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Abstract. We consider the problem of whether the existence of a tempered exponential
dichotomy for a linear dynamics can be deduced from the same property for the dy-
namics restricted to each diagonal entry. More generally, we consider this problem for
a dynamics in block upper triangular form. We also obtain corresponding results for a
strong tempered exponential dichotomy and for a discrete time dynamics.
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1 Introduction

Any linear dynamics, either autonomous or nonautonomous, can be transformed via a (possi-
bly nonautonomous) coordinate change into one in upper triangular form. This is often quite
convenient simply because it is easier to deal with a dynamics in upper triangular form. For
example, in the case of continuous time this allows one to solve a linear equation by proceed-
ing successively from the last component to the first one. More precisely, consider a sequence
of n x n matrices (A )men and the associated dynamics

Xma1 = AmXm, m € IN.

Then there exists a sequence of n x n orthogonal matrices (U )nmen such that the matrices

B, = Un;_lHAm U,, are upper triangular. In other words, the coordinate change y,, = U, L

given by the matrices Uy, leads to a dynamics

Ym+1 = BuYm, m € N,

where all matrices By, are upper triangular. Similarly, given n x n matrices A(t) varying
continuously with t > 0, consider the linear equation

X' = A(t)x. (1.1)
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Then there exist matrices U(t) varying differentiably with t > 0 such that the coordinate
change y(t) = U(t)"'x(t) leads to the equation y’ = B(t)y, where the matrices

B(t) = U(t) TA(HU(t) — U(t) U (1)

are upper triangular for each t > 0. Both results are well known and follow from a simple ap-
plication of the Gram—-Schmidt process (see for example [1] for these and other constructions).
When the dynamics is autonomous, it suffices to use the reduction to the Jordan canonical
form, both for discrete and continuous time.

As a consequence, there is no loss of generality in considering only linear dynamics that
are already in upper triangular form. Incidentally, one can ask whether it is possible to apply
further coordinate changes in order to get rid of some elements above the diagonal, if possible
bringing the dynamics to a diagonal form. This would certainly make many problems much
simpler. Not surprisingly, this is not always possible (see for example [1]). On the other hand,
one can still ask whether it is possible for some specific property to deduce that property solely
from the information on the diagonal.

Here we consider the problem of whether the hyperbolicity of a dynamics in upper trian-
gular form, and more generally in block upper triangular form, can be deduced from the hy-
perbolicity of the dynamics restricted to each diagonal entry. More precisely, we consider the
notion of hyperbolicity corresponding to the existence of a tempered exponential dichotomy.
The latter is the natural notion in the context of ergodic theory. In the particular case of
a dynamics exhibiting only contraction, equation (1.1) is said to have a tempered exponential
contraction if there exist A > 0 and a function D: Rj — R satisfying

lim sup ! logD(t) <0, (1.2)
t—-+o00 t
such that
Ix())]| < D(s)e ) |lx(s)]l, fort>s,

where x = x(t) is any solution of the equation (see Section 2 for the notion of a tempered
exponential dichotomy). We recall that equation (1.1) is said to have an exponential contraction
if there exist A, D > 0 such that

[x(t)|| < De =) ||x(8)||, fort>s (1.3)

and any solution x = x(t) of the equation. For example, consider an autonomous equation
y' = f(y) whose flow ¢; preserves a finite measure (such as any Hamiltonian flow restricted
to a compact hypersurface, with respect to the Liouville measure). Then, for almost all initial
conditions y, if the linear variational equation

¥ = Ay(t)x, where A(t) = g,y f/

has only negative Lyapunov exponents, then it has a tempered exponential contraction.

More generally, we consider the problem of whether the hyperbolicity of a dynamics in
block upper triangular form can be deduced from the hyperbolicity of the dynamics restricted to
each diagonal block. This includes the upper triangular case as a special case. For example,
for continuous time this corresponds to consider the equation

A(t)x+C(t)y,

X = 14
v = B(t)y. 4
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In Theorem 2.1 we show that the existence of a tempered exponential dichotomy for equation
(1.4) yields the existence of tempered exponential dichotomies for the equations x’ = A(f)x
and y’ = B(t)y, which are associated with the blocks on the diagonal. On the other hand,
Theorem 2.3 shows that under the condition

tim sup - log (D(1)[C(1)])) <0,
t—+o0

with D = D(t) as in (1.2) or with a corresponding function in the case of a tempered expo-
nential dichotomy, the converse of the statement in Theorem 2.1 holds. Corresponding results
for the notion of an exponential dichotomy (which includes that of an exponential contraction
in (1.3) as a particular case) were established by Battelli and Palmer in [2] (see also [4]). To the
possible extent we follow their approach in the proofs of Theorems 2.1 and 2.3. However, we
note that none of the mentioned results in the two papers follows from results in the other.

We also obtain corresponding results for a strong tempered exponential dichotomy (see
Theorems 3.1 and 3.3). This correspond to consider both lower and upper bounds along the
stable and unstable directions of a tempered exponential dichotomy. Finally, we establish
versions of these results for discrete time (see Section 4). The arguments follow a similar path
to those for continuous time although they require several nontrivial modifications.

2 Continuous time dynamics

Consider the linear equation (1.1) on R”, where A: I — R"™" is a piecewise continuous
function on some interval I C R (we shall consider the cases I = R and I = R;). We write
the solutions in the form x(t) = T(t,s)x(s), for t,s € I, where T(t,s) is the evolution family
associated with (1.1).

We say that equation (1.1) has a tempered exponential dichotomy on I if there exist projections
P for t € I satisfying

PT(t,s) =T(t,s)P;, fort,s€el, (2.1)
and there exist A > 0 and a function D: [ — R™ satisfying
lim sup 1 log D(t) <0 (2.2)
t—too |1l
such that
IT(t,5)Ps|| < D(s)e %), fort>s, (2.3)
and
IT(t,5)Qs|| < D(s)e =, fort <s, (2.4)

where Q; = Id, — P; for each t (here Id, is the identity on R"). The sets P;(R") and Qs(R")
are called, respectively, stable and unstable spaces at time s. We note that

Py =T(t,s)PT(s,t)

and so in particular P, = T(t,0)PT(0,t), where P = Py. This shows that all the projections P;
are determined by the projection at time 0.

