbourhoods of
0€ L(V,W).

For the introduction of the topology 7 in case of Hausdorff locally convex spaces see for
example [9, Section 0.1].

We call a map A from a topological space T into L, T-continuous at a point t € T if it is
continuous at t with respect to the topology 7 on L..

Remark 2.2.

(i) Convergence of a sequence in L. with respect to T is equivalent to uniform convergence
on every set B € F. (Proof: By definition convergence A; — A with respect to 7 is
equivalent to convergence A; — A — 0 with respect to 7. This means that for each
neighbourhood N of 0 in W and for each set B € F there exists jny g € IN so that for all
integers j > jn,3, Aj— A € Unp. Or, for all integers j > jypandallb € B, (Aj— A)b € N.
Now the assertion becomes obvious.)

(ii) If V and W are Banach spaces and if F consists of all bounded subsets of V' then T is the
norm topology on Lc(V, W) given by |A| = sup, -, |Av].

(iii) In order to verify T-continuity of a map A : T — L., T a topological space, at some t € T
one has to show that, given a set B € F and a neighbourhood N of 0 in W, there exists a
neighbourhood N; of t in T such that for all s € N; we have (A(s) — A(t))(B) C N.

In case T has countable neighbourhood bases the map A is T-continuous at t € T if and
only if for any sequence T > t; — t we have A(t;) — A(t). For A(tj) — A(t) we need that
given a set B € F and a neighbourhood N of 0 in W, there exists | € IN with

(A(tj)) — A(t))(B) C N for all integers j > ].

In the sequel we shall use the previous statement frequently.
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Proposition 2.3. Singletons { A} C L. are closed with respect to the topology T, and L. equipped with
the topology T is a topological vector space.

Proof. 1. (On singletons) Let A € L. be given. We show that L.\ {A} isopen. Let S € L.\ {A}.
For some b € V, Ab # Sb. For some neighbourhood N of 0 in W, Ab ¢ Sb + N [16, Theorem
1.12]. For all S" € Uy ;) we have S'b € N, hence (S +S")b € Sb+ N, and thereby, S + 5’ # A.
Hence S + Uy ¢y C L\ {A}

2. (Continuity of addition) Assume S, T in L, and let Uy p be given, N a neighbourhood
of 0 in W and B € F. We have to find neighbourhoods of S and T so that addition maps
their Cartesian product into S+ T + Uy, z. As W is a topological vector space there are neigh-
bourhoods N7, Ng of 0 in W with Ny + Ng C N. For every T’ € T + Uy,,g and for every
S" € S+ Un,p and for every b € B we get (T"+5")—(T+S))b = T'b—Tb+S'b—Sb €
Nr+ Ns C N, hence ((T"+S') — (T+S))BC N,orT'+ S € T+ S+ Un p.

3. (Continuity of multiplication with scalars, in case of vector spaces over C) Let ¢ € C,
T € L.. Let a neighbourhood N of 0 in W and a set B € F be given, and consider the
neighbourhood Uy p of 0 in L.. There is a neighbourhood Nof0in Wwith N+ N+ N C N,
see e. g. [16, proof of Theorem 1.10]. We may assume that N is balanced [16, Theorem 1.14].
As TB is bounded there exists ry > 0 such that for reals r > ryn, TB C rN. We infer that for
some € > 0, (0,€)TB C N. As N is balanced we obtain that for all z € C with 0 < |z| < ¢,

TB =218 = Z1tBc 2R C K.
2] 2| k4

For z = 0 we also have zTB C N, since 0 € N. Because of continuity of multiplication
C x W — W there are neighbourhoods U, of 0 in C and N, of 0 in W with

UN,CN, ¢cN.CN, U.C{zeC:|z| <€}
Consider T’ € Uy, p and ¢’ € U,. Observe
(c+ )N T+T)=cT+ (T+cT +T).
For every b € B we get
(T+cT+TYb=Tb+cT'b+Tb € TB+cN,+UN, C N+ N+ N C N.
Therefore, ¢'T + ¢T" + ¢'T" € Uy . It follows that
(c+ Uc)(TH+ Un,) CcT+ Uy,

which yields the desired continuity at (c, T).

4. The arguments in Part 3 also work for vector spaces over R, with a shorter derivation
of the inclusion zTB C N for reals z € (—¢,¢€). O

In case that F consists of all bounded subsets of V we write B instead of 7, and in case
F consists of all compact subsets of V we write { instead of 7. Accordingly we speak of
B-continuity and of {-continuity. Observe

¢Cp
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because T + Unx C O € ¢ with K compact also means T 4 Uy C O with the bounded set
B = K. It follows that for a map from a topological space into L.,

B-continuity implies {-continuity.
In case dim V < oo we have
C=p
because T + Unp C O € B with B C V bounded yields T + Uy C T+ Uns C O, and B is
compact due to dim V' < co.

3 Cg-smoothness versus C;;-smoothness in Fréchet spaces

A Fréchet space F is a locally convex topological vector space which is complete and metriz-
able. The topology is given by a sequence of seminorms | - |;, j € IN, which are separating in
the sense that |v|; = 0 for all j € IN implies v = 0. The sets

1
Nj,k:{UGP:‘v‘j<k}’ je Nand k € N,

form a neighbourhood base at the origin. If the sequence of seminorms is increasing then the
sets

1
Nj:{UEF:’U‘j<,}, jGN,
J
form a neighbourhood base at the origin.

Products of Fréchet spaces, closed subspaces of Fréchet spaces, and Banach spaces are
Fréchet spaces.

A curve in a Fréchet space F is a continuous map ¢ from an interval I C R of positive
length into F. For such a curve and for t € I the tangent vector at t € I is defined as

(1) = lim L (e(t+h) —c(t)

provided the limit exists. As in [6, Part I] the curve is said to be continuously differentiable if
it has tangent vectors everywhere and if the map

I3t (t)eF
is continuous.

For a continuous map f : V O U — F, V and F Fréchet spaces and U C V open, and for
u € Uand v € V the directional derivative is defined by

Df(u)o = Tim *(F(u+ho) — F(u))

0£h—0 h

provided the limit exists. If for u € U all directional derivatives Df (u)v, v € V, exist then the
map Df(u):V 3 v~ Df(u)v € F is called the derivative of f at u.

Recall the notions of Cé— and Cé—smoothness from Section 1.

It is easy to see that continuously differentiable curves ¢ : I — F on open intervals I C R
are Cg.-smooth and vice versa.

Next the notion of C%-smoothness from Section 1 is expressed in terms of {-continuity.
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Proposition 3.1. Let a continuous map f : V. O U — W, V and W Fréchet spaces and U C V open,
be given. Suppose that all directional derivatives

Df(u)o = O;éigoi(f(u o) —f(u), uel, veV,

exist, and that every derivative Df(u) : V. 3 v +— Df(u)v € W, u € U, is linear and continuous.
Then f is Cé-smooth if and only if the map Df : U > u — Df(u) € L.(V, W) is (-continuous.

For Part 2 of the following proof compare [9, Lemma 0.1.2].

Proof of Proposition 3.1.

1. Suppose f is C%—smooth. Let u € U and let a neighbourhood Uy x of 0 in L.(V, W) be
given, with a neighbourhood N of 0 in W and a compact set K C V. Themap g: U x V >
(u',v) — Df(u')v € W is continuous. Proposition 2.1 applies to the set {1} x K and yields a
neighbourhood N, of u in U so that for all ' € N, and all v = v/ in K,

Df(u')yvo — Df(u)v € N.

Hence Df(u') € Df(u) + Unk for all u’ € Ny,.
2. Suppose the map Df : U 5 u +— Df(u) € L.(V, W) is {-continuous. Assume U > u,, —
ueclUand V 30, v € Vasn — oo. The set

K={v, e V:neN}U{v}
is compact. By uniform convergence on K,
Df(uy)vy, — Df(u)v, —0 as n — oo.
By the continuity of Df(u),
Df(u)v, —Df(u)v -0 as n — .
Together,
Df(un)vy, — Df(u)v = Df(uy)vy — Df(u)v, + Df (u)v, — Df(u)v -0 as n—oo. [
The preceding proposition in combination with the relationship between the - and -
topologies yields the following.
Corollary 3.2. Let V and F be Fréchet spaces, and let a map f : U — F be given, with U C V open.
(i) f is Cj-smooth if and only if f is Cj-smooth with
U>uw— Df(u) € L,(V,F) PB-continuous.

(i) If f is Cé-smooth and dim V < oo then f is Cé-smooth.

For maps R > U — F, U C RF open and F a Fréchet space, Cé-smoothness and C%-
smoothness are equivalent, and we simply speak of continuously differentiable maps. For a
curve ¢ : I — F on an open interval I C IR this notion of continuous differentiability coincides
with the original one for curves on more general intervals.

For continuous maps f : U — F, V,W, F Fréchet spaces and U C V x W open, partial
derivatives are defined in the usual way. For example, D; f (v, w) : V — F is given by

D1 f(v,w)d = Oiigoi(f(v—i—hﬁ,w) — f(v,w)).
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4 Cg-maps in Fréchet spaces

In this section V, Vi, V, F, Fi, F, always denote Fréchet spaces. We begin with a few facts about
Cé-maps f:V D U — F. These involve the Riemann integral for continuous maps [a,b] — F

into a Fréchet space and results from calculus based on Cé-smoothness which can be found in
[6, Sections 1.1-1.4].

Each derivative Df(u) : V — F, u € U, is linear and continuous. Differentiation of
Cé-maps is linear, and the chain rule holds. We have

f(v) = f(u) = /01 Df(u+t(v—u))(v—u)dt foru+[0,1]v C U. (4.1)

Linear continuous maps T € L.(V, F) are Cé—smooth with DT (u) = T everywhere. If f; : V D
U—Fand f,:VDOU— F are Cé—smooth thenalso fi X fo: VDO U3 uw (fi(u), f2(u)) €
[ x B is Cé—smooth, with

D(f1 x f2)(u)v = (Dfi(u)o, Dfa(u)o).

Proposition 4.1 (See [6, Part I]). For continuous f : Vi x V, D U — F, U open, the following
statements are equivalent.

(i) For every (uq1,uz) € U, v1 € V4, vy € V; the partial derivatives Dy f (11, uz)vy exist and both
maps
U x Vk > (ul,uz,vk) — Dkf(ul,uz)vk S P, k € {1,2},
are continuous.
. . 1
(ii) f is Cz-smooth.
In this case,
Df(u1,u2)(v1,v2) = D1f(u1,u2)v1 + Dof (uy, uz)vo
forall (uy,up) € U, v1 € V3,05 € V3.

We turn to Cé—smoothness.

