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1 Introduction

1.1 The statement of the problem

Let QO C RR? be an open and bounded domain with smooth boundary denoted by 9Q). We
consider the following problem

{—Au(x) = M(u(x)), x€Q, (1.1)

u(x) =0, x € 0},
where A is a real parameter and / : R — R is the function given by

2t —1, t>0,

h(t) = { (1.2)

el —1, t <0,

with p € (0,1) a fixed real number. Note that this equation is not a typical eigenvalue problem
since it has an inhomogeneous character (in the sense that if u is a nontrivial solution of the
equation then tu fails to be its solution for all ¢ € R). However, since in this paper we
are interested in finding parameters A € R for which problem (1.1) has nontrivial solutions
we will call it a nontypical eigenvalue problem. In this context, we will call such a parameter
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an eigenvalue of problem (1.1) and a corresponding nontrivial solution of the equation an
eigenfunction. Moreover, we will refer to the set of all eigenvalues of problem (1.1) as being
the spectrum of the problem. To be more precise, we will use the following definition in our
subsequent analysis.

Definition 1.1. We say that A € R is an eigenvalue of problem (1.1) if there exists u € H}(Q) \
{0} such that

/Q VuVe dx = A /Qh(u)cp dx, ¥¢eHY(Q) (1.3)

Function u from the above relation is called an eigenfunction associated to eigenvalue A.

1.2 Background, motivation and main result

First, we recall that in the case when h(t) = ¢, for all + € R, problem (1.1) reduces to the
celebrated eigenvalue problem of the Laplace operator, i.e.

{_Au(x) = Au(x), x€Q, (1.4)

u(x) =0, x € 0Q).

It is well-known that the spectrum of problem (1.4) consists in an increasing and unbounded
sequence of positive real numbers (see, e.g. [11, Theorem 8.2.1.]). Moreover, each eigenvalue
has a variational characterisation given by Poincaré’s principle (see, e.g. [11, Proposition 8.2.2]).
In particular, we just recall that the first eigenvalue of problem (1.4) is obtained by minimizing
the Rayleigh quotient associated to the problem

/ |Vul? dx
A= inf 0

(1.5)
ueH}(Q)\ {0} / 2 dx
(@)

Furthermore, each eigenfunction corresponding to A; has constant sign in Q).
Next, we consider the case when h(t) = |t|72¢, for all t € R, where g € (1,00) \ {2} is a
given real number. Then problem (1.1) becomes

(1.6)

—Au(x) = Mu(x)|7%2u(x), x€Q,
u(x) =0, x € 0Q).

For problem (1.6) the spectrum is continuous and consists exactly in the interval (0, c0) (see,
e.g., [10, Théoréme 27.3, p. 119] or [5, Theorem 1]).
On the other hand, in the case when the function & involved in problem (1.1) is of the form

ht) = {f(t), t>0,

£, t <0,
with f satisfying the properties
(I) there exists a positive constant C € (0,1) such that |f(¢)| < Ct for any t > 0;

(IT) there exists ty > 0 such that foto f(s)ds >0;

() Tim;_,e L8 = 0;
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it was proved in [6, Theorem 1] that the spectrum of problem (1.1) contains, on the one hand,
the isolated eigenvalue A; given by relation (1.5) and, on the other hand, a continuous part,
consisting in an interval (p1,00) with pq > A;g.
Finally, we consider the case when h(t) = ¢!, for all t+ € R. Then problem (1.1) reads as
follows
— u(x
{—Au(x) =¥, xeQ, (1.7)

u(x) =0, x € 9Q).

Problems of type (1.7) have been extensively studied in the literature (see, e.g. [2] or [3] and
the reference therein). For instance in [2, Theorem 1.3 & Theorem 5.8] it was proved that
there exist two positive constants y; and p» (with pq < pp) such that each A € (0,4) is an
eigenvalue of problem (1.7) while any A € (2, 00) can not be an eigenvalue of problem (1.7).

