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Abstract. We discuss the solvability of the periodic-Dirichlet problem for the wave
equation with forced vibrations x4 (t,y) — Ax(t,y) +1(t,y, x(t,y)) = 0 in higher dimen-
sions with sides length being irrational numbers and superlinear nonlinearity. To this
effect we derive a new dual variational method.
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1 Introduction

The aim of the paper is to look for solutions and their regularity to the following problem

xu(t,y) — Ax(t,y) +1(t,y,x(t,y)) =0, teR, ye(0,1)",
x(t,y) =0, ye€d0,n)", teR, (1.1)
x(t+T,y)=x(t,y), teR, ye(0,1)".

The study of time periodic solutions to (1.1), typically with T = 27, has a long history. First
papers (nonlinear /) concerned the case when | = ef with |e| sufficiently small and f(t,y,-)
strongly monotone (see a survey [26] and also [4,19]). To prove the existence results there
a variant of the Lyapunov-Schmidt method together with the theory of monotone operators
were used. The case when f is only monotone, using similar method and combining them
with Schauder fixed point theorem was considered in [13]. In [31] Rabinowitz used his saddle
point theorem in critical point theory together with a Galerkin argument to prove the existence
of weak solution for nonlinearity [ being of C! and sublinear at infinity. That paper has
initiated a large literature devoted to the use of various techniques of modern critical point
theory in the study of semilinear wave equations (see [15,34] and the references therein).
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The strongly monotone and weakly monotone nonlinearities were considered also e.g. in [14,
21,25]. In all the quoted papers the monotonicity assumption (strong or weak) is the key
property for overcoming the lack of compactness in the infinite dimensional kernel of equation
xtt(t,y) — xyy(t,y) = 0 (periodic-Dirichlet solutions). We underline that, in general, the weak
solutions obtained in [32] are only continuous functions. Concerning regularity, Brézis and
Nirenberg [14] proved — but only for strongly monotone nonlinearities — that any L*-solution
of (1.1) is smooth, even in the nonperturbative case € = 1, whenever the nonlinearity [ is
smooth. On the other hand, very little is known about existence and regularity of solutions
if we drop the monotonicity assumption on the forcing term I. Willem [38], Hofer [21] and
Coron [16] have considered the class of equations (1.1) where I(t,x,u) = g(u) + h(t,x) and
g(u) satisfies suitable linear growth conditions. In [16] for the autonomous case h = 0, is
proved, for the first time, existence of nontrivial solutions for non-monotone nonlinearities.
The case of | being a difference of two convex nonautonomous functions is investigated in
[3]: the nonlinearity I € C([0, 7] x R, R) has the form I(t,y,x) = Ag(t,y,x) + ph(t,y,x)
with A, u € R, g superlinear in x, h sublinear in x, and both g, h are 27-periodic in t and
nondecreasing in x. The solutions to (1.1) are obtained using variational method. The special
form of I allows to control the levels of the weak limits of certain Palais-Smale sequences as the
functional corresponding to (1.1) does not satisfy the Palais-Smale condition (compare also the
references in [3]). In the paper [7] existence and regularity of solutions of (1.1) (with | = €f)
are proved for a large class of non-monotone forcing terms f(t,y, x), including, for example:
flty,x) = +x2k 4 2k +h(ty), f(ty x) = j:xzk+f(t,y,x) with fx(t,y,x) > B > 0. The
proof is based on a variational Lyapunov-Schmidt reduction, minimization arguments and a
priori estimate methods.

It is interesting that arithmetical properties of the ratio « = T/ play an important role in
the solvability of the periodic-Dirichlet problem (1.1) over [0, T] x (0, 7r)". The main reason is
that the nature of the spectrum of the corresponding linear problem

xu(ty) — xyy(ty) +8(ty) =0 (1.2)

depends in an essential way on the arithmetical nature of a. It has already been pointed out by
Borel in [10] that there exist numbers &, satisfying some arithmetical conditions, such that the
linear problem (1.2) need not have a solution in the class of analytic functions, if g is analytic.
Later Novak [28] proved even more: that there exist irrationals a and functions g in L? that the
equation (1.2) does not have any generalized periodic-Dirichlet solution. References on these
questions can be found in [35]. The papers which treat the nonlinear problem of (1.1) consider
in most cases only one dimensional space variable i.e. n = 1, autonomous nonlinearities
(I = I(x) or lastly some cases of | = I(y,x)) and in all cases only the irrational numbers with
bounded partial quotients (see e.g. [2,9,17,18] and the references therein). Kuksin [22] (see also
[23]) and Wayne [37] (compare also [36]), were able to find, extending in a suitable way KAM
techniques, periodic solutions in some Hamiltonian PDE’s in one spatial dimension under
Dirichlet boundary conditions. As usual in KAM-type results, the periods of such persistent
solutions satisfy a strong irrationality condition, as the classical Diophantine condition, so
that these orbits exist only on energy levels belonging to some Cantor set of positive measure.
The main limitation of this method is the fact that standard KAM-techniques require the
linear frequencies to be well separated (non resonance between the linear frequencies). To
overcome such difficulty a new method for proving the existence of small amplitude periodic
solutions, based on the Lyapunov-Schmidt reduction, has been developed in [18]. Rather than
attempting to make a series of canonical transformations which bring the Hamiltonian into
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some normal form, the solution is constructed directly. Making the ansatz that a periodic
solution exists one writes this solution as a Fourier series and substitutes that series into the
partial differential equation. In this way one is reduced to solve two equations: the so called
(P) equation, which is infinite dimensional, where small denominators appear, and the finite
dimensional (Q) equation, which corresponds to resonances. Due to the presence of small
divisors the (P) equation is solved by a Nash-Moser Implicit Function Theorem. Later on,
this method has been improved by Bourgain to show the persistence of periodic solutions in
higher spatial dimensions [12]. The first results on the existence of small amplitude periodic
solutions for some completely resonant PDE’s as (1.1) have been given in [24], for the specific
nonlinearity /(x) = x°, and in [1] when I(x) = x® + h.o.t. The approach of [1] is still based
on the Lyapunov-Schmidt reduction. The (P) equation is solved, for the strongly irrational
frequencies w € W,, where W, = {w e R||lwk—j| > ¥, k # j}, through the Contraction
Mapping Theorem. Next, the (Q) equation, infinite dimensional, is solved by looking for
non degenerate critical points of a suitable functional and continuing them, by means of the
Implicit Function Theorem, into families of periodic solutions of the nonlinear equation. The
case of higher space dimension is investigated in [2]. In [8] is proved, assuming only that the
nonlinearity I satisfies [(0) = I'(0) = --- = [(?=1(0) = 0, I(P)(0) = ap! # 0 for some p € N,
p > 2, the existence of a large number of small amplitude periodic solutions of (1.1) with fixed
period.

The aim of this paper is to consider the case n > 2 with T being irrational numbers
such that « = T/7 has not necessary bounded partial quotients in its continued fraction
and nonautonomous nonlinearity /. Moreover we show some relation between the type of
number g, the regularity of nonlinearity of / and the regularity of the solution to (1.1), which
is treated for the first time. To the knowledge of the authors, the above problem with « having
unbounded partial quotients is also considered for the first time (except some special cases in
[18]). To this effect we modify Theorem 6.3.1 from [35] to the case of higher dimension in (1.1).
Next we develop our own critical point theorem basing on the type of irrational frequencies
« to build a set on which the minimum of suitable functional is considered. That means first
we define a functional of convex type (I is then monotone only) and using duality properties
of convex analysis we prove existence and regularity of solution to (1.1) as a minimum of
the functional on a suitable defined set depending on the type of irrational frequency. Next
we consider similarly as in [3] | being the difference of two monotone functions but with
different properties, and again the new functional corresponding to this / is considered on a
new defined set depending on a new irrational frequency to which we apply the former result
(with one monotone function!) and develop duality for that functional. We do not apply any
known critical point tools. As the last step we investigate a certain form of I being a special
combination of a finite number of increasing functions to which we apply induction method
(with respect to the number of functions) and use the obtained result for difference of two
monotone functions. Such an approach to (1.1) is different from all cited above. We would
like to stress that the sets on which we minimize our functionals depend strictly on the type
of an irrational frequency and the type of a nonlinearity. This means that for a given fixed
irrational frequency and nonlinearity our theorems may not assert an existence to (1.1). They
assert only that for some type of nonlinearity there exists an irrational frequency for which
(1.1) has a solution.