Proposition 4.2. For Banach spaces V and F and U C V openamap f : V DO U — Fis Cé—smooth
if and only if there exists a continuous map D¢ : U — Lc(V, F) such that for every u € U and

(F)  for every € > 0 there exists § > 0 with
|f(v) = f(u) = Dp(u)(v —u)| < elv—u| forallve Uuwith [v—u| <.

In this case, Dy(u)v is the directional derivative D f(u)v, for every u € U,v € V.

Proof. We only show that for a Cll%-map f:VD>U-— Fand u € U the map Ds(u) = Df(u) €
L.(V, F) satisfies statement (F). Due to Corollary 3.2 (i) we may use the integral representation
(4.1) for Cél.—maps. For v in a convex neighbourhood N C U of u this yields

1 1
) = £ = D)0 = )] = | [ Dt s(o = u)) o~ ulds — [ Dfwlo — sl

1
§/ |...|ds
0

Now the continuity of Df at u completes the proof. O

= ‘/Ol[Df(u—i—s(v—u)) — Df(u)][v — uldu

< max |Df(u+s(o — 1)) = DF(w)fo  ul
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Continuous linear maps T : V — F are Cé—smooth because they are Cé-smooth with con-
stant derivative, DT(u) = T for all u € V. Using Corollary 3.2 (i) and continuity of addition
and multiplication on L.(V, F) (with the topology ) one obtains from the properties of Cg—

maps that linear combinations of C}-maps are Cé—maps, that also for Cé—maps differentiation
is linear, and the integral formula (4.1) holds. If 1 : VDO U — Fyand f, : V D U — F, are
Cé-smooth thenalso fi X fb: VDO U>3uw~ (fi(u), f2(u)) € FL x B is Cé-smooth, with

D(fi x f2)(u)o = (Dfi(u)o, Dfa(u)0).

This follows easily from the analogous property for Cé-maps, by means of the formula for the
directional derivatives of f; X f, and considering neighbourhoods of 0 in F; x F, which are
products of neighbourhoods of 0 in F;, j € {1,2}.

Proposition 4.3 (Chain rule). If f : V. > U — Fand g : F O W — G are Cy-maps, with
f(U) C W, thenalso go fisa Cé—map.

Compare [9, Corollary 1.3.2 in combination with Corollary 1.0.4].

Proof of Proposition 4.3. 1. The chain rule for Cé—maps yields that go f is Cé—smooth with
D(go f)(u) = D(g(f(u))) oDf(u) for all u € U. So it remains to prove that the map U >
u— Dg(f(u))oDf(u) € L.(V,G) is B-continuous. As V has countable neighbourhood bases

it is enough to show that, given a sequence U > uj — u € U, a bounded set B C V, and a
neighbourhood N of 0 in G, we have

[Dg(f(uj)) o Df(uj) — Dg(f(u)) o Df(u)]B C N for j € N sufficiently large.
So let a sequence U > u; — u € U, a bounded set B C V, and a neighbourhood N of 0 in G
be given.
2. There is a neighbourhood Nj of 0 in G with Ny + Nj + Nj 4+ N; C N, see [16, proof of
Theorem 1.10]. By linearity, for every j € IN,
Dg(f(uj)) o Df (u;) — Dg(f(u)) o Df (u)
= [Dg(f(uj)) — Dg(f(u))] o Df(uj)) + Dg(f(u)) o [Df (uj) — Df (u)].

3. Consider the last term. By continuity of Dg(f(u)) at 0 € F, there is a neighbourhood N, of
0 in F with Dg(f(u))N2 C Nj. By B-continuity of Df at u € U, there is an integer j; such that
for all integers j > jo,

[Df (uj) = Df (4)]B C Na.

Hence, for all integers j > j,,

Dg(f(u)) o [Df(u;) — Df(u)]B C Ni.
4. Df(u)B is bounded. Using B-continuity of Dg at f(u) and lim;_,« f(u;) = f(u) we find an
integer j3 > j, such that for all integers j > j3 we have

[Dg(f (1)) = Dg(f(u))]Df (u)B C Ni.

5. Now we use the continuity of W x F 5 (w,h) — Dg(w)h € G at (f(u),0). We find a
neighbourhood N3 of 0 in F and an integer j4 > j3 such that for all integers j > j; we have
Dg(f(uj))Ns C Ny and —Dg(f(u))N3 C Ny. This yields

[Dg(f(u;)) — Dg(f(u))]Ns C N1+ Np  for all integers j > jy.
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6. The B-continuity of Df at u € U yields an integer jy > j4 such that for all integers j > jn
we have

[Df(uj) — Df(u)]B C N3,
hence
Df(M])B C Df(u)B + Nj.

7. For integers j > jn we obtain

[Dg(f (1)) o Df (uj) — Dg(f(u)) o Df (u)]B

= [Dg(f(uj)) — Dg(f(u))] o Df(uj)) + Dg(f(u)) o [Df(uj) — Df(u)|B (see Part 2)
C [Dg(f(u;)) — Dg(f(u))]Df(u;))B + [Dg(f(u)) o [Df(u;) — Df(u)]B

C [Dg(f(u;)) — Dg(f(u))](Df(u)B+ N3) + N1 (see Parts 6 and 3)

C [Dg(f(uj)) — Dg(f(u))]Df(u)B + [Dg(f(u;)) — Dg(f(u))|Ns + Ny

C N1+ (N1 + Nj) + N;  (see Parts 4 and 5)
C N. ]

Proposition 4.4. For a continuous map f : V1 x Vo D U — F, U open, the following statements are
equivalent.

(i) Forall (uy,up) € Uand all vy € Vi, k € {1,2}, f has a partial derivative Dy f (u1, u2)vx € F,
all maps

Dkf(ul,uz) : Vi = F, (ul,uz) el, ke {1,2},

are linear and continuous, and the maps
U > (uq,uz) — Dif(uq,uz) € Le(Vi, F), ke{l1,2},
are B-continuous.
(ii) f is Cy-smooth.

In this case,
Df(u1,uz)(v1,v2) = D1f (41, u2)v1 + Daf (u1, u2)v2
forall (uq,up) € U, v1 € V1, 03 € Va.

Proof. 1. Suppose (ii) holds. Then f is Cé—smooth, and all statements in (i) up to the last one
follow from Proposition 4.1 on partial derivatives. In order to deduce the last statement in
(i) for k = 1 let a sequence ((ul],uzj)) °, in U be given which converges to some (u1,uy) €
U. Let a neighbourhood N of 0 in F and a bounded set By C V; be given, consider the
neighbourhood Uy g, of 0in L.(V3, F). As Vi 2 v — (v,0) € V; x V; is linear and continuous,
B; x {0} is a bounded subset of V; x V,. As f is C/ls-smooth the map Df is B-continuous,
and for j sufficiently large we get (Df (uyj, uz;) — Df(u1,u2))(B1 x {0}) C N which yields
(D1f(u1j, uz5) — D1f (u1,u2))By C N. For k = 2 the proof is analogous.

2. Suppose (i) holds.

2.1. Claim: Both maps U x Vi 3 (u1,up, v) +— Dif(u1,u2)vx € F, k € {1,2}, are continu-
ous.



14 H. O. Walther

Proof for k = 1: Let a sequence (ulj, Uzj, vlj)?’ in U x V; be given which converges to some
(u1,u2,v1) € U x Vi. Then vy; — 01 in Vi, and By = {vyj: j € N} U {01} is a bounded subset
of Vi. Let a neighbourhood N of 0 in F be given. By the S-continuity of D; f,

(D1f (uyj, ugj) — D1f(u1,u2))By C N for j sufficiently large.
For each j € N we have
D1 f (uyj, uzj)v1j — D1f(u1, uz)v1
= (D1f(u1j, uzj) — D1f (u1, uz))v1; + D1 f(u1, u2))(v1j — 01). (4.2)

Now it becomes obvious how to complete the proof, using the last equation, the statement
right before it, and continuity of D f(u1, uz).

2.2. Proposition 4.1 on partial derivatives applies and yields that f is Cé—smooth, with

Df(ul,uz)(vl,vz) = le(ul, uz)vl + sz(ul,uz)vz

for all (u1,un) € U, v1 € V4, v5 € Va. According to Corollary 3.2 (i) it remains to prove that the
map Df : U — L.(V4 x V,,F) is B-continuous. The projections pry of V4 x V, onto the factor
Vi, for k € {1,2}, are linear and continuous. For every (u1,uz) € U we have

Df(uy,u2) = Dy f(u1,up) o pr1 + Daf (u1,up) o pro,
so it is sufficient to show that both maps
VixV,oU> (Hl,uz) —> Dkf(ul,uz) opry € Lc(Vl X Vz,F), k e {1,2},

are B-continuous. We deduce this for k = 1. Let a sequence (uyj, up;){” in U be given which
converges to some (uy,up) € U, as well as a bounded subset B C V; X V; and a neighbourhood
N of 0 in F. We need to show

(le(ulj, uzj) opri — le(ul,uz) o pi’l)B CN

for j € IN sufficiently large. By = pr1B is a bounded subset of V;, and for every j € IN we have

(le(ulj, I/lzj) opry — le(ul, Ll2) o p1’1)B C (le(ulj, uz]') — le(ul, I/lz))Bl.

The B-continuity of the map D;f yields that the last set is contained in N for j sufficiently
large. O

5 Contractions with parameters

The proof of Theorem 5.2 below employs twice the following basic uniform contraction prin-
ciple.

Proposition 5.1 (See for example [2, Appendix VI, Proposition 1.2]). Let a Hausdorff space T, a
complete metric space M, and amap f : T x M — M be given. Assume that f is a uniform contraction
in the sense that there exists k € [0,1) so that

d(f(t,x), f(ty)) < kd(x,y)

forallt € T,x € M,y € M, and f(-,x) : T — M is continuous for each x € M. Then the map
g: T — Mgiven by g(t) = f(t,g(t)) is continuous.
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Theorem 5.2. Let a Fréchet space T, a Banach space B, open sets V. C T and Op C B, and a Cé—map
A 1V x Op — B be given. Assume that for a closed set M C Op we have A(V x M) C M, and A is
a uniform contraction in the sense that there exists k € [0,1) so that

[ At x) = At y)| < klx —y|

forallt € V,x € Op,y € Op. Then the map g : V. — B given by g(t) = A(t,g(t)) € M is
C}-smooth.
p

Notice that the derivative I' = Dg(#)f of the map g satisfies the equation
[ = D1 A(t,g(t))f+ D2A(t, g(t))T. (5.1)

Proof of Theorem 5.2. 1. A is continuous. So Proposition 5.1 applies to the restriction of A to
V x M and yields a continuous map ¢ : V — B with ¢(f) = A(t,g(t)) € M forall t € V.
Choose « € (k,1). Each linear map D;A(t,x) : B — B, (t,x) € V x Og, is continuous. The
contraction property yields

|DyA(t, x)| = sup |D2A(t,x)%| <k forall (t,x) € VxOp

%<1

since given € = k —k and t € V, x € Op, and £ € B with || < 1 there exists § > 0 such that
for h = %,
x+ht €O and

I (A(t, x) — A(t,x + h®)) — DyA(t, x)£|
= |h1(A(t,x) — A(t,x + h£)) — DA(t,x)(0,%)| <,

hence
|h||D2A(t, x)%| < e|h|+ |A(t,x + h2) — A(t, x)]|
< e|h| +k|hz| < (e +k)|h| = x|h|.
Divide by |h| = h.