Motivated by the above results, in this paper we study equation (1.1) when function h
involved in its formulation is given by relation (1.2). We reveal a new situation which can
occur in the description of the spectrum of this problem, namely the fact that it contains two
separate intervals. More precisely, we prove the following result.

Theorem 1.2. Assume function h from problem (1.1) is given by relation (1.2) and Ay is given by
relation (1.5). Then there exist two positive real numbers A, and A* with A, < A* such that each
A € (0,A4) U (A*,00) is an eigenvalue of problem (1.1). Moreover, any A € (%,Al) is not an
eigenvalue of problem (1.1).

2 Proof of the main result

In order to prove Theorem 1.2 we start by recalling a series of known results that will be
essential in the analysis of problem (1.1).

2.1 Auxiliary results

Given an N-function ® : R — R* (i.e., @ is even, convex; ®(t) = 0 iff t = 0; lim; ,ot ' ®(t) =
0 and lim;_, t‘lCID(t) = oo, see [1, Chapter 8] for more details) we can define the Orlicz space

L?(Q) := {u : Q) — R: uis measurable and / P(|u(x)]) dx < oo} .
0

We point out a few examples of N-functions: ®(t) = |¢|7, with g € (1,00), or ®(t) = ¢” — 1,
or &(t) = EZMTA Moreover, in the case when ®(t) = |t]7, with g € (1,00), the Orlicz space
L®(Q) is, actually, the classical Lebesgue space L7(Q).

A well-known result (see, e.g. [8, pp. 221-222]) asserts that the Sobolev space H}(Q) is
continuously embedded in the Orlicz space L®(0)), where @(t) := ¢!’ — 1, for all t € R. This
result is a consequence of Trudinger’s inequality (see [9] or [4, Theorem 7.15]) which ensures
that there exist two positive constants c¢; and c; (independent of (2) such that

Ju(x)[2
C u 2
/ (e ¥z q) 1) dx < |Q|, VYueH{Q).
Q
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Actually, the above inequality can be improved (see, e.g. [7]), since there exists a constant
Cop > 0, which is independent of (), such that

Jut) u(x)? dx
[Vul?, O |Q‘ 1
/ eMize — 1) dx < ¢y <P wvueml(@\{0}. @
0 / (Vu(x)[? dx &
QO

Finally, note that for any N-function ¥ that satisfies the property: lim; . gé’fg =0, Vk>0

we know that H} (Q)) is compactly embedded in L¥ (Q) (see, [8, pp. 221-222]). Setting ¥y (t) :=

62“‘2_1, for all t € IR, we observe that

2kt
fim S0kt =l
t—c0 (I)()(t) t—o0 2(€t - 1)

and consequently H}(Q)) is compactly embedded in L**(Q)). Similarly, it can be checked that
H}(Q)) is compactly embedded in each Lebesgue space L1(Q)), with g € (1, 0).

2.2 Proof of Theorem 1.2

First, we note that the embedding of H}(Q) into the Orlicz spaces L*(Q)), L¥(Q) and
LP*1(Q)) guarantees the fact that the integrals involved in Definition 1.1 are well-defined and,
thus, problem (1.1) is well-posed.

Next, in order to go further, it is convenient to observe that problem (1.1) can be reformu-
lated as follows

{—Au(x) = A[(e2 ) 1 (x) = 1) + (e —1)], xe€Q,

2.2)
u(x) =0, x € 0Q),

where 14 (x) := max{#u(x),0} for all x € Q. Recalling that for each u € H}(Q)) we have
that u(x) = uy(x) —u_(x) and |u(x)| = us(x) +u_(x), for all x € O, and furthermore,
uy € H}(Q)) and

0, if [u(x) <0],
Vu(x), if [u(x) > 0]

0, if [u(x) > 0],

Vi, (x) = { Vu(x), if [u(x) <0]

and Vu_(x)= {

for all x € Q) (see, e.g. [4, Lemma 7.6]), we can also rewrite relation (1.3) in the following
manner

/Q Vi, Vdx — /Q Viu_Vdx
- A/Q (2 +u —1) pdx + A/Q (e —1)¢dx, Ve HI(Q). @23)

In other words, A € R is an eigenvalue of problem (1.1) if and only if there exists u &
H}(Q) \ {0} such that relation (2.3) holds true.