More precisely we shall study (1.1) by variational method, i.e. we shall consider (1.1) as
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the critical points of the functional:

160 = [ [ (3I930wR = 5l P+ Ly, x(e) ) v 13)

where L, = I, Q = (0,7)", defined on U' = Hrl,er((O, T);H3(Q2)). First we consider L(t,y, )
convex, next L(t,y, -) is a difference of convex functions (but more general case than in [3]) and
lastly L(t,y,-) as a special finite combination of convex functions. Moreover we use different
definition of a (see T below). Our purpose is to investigate (1.1) by studying critical points of
functional (1.3) using in an essential way the form of / and the irrationality a. To this effect
we apply approach which is based on ideas developed in [20] (r = 2 and n = 1, see below).
Our aim is to find a nonlinear subsets X of U' and to study modifications of (1.3) just only
on X. The main difficulty in our approach is just the construction of the final set X which
depend on the irrational frequency. Moreover we give clear relation between type of r, type

of nonlinearity / and irrationality « (see below). We assume that

T T = 7w, a is such that «* is irrational and satisfies |«> — p/d| > cd™" for all p,d € N with
some constant ¢ > 0 for a fixed r > 2.

Remark 1.1. Note, this assumption implies that |a® — p?/ |q|*| > c|q|™™ for all p € N,

lq] = \/fqu, gi € N,i = 1,...,n and just the last inequality we will use in the proof
of Proposition 2.1.

We would like to stress that if > 2 then we admit « being real algebraic number of degree
greater than 2 as well as having unbounded partial quotients — on several properties of such
numbers see e.g. [33]. We only mention that the case of (0, 77)" being of dimension 7 is a little
bit more complicated than n = 1, as some numbers |g| are irrational. However even in the
case of n = 1 the assumption T is interesting, usually it is assumed then that |a — p/d| > c¢d 2.
We must underline that T means, in particular, that we do not consider irrationals of the type
a = /n,n € N (see [27] for deep discussion on that case).

In order to give a reader an insight what does condition T mean let us recall some fun-

damental facts from number theory. Let a? = [a0,a1,az,...] (ap,a1,az, ... integers) be the
continued fraction decomposition of the real number a? [33]. The integers ag, a1, 4y, ... are the
partial quotients of a? and the rationals & = lao,a,a2,...,a,) with p,, d, relatively prime

n

integers, called the convergent of a2, are such that Z—: — a2 as n — oco. An irrational number
a? is badly approximated if there is a constant c(a) such that

o —p/d| > c(a)/d? (1.4)

for every rational p/d, such a constant c(a) must satisfy 0 < c(a) < 1/+/5. a? is badly approx-
imated if and only if the partial quotients in its continued fraction expansion are bounded:
lax| < K(a), n = 0,1,2,... There are continuum many badly approximated numbers, and
there exist continuum many numbers which are not badly approximated. The set of irrational
numbers with bounded partial quotients coincides with the set of numbers of constant type,
which are the numbers a2 such that d HduczH > % for some real number r > 1 and all integers
d > 0, where ||b|| denotes the distance between the irrational number b and the closest integer.

By a classical theorem of Lagrange all real quadratic irrationals have bounded partial
quotients. It follows from results of Borel [10] and Bernstein [6] that the set of all irrational
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numbers having bounded partial quotients is a dense, uncountable and null subset of the real
line. Examples of transcendental numbers having bounded partial quotients are given by

1
n2’

f =Y
i=0

for n > 2 an integer. Examples of transcendental numbers with unbounded partial quotients
are given by

(2 =Y n?=n%/6
n=1
or {(3). For 712 we have
2 P 1 _
-Fls o e=n1ss07s.., (15)

for all e > 0 and 4 sufficiently large.

The famous Roth’s Theorem states that if a® is an algebraic number, i.e. a root of a poly-
nomial f(X) = a,X° + Ao 1 XU+ ag (a; integers), of degree e > 2, then for an arbitrary
fixed e > 0 and all rationals p/d with sufficiently large d the following inequality holds:

(1.6)

If a2 is of degree 2 then by Liouville’s Theorem we have inequality (1.4). For no single a?
of degree > 3 we do not know whether (1.4) holds. It is very likely (see [33]) that in fact (1.4)
is false for every such a2, i.e. that no such a2 is badly approximated, or, put differently, that
such a? has unbounded partial quotients in its continued fraction.

From the above we infer that the set of w satisfying T is nonempty, in the following sense: there
exists a irrational and r > 2 satisfying T with some constant ¢ > 0 (compare (1.5))!

2 Main results

We put Q = (0,T) x Q with O = (0,7)" and E = —A for the Laplace operator with the
domain H?(Q)) N H{(Q)). We use the notation for the domain of the operator E?, v > 1:
D(EY) = "H?1(Q)), where °H?"(Q) is a Sobolev space of functions

ox ox
{x S HZ’Y(Q) : j(]/lz---;]/i—h@]/i-&-h---/]/n) = ﬁ(ylr'--/yi—ll 7T,]/i+1;---;yn) = OI

1 1

(1, Vi1, Yist, - ¥n) €Qy, 1=0,1,...,y—1,i= 1,...,n},

where Qi = {(y1/~ o Yi-1uYiks - -/yn) : (ylf' - Yi—-uYi Vit --/yn) € Q/ Vi € (O/ 7-[)} (See

5,
[35]). By a solution of the problem (1.1) we mean a function x & usr-1 = Hf,err 1(IR x Q)N
5r—1
2

HY,,(R;°H?(Q))), that satisfies (1.1) almost everywhere, where HZ,,  is the usual Sobolev

space of periodic functions with respect to the first variable with period T. The exponent r is
defined in T.

Let L C Z" be the lattice of the integers vectors k = (ki,...,k,) such that k; > 1
for i = 1,...,n. Put [k = /X K, k> = B+ - +k and i = T Teero Let
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fH%r—SZHO

per

(R; H2~3(€2)) be the usual Sobolev space. The norm H'HH%“* of g € H2 3

9r—6 ’gj,k 2

we define as square root of };  |k| ,le.

1/2
Il 3,5 = (Dkﬁfﬁ |gj,k|2> ,
ik

where
2n+1 1/2 T o
ik = <7T”T> /0 /Qg(t,y)e”]Tt sinkyyy - - - sinkyy,dydt. (2.1)

To formulate our main results we need a modification of Theorem 6.3.1 from [35] for the
case of higher dimension periodic-Dirichlet boundary conditions (1.1) and stronger regularity,
i.e. the following

Proposition 2.1. Let g € H273. Then there exists ¥ € U3" 1 being a unique solution to

xu (ty) — Ax(t,y) = g(t,y), (2.2)
x(t,y) =0, teR, ye€ai),
x(t+T,y)=x(t,y), teR, yeQ

with

2n 1\ 12 2,02 2y—1 ij 3%
xX(ty) = (n”T) Y (—j%4a% + [k|%) g ke T sinkyyy - - - sinkyyy, (2.3)
ik

Sjk is as in (2.1) and such that

1703+ < Blisl, 3.+ 2.4)
171l 3+ > C gl 25)

with B> = (2a + 1)5#2 atc™2 and C* = §a> 2 independent of g, where a and c are defined in T.

Remark 2.2. Notice that in different way to one dimension case (1 = 1) the right hand side of
(2.2) has to be more regular in space variable than existing solution of it — even for r = 2. This
fact will have influence for necessary regularity assumptions for our nonlinear equation (1.1).

Remark 2.3. Let us notice that constants B and C are determined by a and c. Everywhere
below constants B and C will always denote those occurring in (2.4) and (2.5).

Assumptions M concerning equation (1.1).