2. Tt follows that each map idg — D A(t,x) € L.(B,B), t € V and x € Og, is a topological

isomorphism. As A is Cé—smooth we get that the map

V x Og 3 (x) — DrA(t, x) € Le(B, B)

is B-continuous, or equivalently, continuous with respect to the usual norm-topology on
L.(B, B). As inversion is continuous we see that also the map

V x O 3 (t,x) — (idg — D,A(t,x)) "' € Le(B, B)

is continuous.

3. For all (t,x,f) € V x O x T and for all £, in B we have

)|

IDA(t,x)(t,2) — DA(t, x)(f,9)| = |IDA(t,x)(0,2 — 9
)| < xf® -7l

= |DA(t,x)(2 —7
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Hence Proposition 5.1 applies to the version
[ = D1A(t,x)f + DA(t, x)T

of Eq. (5.1) with parameters (t,x,f) € V x Op x T and yields a continuous map 7 : V x Op x
T — B with

v(t,x,t) = D1A(t, x)E+ D A(t, x)y(t, x,f) forall (t,x,f) € VxOpxT,
or equivalently,
v(t,x,f) = (idp — DyA(t,x)) D1 A(t, x)f forall (t,x,f) € V x Op x T.

This shows that each map y(t,x,-), (t,x) € V x Op, belongs to L.(T, B).

Claim: The map
¥:VxO0p> (tx)— q(tx,-) € LA(T,B)

is B-continuous.

Proof. Let a sequence (t;,x;){° in V x Op converge to a point (t,x) € V x Op. Consider
a neighbourhood N of 0 in B and a bounded set T, C T. We have to show that for j ¢ IN
sufficiently large, (7(tj, x;) —¥(t,x))T, C N. For all j € N and all { € T}, we have

[(7(tj, %)) — 7 (¢, x))f]
= |((idp — D2A(t},x;)) ' D1A(t}, x;) — (idg — D2 A(t,x)) ' D1A(t, x))f|
< |(idg — D2A(tj, %)) " = (idg — DaA(t,x)) )| |D1A(t, x))F]
+ |(idp — D2A(t, x)) " )|[(D1A(t), x;) — D1A(t, x))F]
< |(idp — D2A(t, xj)) " — (idp — D2 A(t,x)) ")) (|(D1A(t}, x;) — D1A(t, x))F|
+ |D1A(t, x)E|) + | (ids — D2A(t,x)) )| |(D1A(t), xj) — D1A(t, x))H|.

Now it becomes obvious how to complete the proof, using
[(idg — D2A(t},x))) " — (idp — D2A(t,x)) 1) = 0 asj— oo,
boundedness of |D1 A(t, x)T,|, and B-continuity of the partial derivative
D1A:V xOp — L.(T,B)

due to Proposition 4.4.

4. Consider the continuous map ¢ : V x T 3 (t,f) — ~(t,¢(t),f) € B. Using Part 3 we
observe that the map V 3 t +— {(t,-) € L.(T, B) is B-continuous. It remains to show that for
allt € V and all f € T we have

A

lim o (g(e D) — (1) = £(t,),

which means that the directional derivative Dg()f exists and equals &(¢, f).

Solett € Vand f € T be given. Choose a convex neighbourhood Ny C Op of g(t). There
exists 4 > 0 such that for -6 < h <,

t+hteV and g(t+hf) € Np.
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Notice that for all & € [—6,6] and for all 6 € [0,1],

§(t) +0(g(t + hf) — g(t)) € Np.

With the abbreviation

E=&(LD) = y(t,g(t),F) = D1A(t, g(t))E+ DAt g(£))y(t, g(t), F)
= D1A(t, g(t))E + DrA(t g())E

one finds that

h! (g(t+hf) g(f)—¢= ! (A(t+hf,g(t+hf)) —A(t,g(t)) —¢, with0 < |h| <9,
(A(t +ht, g(t +hE)) — A(t+ ht, g(t)) — D1A(t, g(t))E — DaA(t, g(t))E
h='(A(t+hi, g(t)) — A(t, g(t)))

(

(At+htg()) A(t,g(t))) — D1A(t, g(t)F
+h Y (A(t + ht, g(t + ht)) — A(t+ht g(1))
]

/ Dy A(t + ht, g(t) + 6[g(t + hf) — g(1)])&d6
+ [ D2+ 5(0) + 631+ 48) — 8(0)]) ~ DaA(L5(1)) 6
= I (A(t+ht g (1) — A(t,g(1)) — DiA(t g (t))E
+ /01 W Dy A(t + ht, g(t) + 0[g(t + hE) — g(1)])[g(t + hE) — g(t)]d6
— /01 Dy A(t + ht, g(t) + 0[g(t + ht) — g(t)])&do
+ [ D2+ M50 + 631+ 1) — g(9)]) ~ DaA(L (1)) 66
— I (At + 1 g(8) — Altg(1))) — DiA(t g(1)E
+ [ D2+t (6 +6lg(e-+ ) — () (gt + h) — (1)) — 21
+ [ (D2 + g0 +6lg(1-+ 1) — (1)) — DaA(tg(6) 6.

Hence
[h= (g (e + hE) = (1)) = ¢
is majorized by

A+ B (1) — A(t8(5)) — DaA(tg(0)i] +xli (g(¢ + ) — g(t) &
1
| [ DA+ b0+ Blg(e 1) — 5)) - DaA (e g(0))) 58]

which yields

(1—x) [~ (g(t +hi) — g(t)) — €|
< [WHA(t + hE g(t)) — A(t, g(1))) — DiA(t, g(1))]

fg(t) +0[g(t+ht) — g(t)]) — DzA(t,g(t))}CdG‘ :
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The first term in the last expression converges to 0 as 0 # h — 0. The map
[—6,6] x [0,1] 5 (h,0) — {D2A(t + ht, g(t) + 0[g(t + hf) — g(t)]) — D2A(t,g(t))}C € B

is uniformly continuous with value 0 on {0} x [0,1]. This implies that for 0 # h — 0 the last
integrand converges to 0 uniformly with respect to 6 € [0, 1]. Therefore the last integral tends
to0as0#h — 0. O

6 The Implicit Function Theorem

From Theorem 5.2 one obtains the following Implicit Function Theorem.

Theorem 6.1. Let a Fréchet space T, Banach spaces B and E, an open set U C T X B, a Cllg—map
f U — E, and a zero (to,x9) € U of f be given. Assume that Dyf (to,xo) : B — E is bijective.
Then there are open neighbourhoods V of toin T and W of xo in Bwith V x W C U and a Cé-map

g:V — W with g(tg) = xo and
{(t,x) eVxW: f(t,x) =0} ={(t,x) e VX W:x=g(t)}.
The proof follows the usual pattern, paying attention to Cé-smoothness.

Proof of Theorem 6.1. 1. (A fixed point problem) Choose an open neighbourhood Nt of ty and
a convex open neighbourhood Np of xp in B with N7; x Ng C U. The equation

f(t,x) = f(t,x0) + Daf (to, x0)[x — x0] + R(t, x)
defines a Cé-map R:Nr1 x N — E, with R(t,x9) =0 for all t € N7,
DyR(t,x) = Daf (t,x) — Daf (to,x9) forall te€ Nr; and x €& Np,
and in particular, DoR(tp, x9) = 0. The map
Nr1 x Np 3 (t,x) — DyR(t,x) € L.(B,E)

is B-continuous. In order to solve the equation 0 = f(t,x), (t,x) € Nrj x Np, for x as a
function of ¢, observe that this equation is equivalent to

0 = f(t,x0) + Daf (to, x0)[x — x0] + R(t,x),
x = xo+ (D2f (to,x0)) " [—f (£, x0) — R(t,x)]
= x0 — (D2f(to, x0)) " f (£, x0) — (D2f (fo, %0)) "' R(t, x).

The last expression defines a map
A:Nr1 xNg— B
with A(tg, x9) = xo, and for (t,x) € Ny1 X N,
0= f(t,x) ifandonlyif x= A(tx).

The map A is Cﬁl;-smooth since the linear map D,f(to, x9)) ! : E — B is continuous, due to
the Open Mapping Theorem.
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2. (Contraction) For all t € Nt and for all x, £ in Np,

|A(t,£) — A(t,x)| = | = (D2f (to, x0)) 'R(t, %) + (Da2f (to, x0)) "R(t, x)|

< 1(Df(tox0)) 1| [ DaR(t x4 s[5 x)le — 2]

Let
1

~ 2[(Daf(to, x0)) [

There are an open neighbourhood N7, C Nt of tg and 6 > 0 such that for all + € N7, and
all x € B with |x — xp| <4,

€

x € Ng and |D2R(t,x)\ = |D2R(t,x) — DzR(to,X0)| < €.

For all x # % in B with |x — x9| < § and | — x9| < d and for all + € Npp and s € [0,1] it
follows that |x + s[£ — x] — x| < 4, hence

DyR(t, x +s[% — x])

and thereby
. . _ 1.
[A(t£) = At 2)| < el = x]|(Dof (to, x0)) | = 5|2 — x|.

3. (Invariance) By continuity there is an open neighbourhood Nr3 C Nt of ty such that
o
‘A(t, Xo) - A(to, X())‘ < 1 forallt € NT,:J,.

For all t € Nr3 and x € B with |x — xg| < J this yields

|A(t, x) — x0| = |A(t, x) — A(to, x0)| < |A(t,x) — A(t, x0)| + |A(t, x0) — A(to, x0)]
6 o6 30

SRTRENIN D S
2 0Ty =2"4" 4"

4.SetV = Nr3, Op ={x € B: |x —x0| <}, and

M= {xeB: |x — x| < ?:f},
and apply Theorem 5.2 to the restriction of A to the set V x Og. This yields a Cé-map g:V—=
B with g(t) = A(t,g(t)) € Op for all t € V. Using Part 3 we get [g(t) — x| < ¥ forallt € V.

Set
W:{xeB:|x—x0\<Bf}.

Then g(V) C W. From g(t) = A(t,g(f)) for all t € V we obtain 0 = f(t,g(t)) for these t.
Conversely, if 0 = f(t,x) for (t,x) € VxW C V x M, then x = A(t, x), hence x = g(t). In
particular, xo = g(to). O
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7 Submanifolds by transversality and embedding

Cl-submanifolds of a Fréchet space are defined in the same way as continuously differentiable
submanifolds of a Banach space. We begin with the simple facts which are instrumental in
the proofs of transversality and embedding results below, and in Parts II-III.

