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Abstract. In this paper, we study a class of nonlinear singular system with coupled in-
tegral boundary condition. Based on the Guo-Krasnosel’skii fixed point theorem, some
new results on the existence of symmetric positive solutions for the coupled singular
system are obtained. The impact of the two different parameters on the existence of
symmetric positive solutions is also investigated. Finally, an example is then given to
demonstrate the applicability of our results.
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1 Introduction

This paper is concerned with the existence of symmetric positive solutions for the follow-
ing singular fourth-order boundary value system with coupled integral boundary conditions
(BCs)
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where A1 and A, are positive parameters, ¢,(x) = [x|P2x,p > 1,¢, = <p;jl,% + % =1,
f1, f2:[—1,1] x [0,00) x [0,00) — [0, 00) are continuous and f1 (-, x,y), f2(-,x,y) are symmetric
on [—1,1] for all x,y € [0,00), a1,a2 : (—1,1) — [0, 0) are symmetric on (—1,1) and may be
singular at t = —1 and/or t = 1, and the integrals from (1.1) are Riemann-Stieltjes integrals
with a signed measure, that is, A;, B; (i = 1,2) are functions of boundary variation on [—1, 1].
By a symmetric positive solution of the system (1.1), we mean a pair of functions (u,v) €
(C?[-1,1]NC*—1,1)) x (C?[-1,1]NC*(—1,1)) satisfying (1.1), u, v are symmetric and u(t) >
0,v(t) >0 forall t € [—1,1].

Coupled BCs arise from the study of reaction—diffusion equations, Sturm-Liouville prob-
lems, mathematical biology and so on. In [1], Asif and Khan studied the following a coupled
singular system subject to four-point coupled BCs of the type

—x"(t) = f(t,x(t),y(t), te€(01),
—y'(t) = g(t,x(t),y(t)), te€(0,1),
x(0) =0, x(1)=ay(¢),
y(0) =0, y(1) = Bx(n),

where the parameters «, B,&, 1 satisfy ¢, € (0,1) and 0 < aén < 1, f,g: (0,1) x [0,00) x
[0,00) — [0, 00) are continuous and singular at t = 0, t = 1. The authors obtained at least one
positive solution to the system (1.2) by using the Guo—Krasnosel’skii fixed-point theorem. For
other recent results concerning the Coupled BCs, we refer the reader to [2,5,6,8,15].

We notice that a type of symmetric problem has received much attention, for instance,
[3,7,9,11-14,16] and the references therein. At the same time, a class of boundary value
problems with integral BCs appeared in heat conduction, chemical engineering, underground
water flow, thermoelasticity, and plasma physics. For earlier contributions on problems with
Lebesgue integral BCs, we refer the reader to [3,13,14,16] and the more general nonlocal
Riemann-Stieltjes integral BCs, we refer the reader to [2,5,6,10] and references therein, such
integral BCs are a general type of nonlocal boundary conditions and cover multi-point and
integral BCs as special cases. Infante, Minhés, Pietramala [5] gave a general method for
dealing with these problems in the important case when p = 2. Ma [14] studied the existence
of a symmetric positive solution for the following singular fourth-order nonlocal boundary
value problem

(1.2)

W () =h(t)f(tu(t)), 0<t<l,

where p,g € L'[0,1], h : (0,1) — [0,+00) is continuous, symmetric on (0,1) and may be
singular at t = O and t = 1, f : [0,1] X [0,4+00) — [0,+c0) is continuous and f(-,x) is
symmetric on [0,1] for all x € [0,4o0). The existence of at least one symmetric positive
solution was obtained by the application of the fixed point index in cones.

In [16], Zhang, Feng, Ge studied fourth-order boundary value problem with integral BCs:

(Pp(u" (1)) = w(t)f(tu(t), 0<t<1,
1
u(0) = u(1) = | g(s)u(s)ds

1
B () = 9p(u" (1)) = [ h(s)gy (" ()ds,
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where ¢, (t) = [t 2, p > 1,05 = ¢, 7, % + % =1, w,g,h € L'[0,1] are nonnegative, symmetric
on [0,1]. f:[0,1] x [0,00) — [0,0c0) is continuous, f(1 —t,x) = f(t,x) for all (¢t,x) € [0,1] x
[0, 00). By using of fixed point theorem in cones, the existence and multiplicity of symmetric
positive solutions were obtained, and the nonexistence of a positive solution was also studied.

Inspired and motivated by the above mentioned work and wide applications of coupled
BCs in various fields of sciences and engineering, we study the existence of symmetric positive
solutions to a singular system (1.1). Of necessity u'(0) = 0, ¢/(0) = 0, "’(0) = 0 and
0"’ (0) = 0 for symmetric functions (u,v) € (C*[—1,1]NC*(—=1,1)) x (C*[-1,1] N C*(-1,1)),
so the problem can be handled by considering the simpler problem (2.1) on [0, 1], then using
symmetry u(—t) = u(t), v(—t) = v(t) to extend the solution to [—1,1].

Our work presented in this paper has the following new features. First of all, we discuss
the system (1.1) subject to coupled BCs with p-Laplacian operators, Riemann-Stieltjes integral
BCs are a general type of nonlocal boundary conditions and cover multi-point and integral
BCs as special cases, these are different from [3,7,11-14,16]. The second new feature is that
the system (1.1) possesses singularity, that is, the nonlinear terms may be singular att = —1,1.
Thirdly, we involve the parameter A; (i = 1,2) in the model and obtain the sufficient conditions
for the existence of symmetric positive solutions of system (1.1) within certain interval of A;
(i = 1,2). To the best knowledge of the authors, there is no earlier literature studying the
existence of symmetric positive solutions for boundary value system with coupled integral
BCs.