Now we consider a block upper triangular equation (1.4), where x € R* and y € R"* for
some integer k € (0, n). We write the corresponding evolution family in the form

~(U(t,s) W(ts)
T(t's)_< 0 V(t,s))’
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where U(t,s) and V (t,s) are the evolution families associated, respectively, with the equations
x'=A(t)x and y' = B(t)y. (2.5)

It follows readily from the variation of constants formula that
t
W(t,s) :/ U(t,7)C(T)V(T,s) dr. (2.6)
S

We first show that the existence of a tempered exponential dichotomy for equation (1.4)
yields the existence of tempered exponential dichotomies for the equations associated with
the blocks on the diagonal.

Theorem 2.1. Assume that equation (1.4) has a tempered exponential dichotomy on I = Ry or
I = R, with constant A. Then the equations (2.5) have tempered exponential dichotomies on I with
the same constant A. Moreover, the projection Py associated with the tempered exponential dichotomy
for equation (1.4) can be written in the form

pA LPB\
(0 pB> if I = R 2.7)

and
P4 L(Id,_j — PB . _
(0 ( PkB )> if1 =Ry, (2.8)

where PA: RF — RF and PB: R"* — R"* are, respectively, the projections at time 0 associated with
the tempered exponential dichotomies for the equations in (2.5), and where L: PB(R"¥) — PA(RF)*-
is the linear map given by

—+00
Lo— — / (1dy — PAYU(0,5)C(s)V (s,0)vds if [ = R} (2.9)
0
and L: ker PP — (ker PA)* is the linear map given by
0
Lo = _/ PALI(0,5)C(s)V(s,0)vds if [ = Ry. (2.10)

Proof. We start with an auxiliary result for I = R]. Let U(t,s) be the evolution family associ-
ated with the equation x’ = A(t)x.

Lemma 2.2. Assume that the equation x' = A(t)x on RF has a tempered exponential dichotomy on
Ry with constant A and projections Py. Moreover, let Py be another family of projections such that

PU(t,s) = U(t,s)Ps, fort,s > 0. (2.11)

Then the equation x' = A(t)x has a tempered exponential dichotomy with projections Py if and only
if Po(R¥) = Py(IR¥), in which case the equation has a tempered exponential dichotomy on R{ with
projections Py, constant A and function D given by

D(s) = D(s) + D(0)D(s)|[Po — Po- (2.12)
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Proof of the lemma. To the possible extent we follow similar arguments in [3] for uniform ex-
ponential dichotomies. One can easily verify that if the equation has a tempered exponential
dichotomy on R{ with projections P;, then

Po(RF) = {v € R : sup|| T(t,0)0| < —i—oo} = Py(R)
t>0

(in other words, the stable space is uniquely determined and coincides with the set of all
initial conditions leading to bounded solutions). Now assume that Py(IR¥) = Py(IR¥). Then

P()FO = F() and F()P() = Po,

which implies that
Py — Py = Py(Po — Poy) = (Py — Po)Qo. (2.13)

It follows from the existence of a tempered exponential dichotomy for the equation x’ = A(t)x
that

Ut 0)(Py — PO)UH = ||U(t,0)Py(Py — Po)||

D(0)e *[|(Py — Po)o||
= D(O)e M| (Py — Po) Qoo||
< D(0)e*[|Py — Pol| - [| Qo (2.14)
= D(0)e~||Py — Pol| - [U(0,5)U(s,0) Qoo
= D(0)e || Py — Pol| - [U(0,5)QsU (s, 0)v]|
< D(0)D(s)e || Py — | - [|U(s, 0)o]|

for t,s > 0 and v € R*. Therefore,

IU(t,s)Psol| < |U(t,s)Psol| + [[U(t, s) (P — Ps)ol|
= HU(t,S)PvHJrHU(,O)( Po)U(0,s)v]
D(s)e =)ol + D(0)D(s)e~ "~ Po — o]l - ||o]|

D(s)e Mo
whenever t > s > 0, with D as in (2.12). Similarly, letting Q; = Idy — P; we obtain
It s)Qeoll < ||U(t, s)Qsvll + ||U(t, s)(Ps — Ps)o]|
= ||u(t,s) 50| + [[U(t,0)(Po — Po)U(0, s)o||
D(s)e*"=9)||o]| + D(0)D(s)e *=*)||Py — Py | - |||
D(s)e M=||o]

whenever s > t > 0. This shows that the equation x’ = A(t)x has a tempered exponential
dichotomy with projections P;. O

(2.15)

One can readily obtain a corresponding version of Lemma 2.2 for I = RR;.

We proceed with the proof of the theorem. We first show that the equation x’ = A(#)x
has a tempered exponential dichotomy on the interval I. Let E; C RF be the vector space of
all initial conditions at time 0 for which the solutions of x’ = A(t)x are bounded on I and let
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E, be any complement of E; in R¥. Moreover, let F; C IR"~ be the vector space of all initial
conditions v at time 0 for which V(¢,0)v is bounded on I and the equation

x'=A(t)x+ C(H)V(t,0)v (2.16)

has a bounded solution on the interval I. Finally, let F, be any complement of F; in R" .

We first show that given v € Fj, there exists a unique bounded solution x, of equation
(2.16) on I with x,(0) € E;. Let x be a bounded solution of equation (2.16). We note that ¥ is
another bounded solution of (2.16) (for the same v) if and only if x — X is a bounded solution
of x’ = A(t)x, that is, if and only if x(0) — #(0) € E;. This aside remark can be used to
establish the existence and uniqueness of x,, as follows.

Given bounded solutions x and ¥ of equation (2.16) with x(0),x(0) € E,, it follows from
the remark that x — ¥ is a bounded solution of x' = A(t)x with x(0) — %(0) € E,. By the
choice of E; and Ej, this yields that x(0) = %(0) and so x = &. For the existence we take a
bounded solution x of equation (2.16) with x(0) = uy + up, where u; € E; and up € E (it
exists since v € Fy). Then for the solution ¥ of equation (2.16) with x(0) = u, € E; we have
x(0) — x(0) = uy € E; and so, by the remark, we conclude that X is bounded.