A Cé-diffeomorphism is an injective Cé-map from an open subset U of a Fréchet space F

onto an open subset W of a Fréchet space V whose inverse defined on W C V is a Cllg—map.

Let F = G @ H be a direct sum decomposition of a Fréchet space F into closed subspaces.
A subset M C Fis a C};—submanifold of F (modelled over the Fréchet space G) if for every
point m € M there are an open neighbourhood U in F and a Cé-diffeomorphism K:U—F
onto W = K(U) with
KMNU)=WnNG.

For a subset M of a Fréchet space F the tangent cone of M at x € M is the set T, M of all
tangent vectors v = ¢’(0) of continuously differentiable curves ¢ : I — F with I open, 0 € I,

c(0) =x,¢c(I) C M. If Misa Cé-submanifold then the tangent cones of M are closed subspaces
of F. For a direct sum decomposition F = G® H and a C}g—diffeomorphism K as before in the
definition of a Cé—submanifold the map (DK(m))~! defines a topological isomorphism from

G onto T,,M, and K~! defines an injective map P from the open neighbourhood V N G of K(m)
in G onto the open neighbourhood U N M of m in M.

Open subsets of Cé—submanifolds are Cé—submanifolds.

A Cé—map h:M— H, Ma Cé—submanifold of F and H a Fréchet space, is defined by the

property that for all local parametrizations P as above the composition f o P is a Cé-map.

For h as before and m € M the derivative T,,h : T,,M — H is defined by T,h(t) =
(hoc)'(0), for any continuously differentiable curve ¢ : I — F with ¢(0) = m, ¢(I) C M,
c’(0) = t. The map Ty, is linear and continuous.

In case h(M) is contained in a Cllg—submanifold MpgofHandz: My — Zis Cé—smooth the
chain rule holds, with T,,i(T,uM) C Tj,) Mp and T (z 0 h)(t) = Tz Timh(t).

The restriction of a Cé-map on an open subset of F to a Cé—submanifold M of F, with range

in a Fréchet space H, is a C}S-map from M into the target space.

Proposition 7.1. Let a Cé—map g:F>U— Ganda Cé—submam’fold M C G of finite codimension
m be given. Assume that g and M are transversal at a point x € ¢~(M) in the sense that

G = Dg(x)F + To(x) M.
Then there is an open neighbourhood V of x in U so that VN g~ (M) is a Cllg—submanzfold of codimen-
sion m in F, and Ty (g7 (M) N V) = Dg(x) ' Ty(»yM.
In case dim G = m, M = {g(x)}, and Dg(x) surjective the assertion holds with Ty, M = {0}.

Proof for M # {g(x)}. 1. There are an open neighbourhood Ng of v = g(x) in G and a Cé-
diffeomorphism K : N — G onto an open set U; C G such that K(y) = 0, K(Nc N M) =
Ug N T,M. We may assume DK(+y) = id since otherwise we can replace K with DK(y) ! o K.
Then DK(vy) = id maps T,,M onto itself.



Differentiability in Fréchet spaces and delay differential equations 21

2. By transversality and codim M = m we find a subspace Q C Dg(x)F of dimension m
which complements T,M in G,

The projection P : G — Q along T, M onto Q is linear and continuous (see [16, Theorem
5.16]), and PDK()Dg(x) = PDg(x) is surjective. The preimage Ur = ¢~ (Ng) is open, with
x € Ur C U. For z € Ur we have

z€ g {(M)NUF & g(z) € MN Ng < PK(g(z)) = 0.

For the C}z-map h = PoKo(g|u:) we infer g7*(M) N Ur = h~1(0). The derivative Dh(x) :
F — Q is surjective. It follows that there is a subspace R of F with dim R = dim Q = m and

F = Dh(x)"}(0) ® R.

The restriction Dh(x)|g is an isomorphism.

3. The C}a-map

H:{(z,r) € Dh(x)"'(0) x R: x+z+r € Ur} > (z,r) = h(x+z+71) €Q

satisfies H(0,0) = 0. Because of D,H(0,0)? = Dh(x)? for all # € R and dim R = dim Q the
map D,H(0,0) is an isomorphism. Theorem 6.1 yields convex open neighbourhoods V4 of 0
in Dh(x)~1(0) and Vg of 0 in R, with x + Viy + Vg C Uf, and a Cé—map w : Vg — Vi with
w(0) = 0 and

(Vg x VR)NHY0) = {(z,7) € Vg x Vg : 7 = w(z)}.

Foreveryy € x + Vg + Vg, y = x +z+r with z € Vg and r € Vg, we have
yeg M)NUr < h(y) =0 h(x+z+7) =0« H(z,r) =0 & r=w(z).

Hence ¢~ 1(M) N (x + Vi + VR) = {x +z + w(z) : z € Vi }, which implies that ¢~1(M) N (x +
Vg + Vg) is a Cllﬂ-submanifold of F, with codimension equal to dim R = dim Q = m. Set
V=x+Vg+ Vg

4. (On tangent spaces) From ¢~ 1'(M) N Ur = h~1(0) and h(x) = 0 we get k(g ' (M) NV) =
{0}, hence Dh(x)Ty(¢g~ (M) N V) = {0}, or

T.(g" (M) N V) C Dh(x)"1(0).
As both spaces have the same codimension m they are equal. For every v € F we have

v € Dh(x)1(0) < Dh(x)v = 0 < PDg(x)v =0
& Dg(x)v e P7H0) = ToyM & v € Dg(x) ‘T, M.

Using this we obtain
To(g (M) NV) = Dh(x)"1(0) = Dg(x) T, M. O

Proposition 7.2. Suppose W is an open subset of a finite-dimensional normed space V, b € W, F
is a Fréchet space, j : V. O W — Fisa Cé—map, and Dj(b) is injective. Then there is an open
neighbourhood N of j(b) in F such that NN j(W) is a Cé—submanifold of F, with Tj,y (N Nj(W)) =
Dj(b)V (hence dim (NN j(W)) = dim V).
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Proof. 1. The topology induced by F on the finite-dimensional subspace Y = Dj(b)V of F is
given by a norm [16, Section 1.19], and Y has a closed complementary space Z C F, see [16,
Lemma 4.21]. The projection P : F — F along Z onto Y is linear and continuous ([16, Theorem
5.16]). The map Poj is Cé-smooth and defines a Cr,ls—map W — Y. Its derivative at b is an
isomorphism V' — Y (use Py = y on Y and the injectivity of Dj(b)). The Inverse Mapping
Theorem (for maps between finite-dimensional normed spaces) yields a Cé-map g:Ynu —
V, U open in F and P(j(b)) € Y N U, such that ¢(P(j(b))) = b, and an open neighbourhood
Wy C Wofbin V such that g(YNU) =Wy, (Poj)(W1) =YNU, (g0 (Poj))(v) =von W,
and ((Poj)og)(y) =yonYNU. It follows that the map h: Y N U — Z given by

h(y) = ((idp — P)ojog)(y)
is Cé-smooth.
2. Proof of j(Wy) = {y+h(y) :y € YNU}: (@) Fory € YN U,
y+h(y) =y+ ((ide = P)ojog)(y)
=((Pej)og)y)+(jog)(y) — ((Poj)og)(y) =j(gy)) € j(W).
(b) For x € j(Wy) there exists y € Y N U with

(&) = ((Poj)og)(y) +j(g(y) — (Poj)(g(y))
=y+ (({dp —P)ojog)(y) =y +h(y)

X

The graph representation of j(W;) now yields that it is a C%—submanifold of F. O
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Part 11

8 Spaces of continuous and differentiable maps

We begin with the Fréchet spaces which are used in the sequel. For n € IN and k € INp and
T € R, Ck = C¥((—o0, T],R") denotes the Fréchet space of k-times continuously differentiable
maps ¢ : (—oo, T] — R" with the seminorms given by

k
[pliT,; = Y, max ™ (1)], jEN,

= T-j<t<T

which define the topology of uniform convergence of maps and their derivatives on compact
sets. Analogously we consider the space CX, = C¥(IR, R"), with

k

- ®) ()]
P10, ];Jj%&}éj 9 (1))
In case T = 0 we abbreviate Ck = C§, |- [xj = | - [0, and also C=C* =C), |- |j = |- |o; =
|- 0,0,j- In case T = co we abbreviate Coo = C%,, | “ |ooj = | - |0,00,-

The space C! is dense in the space C because each neighbourhood of a point x € C contains
a set
N={neC:|y—x|j<e} forsomejcN, €>0

and there is an 7 € N with polynomial components due to the Weierstray Approximation
Theorem.

Proposition 8.1 (Ascoli-Arzela). Let B C C be pointwise bounded and equicontinuous at every
t <0. Then B C Cis compact.

Proof. Tt is enough to show that each sequence (¢,){° in B has a subsequence which converges
with respect to the topology on C. For every j € IN the set of restrictions ¢||_;g, m €
N, is pointwise bounded and equicontinuous. The Theorem of Ascoli and Arzela yields a
subsequence which is uniformly convergent on [—j,0]. Beginning with j = 1 one chooses
successively subsequences (¢, (u))Ts (Pay0r(m)) T -+ -/ (4’Alo.-.o)\j(m))§°/ so that for every j € IN
the sequence (¢, ....o A,-(m))io uniformly converges on [—j,0] to a continuous function x; :
[—j,0] — R". Clearly, xj;1(t) = x;j(t) on [—},0] . The diagonal sequence (¢,))]" given by
A(m) = Ajo---0 Ay(m) is a subsequence of each of the former subsequences (up to finitely
many indices) and converges uniformly on every interval [—7,0], j € N, to the continuous
map x : (—o0,0] — R" given by x(t) = x;(t) for —j <t < 0and j € N. Or, for every j € N,
\4>A(m)—)(|j—>0asm—>oo. O

Proposition 8.2. The inclusion map C' — C maps bounded sets into sets with compact closure.