The rest of the paper is organized as follows. In Section 2, we present a positive cone, a
fixed point theorem which will be used to prove existence of symmetric positive solutions,
Green’s function for the modified system and some related lemmas. In Section 3, we present
main results of the paper and in Section 4 an example is given to illustrate the application of
our main results.

2 Preliminaries and lemmas
We recall that the function w is said to be concave on [g, b] if

w(th+(1—1)t) > tw(t)) + (1 —1)w(tz), ti,t2 €[a,b],T€(0,1),
and the function w is said to be symmetric on [—1,1] if w(—t) = w(t), t € [-1,1].

Remark 2.1. If (u,0) € (C*[-1,1]NC*(—1,1)) x (C?[-1,1]NC*(—1,1)) is a symmetric pos-
itive solution of the singular system (1.1), obviously, ¥'(0) = 0, ©/(0) = 0, ¥"/(0) = 0 and
v""(0) = 0 are necessary. So the problem (1.1) can be handled by considering the following
simpler problem

([ (pp(u” (1)) = Mar(t) fi(t,u(t),o(t)), 0<t<1,
(Pp (0" (1)) = Asaa(t) fo(t,u(t),v(t)), 0<t<1,
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on [0,1], then using symmetry u(—t) = u(t) to extend the solution to [—1,1]. In view of the
above, we will concentrate our study on the system (2.1).

The basic space used in this paper is E = C[0,1] x C[0,1]. Obviously, the space E is a
Banach space if it is endowed with the norm as follows:

(e, 0)lly += maxgull, [oll},  [lull = max [u(t)], o] = max [o(t)]

for any (u,v) € E.

Set
11—t 0<s<t<1,

G(t,s) =
1—5, 0<t<s<]1,
1 1 1
x; = /0 dAl(H), o= /O G(t,)dA(t),  Gi(s) = /O G(t,s)dAi(t), i=1,2,

1 1 . 1
% = / dBi(t), & = / G(t, dBi(t),  Gi(s) = / G(t,9)dBi(t), i=1,2.
0 0 0
Obviously,

(2.2)

G(t,t)G(s,s) < G(t,s) < G(s,s) or G(t,t), Vtsel0,1]. (2.3)

In the rest of the paper, we make the following assumptions:
(Hy) A;, B; (i =1,2) are functions of boundary variation on [—1,1], A = 1 — k3, and

K, >0, %>0 0<kixp<1l 0<% <1, 1=12.
(Hz) a1,a2:(—1,1) — [0,00) are continuous, symmetric on (—1,1) and

1
0< / G(s,s)a;(s)ds < oo, i=1,2.
0

(H3) f1,f2:[—1,1] x [0,00) x [0,00) — [0, 00) are continuous and f1(-,x,y), f2(-,x,y) are sym-
metric on [—1,1] for all x,y € [0,0), i.e, f; satisfy fi(—t,x,y) = fi(t,x,y) (i=1,2).

Lemma 2.2. Assume that (Hy) holds. Then for any x,y € L'(0,1) N C(0,1), the system of BVPs
consisting of the equations

—u"(t) = ¢, (x(t), —0"(H) =9, (y(t), te(0,1) (2.4)
and the BCs
1 1
W(0) =0, u(1) = /O o(DdAL(H), (0) =0, o(1) = /O w(t)d Ax(t) 2.5)
has a unique integral representation
1 1
u(t) = [ Halt )9 (x()ds + [ Ka(s)y (vs)ds, 26)
1 1
v(t) :/0 Hz(t,s)4);1(y(s))ds+/o Kz(s)(p;l(x(s))ds, (2.7)
where .
Hi(ts) = G(t,s) + Zilgz(s), Ki(s) = 3-G1(s), 2.8)
Ho(t,s) = Gt s) + “2Gi(s), Ka(s) = —Ga(s). 2.9)
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Proof. Let
1
u(t) = /O G(t,5)9, (x(s))ds + 1 + ca(t — 1), (2.10)

o(t) = /O 1 G(t, ), (y(s))ds + ¢z + calt — 1), (2.11)

where ¢1, ¢, c3 and ¢4 are constants to be determined. Clearly, u(t) and v(t) satisfy (2.4). In
the following, we determine ¢; (1 < i < 4) so that u(t) and v(t) satisfy (2.5). Substituting
(2.10) and (2.11) into (2.5), we obtain ¢3 = c4 = 0 and

1
1 —KiCp = /0 g1 (s)<p;1(y(s))ds, (2.12)
1
ko1 = /0 Ga (s (x(s))ds. 2.13)
Note that

' 1 —* 21—K1K2=A1750.

—K2 1

Thus, the system (2.12)—(2.13) has a unique solution for ¢; (1 < i < 2). By the Cramer’s rule
and simple calculations, it follows that

— 1 | [ 9o s+ [ Ga(o)gy (x(o)s

1 ! -1 ! -1
= | [ 0y s+ [ Gre)y 0051
Then from (2.10) and (2.11), it is obvious that (2.6) and (2.7) hold. O
Similar to the proof of Lemma 2.2, we have

Lemma 2.3. Assume that (Hy)—(H3) hold. Then for any u,v € C[0,1], the system

—x"(t) = M (8) fu(t,u(t),0(t)), te(0,1),
—y'(t) = Aama () fa(t, u(t),0(t), te(0,1),
x'(0) Oly t)dBy(t),

y,( = le de

has a unique integral representation

where Ay = 1 — 1&g, and Ky (s) = 4:Gi(s), Ka(s) = £Ga(s),

Fi(t,s) = G(t,s) + Zg}(s), Ha(t,s) = G(t,5) + “2Gi(s).
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Lemma 2.4. Assume that (Hy) holds. Then the functions H;(t,s), H;(t,s), Ki(s), Ki(s) (i = 1,2)
are continuous and