M Let F!, F2,... F" of the variable (t,y,x) and a function G of the variable (t,y) be given. F!,
F?,..., F" are measurable with respect to (t,y) in[0, T] x Q for all x in R and are continuously
differentiable and convex with respect to x in R and satisfy

Fi(ty,x) 2 ai(t,y) |xIP + bi(t,y),

for some B; > 1,a; > 0, a;,b; € L2((0,T) xQ), i =1,...,n, foral (t,y) €[0,T] x Q,
xeR, G(,) € H2' 3, Let Ji,---,jn—1 be a sequence of numbers having values either —1 or
+1. Assume that our original nonlinearity (see (1.1)) has the form

| =i Fl 4+ pF2 4+ jua F + FP + G (2.6)
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Put F! = F!' + G, F" = F" + xG. For constants D,_1, E,_1, F there exists £ € H3=3N
5,

Hper 1(]R x Q)N ngr(]R;OHZ(Q)), ||3?Hu%H < B(E,—1 + F) such that 1, (%), F}(®) €

H2" 3 and |1, ®),,95 < Enr, lea (B)lgo = D, [, g5 < F, (Ke(h) =

Ky (5, h(-,))), where I,y = jyF + jpF? + ... + j, 1 F'~L.

Define the set

I8
H2"

H7773
11 (35 < Encty bt () > Dua } -

Xfo= {xe U x| s, <B(Er+F), |F 0,5 < F

M’ In addition to Assumptions M assume that 1,1 (x),F!(x) € Har! for x € X! and
1F¢ (@) + by ()l 501 = DY for v, x € XU, where

Rfo = {x e UF "t |lx 5,0 < B(Ewr + 7))

and some DY.

Remark 2.4. The Assumptions M and M’ look very cumbersome. However the aim of them
is only to ensure that the set X%, is nonempty — we seek at it critical points (see theorem
below). Of course, we could state less cumbersome assumptions but then they have to be
much stronger to imply nonemptiness of X?G. In fact that is the price we pay for looking for
new types of critical points.

Theorem 2.5 (Main theorem). Under Assumptions M, M’ there exists X € X2 such that ] (x) =
infx@ggG J (x) and X is a solution to (1.1).

Now we can formulate theorem which gives us additional informations on solutions to
(1.1) important in classical mechanics. This theorem is absolutely new for problem (1.1).

Theorem 2.6. Let X be such that ]G (x) = inf e g JUEC (x).  Then there exists (p,) €
H'((0,T) x Q) x H'((0,T) xQ) such that for a.e. (t,y) € (0,T) x Q,

p(t,y) =zt y), (2.7)
qt,y) = Vx(ty), (2.8)
pe(ty) —divg (ty) +1(ty, x(ty)) =0 (2.9)
and
TR =I5 (P4, 21 Zu1),
where

f= —JE (LT (Ly), i=1. 01, 210)

pree = [, (GI950R - 31 6 ) ay

T /OT/Q (J'lFl(f/y/f(t,y)) + P2 (ty, %(ty)) + - - - +F”(t,y,x(t,y))) dydt,
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JMEG (,d,21,. .., Z01)

T T~ . _ —_ —_
= — [ L = (e () — diva (by) = 21(y) = - = 21 (4y)) dyat
T T
—j FY™(t,y,2 (t, ddt—---—'n_/ /P“‘l* t,y, Zu_1 (t,y))dydt
11/0/0 (ty, 21 (ty))dy o1 ) ) (ty, 201 (L y))dy

1 T/ 7 (L y)Pd dt+1/T/ 1B (4,y)|? dydt
2 Jo Jol\LYIT 4y 2 Jo Jo PV Ayt
Fi*, F'* are the Fenchel conjugate of F', F" with respect to the third variable. Moreover, & € X}.

The proofs of the theorems are given in Sections 3, 4. They consist of several steps. First we
prove Proposition 2.1. Next we prove Theorem 2.5 (Main theorem). First for the nonlinearity
| consisting only of one function j; F! + G, next for the difference of two F} — F2 and then by
an induction for the general case.

3 Proof of Proposition 2.1

We shall consider a more general case of Proposition 2.1, namely the case for U7 =

Hje (R x Q) N HY,, (R;°H2(Q)) and HI=HY, (R; H1(Q)), 9 > 37 — 3. The norm |||,
2

of g € H we define as square root of }; || |8k

,1.e.

172
1830 = <Z|k|2q ’gj,k’2> ,
i

where
21’l+l 1/2 T P27
Sik = (71”T> /0 /Qg(t,y)e_”ftsinklyl -+ - sink,y,dydt.
We prove stronger regularity case, i.e. the following.

Proposition 3.1. Let ¢ € H. Then there exists x € U being a unique solution to

xi (t,y) — Ax(t,y) = g(ty),
x(t,y) =0, teR, ye€ai),

x(t+T,y)=x(ty), teR, yeQ

with

2n+1 1/2

8jk is as in (2.1) and such that

Z(—j24zx_2 + |k|2)_1gj,keif2%t sinkyyy - - - sinkyyy,
ik
X/l < B, ||g||m ’ (3.1)

¥l = Cq lI8llpo0 (32)

with Bf = (2a + 1) g2 gd C2 = §a®1~ 4+ independent of g, where & and c are defined
in T.
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Corollary 3.2. Let g € H3 and let ¥ € U2 be such that ||32||u%771 < B%r%W,for some W > 0.

Then there exists £ € U2" 1 being a unique solution to

xu (ty) = Bx(ty) +8(Ly), (3.3)
x(t,y) =0, teR, ye€ai),
x(t+T,y)=x(t,y), teR, yeQ

and such that

120,50 < Ag (171,30 — gl 51) (3.4)

with A7 = { independent of g and X.
Proof of Proposition 3.1. Our reasoning is inspired by the proof of Theorem 6.3.1 from [35],

but now for the case of higher dimension periodic-Dirichlet boundary conditions (1.1) and a
stronger regularity result. We know that x € L?((0, T);L2(Q)) belongs to U7 if and only if

N2 2
Y (k[ 4[24 i " < oo, (3.5)
ik
where
on+1 172 7 .
Xjk = <7T"T> /0 /Q x(t,y)e VT sinkyy, - - - sink,y,dydt.
Hence
2n+1 1/2 27T
x(t,y) = <7T”T> ij,ke’]Tt sinkjy - - - sinky,Yyy,. (3.6)
ik

The square root of (3.5) defines a norm in U%. Similarly for ¢ € H7 C L2((0,T);L*(Q))) we

have
2n+1

1/2
g(ty) = < 7T”T> Zgj,keijo”f sinkyy; - - - sinkyy, (3.7)
jk

with
DK [gj]* < oo
ik
Substituting (3.6) and (3.7) in (2.2) gives
(—j2406_2 + ]k!z)x]’,k = 8jks ] e”Z,kel. (3.8)

By our assumption T we can write a solution x of the problem (2.2) in the form (2.3). This
function belongs to U1 since

N0 —AF D, _ 2
YK+ D244 (=42 + [K1*) 72 [gik|” < B2 IIgll5s (3.9)
j,k

with B, some constant independent of ¢, defined later. This inequality is a direct consequence
of the relation

sup { (JK| + [j)2 4 (~ P40~ + k)2 k7 (k) € Zx L} < o
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To prove it let us put
Y ={Gkezxta |l < Ik},
1
Y ={(kezxy K <aljl <2k},
2

Y ={(kezxLi2lk <alj}.
3

We confine ourselves to the estimation on the set ) , (the other cases are more simply) — we
42
apply assumption T, i.e. (a? — %) 2 <c 2 |k|4r, thus:
k| + [i)29-4r+4(_ 2452 4 |k 2y=2 |~
J J

-2
_ _ _ 2j? -
< (206 + 1)2(] 4r+-4 ’k’2q 4r+-4 [364 |k| 4 <0‘2 o ’|k]||2) |k| 2q

< (2a+1)2 4?2 < oo,

Hence we get also the estimation (3.1) with BZ, = (20 + 1)2’174”4 a*c™2. To obtain the estima-
tion (3.2) we rewrite it for our case and show that:

. _ . — — 2
YK+ D24 (=242 4 k1) 72 [gjal” = CF Il -
ik

We note that it is true if
inf { (k| + 1)1 (~Pac? 4 K2 K (1K) € Zx L} > 0.
Again we show that only in the set }, :

1
9

— éa2q741’+4 > O. D

(k] + D24 (=42 4 [k|) 72 > [k 020744

Remark 3.3. In order to get Proposition 2.1 it is enough to put in Proposition 3.1 g = %r - 3.