Using the solution x, we define a linear operator L: F; — E; by Lv = x,(0). We note that
(u,v) is the initial condition of a bounded solution of equation (1.4) on I if and only if

u—LveE; and veF. (2.17)

Moreover, for I = R, let PA: R — RF and Q: R"% — R"~* be, respectively, the projec-
tions onto the first components of the splittings E; @ E; and F; @ F,. Finally, for I = R, let
PA: RF — RF and Q: R" % — R"* be, respectively, the projections onto the second compo-
nents of the splittings E; @ E; and F; @ F>.

Now we consider the projection P given by

— _(PA L .
P:<0 QQ> if 1=TRS

and . )

= P4 L(Id,—x—Q : _

P:<0 HQ > if | =R,.

It follows readily from the characterization of the initial conditions of the bounded solutions
of equation (1.4) in (2.17) that P(R") (both when I = IRO+ and I = IR) is the vector space of
all initial conditions at time 0 leading to bounded solutions. In short, P(R") = Py(IR"), where
P, are the original projections with respect to which equation (1.4) has a tempered exponential
dichotomy. It follows from Lemma 2.2 (and its corresponding version when I = RR;) that
equation (1.4) has a tempered exponential dichotomy on I with respect to the projections

P; = T(t,0)PT(0,t), (2.18)
where T(t,s) is the evolution family associated with equation (1.4), with constant A and func-
tion D.

Let Q, = Id, — P;. For each u € R* and s € I we have
Py(u,0) = (Pu,0) and Q,(u,0) = (Q%u,0), (2.19)

where
PA =U(s,0)PAU(0,s) and Q2 =1d; — P2
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Therefore, for each u € R¥ and t > s with t,s € T we have

IU(t,s)Pull = || T(t,5)(Psu, 0)]| = | T(t,s)P MO)H

(2.20)
< D(s)e M| (u,0)]| = D(s)e =) Jul],

using the norm || (1, v)|| = max{||u||, |0} for u € R* and v € R"*. Similarly, for each u € RF
and t < s with t,s € I we have

lU(t,s)Q%ull = [IT(t,5) Qs (,0)|| = IT(t,5)Q;(u,0)]

- = 221
< D(s)e V| (,0)| = D(s)e " Ju. 220

This shows that the equation x’ = A(#)x has a tempered exponential dichotomy on I with
projections P/

Before showing that the equation y’ = B(t)y has a tempered exponential dichotomy we
obtain identity (2.9) for v € F;. By the variation of constants formula, for t > 0 and v € F; we
have

t
PAx,(t) = U(t,0)P{\x, (0) +/ U(t, T)PAC(T)V(t,0)0dt
0
and t
Qfx, (1) = U(t,0)Qf x,(0) +/ U(t, T)QAC(T)V (1, 0)vdr.
0
The last identity is equivalent to
t
Qi (0) = U(0,)Qfx, (1) — [ U(0,T)QAC(T)V(x, 0)vdr. (222)
0
Since the function x, is bounded, we have C = sup,.[[x»(t)|| < +oco and
|U(0,)Qx,(t)|| < CDe ™.
Hence, taking limits in (2.22) when t — +oco we obtain
—+00
Qfxy(0) = — / L(0,7)QAC(T)V (1, 0)0 d.
0
Recall that by construction we have x,(0) € E; and so Q4'x,(0) = x,(0). Therefore,
+o0
Lo = x,(0) = — / U(0,7)QAC(1)V(z,0)0d, (2.23)
0
which establishes identity (2.9). Identity (2.10) can be obtained in a similar manner.

Finally, we show that the equation y’ = B(t)y has a tempered exponential dichotomy on I.
Consider the adjoint equation

"= —A(t)*x
, . i (2.24)
= —C(t)"x —B(t)"y
and write it in the form
"= —B(t)*z — C(t)*w,
)"z = C(t)"w (2.25)
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taking (z,w) = (y,x). One knows from the theory that the adjoint equation (2.24) also has
a tempered exponential dichotomy on I, with the same constant A and function D, and with
projections Id, — P; (see (2.18)). This readily implies that equation (2.25) has a tempered
exponential dichotomy on I with projection at time 0 given by

- Q" —Q L\ o o,
( 0 1d, - (pA)) 1=K

and ( )

Id, r—Q" (Id,x—Q")L" : MR-

< 0 Id, — (PAY* it [ =Ry,
with the same constant A and function D. Thus, one can proceed as in (2.19), (2.20) and (2.21)
to conclude that the equation y’ = —B(t)*y has a tempered exponential dichotomy on [ with
projections at time 0 equal to Id,_; — Q*, with the same data. This implies that the equation
y' = B(t)y has also a tempered exponential dichotomy, with projection at time 0 equal to
= Q, thus leading to the projections in (2.7) and (2.8). In particular, identity (2.23) holds

for
veF =Q(R"*) =PE(R"),

with a corresponding remark for [ = Ry . O

Our second result gives a suficient condition for the converse of the statement in Theo-
rem 2.1.

Theorem 2.3. Assume that the equations x' = A(t)x and y' = B(t)y have tempered exponential
dichotomies on I = R§ or I = Ry with constant A, function D and, respectively, projections P* and
P8 at time 0. If
1
limsup —log (D(#)[|C(t)]]) <0, (2.26)
[t|—+4o00 t

then equation (1.4) has a tempered exponential dichotomy on 1 with any constant less than A.

Proof. Consider the projections
Py = T(t,0)PT(0,t),

with P as in (2.7) or (2.8), respectively, when I = IR(J)r or [ = R, . We claim that

(1 %)

where
PA =u(t,0)PAU(0,t) and PP =V(t,0)PPV(0,1),

with

R(t) = — /fu(t, T)PAC(T)(Id,_x — PPV (1, t) dT
e (2.27)
_/t U(t, 7)(Idx — PAYC(T)PBV (1, t) dt

when I = R; and

t
U(t,T)PAC(T)(Id,_x — PPYV (1, t) dT
o (2.28)

-0
U(t,t)(Id; — PHC(T)PEV (1, t)dt
t
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when [ = Ry . Clearly,

B : _
R(0) = {LP if I =R, 2.29)

| L(d,_x - PB) ifI=R;.