The proof of Theorem 1.2 will be a simple consequence of the conclusions of Propositions
2.1, 2.3 and 2.5 below.

Proposition 2.1. Any A € (%,M) is not an eigenvalue for problem (1.1), where Ay is the first
eigenvalue for the Laplace operator — A with homogeneous Dirichlet boundary condition given by rela-
tion (1.5).
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Proof. Let A > 0 be an eigenvalue for problem (1.1) with its corresponding eigenfunction
u € H{(Q)\ {0}. Note that since u # 0 then at least one of the functions u and u_ is
nontrivial in (). Taking ¢ = u_ in (2.3) we obtain

—/ \Vu_|? dx:)\/ (e —1) dx,
o o

which, in view of the fact that 1 —e ¥ <y for all y > 0, yields

M/u%dxﬁ/ \Vu_Ide:A/ (1—e’“*)u_dx§/\/ u? dx.
9 Q O O

Thus, if u_ # 0 then / u? dx > 0 and the above facts imply
O

A > A (2.4)
Otherwise, if u_ = 0 and A > 0 is an eigenvalue for problem (1.1) then u # 0 and relation
(2.3) reads as follows
/ Vi, Ve dx = /\/ (@@ +ul —1)pdx, Y ¢eHIQ). 2.5)
o) o)

Lete; € HY(Q)\ {0}, e1(x) > 0, V x € ), be an eigenfunction associated to the eigenvalue A4
defined in relation (1.5), i.e.

/ VeIV dx = Al/ epdx, V¢ e H(Q). 2.6)
0 0
Testing with ¢ = u in (2.6) and ¢ = e; in (2.5) we find
/\1/ uye; dx = / VeiVu, dx = )\/ (¥ +ull —1) e dx > 2)\/ u ey dx,
o) o) o) O

since e + yr—-1> e —1> 2y, ¥V y > 0. Taking into account that fQ uyerdx > 0 we deduce
that
M
— > A 2.7
1> 7)
Collecting the above pieces of information we find out that if A > 0 is an eigenvalue for
problem (1.1) then either relation (2.4) holds true or relation (2.7) holds true. In conclusion,
any A € (%,/\1) cannot be an eigenvalue for problem (1.1).
The proof of Proposition 2.1 is complete. O

Next, we consider the problem

— — —u_(x) _
{ Au(x) = A(e 1), xe€Q, 2.8)

u(x) =0, x € 0Q).

Definition 2.2. We say that A is an eigenvalue for problem (2.8) if there exists u € H}(Q) \ {0}
such that

/QVqubdx:A/Q(e_”*—l)(pdx, V¢ € HY(Q).
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Testing in the above relation with ¢ = 1 we find

/|Vu+|2dx:)\/ (e_”*—l)qu:O,
Q Q

which implies [|u¢[| 1) = 0, or u; = 0. Consequently, problem (2.8) possesses only nonpos-
itive eigenfunctions. Thus, it is enough to analyse the problem

{Au(x) —A (1 - e‘”—(x)) , x€Q, (2.9)

u(x) =0, x € 0Q).

Taking into account the definition of an eigenvalue for problem (1.1) (see relation (2.3)) we
observe that if A > 0 is an eigenvalue of problem (2.8) then it is an eigenvalue of problem
(1.1). Now, let us define hy : [0,00) — R by hy(t) =1—e ! forall t > 0. It is easy to check that
hy satisfies the following properties

o ()| <t V>0

o limy oo [ 11 (s)ds = limy oo [ (1 — e %)ds = limjet +e~" —1 = +oo. It follows that
there exists top > 0 such that foto hi(s)ds > 0;

—t

= limy_e0 ==~ = 0.