Proof of Corollary 3.2. We follow the same way as in the proof of Proposition 3.1. We have for
e U1 c L2((0,T);L2(Q))

2n+1 1/2 i127
x(t,y) = <7T”T> ijrke’]Tt sinkyyy - - - sinkyyy (3.10)
ik

with
1 5r— 2\ 1o |2
L2+ P [ < oo
ik
Substituting (3.6) and (3.10) in (3.3) gives

j24¢x_2lek = |k’2 f]',k — 8jkr ] e€Z,keclL.
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We can write a solution £ of the problem (3.3) in the form

2n 1 12 240-2\—1(1.2 i2n
2(ty) = <7r"T> Y (74a2) (k" %j — gjx)e’ T sinkyyy - - - sinkyyy.
ik

This function belongs to LI3"~! since

2
, r— - Sk
Y14 K2 (P4a?) -
i K]

< AZ(I1%ll 5o — N8I 50-5)

with A, some constant, defined later, independent of ¢ and ¥ such that ||X| 5, , < By, ;W.
uz 2

This inequality is a direct consequence of the relation
sup { (il + [k 2) (Paa2) 2 (k* (77 + K275 (k) € Zx L} < oo

To prove it let us put

)3

1 { €Z><Loc1|]]<|k|}

{ ) EZ XL; \k|<or1|]y<2|k|}

L
5

{0 ez x 120K <aljl}.
We confine ourselves to the estimation on the set ), (the other cases are more simply) — thus:

1
2 -2 < )
|k](4(x ) 16<oo

Hence we get also the estimation (3.4) with A% = L. O

4 Proof of the existence of solutions and their regularity for prob-
lem (1.1)
4.1 Simple case — one function: | = F;

First consider another equation

xu(t,y) — Bx(ty) + Fe(ty, x(ty)) =0,
x(t,y) =0, ye€ad, teR, 4.1)
x(t+T,y)=x(t,y), teR, yeQ

and corresponding to it functional

@ = [ [ (S3VnP+ g P - Fpxt) ) dut, @2

defined on U' = Hrl,er((O, T);H3(Q)). Observe, that (4.1) is the Euler-Lagrange equation for

the action functional Jf. For that problem we assume the following hypotheses:
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G1 F (t,y, x) is measurable with respect to (t,y) in (0,T) x Q for all x in R, continuously dif-
ferentiable and convex with respect to the third variable in R for a.e. (t,y) € (0,T) x Q.
(t,y) — F(t,y,0) is integrable on (0,T) x Q, F. (t,y,x) = FX(t,y,x) + F2(t,y), (t,y,x) €
(0,T) x QX R, F2(-,-) € H273,

5,
G2 There exist constants E, D > 0 and ¥ € H2™ 3 H;%Zr 1(IR < Q)N ng(lR;O (),
120 51 < BE+|[E ()|, 3,-3) such that F}(¥) € H2"2 and

G3 F(t,y,x) > a(t,y) \x|ﬁ +b(t,y), forsome B >1,a>0,a,bc L*((0,T) x Q), forall (t,y)
€ (0,T)x Q, x € R.

F (%) Fe (%)

9 <E/

,ij,g, -

> D. (4.3)

Let us put

Xp={xe Wt x| 50 S BE+[F ()], 50),

A @) ,5.<E

2r73 —

F ()]

HO : D}'
By G2 Xr is nonempty.

G2 Fl(x) € H22" ! and ||F, (x)HHgF1 > Dy for x € Xp, where

v 3r-1., 2
Xp={xe w1 ull gy <BE+[F()], 0]
and some Dy > 0.
Remark 4.1. Let us notice that, except convexity, restrictions for F! are not strong, they are
rather natural.

Remark 4.2. The convexity assumption of F (t,v,) is strong. For example x’ is nonconvex.
To overcome that problem (at least partially) we study in last section the case of I = j;F. +
j2F2 + -+ + F!' + G, where F' are convex and j; takes values {—1,+1}. Then x” = x8 + x” +
x* — x® — x* is equal to difference of two convex functions x® + x” + x* and x® + x*. This case
will be considered as a next step.

Exploiting the definition of the set Xr and Proposition 2.1 we prove the following lemma.
Lemma 4.3. Let x € Xr and v be a solution of the periodic-Dirichlet problem for
vu(t,y) — Ao(t,y) = —Fe(t,y,x(t,y)) ae on (0,T) x Q. (4.4)
Then
[I1F ¢/ )0 = DI C < oll g0 < BEEH [ () 5)-
Proof. Fix arbitrary x € Xr, thus Fi(x) € H2'3, Hence by Proposition 2.1 there exists a
unique solution v € U321 of the periodic-Dirichlet problem for the equation (4.4) satisfying

ClIE @l < [l 5+ < BIE I, 3. »-
Next we get the following estimations
BIEx (0, 3,5 < BE+[IF ()], 54),
CIIIF* € )l = DI < ClIE ()0 -
Hence we get

CIIIF? ()]l o = D < 0] 5, < BE+[|F(

3r-1 /')Hygr_g)'
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Define in Xr the map Xr 3 x — H(x) = v where v is a solution of the periodic-Dirichlet
problem (4.4). By Lemma 4.3 and the definition of Xp, H(XF) is bounded in Ugr*l, it is
contained in Xr. Moreover the limit of weakly convergent sequence, in usr1, from H (XF)
belongs to H(Xr). Note that, H(Xp) C H3" 1,

Put

xF = {x e U1 ¥y (ty) = Ao (ty) — Ee(t,y,0(t,y)), where v € XF} .

Remark 4.4. Let us note that since v € X thus F,(v) € H3"~!. Therefore by Corollary 3.2 X*
is nonempty and bounded in U3"~! by Aq(||v|]u%H — || Fx(v) HH%H) ie. forallve XF

11,5+ < Ag(lloll 501 = IEc(@)l,,505) < Ag(BE+[[F2 () |[,,3.-5) — Do)

z’ 1= 3
Corollary 4.5. XF C Xr.

Next define the set X : an element (p,q) € H'((0, T)xQ) x H'((0,T)xQ) belongs to
Fd provided that for each x € Xr there exist £ € X* such that for a.e. (t,y) € (0,T) x Q

p(ty)=x(ty) and p;(ty)—divg(ty) =—F(t,y 2(ty))
with g (t,y) = V& (t,y).

As the sets X, XF are nonempty therefore the set XFd jg nonempty.
The dual functional to (4.2) is usually taken as

)= [ [ F by (pi () — div g (t,y))) dye

= | ddt—f// ty) [ dyt,
w2 [ [latPaya—2 [ [ jpy)Pay

where F* is the Fenchel conjugate of F with respect to third variable and ]E : XF 5 R,

We will look at relationships between the functional J* and ]g on the set Xfand X'
respectively: Variational Principle at extreme points. It relates the critical values of both
functionals and provides the necessary conditions that must be satisfied by the solution to
problem (4.1).

Now we state the simple result of the paper which is existence theorem for particular case
of (1.1) i.e. problem (4.1).

Theorem 4.6. Assume G1-G3. Then there exists ¥ € Xp such that

inf J* (x) = J* (%),

xeXr

Moreover, there exists (p,7) € H*((0,T)xQ) x H'((0,T)xQ) such that

Ib (P.7) =" (3) (4.6)
and the following system holds
(ty)=pty), (4.7)
Vx(ty)=4q(ty), (4.8)
pi(ty) —divg(ty) = —E (ty,X(ty)). (4.9)
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This result is new however it has strong assumption for nonlinearity Fy: convexity of
F(t,y,-). Our aim is to relax them. But first we illustrate, by an example, a case of the above
theorem.