Identities (2.27) and (2.28) can be established as follows. For [ = ]Rar it follows readily from
(2.7) that

pA LpB
P, = T(t,0) ( 0 pP ) T(0,1)

_[(U(t,0) W(t,0)\ (P4 LPBY /U(0,t) W(0,t)
=(57 Vi) (o ) (57 Vo)
B (P;“ PAU(t,0)W(0,t) + [U(t,O)L+W(t,O)]V(O,t)PF)
-\ 0 pp '

Using (2.6) we find that
R(t) = PAU(t,0)W(0,t) + [U(t,0)L + W(t,0)]V(0,t) PP
t
— U(t,0)R(0)V(0, £) + / U(t,7) [C(1)PE — PAC(T)V (1, ) dT.

0
Using (2.8) one can readily obtain a corresponding property when I = R,,. Identities (2.27)
and (2.28) follow now in a straightforward manner from (2.9) and (2.10) together with (2.29).
We use the former identities to show that the equation ¥’ = A(t)x has a tempered ex-

ponential dichotomy on I with projections P;. First we show that (2.3) holds for t > s with
t,s € I, for some constant A and some function D satisfying (2.2). Note that

T(t,5)P, — (U(t,;)PSA W(t,S)%B(;SSZISSEIS)R(S)) ‘ (2.30)

We have
t
W(t,s)PSB:/ U(t, T)PAC(T)PEV (1, 5) dT
t
+ / U(t, 7)(Idx — PA)C()PEV (x, 5) dr.

When I = R; we obtain

U(t u t,T)PAC(7)(Id,_x — P2V (1,s)dt
0

—+00
/ U(t,7)(1d; — PA)C(T)PEV (1, 5) dt
and hence,

W(t,s)PE 4+ U(t,s)R(s) = U(t T)PAC(T)PEV(1,5)dT

\

/ U(t,7)(1dy — PA)C(T)PEV (1, 5) dT (2.31)

U(t,)PAC(7)(Id,_x — P2)V(7,s)dT.



10 L. Barreira and C. Valls

Similarly, when I = R, we obtain
W(t,s)PP + U(t,s)R(s) = /: U(t, T)PAC(T)PEV (7, s) dT
- /t " U(t, 1) (1dy — PAYC(1)PEV (7, 5) d
_ [ UL TPAC(T) Iy — PRV (7,5) d.
By (2.26), given € > 0, there exists d > 0 such that

D(t)||C(t)|| < del, fort e I. (2.32)

Hence, whenever t > s > 0 we have

HW(t,s)PSB +U(t,s)R(s)|| < /tD(T)eA(tr)HC<T)”D(S)e/\(TS) gt

S

—+00
n / D(t)e M| C(1)||D(s)e ) dr
t

S
+ [ D@ I (o)D) de 2.33)
—(A—¢)(t—s)+es e~ (A—g)(t—s)+es
< —p(t—s) 4 ¢
_dD(s)(ce t— et . )

2
< s ,—p(t—s)
< dD(s)e*e <C+2/\—5)'
for some constants ¢ > 0 and # < A (independent of ¢) provided that ¢ is sufficiently small so
that y < A — e. The first term follows from noting that

/t eeref/\(tfr)ef/\(ffs) At = /t esref/\(tfs) dt

s s
< (t . S)este—/\(t—s) < Ce—y(t—s)—i—ss/

for some constants as above. It follows from (2.2) and (2.33) that

lim sup % log (|[W(t,5)PP + U(t, s)R(s) [0 )) < e. (2.34)
5—+00

In view of identity (2.30), it follows from (2.34) and the arbitrariness of e that (2.3) holds

whenever t > s > 0 with A replaced by p and D replaced by the function

= sup(|[W(t,5)P + U(t,s)R(s) ")),

t>s

The case when I = IR can be treated similarly (it only requires replacing in the integrals the
lower limit 0 by —co and the upper limit +co by 0).

Now we show that (2.4) holds for ¢t < s with t,s € I, for some constant A and some
function D satisfying (2.2). First note that

_ ((dy — PMU(ts) (Idg — PAYW(t,8) — R(t)V(t,s)
TW)QS‘( C 0 0l PRV(Ls) )
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Again, for simplicity of the exposition, we consider only I = ]Ra' . We have
t
R()V(ts) = — / U(t, T)PAC(T)(Id,_ — PPYV(1,5) dt
0
+o00
- / (Id; — PAYC(1)PPV (1, 5) dt
t

and
(Idy — PYW(t,s) = /t U(t, t)(Id; — PHC(7)V(1,s) dt.

Hence,
(Idx — PYW(t,s) — R(H)V(t,s) = /Ho U(t, 7)(Id; — PHC(T)PBV (1,s) dt
. / Ut ) (1dy — PAYC(T)(Id,_ — PPV (T, 5) dT
+ Ut T)PAC(T)(1dy 4 — PPYV (1,5) dT,

which implies that whenever 0 <t <'s we have

1(1d — PYW(t,s) = ROV (t,5)]
e(Afs)(tfs)Jrss

2N —¢ 2N —¢ (2.35)

+ C> e/\(tfs)

(A—e)(t—s)+es
< dD(s)e€S< +cett=9) 4 € >

< £S
< dD(s)e (2/\_8

for some constants ¢ > 0 and u < A (independent of ¢) provided that ¢ is sufficiently small
so that 4 < A —e. Proceeding as in (2.34), it follows from (2.35) that (2.4) holds whenever
0 <t <s, with A replaced by p and D replaced by some other function. This completes the
proof of the theorem. O

Now we give a counterexample to the converse of Theorem 2.3 when condition (2.26) is
not satisfied.