Proof. Let B C C! be bounded. Then each set {¢(t) : ¢ € B} C R"*, t < 0, is bounded. For
every j € IN, ¢; = sup{|¢'[; : ¢ € B} < oo, and ¢; is a Lipschitz constant for all restrictions
¢li—j0, ¢ € B. It follows that B is equicontinuous at every ¢ < 0. Proposition 8.1 yields that
the closure of B as a subset of C is compact. O

Proposition 8.3. Every Cg-smooth map f : C! O U — R" with property (e) is Cé—smooth.
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Proof. Let ¢ € U C C! and a neighbourhood of 0 in L.(C!,R") with respect to the topology B
be given, say, a set Ny p as in Section 2, with a neighbourhood W of 0 in R” and a bounded set
B C C!. The closure K of B with respect to the topology of C is compact, due to Proposition
8.2, and due to condition (e) the map

g:UxC3(¢,x) ~ Def(9)x € R

is continuous. Proposition 2.1 yields a neighbourhood N of ¢ in U C C! such that for all
¢ € N and for all x € K,

Def(p)x — Def(¢p)x € W.
For all € N and for all x € B C K this gives

(Df($) = Df(¢))x = Def(¥)x — Def(¢)x € W,

which means Df(¢) — Df(¢) € Ny p. This is the desired continuity of Df : U — L.(C!,R")
at u € U, with respect to the topology B on L.(C!, R"). O

Remark 8.4. See [26] for examples of maps C — RR" and C! — R" which are Cg-smooth but
not C};-smooth (and thereby must violate condition (e)).

We turn to other spaces and maps which occur in the sequel. The vector space C* =
ﬂ,‘?’:ock will be used without a topology on it.

The differentiation map 97 : Ck > ¢+ ¢ € Ci-, k€ Nand T € Ror T = o, is linear
and continuous. We abbreviate dr = d1,r and d = dyp = 91.

The following Banach spaces occur in Parts II and III: For n € IN and k € INy and reals
a < b, Ck([a,b],R") denotes the Banach space of k-times continuously differentiable maps
[a,b] — R" with the norm given by

k
[pliapx = Y max ot (#)].
0

—ha<t<b

We use various abbreviations, for S < T and d > 0 and k € INg:

Csr = C°([S, T],R"), [ lst = 1" lis170
Cir = CI([S,T],RY), | st =1 lis,ma
Cck = c*([~d,0],R"), | lax =1 l—a0

It is easy to see that the linear restriction maps

Rgp: CF— Ck, d>0andk € Ny,
and the linear prolongation maps

Pyr:Ch—CF, d>0andke N,

given by (P;x¢)(s) = ¢(s) for —d < s <0 and

ko p(x)(_
(Paxd)(s) =) M(s +d)* fors < —d

|
=0 K:
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are continuous, and for all d > 0 and k € N,
Rako Py = idcg.
In Part II we also need the closed subspaces
Coro = {¢ € Cor: ¢(0) =0} and Cyrg = {¢ € Cor: ¢(0) =0=¢'(0)}.
In Part III we make use of the Banach space B, for a > 0 given, of all ¢ € C with

sup [¢(t)[e" < oo, [Ppla = sup |¢p(t)]e",
£<0 £<0

and of the Banach space B} of all ¢ € C! with
¢ € Ba, Gb/ € By, [Play = |9l + |€b/‘a-

Solutions of equations
X(t) =g(x;), with ¢g:C;D>U—-R" or g:Bl>U—TR",

on some interval I C R are defined as in case of Eq. (1.1): With ] = [—d,0] or ] = (—0o0,0],
respectively, they are continuously differentiable maps x : | + I — IR" so that x; € U for all
t € I and the differential equation holds for all ¢+ € I. Observe that x; may denote a map on
[—d,0] or on (—o0,0], depending on the context.

For results on strongly continuous semigroups given by solutions of linear autonomous
retarded functional differential equations

X' (t) = Ax;

with A : C; — R" linear and continuous, see [2,5].

9 Examples, and the solution manifold

We begin with the toy example (1.2),
xX'(t) = h(x(t = r(x(t))))

with continuously differentiable functions # : R — R and r : R — [0,00) C R. For continu-
ously differentiable functions (—oo,t,), 0 < t, < co, which satisfy Eq. (1.2) for 0 < t < ¢, this
delay differential equation has the form (1.1) for U = C! with n = 1 and f = f;,, given by

fur(¢) = h(9p(=7(¢(0))))-

In order to see that f,, is a composition of Ck—maps all defined on open sets of Fréchet spaces
it is convenient to introduce the odd prolongation maps Pyqq : C — Co (with n = 1) and
Pogdn : C! — CL (with n = 1) which are defined by the relations

(Poda¢)(t) = ¢(t) fort <0, (Poaad)(t) = —¢(—t)+2¢(0) fort>0,

and Pogq1¢ = Pogq¢p for ¢ € C!. Both maps are linear and continuous. With the evaluation
map
01 : CoH X R = R,  eve1(p,t) = ¢(t),

we have
Sur(9) = hoeveo1(Poda 19, —1(¢(0)))
for all ¢ € C!. We also need the evaluation map eve : Coo X R — R given by eveo (¢, t) = ¢(t).
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Proposition 9.1. The map ev, is continuous and the map eve 1 is Cé—smooth with

D eveo1(¢,1)(x,5) = D1€veo1 (¢, 8)x + D2eveo (¢, s)t = x(t) +s¢' ()

Proof. Arguing as in the proof of [23, Proposition 2.1] one shows that ev,, is continuous and
that eveo 1 is C%—smooth, and that the partial derivatives satisfy the equations in the proposition.
It remains to prove that the map CL, x R 3 (¢,t) — Deve1(¢,t) € Lo(CL x R,R) is B-
continuous. As CL, x R has countable neighbourhood bases it is enough to show that, given a
sequence CL, X R 3 (¢, t) — (¢,t) € CL x R for k — o0, a neighbourhood N of 0 in R and a
bounded subset B C CL, x R, we have

(D evoo1 (P, tr) — Devesp(¢,t))B C N for k sufficiently large.

In order to prove this, choose j € IN with |¢t| < jand |t;| < j for all k € IN. By [16, Theorem

1.37], ¢j = sup(, ¢)ep([X|1,005 + [5]) < c0. For every k € N and (x,s) € B,

(D evmoa (i ) = D evnoa (1)) (0 5)| = (k) — (1) + sl (t) — ¢/ (1))
< max W0l — ]+ max gk~ /()] +19'(0) ~ /(1))
j<u<j j<u<j
< €1t = )]+ [ — Pleos, + 19/ (1) — ¢/ (1)),

and it becomes obvious how to complete the proof. ]

The map ev;(-,0) : C! 5 ¢ — ¢(0) € R is linear and continuous, and the evaluation
ev: C x (—o0,0] 3 (¢,t) — ¢(t) € R is continuous, see [23, Proposition 2.1].

The next result says that f;, , satisfies the hypotheses for the results on semiflows and local
invariant manifolds in the subsequent sections.

Corollary 9.2. Forr : R — [0,00) C Rand h : R — R continuously differentiable the map fy, , is
C};—smooth and has property (e).

Proof. The functions r and h are Cé-smooth. The map ev; (+,0) is linear and continuous, hence

C}S—smooth. It follows that P,qq1 X (—7 o evi(+,0)) : C! — CL x Ris Cé—smooth, by the chain

rule (Proposition 4.3) and by C}S—smoothness of maps into product spaces. Now use that ev,, 1

is Cé-smooth, due to Proposition 9.1, and apply the chain rule to the composition
frnr ="Hh o0 eve10 (Pogar X (—r o evi(-,0))).

It follows that f}, , is Cﬁl;-smooth with

Dfir(¢)x =1 (¢(=r(¢(0))) x(=r(#(0))) + ¢'(=r(¢(0))){ = (9(0)) }x(0)].

For each ¢ € C! the term on the right hand side of this equation defines a linear continuation
Defi,(¢) : C — R of Dfy,,(¢). Using that the evaluation ev and differentiation C! — C are
continuous one finds that the map

C' x C > (¢,X) — Defi,()x € R

is continuous. O
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It is almost obvious that restrictions f : C! > U — R”" of Cél—smooth maps f: C D U — R?,
with U = UNC!, are Cé—smooth and have property (e); by Proposition 8.3 they are in fact
Cj-smooth.

Let us mention that the Cé-smooth maps f = f,, with property (e) from Corollary 9.2,
which arise from differential equations with state-dependent delay, are in general not of this
kind. In order to see this consider the case h(¢) = ¢ and, say, (&) = &2, for which

£(@) = fur(¢) = p(—((0))?),

and assume there exists a C%-smooth functional f : C — R with f(¢) = f(¢) for all ¢ € C.
The equation

f@) = f(9) = levo (id x ((=r) o ev(-,0))](¢) forall¢pe C'

in combination with the continuity of the evaluation ev and with the fact that C! is dense in C
yields
F(x) = x(=(x(0))?) forally € C.

Choose x € C with x(0) = 1 which is not differentiable at t = —1. By assumption, the
directional derivative

DF(0)x = lim ~[f(x +tx) — F(0)]

0#t—0

= tim ((=06(0) + £2(0))2) + x(~(c(0) + £2(0))) ~ x(~(x(0))?)])

0#£t—0
= tim (x(=(+ 09+ -1+ 17) = (1))
2
= tim (3~ 02) = 25 (1= 2= ) - x(-1)])

exists, which leads to a contradiction to the non-differentiability of x at —1.

The pantograph equation (1.3), namely,
x'(t) = ax(At) +bx(t)

with constantsa € C, b € Rand 0 < A < 1, was extensively studied in [8]. For real parameters
a,b and arguments t > 0 this is a nonautonomous linear equation with unbounded delay
7(t) = (1 — A)t > 0 since At =t — 7(t). Define F: R x C! — R by

E(t, ¢) = a(Poaan9)(=7(t)) + 0 $(0),

or,

F =aeve) 0 ((Poad 0 pra2) x (—Topr1))) +bevsa(+,0) 0 Pogq,1 © pra,
with the projections pr; onto the first and second component, respectively. The map F is Cé—
smooth, and every continuously differentiable function x : (—oo,t,) — R, 0 < t, < oo, which

satisfies the pantograph equation for 0 < t < ¢, also solves the nonautonomous equation
x'(£) = F(t,x,) 9.1)

for0 <t < t,.
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The role of the odd prolongation map in the definition of F is more essential than for f, 4
above. Here it helps to overcome the obstacle that on one hand F should be defined on an
open set containing {0} x C! while on the other hand for every t < 0 the term —7(t) > 0 is
not in the domain of data ¢ € C.

The solutions of Eq. (9.1) can be obtained from the autonomous equation (1.1) with n = 2
and f : C! — RR? given by

filgr,¢2) =1, fa(¢1,¢2) = F(¢1(0), $2)

in the familiar way: If the continuously differentiable map x : (—oo, t,) — R satisfies Eq. (9.1)
for tg <t < t, < oo then (s,z) : (—o0,t, — tg) — RR? given by

s(t)=t+1ty and z(t) =x(t+ 1)
satisfies the system

Sl(t) =1= fi(st, z)
Z'(t) = F(s(t),zt) = fa(st, zt)

for 0 <t < t, and s(0) = tp. The map f is Cé-smooth and has the extension property (e).