Example 4.7. Assume 1 = 2 and let a be such that #? is an algebraic number of degree 3. Thus
a? satisfies (1.6) with e.g. ¢ = 1/2. Then «? satisfies condition in T with ¢ = 1 and r = 5/2.
Let us consider F!(t,y,x) = x®+ x° + x% + 1. Of course F'(t,y,) is convex. Let F?(-,-) be
any function in (0, T) x Q) bounded in H% and such that fOT Jo |F2(ty) ‘2 dydt # 0. Take any
X € H'% such that ||F} (%) 25k < E = 100. Of course such an ¥ exists. Then assumptions G1,

G2, G2, G3 are satisfied, so by the above theorem there exists x € X! being a solution to
(4.1).

Example 4.8. We can consider also the case with F(t,y,x) = x®+ x°> + x2. Then we take
Fl(t,y,x) = x® + x° + x> + x and F?(t,y) = —1. Thus the theorem for that case asserts that
there exists nontrivial solution to (4.1).

4.1.1 The auxiliary results

By G1-G3, definition of Xf, mean value theorem we get the following lemma.

Lemma 4.9. There exists constant My such that

T
/ / F(t,y,x(t,y))dydt > M,
0o Jo

forall x € Xr.
Lemma 4.10. The functional J© attains its infimum on X i.e. inf, %, JF (x) = JF (%), where ¥ € XF.

Proof. By the definition of the set Xr and Lemma 4.9 we see that the functional JF is bounded
below on Xr. We denote by {x/} a minimizing sequence for Jf in XF. This sequence has a

subsequence which we denote again by {x/} converging weakly in Uz and strongly in U},

hence also strongly in L? ((0, T) x (;R) to a certain element X € U321, Moreover {x/} is also
convergent almost everywhere. Thus by construction of the set X, we observe that X € Xr.

Hence
lim inf JF (xf) > JF(%).
]—00
Thus
inf J* (x) = J (%) O
xeXp

4.1.2 Proof of Theorem 4.6

Let ¥ € Xr be such that JF(x) = inf, ¢, JF (x). This means that there exists an £ € X! C X
such that

p(ty) =2 (ty) (4.10)
and
pe(ty) =divg (ty) — Fe (Ly, X (ty)), (4.11)
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fora.a. (t,y) € (0,T) x Q) where § is given by

g(t,y) = Vi(t,y). (4.12)

By the definitions of Jf, | g, relations (4.10), (4.11) and the Fenchel-Young inequality it follows
that

= [ [ (-3IRR 51 P = F 0w w) ) dud

//xtty tydydt—f//|pty|dydt
//thy ty))dydt+2//]qty]dydt
—/ /Ft,y,a? t,y))dydt

> [0 E oy () — dio 1 1,9))) dydt

o [ a3 [ [ 1oy Ryt =16 (50).

Therefore we get that

Next observe that
inf J© (x) = JF () < J5(%)
xeXp
= [ [ (~x bty dya rxt<ty>|)dydt
(2|w<t,y>|2 ~ (V#(t),1(6)) ) dyi

S,

|,
[ P2 ) + 200) () — dio (1,9))) dye
.
(- /QWt,y)r v+ [ [ 160 Patar
[P i (ey) — diva () dydt = 15 (5,0

and so
J5(®) < Jb (p,) -
Thus we have equality J¥(x) = J (p, 7). It implies

T T
| L F = e y) —diva )yt + [ [ F(t,x(ty) dyat

+1/T/\-(t )P d dt+1/T/yw(t )P dydt
2 0 Qq ’y y 2 0 a ’y y
1T ) 1 /T )
=5 [ [Pt [ [ 1p ey aya
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The last means that

[T [P ey o) —diva oy + [ [ Fty,x0y)dya
[ ] 29 (e y) — diva (y) dyar
+;/OT/Q"7(t,y)’2dydt+;/OT/Q\Vf(t,y)]zdydt—/oT/Q(Vx(t,y),q(t,y»dydt
= ;/OT/QIﬁ(t,y)\ZdydtJr;/oT/Qyxt (t,y)|2dydt—/()T/ngt(t,y)ﬁ(t,y)dydt.

Hence and the standard convexity arguments and (4.11) we obtain two equalities

Thus, taking into account (4.12) we infer that

x(ty) = Ax(ty) — F (Ly, x(ty)),

therefore there exist p = %; and § = Vx i.e. (4.7), (4.8), (4.9) are satisfied and so we have the
assertions of the theorem satisfied.

4.2 Simple case — one function: | = —F,

A similar theorem to Theorem 4.6 is true for the problem

xit(t,y) — Ax(t,y) — Fu(t,y,x(t,y)) =0,
x(ty) =0, yedQ, teR, (4.13)

x(t+T,y)=x(ty), teR, yeQ

and corresponding to it functional

T 1 1
o = [ (55T S ) Fyx(e) ) v, s

defined on U! with same hypotheses G1-G3 and the sets X, Xr. Really, Lemmas 4.3—4.10 are
still valid as sign of F does not change their proofs. The set

Xt = {3? ceuyt: Ax (t,y) =vu (t,y) — Fx(t,y,v(t,y)), where v € XF} .

Now by Corollary 3.2 X~F is nonempty. The set X F4 is defined: an element (p,q) €
H'((0, T)xQ) x H((0,T)xQ) belongs to X~ provided that for each x € X, there exist
£ € X~F such that for a.e. (t,y) € (0,T) x Q)

q(ty) =Vx(ty) and pi(ty)—divq(ty) = —F(ty 2(t,y))
with p (t,y) = % (t,y) .
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As the set X~ T is nonempty therefore the set X' is nonempty. The dual functional to (4.14)
is now

5 )=~ [ [0 (i (y) — dive (ty)) dy

2/ /Iqtyldydt—*/ /\Ptyldydt

Hence following the same way as in the proof of the above theorem we get for (4.13) the
following theorem.

Theorem 4.11. Let inf ¢ JF~ (x) = JF~(X). Then there exists (p,q) € H'((0,T) x Q) x
H'((0, T)x Q) such that for a.e. (t,y) € (0,T) x Q,

plty) = x(ty), (4.15)

q(t,y) = Vi(t,y), (4.16)

pr(t,y) —divg (ty) — F (ty, 2 (ty)) =0 (4.17)
and
7@ =15 (P.),

where

E D= [ [ F by (i) - diva(y) dy

2/ / 7 (t,y)l dydt—z/ /\Pty! dyat.

Moreover ¥ € Xp.

4.3 The case of nonlinearity F — G

Now we consider more complicated problem i.e.

xi(t,y) — Dx(ty) — Ge(t,y, x(t,y)) + Fx(t,y,x(t,y)) =0,
x(t,y) =0, ye€adQ, teR, (4.18)
x(t+T,y)=x(t,y), teR, yeQ

and corresponding to it functional

76 )= [ [ (<5193 4 G b () Gl x(0,)) = FC w300, o, 419)

defined in U'. The similar case of L (I = Ly) being a difference of two convex nonautonomous
functions is investigated in [3]: the nonlinearity I € C([0, 7] x R%,R) has the form I(t,y,x) =
Ag(t,y,x) 4+ uh(t,y,x) with A, 4 € R, g superlinear in x, h sublinear in x and both g, h are
27m-periodic in ¢ and nondecreasing in x.

For problem (4.18) we assume the following hypotheses:
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GG1 F (t,y,x) and G(t,y, x) are measurable with respect to (t,y) in (0,T) x Q for all x in R and
continuously differentiable and convex with respect to the third variable in R for a.a. (t,y) €
(0,T) x Q. (t,y) — F(t,y,0) — G(t,y,0) is integrable on (0, T) x Q).

5
3r—1

€ H 3N Hg (R x Q)N HY

per

GG2 There exist constants D, E, G and

* (R;° H2(Q))),
H’EHugH < B(E + G) such that Fy (%), Gx(¥) € H2"~3 and

IE@g <E IE@le=D 1G5 <.
GG3 F (t,y,x) and G(t,y.x) satisfy G3.
Define the set
Xpg = {x € U1 x|l 50 S BE+G), |[F(¥)ll, 3, <E

IFe ()0 = D, Ga(®)], 3,2 < G-

,H%r—S ’

By GG2, the set Xrg is nonempty.