Example 2.4. Consider the triangular equation
X' =2x+ye", Yy =-2 (2.36)

with a > 0. Both linear equations

/ /

x = 2x, y = -2y
have a tempered exponential dichotomy on RJ with constant function D and projections,

respectively, P = 0 and P8 = 1. Since C(t) = ¢", we have

1 1
lim sup T log(D(#)||C(t)]|) = limsup ?eat =a>0

=400 t—s400

and so (2.26) is not satisfied. Now we show that the triangular equation (2.36) has no tempered
exponential dichotomy on Rj. The solutions are

(1) = (x0) = L) & o) 2a =3, y(1) = y(0)e
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ifa # 3 and
x(t) = x(0)e' + (O, y(t) = y(0)e

if a = 3. It follows from the proof of Theorem 2.1 that if equation (2.36) has a tempered
exponential dichotomy, then the projection P has rank 1. In view of the first component this
happens if and only if 2 < 2 and the initial condition is a scalar multiple of (1,a—3). On
the other hand, by Theorem 2.1 we have P = (J¢) for some ¢ € R. For a < 2 the matrix
U(t) = T(t,0) associated with (2.36) is

and so

Clearly,

lim inf — log ‘ [(B3—a)c+1]e* —e"| >0

t—4oo |

for all 4 € (0,2] and so, for a > 0 equation (2.36) does not have a tempered exponential
dichotomy on R{.

3 Strong tempered exponential dichotomies

We say that equation (1.1) has a strong tempered exponential dichotomy on an interval I if there
exist projections P; for t € I satisfying (2.1) and there exist constants > A > 0 and a function
D: I — R™ satisfying (2.2) such that

IT(t,5)Ps|| < D(s)e ), || T(s,1)Pi|| < D(t)e!" ™) (3.1)

and
IT(s,)Qel < D(t)e %), ||T(t,5)Qs|| < D(s)et* ) (32)

for t > s, where Q; = Id,, — P for each ¢.

Theorem 3.1. Assume that equation (1.4) has a strong tempered exponential dichotomy on I = R{ or
I =R, with constants A and . Then the equations x' = A(t)x and y' = B(t)y have strong tempered
exponential dichotomies on I with the same constants A and .

Proof. For simplicity of the exposition we consider only the case of I = Rj. Let U(t,s) be the
evolution family associated with the equation x’ = A(t)x.

Lemma 3.2. Assume that the equation x' = A(t)x on R has a strong tempered exponential dichotomy
on Ry with constants A,y and projections P;. Moreover, let Py be another family of projections sat-
isfying (2.11). Then the equation x' = A(t)x has a strong tempered exponential dichotomy with
projections Py if and only if Py(RF) = Po(R¥), in which case the equation has a strong tempered
exponential dichotomy on R with projections Py, constants A, y and function D given by (2.12).
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Proof of the lemma. The lemma can be established along the lines of the proof of Lemma 2.2
and so we only outline the differences. Namely, we only need to obtain the second bounds in
(3.1) and (3.2). Proceeding as in the proof of Lemma 2.2 (see (2.14)) we have
IU(s, t)Pyo|| < [[U(s, t)Peol| + [U(s, ) (P = Pt)o]|
= HU(S/ t)Pro|| + [[U(s, 0)(Po — Po)U(0, £)o]|
D(1)e"") |[o|| + D(0)D(t)e****)|[Py — Po|| - |0

D(t)e" o]

for t > s and v € R, with D as in (2.12). Similarly, letting Q; = Id; — P; we obtain

)
)

IU(s, £)Qeoll < [U(s, ) Q]| + [IU(s, £) (Pt — Pr)o]
—IIU(S, )Qol| + [[U(s,0)(Po — Po)U(0, t)o]
D()e""=|[o]| + D(0)D(t)e* || Py — Po|| - ||o]
)

D()e" o]

for t < s. This shows that the equation x’ = A(t)x has a strong tempered exponential di-
chotomy with projections P;. O

We proceed with the proof of the theorem. In view of Theorem 2.1 (see (2.20) and (2.21)),
for the equation x’ = A(t)x it remains to obtain the second bounds in (3.1) and (3.2). For each
u € RFand t > s > 0 we have

1U(s, )P ull = || T(s,t)(P{'u,0)]| = [IT(s,t)Pe(u, 0) |
< D)) (u,0)|| = D(t)e"" ™ |lull,

using again the norm ||(u,v)| = max{||u|, ||v||} for u € RF and v € R"*. Similarly, for each
u € RFand s > t > 0 we have

IU(s, )Qfull = IT(s, £)Qf (1, 0)[| = [T (s, £)Qs(u,0) |
< D(1)e"* 1| (u,0)[| = D(£)e" " [ul].

This shows that the equation x’ = A(t)x has a strong tempered exponential dichotomy on Ry
with projections P/!. Proceeding analogously with the adjoint equation (see the proof of
Theorem 2.1), we conclude that the equation ' = B(t)y has a strong tempered exponential
dichotomy on R{. O

We note that the projection Py associated with the strong tempered exponential dichotomy
for equation (1.4) can be written in the form (2.7) and (2.8), respectively, where P4 and PP
are, respectively, the projections at time 0 associated with the strong tempered exponential
dichotomies for the equations in (2.5), and where L is the linear map given by (2.9) and (2.10),
respectively.

The following result is a partial converse of Theorem 3.1.

Theorem 3.3. Assume that the equations x' = A(t)x and y' = B(t)y have strong tempered exponen-
tial dichotomies on I = R§ or I = R, with constants A, y, function D and, respectively, projections
PA and PP at time 0. If condition (2.26) holds, then equation (1.4) has a strong tempered exponential
dichotomy on I with any constants, respectively, less than A and greater than y.
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Proof. The statement can be established as in the proof of Theorem 2.3 and so we only outline
the differences. For simplicity of the exposition we assume that [ = R (the case when [ = R;
can be treated similarly). Using (2.32), for t > s > 0 the quantity W(s,t)P? + U(s,t)R(t)
satisfies (see (2.31)).