H;(t,s) >0, ﬁi(t,s) >0, Ki(s)>0, Izi(s) > 0, fort,s €0,1),i=1,2,
Hi(t,s) >0, H(t,s) >0, Ki(s)>0, Ki(s)>0, fort,se0,1],i=1,2
Proof. 1t follows from (2.3), Lemmas 2.2 and 2.3 that the results of Lemma 2.4 are true. O

Lemma 2.5. Assume that (Hy) holds. For all t,s € [0,1], we have

M9 G(s,5) < Hilt,s) < —Gls,s), i=12, i+j=3, (2.14)
j
Al A1
2G(s,5) S Kils) < 1-Gls,s), =12, (2.15)
1 1
Qi Gss) < Fi(bs) < S G(s,s), i=12 i+i=3, (2.16)
Ay 2 J
2G(s,5) < Kils) < 1-Gls,s), =12, (217)
2 2

where «;, i, 0; and 0;(i = 1,2) are defined by (2.2).

Proof. First, we will show that (2.14) is true. By (2.3), the first equalities of (2.8) and (2.9), we
obtain

Hi(t,s) = G(t,s) + ﬁgj(s) < G(s,s) + Lll /01 G(t,s)dA(t)

A+
< G(s,s) / dA;i( s,8) = 1AiKlK]G(s,s)
1
1

A—G(s s), tse€[0,1],i=1,2,i+j=3.
1

On the other hand, by (2.3), the first equalities of (2.8) and (2.9), we also have

KZ
Ay

ki (1

K / G(t,£)G(s,5)dA;(t)

Aq

— AQJG(S s), tse[01],i=12 i+j=3.
1

H;(t,s) = G(t,s) + Q]( s) > ——Gi(s)

v

Next we show that (2.15) holds. In fact, using (2.3), the second equalities of (2.8) and (2.9),
we get

1

Ki(s) = A

1 1
/ G(t,$)dA;(t) < — / G(s,s)dA;(t) = ~-G(s,s), se[0,1], i=1,2
0 A1 Al
On the other hand, by (2.3), the second equalities of (2.8) and (2.9), we also have

1

Ki(S) = Xl

"Gt = - [ 606G ) = 46 0,1, i=1,.2
|| G sjaan = - [ 610G 9dA ) = LG5, se1],i=12

Similar to the proof of (2.14) and (2.15), we obtain (2.16) and (2.17). O
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Remark 2.6. From Lemma 2.5, for t,s € [0, 1] we have

vG(s,s) < Hj(t,s) < uG(s,s), vG(s,s) < Ki(s) <uG(s,s), i=1,2,

7G(s,s) < Hj(t,s) < jiG(s,s), ¥G(s,s) < Ki(s) < fiG(s,s), i=12,

where
~ max{l,xy,x} _ min {k102,%201, 01,02}
=, vV = ’
A1 A1
_ max{l,&, %} __ min {&02,%201,01,02}
b= '~ A '
2 2

Denote C*[0,1] = {u € C[0,1] : u(t) > 0,0 < t < 1}. Let

K= {(u,v) € C*[0,1] x C*[0,1] : u, v are concave on [0, 1],

i > i >
min u(t) > 'rll(u,v)lllrtrerﬁrll]v(t) > “rH(u,v)Hl},

v, ' (7)
pr (n)’
constant v > 0, define K, = {(u,v) : (4,v) € K,|(u,0v)]1 < r} and oK, = {(u,0) : (u,v) €

K, [ (u,0)[l = 7}

Clearly 0 < v < 1. It is easy to see that K is a cone of E. For any real

where 7y :=

Employing Lemmas 2.2 and 2.3, the system (2.1) can be expressed as

) = [ 55" (M [ Fils, Dm0 (5 u0), o(0)de

+A2/1K1(T) 2 (T) o, u( d'c> ds

+ K (Az/ a(s, T)aa(x) fo( (1), () )t

A /0 Ro(0)a1 (2) fi (7, u( dr> ds, s
olt) = [ Hat,9)gy" (e | Fals, D) ol u(), ol

A / 'Ko(1)a

1(7) f(T, u( d7> ds
—I-/ Ko (s 4>p ?\1/ H(s, 1)a1 (1) (T, u(T), 0(7))dT

T /O Ry (T)an(1) fz(T,u(T),v(r))dT> ds.

By a solution of the system (2.1), we mean a solution of the corresponding system of integral
equations (2.18). Defined an operator T : K — K by T(u,v) = (T1(u,v), T»(u,v)), where
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operators T; : K — K are defined by

T o)) = [ Hi(t, )9, (Ai [} Bits, Dya0) i (o), o(0) e

+A/ (Tf]"ru ))dt | ds
(2.19)
()" (A7 [ Hi(s, D)aj(0)fi(T,u(T),0(1))dT
+)\/ T)a; (T) fi(T, u(t ))dt)ds, tel0,1],i=1,2,i+j=3.

Clearly, (1,v) € K is a fixed point of T if and only if (1, v) is a solution of system (2.1).

Lemma 2.7. Assume that (Hy)—(H3) hold. Then T : K — K is well defined. Furthermore, T : K — K
is a completely continuous operator.