GG2' F (x), Gy(x) € H31 and ||Fx (v) — Gx(x)HH%H > Dj forall v, x € Xrg, where

5 5.
R ={x e |nf 5,0 < BE+G)}
and some D7 > 0.

We have also the following lemma.

Lemma 4.12. Define in Xrc the map Xrc > x — H(x) = v where v is a solution of the periodic-
Dirichlet problem for

ou(t,y) — Ao(t,y) + Fe(t,y,0(t,y) = Ge(t,y,x(t,y))) ae on (0,T) x Q. (4.20)
Then H(Xrc) is bounded in U3~ by B(E + G).

Proof. Fix arbitrary x € Xrc. It follows that G,(x) € 2" and HGX(X)HH%P?) < G. Hence by

Theorem 4.6 there exists a solution v of the periodic-Dirichlet problem for the equation (4.20)
satisfying
o]l 5.+ < BE+G).

Thus the last relation implies that for an arbitrary x € Xrc there exists v = H(x) bounded in
U1 by B(E +G). O

Put
X6 = {2 e Ui 2 (Ly) - Gulty, #(Ly))
= Av (t,y) — F(t,y,0(t,y)), where v € )?FG}. (4.21)
Lemma 4.13. For each v € X there exists a unique solution to

2 (ty) — Ga(ty, 2(ty)) = Ao (t,y) — Fx(t,y,0(ty)), (4.22)

i.e. the set X' is nonempty. Moreover, X*¢ C Xpg.
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Proof. Let us fix any v € Xpg and notice that £ € Ul defining Xf¢ is a solution of the
equation which is an Euler-Lagrange equation to the functional

0= [ [ (515 0P + 600 x0,) + x0,0)(00 (1) = by, 00,9)) ) dudt.

Notice that J(x) is the strictly convex, thus weakly lower semicontinuous in Uzland XFC is
weakly compact (since Xrg weakly compact) in U3, Thus | attains its unique minimum in
U3~! and the minimizer X" of it belongs to XF©. Next define a functional dual to J (in the
sense of convex analysis):

/ /Qz () + G (4, i (1) dydt+/ /l/th (£, y))dydt,

considered in H'((0, T) x()), where

- 0, ifpi(ty) =A0v(ty)—F(tyoty)),
v(p (59) {+°°, if pr (ty) # Do (ty) — F(ty,0(ty))

and G*(t,y,-) is Fenchel conjugate of G(t,y,-). We see that fp(p) attains its minimum at p»
such that

pi (by) = do(ty) — Bty o(ty))
and using the standard tools of convex analysis we see next that f(x™) = —Jp(p™). Moreover,

minimizer X" to | satisfies (4.22). Following in the same way as in the proof of Corollary 3.2
we can write a solution £ € XfC in a form

n+1y 1/2 om
2(ty) = <7T”T> Z(j24(x_2)_1(\k\zvjlk - (f]k — gjlk)ellthsinklyl - sinkpyy,
jk

where

ont1\ /2 o7 oy '
Vjk = (71"1“) /0 /Qv(t,y)e IThsinkyyy - - - sink,y,dydt,

on+l 1/2 .
(n-nT> /0 /Q Gx(t,]/, f(t,y))eﬂ]Tt sink1]/1 R Sinknyndydt,

8jk

2n+1 1/2 F2 270
fix= (7‘[”1") /0 /Q Fx(t,y,v(t,y))e_”Tt sinkyyy - - - sink,y,dydt.

Then since £ € U3"~! we have also estimation as in Corollary 3.2, namely

121l 501 < Aq(lloll 301 = [1Fx () = Gx(R)], 3,1) < Aq(B(E+G) — D1).

Thus XF6 C Xp(;. ]
Next define the set X'%: an element (p,q,z) € H'((0,T)xQ) x H'((0,T) x Q) x
H'((0,T) x Q) belongs to X' provided that there exist x € XfC, # € Xpg such that for
ae. (t,y) € (0,T) x Q)
p(ty) =x(ty) and p; (ty) —2(ty) = divq (ty) — E(Ly, 2(ty))
with § (t,y) = VX (t,y) and z(t,y) = G«(t,y, x(t,y)).
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By Lemma 4.13 the set X' is nonempty. The dual functional to (4.19) is then taken as

T
I a2 = [ F by~ (e () = diva (ty) = 2(ty))) dyat

' ayd+ L [ 2 dyd (4.23)

— G*(t,y,z(t, t f/ / £, t .
| e tyzmavar+s [* [ 1g (P ay

1 T 5

- t,y)|” dydt,

2 Jo /Q|P( )~ dy

where G* is the Fenchel conjugate of G with respect to third variable and

JEC - HY((0, T) x Q) x H'((0, T)x Q) x H'((0, T)xQ) — R.

Remark 4.14. Let us observe that if ¥ is a solution to (4.18) then by Lemma 4.13 it has to
belong to Xrc.

Analogously as in the case of the functional Jf we prove the following lemma.

Lemma 4.15. The functional JFC attains its minimum on Xrg i.e. inf JEC (x) = JFC (%), where

X € XFG-

XEXI:G

Theorem 4.16. Assume GG1-GG3. Let J'C (x) = inf__¢ JFC (x). Then there exists (p,q) €

xeXrg

HY((0, T)xQ) x HY((0, T)xQ) such that for a.e. (t,y) € (0,T) x Q,

pty) = %(t,y), (4.24)
g(t,y) = Vi(t,y), (4.25)
pe(ty) —divy (ty) — Gx (Ly, % (ty)) + e (ty, 2 (t,y)) =0 (4.26)

and
where Z (t,y) = Gy (t,y, % (t,y)).

Example 4.17. We show, how to use, the above theorem to solve the nonconvex superlinear
problem:

1
X — Ax + 5x* + cos Ey =0,

x(ty) =0, y€dQ, teR, (4.27)
x(t+T,y) =x(ty), teR ye.

Assume 1 = 2 and let a be such that a? is an algebraic number of degree 3. Thus a2 satisfies
(1.6) with e.g. ¢ = 1/2. Then a? satisfies condition in T with ¢ = 1 and r = 5/2. Let us put
x° = x% 4 x° 4+ x% — x® — x2. Then assume F(t,y,x) = x° + x° + x> + x cos %y and G(t,y,x) =
x® +x2. F(t,y,-) and G(t,y,-) are convex. Thus take for £ such an £(-,-) > 0 that £ € H'®
and ||Fx (f)HHs% < E =100 and ||Gx (J?)HH% < G =100, for D; take (foT Jq |cos %y‘Z dydt)l/z
then assumptions GG1-GG3 are satisfied, so by the above theorem there exists ¥ € Xrg
(nontrivial) being a solution to (4.27).
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Proof of the theorem. Let ¥ € Xrc be such that JF¢(x) = inf, ¢ JFC (x). As % € X, therefore
there exists an £ € Xf¢ ¢ Xp¢ such that

p(ty) =2 (ty) (4.28)

and
pi(ty) =divg(ty) = (tby % (Ly) +2(Ly), (4.29)
for a.a. (t,y) € (0,T) x Q where § is given by

q(t,y) = Vi(t,y), (4.30)

2(ty) =Gx(ty, 2(ty)), zZ(ty) =G (Ly x(ty)). (4.31)

]FG FG

By the definitions of , Jp~, relations (4.28), (4.31) and the Fenchel-Young inequality it

follows that

]FG / / <_‘Vx(t ]/)‘ +3 |xt (t, ]/)| +G(tyx(ty))— (t,y’j(t,y))> dydt

//xtty (t,y)dydt — //|pty]dydt
//thy ty))dydt+2//|qty\dydt
+// y)) dydt
T
—/ /G* Ly, 2(ty) dydt—/ /Ft,y,a? t,y))dydt
//F*ty, (Pr (ty) —div (t,y) — £(t,))) dydt + //wtyrdydt
//\Ptyldydt—//th, (t,y))dydt = J5° (p,4,2).