It follows in a similar manner as in (2.31) that for t > s we have

W(s, )PP + U(s, )R(t) = — / "U(s, 1) PAC(T) PPV (1, 1) dr
_ / " U(s, 1) (1dy — PAYC(T)PPV (7, t) dr

t
. / U(s, T)PAC(T)(Id,_ — PP)V(z, 1) dT.
0
Now using (3.1) and (3.2) we readily get

IW(s, )P + U(s, HR()|
< [ D@e e [D(t)er ) de

+ [ D@ I e D)t de
+ [T p@e o) Ip(e ) de
+ [ D@ e ID (e ax
+ [ D@ e [D(e N ar

< dD(t)eV(t*S) /te£T dt + dD(t)eytJr)\s /te(y+A)T+£T dt

S S

+dD(t)e)‘(t+S) /+°° o 2ATHeT dT+dD(t)eAt—ys /Se(y—/\)r-i,-gr at
t 0

t
+dD(t)eMs) / et dt
S
u(t—s)+es e~ Alt—s)+et pM(t—s)+es

< v(t—s)+et | € v(t—s)+et
_dD(t)(ce +V+/\—S+ e —|—V_A+£—|—ce

eh(t=s) e—Mi—s) eMt=s)
y+/\—8+ 2N —¢ +y—/\+£>

< dD(t)e <2ce”(f5) -

£ l/ s 2 1
< dD(t)ete" - )<ZC+2A—E+‘IJ—A—|—€>’

for some constants ¢ > 0 and v > y (independent of €) provided that ¢ is sufficiently small so
that 2A > e.
In a similar manner as we did in (2.35) we get, for t > s

|(1dx — PAYW(t,s) — R(DV (¢, s) || < eD(#)etev =)

for some constants ¢ > 0 and v > y (independent of ¢) provided that ¢ is sufficiently small. [
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4 Discrete time dynamics

In this section we obtain corresponding results to those in Section 2 for a dynamics with
discrete time. We first introduce the notion of a tempered exponential dichotomy. Let (A )mer
be a sequence of invertible n x n matrices, where I = ZO+ or I = Z,. For each m,l € I we
define

Ap_1--- A ifm>1,

A(m, 1) =<1d ifm=1,

A AL ifm <L
We say that the sequence (A, )mes has a tempered exponential dichotomy on I if there exist pro-
jections P, for m € I satisfying

P, A(m, 1) = A(m,1)P, form,l €1, (4.1)

and there exist A > 0 and a sequence (D,,)me; C R satisfying

lim sup L log D,, <0 4.2)
| oo |1
such that
|A(m, 1P| < D "=, form > 1, (4.3)
and
|A(m,1)Qi|| < De=*=™), form <1, (4.4)

where Q,, = Id, — P,, for each m (as before, Id, is the identity on R"). The sets P;(R") and

Q;(R") are called, respectively, stable and unstable spaces at time /. In a similar manner to that

in the case of continuous time, all the projections are determined by the projection at time 0.
Now we consider an upper triangular sequence

Am Cpy
o= (4 &) 0

acting on R¥ x R"* for some integer k € (0,n). For the dynamics x,,+1 = HyX;, we have
xm = H(m,1)x; for m,l € [ where

I¢(m, 1) = (ﬂ(m/l) G(m/l)>,

0 B(m,I)
with
Ap_1--- A ifm>1, Bu_1---B ifm>1,
A(m,1) = ¢ 1d ifm=1, B(m,l) =< 1d ifm=1,
At AL ifm< B,'---B Y ifm<l
and

Er A(m j+1)CBGL)  ifm >
C(m,1) =20 ifm=1, (4.6)
— YL A(m, A V)CB(j, 1) ifm <.
In the following result we show that the existence of a tempered exponential dichotomy

for the sequence in (4.5) yields the existence of a tempered exponential dichotomies for the
sequences A, and By,.
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Theorem 4.1. Assume that the sequence in (4.5) has a tempered exponential dichotomy on I = Z§
or I = Z; with constant A. Then the sequences (Ay)mer and (By)mer have tempered exponential
dichotomies on I with the same constant A. Moreover, the projection Py associated with the tempered
exponential dichotomy for the sequence (Hy, )me] can be written in the form

pA LPB\ .
<o pB> ifl=2¢ (4.7)

and " 5
PA L(Id, «—P . _
< 0 ( PkB )> ifl =173, (4.8)

where PA: RF — RF and PB: R"F — R"* are, respectively, the projections at time 0 associ-
ated with the tempered exponential dichotomies for the sequences (Am)mer and (By)me1, and where
L: PB(R"%) — PA(RK)" is the linear map given by

Lo = — 3 (idy — PYA(O,)CB(, 00 if I = Z{ (49)
j=0

and L: ker P2 — (ker PA)* is the linear map given by
0
Lv=— Y PAA(0,j)C;B(j,0)0 ifl =2Z;. (4.10)
j=—00
Proof. We start with an auxiliary result that is a discrete-time version of Lemma 2.2.

Lemma 4.2. Assume that the sequence (Ay)m>0 of k X k matrices has a tempered exponential di-
chotomy on Zg with projections P,,. Moreover, let Py, be another family of projections such that

Py A(m, 1) = A(m,1)P;, form,l € Z§.

Then the sequence (Ay)m>o has a tempered exponential dichotomy with projections Py, if and only
if Po(R) = Po(R¥), in which case (Am)mer has a tempered exponential dichotomy on Z with
projections Py,, constant A and sequence Dy, given by

Dy = Dy + DoDy|| Py — Py (4.11)

Proof of the lemma. One can easily verify that if the sequence (A;;)nen has a tempered expo-
nential dichotomy on Z§ with projections Py, then

Po(RF) = {U € R : sup||A(m,0)v]| < —l—oo} = Pyp(RF).

m>0

Now assume that Py(IR¥) = Py(IR¥). Then (2.13) holds and so it follows from (4.3) and (4.4)
that
14(1m,0)(Py = Po)o|| < DoDye " *™)(|Py — Po|| - ||A(1,0)0]

form,l € Z; and v € RF (see (2.14)). Therefore,
lA(m, 1) Ppol| < ||A(m, 1) Pol| + || A(m, 1) (P — P)o]|
= ||A(m, 1) Po| + ||.A(1,0)(Py — Po)A(0,1)v||
< Die " Djo|| + DoDye " D[Py — Po | - o]