Proof. For any fixed (u,v) € K, there exists a constant » > 0 such that ||(u,v)| < r. Thus, for
any t € [0,1], it follows from (2.19) and Remark 2.6 that

Ti(u,v)(t) = /01 Hi(t,s)(p;l <Ai /01 H;(s, T)a;(T) fi(t, u(7),v(7))dT
+A/ (Tf] 7, u(t),0(t ))dr> ds

<p 1 (s, T)aj(t)fi(T,u(t),v(T))dT
+A/ D)ai() fi(t, u(t), v(t ))dr) ds
<[ G0 (ni [ Glromf (), ol

+A]y/ (7, 7)a;(7) fi(T, u(7), 0 (T))df) ds
w6 syt (Wi [ 6 TIay(0) (o u(o) o)) e
A /O Gl Dm0 fi(r, u(T),U(T))dT) ds
< 2, (M) /0 1G(s,s)¢;l <A1 /O "Gl D (T + Ao /O 1G(T,T)a2(T)dT>

<o, i=12i+j=3

where

M = tx, Ex).
(tfxry)E[OI,nl]aX)TO,r]x[O,r} fl( X ]/) T (t,X,y)E[({lil]i)TO,r}x[O,r] f: 2< XY )

Thus T : K — K is well defined.
For all (1,v) € K, by (2.19) we have

(Ti(,0))" (1) = — 9, (A, /0 s 7)) i, (), o(1))de

+A; / (1) fi(t,u(t),v())dr <0,
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which implies that T;(u#,v) is concave on [0,1]. Further, by (2.19), Lemmas 2.2 and 2.3 we
obtain T;(u,v)(0) > 0, T;(u,v)(1) > 0. It follows that T;(u,v)(t) > 0 for t € [0,1].
On the other hand, for (1,v) € K, t € [0,1], using (2.19) and Remark 2.6, we obtain

Ti(u,0)(t) < y/ol G(S,s)(i)’;l <Aiﬁ /01 G(t,T)a;(7) fi(t,u(t),v(t))dt
A /01 G(r, T)a]-(r)f]-(r,u(r),v(r))dr> ds
+y/01 G(s,s)qb;l (Ajﬁ /01 G(t,1)a;j(7) fi(t,u(t),v(1))dT
+Aifi /01 G(T, T)ai(T)ﬂ(T,u(T),U(T))dT> ds
1 1
<200 (1) [ G557 (N [ Glrmm(of (), ol
+A, /01 G(T, T)a]-(r)fj(r,u(r),v(r))dr> ds, i=12,i+j=3,

which implies that

1 1

1000 < 208 ') [ Gls,s)ay" (A [ 600 u(e),o()ae
(2.20)
4 [[ (e a0 u(e), o)) s, =12, 14 =3

Also, for (u,v) € K, t € [0,1], using Remark 2.6, (2.19) and (2.20), we have

Ti(u,0)(t) = /01 Hl(t,S)gbrjl </\1 /01 Hy(s,T)ay(7) fi(t,u(7),v(7))dt

+A; /01 G(T, T)a]-(r)f]-(r,u(r),v(r))dr> ds
> |T(u,0), =12 i+j=3
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This implies that

min Ty (u,0)(t) > v[[(Ti(u,v), T2(u,0)) |1
te[0,1]

In the same way as above, we can prove that

min T2(u,0)(t) = 7[[(Ty(#,0), To(u, 0)) |-
Hence, T(K) C K.
Next, we prove that T : K — K is completely continuous. For any natural number n, we
set

<
i = 1,2. Then ay,,az, : [0,1] — [0,400) are continuous and a1, (t) < ay(t),ax,(t) < ax(t),
€ (0,1). Let

Ti(u,0)0) = [ H(t995" (4 [ Fils, D (0 u(), ol
+A / Taj(T) fi (1, u(7), (T))dT) ds
R (Aj [ B (), 00
i [ Bi@an(0fizu() <r>>dr)ds,

i =1,2, i+ j = 3. Similar to [14], by the approximating theorem of completely continuous
operators, we can prove T : K — K is a completely continuous operator. O

Lemma 2.8 ([4]). Let X be a real Banach space, P be a cone in X. Assume that () and () are two
bounded open sets of X with 0 € QO and O C Op. Let T : PN (O\Q1) — P be a completely
continuous operator such that either

@) |Tx|| < ||x|l, x€PnoOyand ||Tx|| > ||x|, x € PNaQy,or
(i) ||Tx|| > ||x||, x€PnoQyand ||Tx| < |x|, x€&PNoy.
Then T has at least one fixed point in PN (Qy \ ().

3 Main results

Denote
L; = max {2;14)’;1 <ﬁ

L, = mm{ZV(,bp (

M, = £1,1 = min fi(t,1,1), i=1,2.
i g&gﬁﬁ( ), m tg};g]fz( ), i

And, we also suppose
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(Ha) fi(t, x,y) is nondecreasing in x and nonincreasing in y, and there exist §;, ; € [0,1) such
that

Sifi(t,x,y) < filt,ex,y),  fi(t,x,cy) < c7Tfi(t,x,y), Vxy>0,ce(0,1),i=1,2

(Hs) fi(t,x,y) is nonincreasing in x and nondecreasing in y, and there exist ¢;, #; € [0,1) such
that

Cifi(t,x,y) < filt,x,cy),  filt,ex,y) < cifi(t,x,y), Yx,y>0,c€(0,1),i=1,2
Remark 3.1. (Hy) implies that

filt,ex,y) < cCifi(t,x,y),  filt,x,cy) < clifi(t,x,y), Vxy>0,c>1,i=1,2
Remark 3.2. (Hs) implies that

filt,x,cy) < S fi(t,x,y),  filt,x,y) <clifi(t,ex,y), Vxy>0,¢c>1,i=1,2

Theorem 3.3. Assume that f;(t,1,1) # 0, t € [0,1] and (Hy)—(Ha) hold. Then for any 0 < ry <
1 < Ro < oo, the system (1.1) has at least one symmetric positive solution for

151 P—l—g,' :
r R ’)/'71 .
Ai € 0 , =0 , i=1,2 (3.1)
l ( 17614)10([42) Mi‘l’p(Ll))

provided that Micpp(Ll)rg*l*C" < mi¢p(L2)R6’71’§Eyéi+m (i=1,2).