For the Volterra integro-differential equation (1.4),

x'(t) = /Otk(t,s)h(x(s))ds

with k : R"" — R" and h : R" — RR" continuously differentiable the scenario is simpler
than in both cases above where delays are discrete. In [25] it is shown that every continuous
function (—oo,t,) — R", 0 < t, < oo, which for 0 < t < f, is differentiable and satisfies
Eq. (1.4), also satistfies an equation of the form (9.1) for 0 < t < ¢t,, with the Cé—map F = F ) in
Eq. (9.1) defined on the space R x C. The associated autonomous equation of the form (1.1) is
given by the Cé-map fin s C((—00,0], R**1) — R" with

fi=hAxf, AW =1, v=(¢), f(¥)=F(1(0),¢).

It follows that the restriction of f; to C!((—oc0,0], R"*1) is Clls-smooth and has property (e),
which means that the hypotheses for the theory of Eq. (1.1) in the following sections, with a
semiflow on the solution manifold in C!((—oo,0], R"*1), are satisfied. However, in the present
case we also get a nice semiflow without recourse to this theory. A result in [25] for Eq. (1.1)
withamap f : C D U — R” which is Cé—smooth establishes a continuous semiflow on U,
with all solution operators Cé-smooth. In the present case, with f = f;, the semiflow yields
a process of solution operators for the nonautonomous equation (9.1), all of them defined on
open subsets of C((—o0,0], R") and Cé—smooth. The process incorporates all solutions of the
Volterra integro-differential equation.

We return to the general equation (1.1) and begin with the solution manifold
Xp={pecl:¢'(0) = f(¢)}.
Proposition 9.3. For a Cg-map f : C' D U — R" with property (e) and Xy # O the set Xy is a

Ck-submam‘fold of codimension n in the space C', with tangent spaces

TpXs ={x € C': X'(0) = Df(¢)x} forall ¢ € X;.
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Proof. Xy is the preimage of 0 € IR" under the map C}g—map g:CloU>¢— ¢'(0)—f(p) €
R". [23, Proposition 2.2] applies as f also is Cé-smooth. It follows that all derivatives Dg(u),
u € U, are surjective. Apply Proposition 7.1 to g and M = {0}. O

10 Segment evaluation maps

For the construction of solutions to Eq. (1.1) we need a few facts about the segment evaluation
maps

Er:Crx (=, T] 3 (¢, t) — ¢ € C,

EL:Ch x (—0o,T] 2 (¢, t) > ¢y € C!
and

EX: Cl x (=00, T] 3 (¢,t) — ¢y € C

with T € R and about their analogues E, EL with T = co. All of these maps are linear in the
first argument.

Proposition 10.1. Let T < co.
(i) The maps Er and E} are continuous.

(ii) For every ¢ € Ck the curve @ : (—oo,T) > t — ¢ € C is continuously differentiable, with
®'(t) = Er(0r¢, t).

(iii) The map EY’|c1 . (_cor) 18 Cg-smooth, with

DiEP(¢,t)p = EP($,t) = ¢ and
D2Er (¢, t)s = s Er(re, t) = s(drep)r = s(¢')r.

Proof. 1. For assertions (i) and (ii), for the fact that the map ElTO\C% % (—00,T) is Cé—smooth, and for
the formulae for the partial derivatives in assertion (iii) see the proof of [23, Proposition 3.1].
It remains to show that the map

Cl x (=00, T) 2 (¢,t) — DEX¥(¢,t) € L.(C} x R,C)

is B-continuous. Let a sequence (¢;,t;)7° in C} x (—oo, T) be given which converges to some
(¢,t) € CL x (—oo,T). Let a bounded subset B C CL x R and a neighbourhood V of 0 in C be
given. We may assume

1
V= {)( eC:lxli < Z} for some integer I > 0
and have to show that for j sufficiently large,
(DE (¢, ;) ~ DEY (9, 1)B C V.
For every (§,f) € CL x R and forall j € N,

(DEP(9j,tj) — DEP (¢, ))($, F) = 1, — 1 + F(¢7); — (¢)e].
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2. As the projections from C} x R onto C} and onto R are continuous and linear they map the
bounded set B into bounded sets, and we obtain that for some real r > 0 and for all k € IN,

{f € R : for some ¢ € C}, (p,f) € B} C [~,7]

and
o171k = sup{|Plirx € R: for some f € R, (§,f) € B} < oo,

3. Choose k € N so large that for all s € [—1,0] and for all j € IN,
T—k<s+t;<T and T—-k<s+t<T.

Consider (¢, ) € B. For each j € N we have

|§r, — Peli = max |p(t;+s) = p(t +5)|

—1<s<0
< pmax (')l — ] < orlty — 1]
and
(), — (@)l < r[1(@)); — (@) i + (@), — (¢)eli]

< ol max [9(s+4) = ¢'(s+ )|+ max [(¢)(s+1) = ()(s+1)]

< ol max1g7(0) — ()] + max 1(6/)(s + 1) — ()5 + D).
Altogether, for every j € N and for all (¢, ) €
|(DE?(¢5,tj) — DEP(¢,1)) (¢, F)l:

< ouralty =t 4719y = @lri+ max [(@7)(s +8) = (¢) (s + 1)

Using t; — t and |¢; — ¢[,7x — 0 as j — oo and the uniform continuity of ¢’ on [T — k, T| one
finds ] € N such that for all integers j > | and for all (¢, ) € B

A 1
[(DEF (¢, tj) — DEP(¢,))(, )1 < 7

It follows that (DE7°(¢j, t;) — DE}’(¢,t))B C V for all integers j > . O

11 Solutions of the delay differential equation

In the sequel we always assume that U C C! is open and that f : U — R" is Cé—smooth and
has the property (e).

Following [23] we rewrite the initial value problem
X(t)=f(xy) fort>0, xo=¢€Xs (11.1)

as a fixed point equation: Suppose x : (—oo, T| — R", T > 0, is a solution of Eq. (1.1) on
[0, T] with xg = ¢. Extend ¢ by ¢(t) = ¢$(0) + t¢’'(0) to a continuously differentiable function
¢ : (—oo,T] — R". Then y = x — ¢ satisfies y(t) = 0 for t < 0, the curve (—oo,T| 3 s
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xs € C! is continuous (use x; = EX(x,s) and apply Proposition 10.1 (i)), as well as the curves
(=00, T] 25+ ys € Cland (—oo,T] 2 s — ¢s € C. For 0 < t < T we get

(t) = x(0) = §(0) = x(0) + [ Flx)ds - 9(0) ~ 19/(0)
= /Otf<]/s + (f)s)ds —tf(¢)
= [ fl 6~ Fl9))as.

Obviously, y(0) = 0 = y'(0). So 77 = y| 1] € Cir satisfies the fixed point equation

00 = [[(F+6)— flg)ds, 0<t<T, (12)

where 77 € C} is the prolongation of 7 given by 77(t) = 0 for all + < 0. In order to find a
solution of the initial value problem (11.1) one solves the fixed point equation (11.2) by means
of a parametrized contraction on a subset of the Banach space C(%T,O with the parameter ¢ € U
in the Fréchet space C'. For ¢ € X; the associated fixed point # = 74 yields a solution
x = 7] + ¢ of the initial value problem (11.1).

The application of a suitable contraction mapping theorem, namely, Theorem 5.2, requires
some preparation. We begin with the substitution operator

Fr: dOl’I’IT — Cor
which for 0 < T < oo is given by
domT:{cpeC%:forOgng,gbsEU}

and
Fr(¢)(t) = f(¢r) = f(EF(¢, 1)) € R™.

[23, Proposition 3.2] guarantees that for 0 < T < oo the domain domry is open and that Fr is a
C%-map with

(DFr(¢)x)(s) = Def (ET(¢,5))EF (X, 5)-

(Notice that in order to obtain that Fr is Cé—smooth the chain rule can not be applied, due to
lack of smoothness of the map E%.)

Proposition 11.1. The map Fr, 0 < T < o, is Cé—smooth.

Proof. 1. Let ¢ € domr C C}, € > 0, and a bounded set B C C} be given. Using the norm on
Cor we have to find a neighbourhood N of ¢ in C} so that for every ¢ € N and for all x € B,

max |((DFr() — DFr(¢))x)(s)| <e.

0<s<T

Define
Br={E\(x,s) €C':0<s<T,x¢€B}

Claim: Br C C! is bounded.
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Proof: Consider a seminorm | - |1 j, j € IN. Choose an integer k > j 4 T. The seminorm | - |1 1
is bounded on B. For every x € B and for all s € [0, T] we see from

1 o ,
[Er(x8)|,j max [X(s 4+ u)| + max X' (s + u)]

< ! <
< _max, [x(w)| + _max, X' (w)] < |xl,rx

that | - |1 is bounded on Br.
2. For every ¢ € domr, x € B, s € [0, T] we have

((DFr(¢) — DFr(9))x)(s) = (Def (Ex(y,5)) — Def (Ex(¢,5))E’ (. 5)
(see [23, Proposition 3.2])

= (Df(Ex(w,s)) — Df(ET(¢,5))ET(x.5)
(with E¥(x,s) € CY),

where EL(x,s) is in the bounded set Br. As f is Cé-smooth the composition
C} xR D domr x[0,T] > (v,s) — Df(EX(¢,s)) € L.(C', R")

is B-continuous, hence uniformly B-continuous on the compact set {¢p} x [0, T] (see Proposi-
tion 2.1). It follows that there is a neighbourhood N of ¢ in C} such that for every i € N and
for all s € [0, T] the difference

Df (Et(y,s)) = Df (E1(¢,5))
is contained in the neighbourhood for all Ny (g 5, of 0 in L.(C!,R"), with Uc(0) = {x € R" :
|x| < €}. Finally, we obtain for each ¢y € N,s € [0, T], x € B,

|((DFr() — DFr(9))x)(s)| = (Df(Ex(y,s)) — D (ET(¢,5)) ET(x, )|
< €. ]

The prolongation maps
Pr:Cl=Cl, 0<T<o,

given by
Prop(t) = ¢p(t) fort <0, Pro(t)=¢(0)+td'(0) for0<t<T,
and
Psr:Cos — Clr, 0<S<T<oo,
given by

Psrp(t) = ¢p(t) for0<t<S, Psrp(t)=¢(S)+ (t—S)¢'(S) forS<t<T,

and
ZTZCOT,0_>CT/ 0<T<oo

given by
Zrp(t) = ¢(t) for0<t<T, Zr(¢)(t)=0 fort <0,

and the integration operators

t
It : Coro — CéT,O, 0<T<oo, givenby Ir¢(t)= / ¢(s)ds
0
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. . ) z .
are all linear and continuous. We have ZTCéT,O C C%, and the induced map C(%TO = C% is
continuous, too. For Ps7,0 < S < T,

PstCos o C Coro
and
|PST(P|1,OT < (2 + T)|(P|1,05 for all (P € C(%S

because of the estimate

|Pstép|1,07 = maXT\PSﬂp(t)] + max |(Psr¢)’(t)]

0<t< 0<t<T

< max (@O +[9(S)] + 19" (S)IT + max [¢'(£)]-

T0<t<S <t<S§

It follows that for every T > 0 the set
Dr = {(¢,n) € U x C(%T,O : Pr¢ 4 Zrn € domr}

is open. Let pry and pr, denote the projections from C! x C(l)T,O onto the first and second factor,
respectively. Define 7 : R" — Cor by 7(&)(t) = ¢. Both projections and 7 are continuous linear
maps. Using Proposition 11.1, the chain rule, and linearity of differentiation we infer that the
map

Gr: C! x C(l)T,O DU x C(l]T,O D Dr — COT,O C Cor

given by
Gr(¢,n) = Fr(Prpri(¢,n) + Zrpra(¢, 1)) — T o f o pri(¢, )
(notice that  Gr(¢,17)(0) = f((Pr¢ + Z1rn)o) — f(¢) = f(¢ +0) — f(¢) = 0)

is Cé—smooth. For the derivatives we obtain the following result.