= Dye "D o||
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for m > 1, with D; given by (4.11). Similarly, letting Q,, = Idy — P,, we obtain
1A4(m, 1)Qpoll < Dye*"V]jo]|

for m < I (see (2.15)). This shows that the sequence (A, )n>0 has a tempered exponential
dichotomy with projections P,,. O

To establish the statement in the theorem we first show that the sequence (A )mer has a
tempered exponential dichotomy. Let E; C R be the vector space of all initial conditions at
time 0 for which the sequence x,,11 = A;Xy, is bounded on I and let E; be any complement
of E; in R¥. Moreover, let F; € R" ¥ be the vector space of all initial conditions v at time 0 for
which the sequence B(n,0)v is bounded on I and the dynamics

X1 = AmXm + CpB(m,0)v (4.12)

has a bounded solution on I. Finally, let F, be any complement of F; in the space R"*.

Given v € F, there exists a unique bounded solution (x%,)es of (4.12) on I with x§ €
E;. Indeed, let (x;;)mer be a bounded solution of (4.12). We note that (X)ycs is another
bounded solution of (4.12) (for the same v) if and only if (X, — X )me is @ bounded solution
of X141 = Apxy, that is, if and only if xo — ¥y € E;. This remark will be used to establish
the existence and uniqueness of x”. Given bounded solutions (x,)mer and (X )mer of (4.12)
with xg, %y € Ep, it follows from the remark that (x,, — % )me; is @ bounded solution of
Xm+1 = Amxm With xg — X9 € E;. By the choice of E; and E,, this implies that xo = %y and so
Xm = %y for all m € I. For the existence we take a bounded solution (x,,),e; of (4.12) with
Xo = u + v, where u € E; and v € E; (it exists because v € F;). Then for the solution (%,)me1
of (4.12) with Xy = v € E; we have xo — Xp = u € E; and so we conclude by the remark that
(% )me1 is bounded.

Using the sequence x” we define a linear map L: F; — E; by Lv = x{j. We note that (u,v)
is the initial condition of a bounded solution of x,, 11 = Hy,x,, on I if and only if

u—LveE; and v € F.

Moreover, for I = Z§ let PA: R* — RF and Q: R"™* — R"¥ be, respectively, the projec-
tions onto the first components of the splittings E; & E; and F; @ F,. Finally, for I = Z let
PA: RF — RF and Q: R" % — R"* be, respectively, the projections onto the second compo-
nents of the splittings E; @ E; and F; @ F,.

We also consider the projection P given by

— PA L .
P:(O QQ> if 1 =2§

and B
—~  (P* LOd, «— , _
P:<O ( Q" Q)> ifI=2;.

Then P(R") (both when I = Z; and I = Z;) is the vector space of all initial conditions
at time 0 leading to bounded solutions. It follows from Lemma 4.2 (and its corresponding
version when I = Z;) that the sequence (H,,)ue; has a tempered exponential dichotomy on I
with respect to the projections

P, = H(m,0)PH(0,m),
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with constant A and sequence D,. One can now proceed as in (2.20) and (2.21) to show
that the sequence (A )men has a tempered exponential dichotomy on I with projections
P2 = A(m,0)PAA(0,m). Moreover, for m > 0 and v € F; we have

m—1
Pyxy, = A(m, 0)Pg'xg + Y A(m, j+ 1)PACiB(j,0)
j=0
and
m—1
Qnxy = A(m, 0)Qf'xg + Y A(m, j+1)Qf C;B(j, 0).
j=0
The last identity is equivalent to
m—1
Qf'x§ = A(0,m)Qmxy, — Y A0, +1)Q%CB(j,0). (4.13)
j=0

Since the sequence x” is bounded, we have C = sup,,||x},|| < +co and
| A4(0,m)Qax? || < CDe ™.

Hence, taking limits in (4.13) when m — 4-co we obtain

+
3

Qf'x§ = — Y A(0,j +1)Q7,CiB(j, 0)o.
j 0

Since x3 € E,, we have Q{'x§ = x§ and so
w . A .
Lo=xj=—) A0+ 1)Q;i11CB(j,0)o.
j=0

To show that the sequence (By,)mer has a tempered exponential dichotomy on I one can

proceed in a similar manner to that in the proof of Theorem 2.1 using the adjoint dynamics.
O

We also give a sufficient condition for the converse of the statement in Theorem 4.1.

Theorem 4.3. Assume that the sequences (Am)mer and (Bu)mer have tempered exponential di-
chotomies on I = Z or I = Z with constant A and sequence D,, and, respectively, projections
PA and P® at time 0. If

. 1
lim sup p” log (Dy11||Cull) <0, (4.14)

\m\—)-i—oo

then the sequence (Hy,)mer has a tempered exponential dichotomy with any constant less than A.
Proof. Consider the projections
Py, = H(m,0)PH(0,m),

with P as in (4.7) or (4.8), respectively, when [ = Z§ and [ = Z;. We claim that

(P Ry
m= ().
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where
PA = A(m,0)PAA(0,m) and PE = B(m,0)PEB(0,m),
with
R, = — ZAm]+1) P£,Ci(1d,— — PP)B(j, m)
/=0 (4.15)
- Zﬂ m, j+1)(1dx — P{t1)CiPB(j, m)
j=m
when [ = Z; and
m—1 ' " B '
R, = — Z A(m, j+1)PL,Ci(1d,« — P7)B(j,m)
]:—oo

Y A+ 1) (I~ PGB (m)
] m
when [ = Z,,. Clearly
_ fLpE if 1 =2§,
° T\ Ld, - PB) if I =2Z;.

Identity (4.15) can be obtained as follows. For I = ZS’ it follows from (4.7) that

pA LpB

_ (A(m,0) €(m,0)\ (P* LPP\ (A(0,m) €(0,m)
_ EPH‘;‘ : P,ﬁA(ni,O)G)?(),Si) + [jfm),OEL —l—OG(m, Ojj](g’(r(;)n%)P,ﬁ)
0 PB ‘

Using (4.6) we find that

R, = P2A(m,0)€(0,m) + [A(m,0)L + C(m,0)]B(0,m)PE
— A(m,0)RoB(0,m) + i A(m, j+1)[C;PE — PA CIB(j, m).