Proof. For any (u,v) € 0K,,, by the definition of || - ||, we have

ro = [|(w,0)[[x = |[ull = u(t) = ¥[[(u,0)[1 = 770,
ro = [[(w,0)llL = [[o]| = o(t) = ¥[|(w,0)[lr = yr0-

Suppose that A; satisfy (3.1). So, for any (u,v) € dK;,, by (Hs) and (3.2), we have

(3.2)

T;(u,v)(t) > 1//01 G(S,s)<p;1 (Aiﬁ /01 G(t,t)a;(t)fi(T,vro, 1)dT
+A;U /01 G(t,7)a;i(7)fi(T, 'yrg,l))dr> ds
1 1
+1//0 G(s, s)qb </\ 1// G(7,7)a;(7)fi(T, 710, 1)dT
+AiU /01 G(t,T)a;i(t)fi(t,vro, )dT) ds
> gy (Aatdo [ (e a1 1)ar
1
+¢; <Aj'yéf1’0]17/0 G(T,T)aj(r)fj(r,l,l)dr)]
>v :gbpl < ,'y‘:'ro mi 1//01 G(t,T)a;(t )dT) + ¢, ( ]'ygfrg/m] /OlG(T,T)El]'(T)dT)]

> <pp’1( l'y@ro m)— Lo +cp’;l(/\]"y‘:frg]m])7 >ry, te€[0,1],i=1,2i+j=3,
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which implies that
| T(u,v)[l1 = max{[|Ta(u,0)[|, | T2(u,0) ||} > ro = [[(w,0)[l1, (u,0) € IKy,. (3.3)
On the other hand, for any (u,v) € dKg,, t € [0, 1], similar to (3.2), we have

Ro = [[(w,0)[[x = u(t) = vl[(u,0)[1 = vRo >,
Ro = [[(w,0)]lx = v(t) = 7[[(w,0)[lr = YRo > 7-

By (3.1), (3.4), Remarks 2.6 and 3.1, for any t € [0, 1], we have

(3.4)

) < y/ (s,s) (/\y/ (t,7)a;(7)fi(T, Ro, v)dT
+/\]y/ (1) fi(T, Ro, )dr) ds
G AT aYe d
b [ Gy ( i [ G D) (5 Ro )it
+Aifi /01 G(t,1)ai(7)fi(T, Ro,'y)dr> ds
<uoy! (Aiﬁkéw—m [ 6 a0 e 1,1
1
+¢p < ()'Y o G(T,T)llj(’()_f’j(’f,l,l)d’()}
1
<ifoy’ (AiﬂRsf'wMi [ s om@ar)
1
+(P;1 <)\jﬁRg"'y'7fMj/ G(T,T)a]‘(T)dT>:|
<¢, (ARg"y ”'M)L + ¢, (/\Rg“y ’7!M)— <Ry, i=12i4+j=3.

Therefore, we have

1T (u,0)[l1 = max{|[Ta(u, 0) ||, [ T2(u, 0) |} < Ro = [|(,0)[1, V (#,0) € KR, (3.5)

A R
It follows from (3.3), (3.5) and Lemr_na 2.8 that for any A; € (m 705’%@2) , 1&1¢p(Ll) ) (i=1,2),
T has a fixed point (ug,v9) € Kg, \ Ky, with ro < ||(up,v0)|l1 < Ro. Moreover, (uo,vp) is

positive. In fact, from || (19, vo)||1 > ro > 0, by construction of the cone K, we have

min uo(t) > || (4o, v0) |1 > 0,
te[0,1]

which implies that uo(t) > 0 for all t € [0, 1]. Similarly, we also have vy(t) > 0 for all t € [0, 1].
Hence, (19, vp) is a positive solution of the system (2.1). Let

By Remark 2.1 we know that (u*,v*) is the desired symmetric positive solution for the system
(1.1). O
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Similar to the proof of Theorem 3.3, we have the following result.

Theorem 3.4. Assume that fij(t,1,1) # 0, t € [0,1], (H1)-(H3) and (Hs) hold. Then for any
0 <rp <1< Rp < oo, the system (1.1) has at least one symmetric positive solution for

PG pplGiy,
Ae [ o i YA R
mi’Yg"Pp(LZ) Mi(Pp(Ll)

provided that Micpp(h)rg*l*é’ < micjap(Lz)Rg*l*é"«y?ﬁ’?i (i=1,2).

Theorem 3.5. Assume that f;(t,1,1) # 0, t € [0,1] and (Hy)—(H3) hold. In addition, assume

(He) f1(t,x,y) is nondecreasing in x and nonincreasing in y, and there exist 1,11 € [0,1) such that
St x,y) < filtex,y), filtx,cy) <cMfi(tx,y), Yxy>0,cec(0,1),

and f,(t,x,y) is nonincreasing in x and nondecreasing in y, and there exist &, 1> € [0,1) such
that

C2h(txy) < foltxcy),  foltex,y) <c mhLxy), YVxy>0.ce(01).

Then for any 0 < rp < 1 < Ro < oo, the system (1.1) has at least one symmetric positive solution for

po1-8  gp-1-Gi g
Ae [ o i B Aol IR
miysidy(L2)" Mi¢pp(L1)

provided that Mi¢p(L1)rgflfg’ < miclap(LQ)Rg*l*éiryCiHi (i=1,2).