Hence we infer
JFC(#) > JFC(%) > Jp° (P, 4,2) -
Next observe that

inf J5¢ (x) = J7O(x) < J7O(%)

o
= [ (e + 1 ) ava
A < WP+ (T2 (1), (0) ) dys
[T [ w2 - G ey 2 (1)) dye
/ / (ty, 2(ty)) —2(ty) (—pe(t,y) +divg (ty) +2(t,y))) dydt
= % <_/0 /QWW” dydf+/0T/Qlc7<t,y)lzdydt) —/OT/QG*(t,y,z(t,y))dydt
[T Pt )~ diva (9) — () dyt = JEF (p,3.)
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and so

Thus we have equality JF¢(£) = JEC (p,q,2) . It implies

! * p divg 4 dyd ! X dyd
| LF =Gy —divatty) =2 @y)dyat+ [ [ F(ey,s (b)) aydr
+1/T/ Yz (t,y) ]2 d dt+1/T/ 17 (t,y) 2 dydt
2 0 o) ’y y 2 0 o) q ’y y
_1 T . 2 1 /T _ 2
=5 | [pyPaar+s [ jz P dyar
T T
[ eyt [ [ G (ty2(ty)dyat
0 JO 0 JO

Therefore by (4.29), (4.30) and standard convexity arguments

1/T/|A(t d dt+1/T/|x (t,y)2d dt—/T/x(t )P (t,y) dyd
2 0 Qp /y y 2 0 O t /]/ y 0 Qt ,yp ,y y

+/OT/QG(t,y/J?(t,y))dydt+/OT/QG*(t,y,ﬁ(t,y))dydt_/()T/Qx(t,y)ﬁ(t,y)dydt
—0

and as a consequence we have the equalities

pty) =% (ty), 2(ty) = G« (L y, X (t,y)). (4.32)

Hence, by (4.31), (4.32) £ = z and %; = £;. We have also equality Jf¢(x) = JE© (p,7,z) which

similarly implies

pe(ty) —divg(ty) —z(ty) = —F (ty x(ty))

and so we have the assertions of the theorem satisfied. O

4.4 More general case — proof of the main theorem

Let us consider now a sequence of convex (with respect to third variable) functions r,
F?,...,F" of the variables (t,y,x) and a function G of the variable (t,y). Let ji,...,j, be a
sequence of numbers having values either —1 or +1. Let us assume that our original nonlin-
earity (see (1.1)) has the form

| = j\Fl +joF2 4+ +j, 1 FF P F' + G.

To prove the existence of solution to (1.1) with nonlinearity [ just defined we use an induction
argument. To this effectletus put/,,_1 = j; Fl+ szf + F'~! and consider the problem

xu(t,y) — Ax(ty) + (b y, x(ty)) + G(ty) =0, tER yeQ,
x(t,y) =0, ye€ad, teR, (4.33)
x(t+T,y) =x(t,y), teR, ye.

For that problem we assume the following hypotheses:
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Gn-11 F!, F2,...,F"! are measurable with respect to (t,y) in (0,T) x Q for all x in R and
continuously differentiable and convex with respect to the third variable in R for a.e. (t,y) €
(0,T) x Q. (t,y) — Li_1(t,y,0) 4+ G(t,y) is integrable on (0,T) x Q, G (-,-) € H2"~3.
Sy
Gn_12 There exist constants D,_1, E,_1, F and £ € H3" 3N Hper 1(]R x Q)N HY

; ( ))
pgr(ll:/ 11 (2 7
HXH 5, 1 < B(En_] + HG(,) ’ 3) SuCh that ln_] (X) € ;1192 and

[

[1ln—1 (£)]] < Epty llia D)o 2 D1, GG 505 < F

H%r—3 H2 3

Gn-13 F!, F%,...,F" ! satisfy G3.

Define the following set

Sy
Xp1 = {X euz1t: ||x||u%r71 <B(E,-1+]|G ('/')HH%rfs);

111 (), 9,5 < En—1, Iln—1 (x)||go = D1 ¢ -
U2

By Gn-12 the set X,,_1 is nonempty.

Gu-12' Lyt (x) € HI L and Lt (x) +G (- -)] 5

., > DY | for x € Xu1, where
Rew = {x e U1 |jx| 30 < B(Ey1+ F)}

and some Dgfr
Analogously as Lemma 4.3 one can prove the following lemma.

Lemma 4.18. Let x € X,,_1 and v be a solution of the periodic-Dirichlet problem for

ou(t,y) — Ao(ty) = — (I,—1(ty, x(t,y)) + G(t,y)) ae on (0,T) x Q. (4.34)

Then

[1G () llno = Dt | € < [l g0+ < B(Enca +11G (), g.5)-

Define in X, 1 the map X, 1 2 x — H(x) = v where v is a solution of the periodic-Dirichlet

problem (4.34). Similarly as in the former cases we notice that H(X.-1) C HiL
Put

xn—1 — {32 cut. R (ty) +1l—1(t,y,v(t,y)) = Av (t,y) — G(t,y), v € Xn—l}.

Remark 4.19. Let us note that since v € X, 1 thus [,_1(v) € H3"~1, Therefore by Corollary 3.2
X"~ is nonempty and bounded in U3~ by Aq(HvHu%H —lh—a(v) +G(-,-)
all v € Xia

H?—L%H) ie. for

121l 5+ < Agloll g0 = [lnaa (@) + G (o) 500)
< Ag(B(En1+ G ()|l 3,-5) — Dy v)-

Induction hypothesis:

IH Under hypotheses Gn—11, Gn-12, Gn-12", Gn—13 problem (4.33) has a solution in Xo1.
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Consider now our problem (see (1.1)) with [ defined by (2.6). Put F! = F!' + G, F" =
F" 4+ xG. We assume the following hypotheses:

Gnl Assume Gn_11-Gp_13. Let F" is measurable with respect to (t,y) in (0, T) x Q) for all x in R
and continuously differentiable and convex with respect to the third variable in R for a.e. (t,y)

€ (0,T) x Q.
Gn2 For D,_1, E,_1, F there exists £ € 37~ 3ﬂHI§; "(R x Q)HHSE,(]R'O H?(Q))), HfHugH <
B(En—1+F) such that (%), F(£) € H" 2 and |La(2)I], 3,5 < Euv, ln-1 (2) 0 =

Dy, @), 5 < F

Gn3 F" satisfies G3.

Define the set

5,
Xfc = {x e x|l 50 < B(Ewa + F), 1 (9)],,95 < En-a,
I1 ()l = D, B () 9,0 < F . (435)
By Gn2 the set X} - is nonempty.

G2’ Ly (x), E(x) € HIV and [[EX(0) + Lyoy ()] 3,1 > DY for o,x € R, where

Rpo={x U™ |nl 5., < B(Eaa + F)
and some DY,
Similarly as in Lemma 4.12, using now hypothesis IH, one can prove the following lemma.

Lemma 4.20. Define in X}, the map X}, > x — H(x) = v where v is a solution of the periodic-
Dirichlet problem for

ou(t,y) — Ao(t,y) +1,-1(t,y,0(t,y))) = —F(t,y,x(t,y)) ae on (0,T)x Q.
Then H(X} ) is bounded in U3 by B(E,_1 + F).

Let us denote by l:ﬁl(t, y,x) the sum of those Fi for which j; = —1, we assume (after

renumbering) that they are the first m of jiFL + joF2 + -+ +j,_1Ff lie [T, =Y/, Fl and

byl =Y m+1 F’ thus I,_1(t,y,x) = —LF | (t,y,x) + ln_l(t,y, x), and respectively Lf, =

Y FL L =Y F. Define

X6 = {2 e Wt g (by) — 1, (LY, #(LY))
= Av(t,y) — I (ty,0(ty)) — E(t,y,0(t,y)) where v € fqzc} (4.36)
Again similarly as Lemma 4.13 one can prove the following lemma.