L4 llmtﬁoo Ll (t) '

t

In other words, conditions (H1) — (H3) from [6, page 320] are fulfilled with h(x, t) = hy(t).
Similar arguments as those used in the proofs of [6, Lemmas 4 & 5] can be considered in order
to show that following result.

Proposition 2.3. There exists A* > 0 such that every A € (A*,00) is an eigenvalue for problem
(2.8) having the corresponding eigenfunction nonpositive. Consequently, such a A is an eigenvalue of
problem (1.1).

Finally, we consider the problem

{—Au(x) = A0 fuy (0)F —1), x€Q, (2.10)

u(x) =0, x € 0Q).

Definition 2.4. We say that A is an eigenvalue for problem (2.10) if there exists u € H}(Q) \ {0}
such that

/Qwvcpdx:A/Q(e2”++ui—1)<pdx, V¢ € HY(Q).

Testing in the above relation with ¢ = u_ we obtain

~ [AVu-Pdx =2 [ (4l ~1)u- =0,
/Q] u_|*dx Q(e ul, —1)u

We infer that |[u— || ;1) = 0 which implies that u = 0. Thus, problem (2.10) possesses only
nonnegative eigenfunctions. Taking into account the definition of an eigenvalue for problem
(1.1) (see relation (2.3)) we deduce that an eigenvalue of problem (2.10) is in fact an eigenvalue
for problem (1.1).

In order to go further we introduce the Euler-Lagrange functional associated to problem
(2.10), i.e. Jx : H{(Q)) — R defined by

_1 2, (1 2, 1 / p+1 _/
Ja(u) .—2/0|Vu| dx /\<2/Q(e 1)dx+7p_|_1 A dx Qqudx :
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Standard arguments assure that ], € C!(H}(Q); R) and its derivative is given by

(Ji(u), ¢) = /()VuV(l) dx — /\/Q (62”+ +ulfl — 1) ¢ dx, Yu,¢c H(Q).

We note that the weak solutions of problem (2.10) are exactly the critical points of the func-
tional J,. In view of Definition 2.4, A is an eigenvalue of problem (2.10) if and only if the
functional J) has a nontrivial and nonnegative critical point.

Proposition 2.5. There exists A, > 0 such that every A € (0,A,) is an eigenvalue for problem
(2.10) with the corresponding eigenfunction nonnegative. Consequently, such a A is an eigenvalue of
problem (1.1).

Remark 2.6. Since p € (0, 1), the Hilbert space H} (Q)) is compactly embedded in the Lebesgue
space LP™1(Q) with p + 1 € (1,2) which implies that there exists a positive constant C such
that

[ullppir () < CH”||H5(Q)/ v u € Hy(Q). (2.11)
In order to prove Proposition 2.5 it is useful to first establish two auxiliary results.

Lemma 2.7. Define

1
Ay = - >0, 2.12

8 c@ﬂezﬂ)mwLH o
O 2°(p+1)

where C is given by relation (2.11). Then, for every A € (0, A,) we have

1 . 1
Iw) > £,V u € Hy(Q) with [[u] gy = 5-

Proof. By relation (2.1) we deduce that for each u € H}(Q) with ||u| Hi(Q) = 1 we have

Ju(x) |2

/ <e4|”(x)‘z — 1) dx = / (e IVeliz ) _ 1) dx < C @
Q (@) 7T

Since ¢% < ¢%’ + ¢2 for all y > 0, we deduce that for all u € H}(Q) with Hu||H3(Q) = 1 the
following estimates hold true

/ P dy < / (ezui —i—ez> dx < / (ez‘”|2 4 ez> dx < Cy @ 4 (e2 +1)|Q. (2.13)
Q O 0 T

Taking into account inequalities (2.13) and (2.11), it follows that for all u € Hé(Q) with
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[|u| HI(Q) = Tandall A € (0,A,) (where A, is given by relation (2.12)) we get