Theorem 3.6. Assume that f;(t,1,1) # 0, t € [0,1] and (Hy)—(H3) hold. In addition, assume

(Hy) fi(t,x,y) is nonincreasing in x and nondecreasing in y, and there exist 1,11 € [0,1) such that
célfl(t, x,y) < filt,x,cy), f(tex,y) <c Tfi(txy), Vxy>0,ce€(01),

and f,(t,x,y) is nondecreasing in x and nonincreasing in y, and there exist &, 172 € [0,1) such
that

cngz(t, x,y) < falt,ex,y),  falt,x,cy) < c Pfr(t,x,y), Vx,y>0,ce(0,1).

Then for any 0 < rp < 1 < Ro < oo, the system (1.1) has at least one symmetric positive solution for

PG pp1Gig,
/\i€< i o7 ) i=1,2

miv¢i¢pp(La)" Migp(Ly)

provided that Mi(pp(Ll)rg*l*éi < miq)p(Lz)Rg*l*éiniwi (i=1,2).
Theorem 3.7. Assume that (Hq)—(Hj3) hold and there exist R > r > 0 such that

mi T R _

. . > o ) : < _

Ai f€[3ﬂ fl(t’ x;]/) o (PP <L2> ;A otE[&)](R fl(t’ x’y) — (PP <L1> ;o1 1,2 (36)
Yr<xy<r <xy<

Then the system (1.1) has at least one symmetric positive solution (u*,v*) satisfying

r <[l v") [ <R
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Proof. Set K, = {(u,v) € K: ||(u,v)||1 < r}. For any (u,v) € 0K,, by the definition of || - ||, we
have

1<l o)ls <ult) <r, ar <7l(wo)h <oft) <r, t€[01]. 3.7)

Thus, for any (u,v) € dK,, by the first inequality of (3.6), we have

) yr .
N om0 > by (L) i-12 8)
yr<u(t),o(t)<r

So, for any (u,v) € dK;, by (3.8) and Remark 2.6, we have

Ti(u,0) (1) > v /0 LG5 5y <A,17 /0 ' Gt D)ai(0) i (r, u(1), o(7) )dT
FA7 /0 Gt )ay(7) fj(f,u(r),v(r))m) ds
+u/01 G(s,s)p;" (Ajv /01 G(t,1)a;(7)fi (1, u(1), (1) )dr
A /O LGl Da () fi(, u(r),v(r))dr) ds

1

T€e(0,1] 0
yr<u(t)o(t)<r

>v[¢p1 (m min  fi(t,u(t),0(t)) / G(T,T)ai(r)dr>

1

o (A7 min iz u(t),o(t)) / G(t, 7)a;(t)dt

P ] reo,] J 0 /
yr<u(t)o(t)<r

L

1 ) . ; 72

> ¢ | A min fi(z,u(t),0(7) 2
yr<u(t)o(t)<r

L
+¢, (Ai min fj(T,LI(T),U(T))) =2
T€[0,1] 2y
yr<u(t),o(t)<r
>r, te€l0,1],i=1,2,i+j=3.
Therefore, we have
| T(u,v)[l1 = max{[|T1(u,0)[, | T2(u,0)||} = 7= [[(u,0)[1, (u,0) € K. 3.9)

Take Kr = {(u,v) € K: ||(1,v)|l1 < R}. For any (u,v) € dKg, by the definition of || - ||, we
have

u(t) < flull < li(wo)li <R, ot) < lof| < [|(w,0)[h <R, te][0,1]. (3.10)

Thus, for any (#,v) € dKg, by the second inequality of (3.6) and (3.10), we have

R
Aimax  fi(t,u(t),v(t)) < ¢ (L> (3.11)
0<u(t)o(t)<R !
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By (3.11) and Remark 2.6, we have

7€(0,1]
0<u(t),0(T)<R

1 1
Ti(u,v)(t)gy/o G(s,5)p;" (Aiﬂ max fi(r,u(r),v(r))/o G(t, 7)a;(t)dt

Te(0,1]
0<u(7)0(t)<R

+Ajfi - max f]-(*r,u(*r),v('r))/01 G(T,T)a]-(r)dr) ds

Te(0,1]
0<u(t),0(T)<R

1 1
+y/0 G(s,5)¢; " (A]-ﬁ max f]-(r,u(r),v(r))/o G(t, T)aj(1)dT

1
FAf max  fi(Tu(r),0(7)) /0 G(T,T)ai(r)dr) ds
0<u(t),0(t)<R

R 1 R 1
< %4,;1 <y/0 G(T,T)ai(r)dr> +%¢;1 <y/0 G(T,T)aj(’f)d’f)
R L R L

<= x4 2 xL=R ¢t 1,i=1,2i+j=3.
_L1><2+L1><2 , tel[0,1],i=12i+j=3

Therefore, we have
IT(,0) s = max{|I Ty (w,0)1], I Ta(w,0)[1} < R = [(w,0)ll1, V¥ (1,0) € 9Ke. ~ (312)

It follows from (3.9) and (3.12), T has a fixed point (19, v) € Kg \ K, with r < || (1o, vo) |1 <
R. Moreover, (up,vp) is positive. In fact, from || (1o, vo)||1 > r > 0, by construction of the cone
K, we have

min uo(t) > || (1o, v0) |1 >0,
te[0,1]

which implies that uo(t) > 0 for all ¢ € [0, 1]. Similarly, we also have vy(t) > 0 for all t € [0, 1].
Hence, (u9,v0) is a positive solution of the system (2.1). Let

uo(—t), —-1<t<0, Z)o(—t), —1<t<0,
Uo(t), Ogtgl

By Remark 2.1 we know that (1%, v*) is the desired symmetric positive solution for the system
(1.1). O