Corollary 11.2. Let 0 < T < oo. For (¢,17) € Drand € C1,7j € Cjr,

DGr(¢,1)(¢,7) = DFr(Pr¢ + Zrn)(Prd + Zrij) — T(Df(¢)P),
and for 0 <t <T,
DGr(¢,1)(§,7)(t) = (Def (Ex(Pr + Zrn, ) EP(Pr + Zri, t) — T(Df(¢)P) ()
= Def ((Pr¢)t + (Z11)t) (Pre)s + (Z177)t) — Df(¢) .

The map At = It o Gris Cé—smooth. We now restate [23, Proposition 3.4], which prepares
the proof that Ar with T > 0 sufficiently small defines a uniform contraction on a small ball
in CéT 0-

Proposition 11.3. Let ¢ € U be given. There exist T = Ty > 0, a neighbourhood V = Vy of ¢ in U,
€ =€y > 0,and j = j, € N such that forall S € (0,T), x € V, 17 and 7j in C(le,o with |n]10s < €
and |ijl10s < €, w € [0,5],and 6 € [0,1],

(PSX)w + (ZSU)w + 9[(Z577)w - (Zsﬂ)w] eu

and

IDef ((Psx)w + (Zsn)w + 0[(Zs)w — (Zsi)w]) [(ZsT)w — (Zsn)w)]| < 27 |77 — 71]os-
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Proof. See the proof of [23, Proposition 3.4] O

Let € U, and let T = Ty > 0, a convex neighbourhood V = Vj, of ¢ in U, € = €4 > 0,
and j = j, € N be given as in Proposition 11.3.

Then Propositions 4.1, 4.2, 4.3 from [23] hold, with verbatim the same proofs. We restate
these propositions as follows.

Proposition 11.4. For every S € (0,T), x € V, iy and 7j in Cg with |n|1,0s < € and [fjl10s < €,
we have

(x,n) € Ds, (x,7) € Ds, and [As(x,77) — As(x, 1)]10s < 2jS(S+1)[77 = 7]1,05-

Proposition 11.5. limg\ g As(¢,0) = 0.

Proposition 11.6. There exist Sy € (0, Ty) and an open neighbourhood Wy of ¢ in Vi, such that for
all x € Wy, forall S € (0,Sy], and all € Clg o and 7j € Clgy with |y7]10s < 5 and |7j|10s < 3, we
have

(x,1) € Ds, (x,7) € Ds,

€
2
For each S € (0,Sy] now the uniform contraction result Theorem 5.2 applies to the map

. 1 .
|As(x, 1) |10s < and  |As(x,7) — As(x,1)|10s < §|17 — 171,05

Wy x {1 € Ciso : s < ep} > (x,11) = As(x, 1) € Ciso,
with M = My = {n € Cig : 111,05 < <1, and yields a Cé—map

Wp 2 x =11y € Cés,o

given by 7, € My and As(x,7yx) = 7. As the maps Ps and Cés,o z C{ are linear and
continuous it follows from linearity of differentiation and by means of the chain rule that also
the map
Y Wp D x — Psx + Zsty € C&
is Cé—smooth. An application of the chain rule to the compositions of this map with the
continuous linear maps Eé(-, £): Cé — C1,0 <t < S, yields that all maps
Wp 3 x — E§(Zp(x),t) €CH, 0<t<S,

are Cé-smooth. As E} is continuous we obtain that the composition

[0,S] x Wy > (t, x) — Eé(2¢()(),t) cC!

is continuous.

[23, Proposition 4.4] showed that the restriction of the map X, to the solution manifold
provides us with solutions of the initial value problem (11.1). It remains valid, with the same
proof, and is restated as follows.

Proposition 11.7. For every S € (0, Sy] and for every x € Wy N Xy the function x = xX) = Zy(x)
is a solution of Eq. (1.1) on [0, S], with xo = x and x; € Xpfor0<t<S.

The restriction
0,51 x (W N X) > (. x) = E5(Zp(x),t) € C'
is continuous, and the maps
Wy N Xs 3 x — Eg(Zp(x),t) €C', 0<t<S,

are Cé-smooth from their domains in the Cé-submanifold X ¥ into CL.
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12 The semiflow on the solution manifold

The uniqueness results [23, Propositions 4.5 and 5.1] remain valid, with the same proofs. As
in [23, Section 5] we find maximal solutions x?¢ : (—oo, t4,) — R", 0 < tp < oo, of the initial
value problems

X'(t) = f(xs) fort>0, xo=¢ € Xy,

which are solutions on [0,t4) and have the property that any other solution on some interval
with left endpoint 0, of the same initial value problem, is a restriction of x?. The relations

Q= {(t,9) € [0,00) x Xy :t <ty}, Zp(t,¢) =x]

define a semiflow X : Oy — Xy on X, compare [23, Proposition 5.2]. In [23, Proposition 5.3]
and in its proof the words continuously differentiable can everywhere be replaced by the expres-
sion Cé—smooth. Thus % is continuous, with each domain

Qf,tz {¢E Xf: (t,(P) GQf}, t>0,

an open subset of Xy and the time-t-map

Zf,t : Qf,t — Xf/ Z‘f,t(q)) = Zf(t,(P), t> 0,

Cé—smooth in case Q¢ # @.

[23, Proposition 5.5] and its proof remain valid. In the proof of [23, Proposition 6.1] the
words continuously differentiable can everywhere be replaced by the expression Cé—smooth. This
yields

Do (t,9)x = DZss(p)x = of ™

with the unique maximal continuously differentiable solution v = v#* of the initial value
problem
v'(t) = Df(Zf(t,¢))vy fort >0, vo=yx € TpXy.
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Part III

13 Locally bounded delay

Assume as in Part Il that f : C! > U — R" is Cé-smooth and that f has property (e). It is
convenient from here on to abbreviate X = Xy, (3 = ()¢, and ¥ = X. Let a stationary point
¢ € X of L be given, X(t,$) = ¢ for all t > 0. Then ¢ is constant. (Proof of this: The solution
x of Eq. (1.1) on [0, 00) with x¢ = ¢ satisfies x(t) = x;(0) = X(¢,¢$)(0) = ¢(0) for all + > 0. For
all s < 0 we have x(s) = ¢(s) = Z(—s,¢)(s) = x_s(s) = x(0) = ¢(0).)

Choose an open neighbourhood N of ¢ in U and d > 0 according to property (Ibd) from
Section 1. We restate [24, Proposition 2.1] as follows.

Proposition 13.1. For every ¢ € N we have
Df(¢p)p =0 forallp € C' withp(s) =0 on[—d,0],

and
D.f(¢p)x =0 forall x € C with x(s) =0 on[—d,0].
Recall the restriction and prolongation maps R;; and P, from Section 8, respectively. Set
$s = Ri1 = ¢P|(_40)- As ¢ is constant we have

Pi1pa=¢ €N,

and it follows that there exists a neighbourhood U, of ¢, in C}l with P;1U; C N. Due to the
chain rule the map

fa:CiDUs =R, fa(@) = f(Pin9),
is C};—smooth, with
Dfa(¢)x = Df(Pa19)Piax-

According to [24, Proposition 2.2] f; has property (e). Results from [20,21] apply and show
that the equation

x'(t) = fa(xt) (13.1)

(with segments x; : [—d,0] 3 s — x(t +s) € R") defines a continuous semiflow %; : Q; — Xj
on the submanifold

Xa={peUs:¢9'(0) = fa(9)}, codimX;=n,

of the Banach space C}. In the terminology of the present paper, the manifold X, and all
solution operators X;(¢,-), t > 0, with non-empty domain are Cé-smooth.

The proofs of [24, Propositions 2.3-2.5] remain valid without change. We restate the result
as follows.

Proposition 13.2.
(i) Xg = Rga(XNNNR,{(Uy)).
(ii) For every ¢ € XN NN R, (Uy),

Try,pXa = Ra1 TpX.
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(iii) For (t,¢) € Qwith £([0,1] x {¢}) C NN R, (Uy),
(t,Ripp) € Qq and XLyt Ry1¢) = R (1, ¢).

(iv) If (t,x) € Qg and if x : (—oo,t] — R" given by x(s) = xX(s) on [—d,t] and by x(s) =
(Pi1x)(s) for s < —d satisfies {xs: 0 <s <t} C N then

(t,Piix) € Q and Ry1X(t, Paax) = Za(t, x)-

Proposition 13.2 (iii) shows that ¢, is a stationary point of the semiflow X;.

For t > 0 consider the operators T; = Dy%(t,$) on T5X and T;; = DoX4(t, ¢4) on T, Xa-
The proof of [24, Corollary 2.6] remains valid. We state the result as follows.

Corollary 13.3.

(i) For (t,¢) € Q as in Proposition 13.2 (iii) and for all x € TyX,
Rd,lX S TRd,l‘PXd and Rd,lDzz(t, 4)))( = Dde(t, Rd,l‘,b)Rd,lX-

(ii) Forall x € TgX and forall t > 0,

Rigx € Tp, Xy and  Rg1Tix = TaiRax-

From [7, Sections 3.5 and 4.1-4.3] and from [11] we get local stable, center, and unstable
manifolds of ¥, at ¢ € X; C C}, all of them Cé—smooth.

14 Spectral decomposition of the tangent space

Let Y = T5X. In this section we recall from [24, Section 3] the definitions of the linear stable,
center, and unstable spaces of the operators T; : Y — Y, t > 0.