Lemma 4.21. Foreach v € X?G there exists a solution to

2 (by) — L (by, 2(ty) = Ao (ty) =L (Ly,o(ty) — Bty o(ty)),

i.e. the set X"FC is nonempty. Moreover, X"F¢ C X7



Wave equation in higher dimensions — periodic solutions 25

Example 4.22. Let us assume the same n and a as in Examples 4.7 and 4.17. Consider the
nonlinearity f = 7x® — 5x* cos x + x°sin x + (1/4)x® and the following problem

xu(ty) — Ax(t,y) + f(Ly,x(t,y)) =0, teR, ye(0,n)",
x(t,y) =0, ye€ad0,n)", teR, (4.37)

x(t+T,y) =x(ty), teR, ye(0,m).
For this nonlinearity f we form the function I = F} + F? — F2, where F} = 10x° + 7x% + 23x,
F% = 1/4x3, PS = 10x7 + 5x*cosx — x°sinx + 23x. Then corresponding F!, F2 3 satisfy

Gn 1-G,3 for some suitable chosen constants Dg, E,_1, F. Therefore equation (1.1) with that |
has a solution by the above theorem and in a consequence equation (4.37) has a solution.

Remark 4.23. The last example shows that enough large class of nonlinear functions / can be
treated by the method presented in the paper. Note that Example 4.22 can not be treated by
Theorem 4.16.

Define functional corresponding to problem (see (1.1)) with I defined by (2.6):

pree = [ (<319 R 5l 6P )y

[ o x0w) = L) = B, x(0,0))) dilt

(4.38)

Next define the set X"FG? : an element (p,q,z1,...,2,-1) € H'((0,T)xQ) ><H1((O T)xQ)
x « -+ x H((0,T)xQ) belongs to X"FS® provided that there exists x € X"C, # € X} such
that for a.e. (t,y) € (0,T) x Q)

pe(t,y) —divg (ty) =L (Ly,x(ty) = =L (ty, 2(ty)) — F (ty, 2(ty))

and
p(ty) =xt(ty) withg(t,y) = Vi(ty),

m n—1
1ty x = zilty), L by 2(ty) = ), 2(ty).
i=1 i=m+1

The dual functional to (4.38) is then taken as

nFG (p/ qlzll . Z?l—l)

1x 1
—// F”*(ty, <pt(ty) divg (t,y) — Zzty—i— Zzlty>>dydt

i=m+1

/ /Z:L+ (t,y,zi (ty) dydt—i—/ / Z L *(ty,zi (t,y))dydt

i=m+1

= t, det—f// ty)|? dydt,
w2 [ [latyaya—1 [* [ p(y)Pay

where LZ.+* is the Fenchel conjugate F*i=1,...,m and Li_* is the Fenchel conjugate Fi*
i=m+1,...,n—1and JFFC: HY((0,T)xQ)x H((0,T)xQ) x --- x HY((0,T)xQ) - R
Analogously as in the case of functional J¥¢ one can prove the following.

(4.39)
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Lemma 4.24. The functional J"*C attains its infimum on X% ie. infxefqgc JHC (x) = JMC (%),

- 1
where X € X} .

Now we are in position to prove Theorem 2.6 and in consequence the main theorem of the
paper.

Proof of the main theorem. Let ¥ € X" be such that ["F¢(x) = infycgn J'EG (x). Thus x € X},
implies: there exists an £ € X"f¢ C X% such that

pty) =% (t,y) (4.40)

and
pe(ty) =1 (by, 2(ty)) = divg (ty) — 1, (Ly %(Ly)) — ! (Ly, X (ty)),
for a.a. (t,y) € (0, T) x Q) where § is given by
q(t,y) = Vx(t,y)
and

n—1
2i(ty) =L (ty, 2(ty)), Y. zi(ty) =1L (Ly x(ty)). (4.41)

i=m+1

[\13

I
—_

By the definitions of J"fC, ]gF G, relations (4.40), (4.41) and the Fenchel-Young inequality, it
follows that

pre = [ [ (<3IVR DR+ 5 15 0P + Ly 5(00) = L 1, 50,0) ) dyde
—/ /F” (t,y,x(t,y))dydt
//xtty tydydt——//|pty\dydt

//thy ty))dydt+2//|qty|dydt
—/ /if(t,y)ﬁi (t,y)dydt+/ /QL,Ll(t,y,f(t,y))dydt

i=1

N hE
i=m+1
—/ /F”(t,y,f(t,y))dydt
0 Jo
T
2/ /QF”* (t,y,—(ﬁt(t,y) div  (t,y) — Zzl ty)+ Z z; ty))dydt
0 i=m+1
1 /T _ 1 /7 R
w5 [ [ Paya—3 [ ] 15 (k) dyar

/ / ( L+* (t,y,2i (¢, y))) dydt+/ / ( Z L7 (t,y, 2 (t, y))) dydt,

i=m+1

% (ty)zi(ty) dydt—/ / L, (ty x(ty))dydt

and so
]nPG(f) > ]HPG( ) > ]HFG (quzzlz . /2ﬂ1/2m+l/"~lzn71) .
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Next observe that
xé%{ ]nFG (x) — IHFGO?) < ]nFGO?)
< [ (S5 e p e+ 1o P ) v
[ %rwa,ynz—m(t D709 ) dud
T n—1
+/0 /Qi:m+1 (#(Ly)zi(ty) — L,y (Ly, 2 (ty))) dydt
_ [ e (Ly) 2 (hy) — L (ty, % (ty)))d dt—/T/{F”(t 2 (t,y))
/O/Qg( (Ey)2i(by) = Ly (Ly % (L Y))) dy A Y2ty
n—1
—f(t,y)< pe(t,y) +div g (ty) + 1 ,lei(t,y)>}dydt
i= i=m+
5 (= [ [P [ \q(t,wrzdydt)
/ / (ZL** ty, 2i(ty) )dydt+/ / ( Z L (ty,z ty)))dydt
i=m+1

m n—1
—/O /QF (ty,—<ﬁt(t’y) div g (ty) =) 2(ty) + ), Zf(t,y)>>dydf

i=1 i=m+1

Ms

FG (s = A -
:]g (p/qlzll"-/ZWZ/ZWH»lI"'/ZTlfl)

and so
]nFG(ﬁ) < ]gFG (ﬁ/q/21/~ . -/27’VZIZm+1/ o /znfl) .

27

Thus we have equality JHEG (%) = ]gFG (P, 9,21,/ 2m Zm+1, - - -, Zu—1) Which implies similarly

as in former cases

2/ /'Pty’ dydt+2/ /'xt (t:y)] dydt—/ / % (ty), p (ty)) dydt
+/ /( > L ty,zz(ty)>>dydt+/ /L (t,y, %(t,y))dydt

_/0 /Q;x(t,y)fi (t,y) dydt
-0

and as a consequence the equality

pty) =% (ty), 2(ty)=F(tyx(ty), i=1,...,m (4.42)

Hence, by (4.41), (4.42) 2; = z;,i = 1,...,m and % = %. We have also equality J"f¢(x)
]"FG (P,9,21,---2m,Zm+1, - - -, Zu—1) which similarly implies

pe(ty) —divg (ty) — 1L (tLy, x(ty) + 1, (tLy, %(ty) = —F (Ly, 2 (ty))

and VX =Vx,i=1,...,n—1, thus we have the assertions of theorem satisfied.
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5 Conclusions

The nonlinear terms in problems of type (1.1), at the beginning of investigations, were mono-
tone functions or sublinear at infinity (see a survey [26]). Next step was the paper of [3] where
nonlinear term was a difference of two monotone functions. In this paper we extend nonlin-
earity to be a finite linear combination of monotone functions. In many papers concerning
problem (1.1) we can observe that monotonicity of nonlinearity is essential to prove existence
of solution to (1.1). The open problem appears: whether the nonlinearity I can be of the form
| = f + g where f is monotone function and g only continuous. It was already pointed in [10]
that arithmetical properties of the ratio « = T/ 7 play an important role in a solvability of the
periodic-Dirichlet problem (1.1) (see also interesting discussion on that problem in [35]). There
is only a few papers which treat that problem in case when T is irrational number such that
« = T /7 has not necessary bounded partial quotients in its continued fraction with nonlinear
I. The case with spatial dimension n > 2 and r > 2 has not been almost investigated. We have
proved, for n > 2 and r > 2, that if « satisfies assumption T then with [ being a finite linear

N . e | .
combination of monotone functions, problem (1.1) has a solution in H,%err (R x Q) i.e. a strong
solution. Moreover we proved that this solution satisfies variational and duality principle.
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