Corollary 3.8. From the proof of Theorem 3.7, then for

mi " R ,
A te[(},{]l fi(t,x,y) > Pp <L21> , A Ontel[oa'l)](R filt,x,y) < ¢p <L1> L i=1,2,
yr<xy<r <<

or

. ')’7’ R )

> LA . : < K _

Az min fo(t,x,y) = ¢ <L22>, Ai O{rel[gngﬂ(t,x,y) _¢p<L1>, i=12,
yr<xy<r <vy<

the conclusion of Theorem 3.5 is valid, where

Ly = 'yvgb;] (17 /01 G(T, T)al(’f)d‘f) , Lp= ’yvqbljl (17 /01 G(T, T)tZz(T)dT) .
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4 An example

Example 4.1. Consider the differential system

2u(t)/?
(o(£) + 7)1/
(14 2)u(t)l/3
(B+o(t)/2’

1 1
u(=1) =u(1) = [ odAi(t), ¢, (=1) = ¢ (" (1) = [ ¢, (D)dBi(1),
o(-1) = o(1) = [ u(dAr(t), gp(e"(~1) = pp(0" (1)) = [ pp(u"(1)BaAt),

\ -1 -1

(@p("(£)))" = M (t)

-1 <t<],

-1<t<1,

(¢p(@"(1))" = Azaa(t)
(4.1)

where A; > 0 (i = 1,2) are some parameters,

2x1/2 (1+ tz)x1/3

fi(t,x,y) = W, fa(t, x,y) = W’ (t,x,y) € [-1,1] x [0,00) x [0, c0).

Obviously, fi(-,x,y) are symmetric on [—1,1] for all x,y € [0,00) (i = 1,2), so the condition
(H3) holds. Let

1 1
a1 (t) =2, a(t) =t|, Ai(t) = th’, As(t) = §t3, Bi(t) =t, Ba(t) = §t3’ te[-1,1],

and p = 3, then g = 3, ¢,'(2) = ¢q(z) = 2%/ as z > 0. By Remark 2.1, we only need to
consider the following boundary value problem on the interval [0, 1],

212 (t)1/?
(o(t) +7)1/3

2 1/3
(@) =2 T, o<,

(@p(u"(£)))" =M

0<t<1,

! /
£(0) =0, u(1) = [ o(s)aA1(s), gy (0)) =0, 9w (1)) = [ 4y(o"(5))Bi(s),
1 1
0'(0) =0, 0(1) = [ u(6)aAz(s), ¢,(@"(0) =0, (o (1)) = [ (" ())aBa(s).
By a simple computation, we have
3 1
Kl—zlr Kz—gl K1 =14 KZ_E'
A1:1—K1K2:Z>0, A2=1—K11~C2:%>0,

1 1 1
/0 G(s,s)ai(s)ds = L /0 G(s,s)ax(s)ds = .

Clearly, the conditions (H;) and (Hy) hold. In addition, f;(t,x,y) (i = 1,2

) ,2) is nondecreasmg
in x and nonincreasing in y on [0,1] x [0,00) x [0, 00). Take ¢; = % = %, n =

1
3, 2 = 5, we
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can get
2(cx)1/2 2c1/251/2 )
filt,ex,y) = i ()BT S fi(txy), Yxy>0.ce(0,1),
2x1/2 2x1/2

173 :c_%fl(t,x,y), Vx,y>0,ce(01),

fltx,cy) = (cy + 7)173 < (cy + 7¢)
(1 +t2)(cx)1/3 (1 —|—t2)C1/3x1/3

1
falt,cx,y) = Gty = G172 >cifh(t,x,y), Yx,y>0,ce(0,1),

fltxcy) = (1+2)x13 (14«13
" (B+cy)’2 " (Bc+cy)l/2

= c_%fz(t,x,y), Vx,y>0,ce(01).
So, the condition (Hy) is also valid. Furthermore,
1 1 1
01 = / G(t,)dAL(t) = =, 02 = / G(t, DdAx(t) = —,
0 8 0 2
1 1 1
a1 = /0 Gt HdBi(H) =5, &= /0 G(t,t)dBa(t) =

_ max{lky, ko) 4 min{xig 01,010} 1

A 3’ N A 18’
-~ max{1,&, K} _ 0 - min {%10, %201, 01,02} _ 1
H A, ' A, g
y vg, (1) ve?3 1
upp (i) Rt 96

L, = min {21/%1 <17 /01 G(T, T)a1(T)dT> ,21/47;1 (17 /01 G(T,T)LZZ(T)dT) } = 361T/3'

M; = max fi(t,1,1) =1, my = min fi(t,1,1) =1,

te[0,1] te[0,1]
1
M, = t,1,1) =1, My = mi t,1,1) = —.
2 = max fa(t,1,1) 2 = min f(t1,1) =5
Take rg = 6i4,R0 = 6% = 46656. By Theorem 3.3, for A; € (849.1203,1169.9500) and A, €

(396.8174,3280.5000), the system (4.1) has at least one symmetric positive solution.

Remark 4.2. Example 4.1 implies that there is a large number of functions that satisfy the
conditions of Theorem 3.3. In addition, the conditions of Theorem 3.3 are also easy to check.

Acknowledgements

The authors would like to thank the referee for his/her very important comments that im-
proved the results and the quality of the paper. This work is supported financially by the Na-
tional Natural Science Foundation of China (11871302), Project funded by China Postdoctoral
Science Foundation (2017M612231), Doctoral Scientific Research Foundation of Qufu Nor-
mal University and Youth Foundation of Qufu Normal University (BSQD20130140), Research
fund of Qufu Normal University (XKJ201303), the Natural Science Foundation of Shandong
Province of China (ZR2017MAO036).