Using (4.8) one can readily obtain the corresponding result for I = Z; . Identity (4.15) follow
now in a straightforward manner from (4.9) (and the corresponding when I = Z; follows
from (4.10)).

We use the former identities to show that the sequence (A;;)mcr has a tempered exponen-
tial dichotomy on I with projections Py,. First we show that (4.3) holds for m > [ with m,l € I,
for some constant A and some sequence D; satisfying (4.2). Note that

A(m,1)PA  C(m, )PP +A(m,l)R1> (4.16)

F(m, )P = ( 0 B(m,1)PE

For simplicity of the exposition we consider only the case when I = ZJ (the case when
I = Z,, requires only replacing in the sums the lower limit 0 by —co and the upper limit +oco
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by 0). We have

e(m,1)PE = Z A(m, j+1)P4,CiPPB(j,1)
j=I
m—1
+ Y A(m, j+1)(I1dx — P4,)CPPB (), 1).
j=I

When I = Zar we obtain
-1
A(m, )Ry = =Y A(m, j+1)P4,Ci(1d,—x — PP)B(j, 1)
j=0
=Y A(m,j+1)(Idg — P]H)C]Pj B(j,1)
j=1
and hence,

-1
e(m, )PP + A(m,1)R ZA m,j+1)P; 1CPB (j, 1)
j=I
Y A+ 1)(1dg — PAGEPB(, 1)
] m
-1

— Y A(m,j+1)P4,Ci(Id,—x — PP)B(j, 1).
j=0

By (4.14), given € > 0, there exists d > 0 such that
Dyi1]|Ci|| < de™, form € 1.

Hence, for m > [ > 0 we have

m—1
|€(m, 1)PE + A(m, )R, < Y DyreMmi-D]|¢;[[ Dy 0D
j=I

—+o0
+ ), Djae N G| Dye U

j=m
-1 ) )
+ Z Dj_He—A(m—]—l) ch H Dle—A(l—]) (4.17)
j=0
—(A—e)(m—1)+el —(A—¢)(m—1)+el
A p—u(m—1) | € e
< dDe (ce pm=1) 4 = T R m— >

2
< lee)‘egle’”(m’l) (c + 1_6—2/\+S>'

for some constants ¢ > 0 and y < A (independent of ¢) provided that ¢ is sufficiently small.
The first term is justified by the inequalities

Zeeje (m—j—1) 72\] 1) et Zes]e <( )e/\esme A(m—I)

< ce~ ],t(m l)—&-sl/
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for some constants as above. It follows from (4.2) and (4.17) that

11msupflog(H(3(m PP 4+ A(m, DR ||e"m D) <e. (4.18)

[—+o00

In view of identity (4.16), it follows from (4.18) and the arbitrariness of e that (4.3) holds for
m > 1, with A replaced by p and D replaced by the sequence

I — sup(||(f(m,l)PlB +A(m,l)Rl||eV(m_l)).

m>1

Finally we show that (4.4) holds for m < [ with m,l € I, for some constant A and some
function D satisfying (4.2). First note that

H(m, 1)Q) = <(Idk — PMYA(m, 1) (1dg — P2)C(m,1) — ng(m,l)> |

0 (Id,_x — PBYB(m,1)
We have
m—1
RuB(m,n) = — Y A(m,j+1)P4;C(Id,—x — PP)B(j, 1)
]—0
- EA m, j+1)(1dx — P{1)C;PPB(j, 1)
j=m
and
(Idg — Pyy)€(m, Z A(m, j+1)(1dx — PA31)CiB(j, ).
] n
Hence,

+00
(Idg — Pyy)€(m, 1) — RyB(m,1) = Y A(m, j+1)(1dx — P{;)C;PPB(j, 1)
j=l
m—1
— Y A(m,j+1)(1dg — P£,)Cj(1d,— — PP)B(j, 1)
j=l

m—1
+ ) A(m,j+1)P,Ci(Id,—x — PP)B(j, 1),
j=0
which implies that for m <[ we have

1(1dy — P)€(m, 1) = RyB (m, 1)

e(A—e)(m—1)+el e(A—s)(m—l)+£l>

+cetm=h 4

A el
S lee € < 1— 62/\—5 1— 62/\—8

(4.19)

< dDjete! (1_622Ag +c> Am=1)

for some constants ¢ > 0 and p < A as above. Proceeding as in (4.18), it follows from (4.19)

that (4.4) holds for m < I, with A replaced by u and D replaced by some other sequence. This
completes the proof of the theorem. O
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We also formulate corresponding results for the notion of a strong tempered exponential
dichotomy. We say that the sequence (A, )me; of invertible n x n matrices has a strong tempered
exponential dichotomy on I if there exist projections P,, for m € I satisfying (4.1) and there exist
constants y > A > 0 and a sequence (Dy,)c; C RT satisfying (4.2) such that

|A(m, )Py < Dye™=0,  |LA(L,m)Py|| < Dyt

and
AL m)Qul| < D0, || A(m, Q]| < Dyett" "

for m > I, where Q,;, = Id,, — P, for each m. We have the following two results (the proofs are
similar to the previous ones and so we omit them).

Theorem 4.4. Assume that the sequence in (4.5) has a strong tempered exponential dichotomy on
[ =2Z7 or I = Zy with constants A and p. Then the sequences (Am)mer and (By)mer have strong
tempered exponential dichotomies on I with the same constants A and .

The following result is a partial converse of Theorem 4.4.

Theorem 4.5. Assume that the sequences (A )mer and (B )mer have strong tempered exponential
dichotomies on I = Z§ or I = Z with constants A, u, sequence (Dy,)me; and, respectively, projec-
tions P2 and P® at time 0. If condition (4.14) holds, then the sequence (Hy, ) e has a strong tempered
exponential dichotomy with any constants, respectively, less than A and greater than .
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