The linear stable space in Y is defined by
Yo = R;1 Y,

with the linear stable space Y;; of the strongly continuous semigroup (T,;;)¢>0 on the tangent
space Y; = T5, X5 C C}i. We have Y;; = Y; N C;, with the linear stable space C;, of the
strongly continuous semigroup of solution operators T,;,; : C; — C4, t > 0, which is defined
by the equation

v'(t) = Defa(¢a)or. (14.1)

Let C;. and C;,, denote the finite-dimensional linear center and unstable spaces of the semi-
group on C;. Each x € C;. ® Cy, uniquely defines an analytic solution v = vX on R of
Eq. (14.1). The injective map

I:Cie®Cyy 2 x— UX‘(—oo,O] e C!

is linear, and continuous (as its domain is finite-dimensional). The center and unstable spaces
in Y are defined as
YC — ICd,C al'ld Yu - ICd,M’
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respectively. They are finite-dimensional and the maps T, t > 0, act as isomorphisms on each
of them. The stable space Y; is closed and positively invariant under each map T;, t > 0, and
we have the decomposition

Y=YDY. DY,

Finally, recall the Banach space B! from Section 8 and observe
Y, C B}

since each vX, x € Cy,, and its derivative both have limit 0 at —co.

15 The local stable manifold

We begin with the local stable manifold W; C X; of the semiflow X, at the stationary point
¢4 € Xy C C} as it was obtained in [7]. Recall Proposition 4.2. It is easy to see that W5 is a
Cé—smooth submanifold of the Banach space C} which is locally positively invariant under S,
with tangent space

T, Wi = Yas

at ¢4, and that it has the following properties (I) and (II), for some g > 0 chosen with
Rz<-p<0
for all z with Rz < 0 in the spectrum of the generator of the semigroup on Cj.

(I) There are y > B, an open neighbourhood W5 of ¢, in W5, and ¢ > 0 such that [0, 00) x
W5 C Qy, and 24([0,00) x W5) C W5, and for all p € W5 and all ¢ > 0,

Za(t, ) — Palag < e — fala-
(I) There exists a constant ¢ > 0 such that each ¢ € X; with [0,00) x {¢p} C Q; and
P Zy(t, ) — Palas < € forallt >0

belongs to W3.

The codimension of W in C} is equal to
n + dim Y.+ dim Yj;, = n+dim Cic+ dim Cy,,.

As the continuous linear map Ry, : C! — C} is surjective we can apply Proposition 7.1 and
obtain an open neighbourhood V of ¢ in N C U C C! so that

W® = W¥(¢) = VN R, (W)
isa C}z—submanifold of C! with codimension 7 + dim C;, + dim C;, and tangent space
TaW° = Ry 1(Tp,W5) = Ry (Yas) = Ve

The next proposition shows that W? is the desired local stable manifold of X at ¢.
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Proposition 15.1.
(i) W* C X, and W? is locally positively invariant.

(ii) There are an open neighbourhood V of ¢ in V with [0,00) x (VNW?) C Q and a constant é > 0
such that for all ¢ € V N W? the solution x : R — R" on [0,00) of Eq. (1.1) with xo = ¢ satisfies

|x(t) = (0)| + |x'(1)] < e " |Rg1¢p — fulap forall t > 0.
(iii) There are an open neighbourhood V of ¢ in V Aand a constant ¢ > 0 such that for every solution
x:R — R" on [0,00) of Eq. (1.1) with xo € VN X and
|x(t) — ()| + |x'(t)| < ée Pt forallt >0
we have xyg € W5,

Proposition 15.1 is proved exactly as [24, Propositions 4.1, 4.2], using the properties of W}
stated above.

16 The local unstable manifold

In this section all segments x; are defined on (—oo, 0]. Fix some a > 0 and consider the Banach
spaces B, C C and B; C C! introduced in Section 1. It is easy to see that the linear inclusion
maps

jo:B;—C and j:B}— C!

are continuous, as well as the restriction and prolongation maps
Radi:Bi2¢— Rap¢p€Cy and Pogq:Cy3 x — Pyix € By

The set U, = j;l(N) N R;,‘},] (Uy) C B} is open and contains ¢, and the Cé—map

fa:Ua = RY, - fal@) = f(19),

satisfies f,(¢) = 0. Notice that every solution of the equation

x'(t) = falxr) (16.1)

on some interval also is a solution of Eq. (1.1) on this interval. The proof of [24, Proposi-
tion 5.1] remains valid. Therefore we have

fa(@) = fa(y) for all ¢ € U, and ¢ € U, with ¢(s) = ¢(s) on [—4,0], (16.2)

each derivative Df,(¢) : Bl — R, ¢ € U,, has a linear extension D, f,(¢) : B, — R", and the
map
U, X Ba 2 (¢, x) — Defa(¢)x € R"

is continuous. Now results from [22] show that X, = {¢ € U, : ¢'(0) = fau(¢)} is a Cé—

submanifold of B;, that the solutions of Eq. (16.1) define a continuous semiflow %, : O, — X,
on X,, and that there is a local unstable manifold W} C X, at the stationary point § € W.
Wy is a Cllg—submanifold of B! consisting of data ¢ € X, which are solutions of Eq. (16.1) on

(—o0,0] with ¢s — ¢ as s — —o0, and there exist > 7 > 0 and ¢, > 0 so that
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M) |ps — Plag < cueP|¢p — Pl,1 for all p € WY and s < 0,

and
(1) for every solution ¢ € B} of Eq. (16.1) on (—o0,0] with

sup s — Pla1e” " < o0
s<0

there exists sy <0 with ¢, € W) for all s < Sy-

In [22] the tangent space T;W, of W, at ¢ is obtained as the vector space T of all maps
X 1 (—00,0] = R" with {9 = x € C;, which for some t > 0 and for all integers j < 0 satisfy

Rie = ATx
where A : C,, — Cy,, is the isomorphism whose inverse is given by T, ,;. We have
TsW, = Yu.

because the maps in the vector space Y, = IC;, share the property defining the space T and
dim Y, = dim C;,, = dim T.

From a manifold chart for W} at ¢ we obtain € > 0 and a C}),-map

w" :Yy(e) = BL, Yu(e)={p € Yy:|pli1 <e},

with w¥(0) = ¢, w(Yy,(€)) an open subset of W¥, and Dw%(0)y = # for all y € Y,. Proposi-
tion 7.2 applies to the Cé—map j1 o w,. So we may assume that

W = WH(@) = jiwg (Yule))
is a Cé-submanifold of the Fréchet space C! with
TeW" = j1Dwy (0)Yy = Y.

The proof of [24, Proposition 5.2] remains valid in the present setting. We state the result
about the properties of the local unstable manifold W* as follows.

Proposition 16.1.

(i) Every ¢ € W" is a solution of Eq. (1.1) on (—o0,0], with ¢s — ¢ as s — —oo, and for all s < 0,
[p(s) = F(O)] < cue|p = Plag and |¢'(s)] < cueP|p — Pla-
(ii) For every i € X which is a solution of Eq. (1.1) on (—oo,0] with

supe T|(s) — $(0)| < oo and supe TP (s)] < oo

s<0 s<0

there exists s(¢) < 0 with s € W" for all s < s(¢p).
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17 Local center manifolds

In this section we assume
{0} # Ye
which is equivalent to

{0} 7£ Cd,c-

In the sequel we recall the steps which in [24, Section 6] led to a local center manifold at ¢
which is Cé-smooth, and point out the observation which yields Cé-smoothness.

The approach from [24, Section 6] first follows constructions from the proof of [11, Theo-
rem 2.1] which were done for the case ¢; = 0. Therefore we introduce V; = U; — ¢y C C; and
the Cé-map

8a: Va3 ¢ — fal¢p+¢a) € R
Then g;(0) = 0 and Dg;(0) = Df;(¢a).
There is a decomposition
C; = Cé,s @ Cd,c @ Cd,ur C;,s - ng N Cd,s,
into closed subspaces which defines a projection P‘}, o C¢11 — C{}l onto C; ., and there is a norm
| - |las on C} which is equivalent to | - |;1 and whose restriction to Cy \ {0} is C*-smooth.

Next there exists A > 0 with
Na={peCi:liglar <A}
contained in Vj so that the restricted remainder map
Na 3 ¢ = ga(¢) — Dga(0)¢ € R

has a global continuation
I’d,A : C;l — IR”

with Lipschitz constant

< 1.

1ran(@) —ran(P)|lan
A= , . ,
oy el

The desired local center manifold at ¢ € X will be given, up to translation, by segments
(—00,0] — R" of solutions on R of the equation

X'(t) = Dgg(0)x; +rga(x;)  (with segments in C}) (17.1)

which do not grow too much at $-co.
For 7 > 0 let C} , denote the Banach space of all continuous maps u : R — C} with
sup e~ |u() 4, < o0
teR

and the norm given by the preceding supremum. There exists 771 > 0 so that for every ¢ € C;,
there is a unique continuously differentiable map

xR — R”
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with the curve R 3 t — xw € C; contained in C}l’m and Eq. (17.1) satisfied for all t € R and
P} ngp] = ¢. Observe that we have

() =0 forallteR.

Incidentally, from here on the proof in [24, Section 6] deviates from the approach in [11].

Now consider the map
J:Cicd s d+alfl| 5 ech

Observe that the proof of [24, Corollary 6.2 ] shows that the map | is in fact Cé-smooth, not

only Cé—smooth, and
Dj(0)p =1I¢ forall p € Cy,,

with the injectice map I from Section 13. As C; . is finite-dimensional Proposition 7.2 yields
an open neighbourhood N, of 0 in C; . so that the image
W¢ = J(Na,)
is a Cé-submanifold of the Fréchet space Cl, with
TsWe = ICy = Y.

We may assume J(N;.) C N C U since | is continuous and J(0) = ¢. By continuity of the
map

Cac 2 ¢ = Ra1(J(9) — ) € C}
at 0 € C;. we also may assume that for all ¢ € N; . we have

|‘x([)¢]Hd,1 <A forallp € N;.

or, x([)¢] € Ny for all ¢ € N, with segments x([)(p] defined on [—d, 0].

We take W¢, with tangent space Y, at the stationary point ¢ € X, as the desired local center
manifold of the semiflow X and verify that it has the appropriate properties. Following the
proof of [24, Proposition 6.3] we get

We C X.

Next, choose an open neighbourhood U, of ¢ in N C U so small that
Ry U C Uy N (Na + ¢a)
and for all ¢ € U,,
Pz},cRd,l (IP - q_b) € Nd,c-

Then the proofs of [24, Proposition 6.4, Proposition 6.5] remain valid. We state the result as
follows.

Proposition 17.1.

(i) (Local positive invariance) For every (t,1) € Q with € W° C X and X([0,t] x {¢}) C U,
we have X([0,t] x {y}) C W°.

(ii) For every solution y : R — R" of Eq. (1.1) on R with y; € U, for all t € R we have y; € W€ for
all t € R.

Observe that the proofs of both parts of Proposition 17.1 make use of [24, Lemma 7.1] on
uniqueness for an initial value problem with data in CJ.
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