18 J. Jiang, L. Liu and Y. Wu

References

[1] N. A. Asig, R. A. KHAN, Positive solutions to singular system with four-point coupled
boundary conditions, J. Math. Anal. Appl. 386(2012), No. 2, 848-861. https://doi.org/
10.1016/7 . jmaa.2011.08.039

[2] Y. Cur, Y. Zou, An existence and uniqueness theorem for a second order nonlinear system
with coupled integral boundary value conditions, Appl. Math. Comput. 256(2015), 438-444.
https://doi.org/10.1016/j.amc.2015.01.068

[3] M. Feng, P. L1, S. Sun, Symmetric positive solutions for fourth-order n-dimensional
m-Laplace systems, Bound. Value Probl. 2018, No. 63, 1-20. https://doi.org/10.1186/
513661-018-0981-3

[4] D. Guo, V. LAksHMIKANTHAM, Nonlinear problems in abstract cones, Academic Press, Inc.,
New York, 1988. MR959889

[5] G. INFANTE, F. M. MINHOs, P. PiIETRAMALA, Non-negative solutions of systems of ODEs
with coupled boundary conditions, Commun. Nonlinear Sci. Numer. Simul. 17(2012),
No. 12, 4952-4960. https://doi.org/10.1016/j.cnsns.2012.05.025

[6] J. Jeong, C. Kim, E. LEg, Multiplicity of positive solutions to a singular (p1, p2)-Laplacian
system with coupled integral boundary conditions, Electron. . Qual. Theory Differ. Equ.
2016, No. 32, 1-23. https://doi.org/10.14232/ejqtde.2016.1.32

[7] D. J1, H. FEnG, W. GE, The existence of symmetric positive solutions for some nonlinear
equation systems, Appl. Math. Comput. 197(2008), No. 1, 51-59. https://doi.org/10.
1016/j.amc.2007.07.031

[8] J. Jiang, L. L1u, Existence of solutions for a sequential fractional differential system with
coupled boundary conditions, Bound. Value Probl. 2016, No. 159, 1-15. https://doi.org/
10.1186/s13661-016-0666-8

[9] J. Jiang, L. L1y, Y. Wu, Symmetric positive solutions to singular system with multi-point
coupled boundary conditions, Appl. Math. Comput. 220(2013), 536-548. https://doi.org/
10.1016/j.amc.2013.06.038

[10] J. Jiang, L. L1u, Y. Wu, Multiple positive solutions of singular fractional differential sys-
tem involving Stieltjes integral conditions, Electron. |. Qual. Theory Differ. Equ. 2012, No. 43,
1-18. https://doi.org/10.14232/ejqtde.2012.1.43

[11] N. KosmaTov, Symmetric solutions of a multi-point boundary value problem, |. Math.
Anal. Appl. 309(2005), No. 1, 25-36. https://doi.org/10.1016/] . jmaa.2004.11.008

[12] X. LiN, Z. ZHAo, Existence and uniqueness of symmetric positive solutions of 2n-order
nonlinear singular boundary value problems, Appl. Math. Lett. 26(2013), No. 7, 692—698.
https://doi.org/10.1016/j.aml.2013.01.007

[13] Y. Luo, Z. Luo, Symmetric positive solutions for nonlinear boundary value problems
with ¢-Laplacian operator, Appl. Math. Lett. 23(2010), No. 6, 657-664. https://doi.org/
10.1016/j.am1.2010.01.027


https://doi.org/10.1016/j.jmaa.2011.08.039
https://doi.org/10.1016/j.jmaa.2011.08.039
https://doi.org/10.1016/j.amc.2015.01.068
https://doi.org/10.1186/s13661-018-0981-3
https://doi.org/10.1186/s13661-018-0981-3
https://www.ams.org/mathscinet-getitem?mr=959889
https://doi.org/10.1016/j.cnsns.2012.05.025
https://doi.org/10.14232/ejqtde.2016.1.32
https://doi.org/10.1016/j.amc.2007.07.031
https://doi.org/10.1016/j.amc.2007.07.031
https://doi.org/10.1186/s13661-016-0666-8
https://doi.org/10.1186/s13661-016-0666-8
https://doi.org/10.1016/j.amc.2013.06.038
https://doi.org/10.1016/j.amc.2013.06.038
https://doi.org/10.14232/ejqtde.2012.1.43
https://doi.org/10.1016/j.jmaa.2004.11.008
https://doi.org/10.1016/j.aml.2013.01.007
https://doi.org/10.1016/j.aml.2010.01.027
https://doi.org/10.1016/j.aml.2010.01.027

Symmetric positive solutions for a singular system 19

[14] H. Ma, Symmetric positive solutions for nonlocal boundary value problems of fourth
order, Nonlinear Anal. 68(2008), No. 3, 645-651. https://doi.org/10.1016/j.na.2006.
11.026

[15] W. YANG, Symmetric positive solutions for second-order singular differential systems
with multi-point coupled integral boundary conditions, Differ. Equ. Appl. 7(2015), No. 4,
401-427. https://doi.org/10.7153/dea-07-23

[16] X. ZBANG, M. FENG, W. GE, Symmetric positive solutions for p-Laplacian fourth-order
differential equations with integral boundary conditions, J. Comput. Appl. Math. 222(2008),
No. 2, 561-573. https://doi.org/10.1016/j.cam.2007.12.002


https://doi.org/10.1016/j.na.2006.11.026
https://doi.org/10.1016/j.na.2006.11.026
https://doi.org/10.7153/dea-07-23
https://doi.org/ 10.1016/j.cam.2007.12.002

	Introduction
	Preliminaries and lemmas
	Main results
	An example