Lo AL (2 g
])\(u)zful/lHHl Q)_EQ( “+ — 21/l+—1 dx— /
)\ 2 +1
> = - = s+ d ub
> Sl — 5 [ =g
1 A Q)
> Z 2 _ = - p+1
> 31y~ 5 (Co n+4e+1mn) p+1lgm x
1 @) 8 +1 A +1
Zﬂm@myq(@" 1) - g ¢l
1 10 | ¢ —|—1 Cr+l
> -2 O+
=38 (C + ‘ ’ + 2p+1(p + ])
1 0] ¢ +1 Cr+l
> — A, Q|+ 77—
> (Co Lot |+2p+1<p+1)>
_ L
16
The proof of Lemma 2.7 is complete. O

Lemma 2.8. Fix A € (0, A..) where A, is given by relation (2.12). There exists t1 > 0 sufficiently small
such that ], (t1e1) < 0, where ey is a positive eigenfunction associated to A1 following relation (1.5).

Proof. Taking into account that ¢/ —y —1 > 0, for all y > 0, we deduce that for any ¢ € (0,1)
we have

A A
: V(te))? d _7/ e ote; —1)d —7/15 pHig
Ja(ter) = /\ (te)|” dx Q(e er — 1) dx i Q(el) x

t2

2 ]Vel|2 dx — —— / pde

Therefore
](tel) <0 ,

for all t € (0,0"/(1=P)) with § a given real number satisfying

0<5<

The proof of Lemma 2.8 is complete. O

Proof of Proposition 2.5. Let A, be defined as in (2.12) and fix A € (0, A+). Define by By ,,(0) the
ball centred at the origin and of radius 3 from H}(Q) and denote by 9B;,,(0) its boundary.
By Lemma 2.7 it follows that

inf J,>0. (2.14)
0B1,2(0)

On the other hand, by Lemma 2.8 there exists #; > 0 sufficiently small such that J,(t1e1) <0,
where ¢; is a positive eigenfunction associated to A; from relation (1.5). Moreover, taking into
account relations (2.11) and (2.13) we deduce that

1 Q 2 +1 A 1
() 2 3l ~ 4 (Go 5+ S30N) - 2
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for any u € By/,(0). It follows that

—oco < c:= inf [y <O.
B1/2(0)

We consider 0 < € < infyp (o) Ja —infp, ,0) Ja- Applying Ekeland’s variational principle to
the functional J, : B1,2(0) = R, we find ¢ € By /5(0) such that

B1/2(0)
Ja(ue) < Ja(v) +e€llv— “eHHg(o)z U F Ue.

Since J)(ue) < mf ]A + e <limp o) Ja + € < infyp, ,(0) Jr, we deduce that u. € B1,2(0).

{]A(ue) < _inf Jy+e,

Now, we 1ntroduce IA Bl/z(O) — R defined by I)(v) = JA(v) + €ljv — ueHHl . It is clear to
see that u. is a minimum point of I, and thus

Iy (ue + tu) — I (ue) >0
n >

for small positive t and any u € B1(0). The above relation yields

Ja(ue +tu) — Ja(ue)
t

+ellullgyq) = O

Letting £ — 0 we infer that (J} (ue), u) + €[|u||y3q) = 0 and this implies that [|J} (ue)|| < e.
Thus, there exists a sequence {u, } C By/,(0) such that

Ja(uy) = ¢ and Ji(uy) —0, asn — oo. (2.15)

It is clear that sequence {u,} is bounded in H}(Q) which implies that there exists 7 € H}(Q)
such that, up to a subsequence, still denoted by {u,}, {u,} converges weakly to u# in H}(Q).
It follows that

||ﬁ||H5(Q) < hﬂg}f ||“n||H3(Q)

which implies that % € B;,,(0). By the compact embedding of H}(Q2) in L¥°(Q) and L1 (Q)),
we deduce that {u,} converges strongly to % in L¥°(Q)) and LP*1(Q)). It follows that

lim (J'(#),u, —u) =0,

n—oo

or

n—oo

lim [/ VuV (u, —u) dx — A/ (¥ +uf, — 1) (uy — 1) dx] =0. (2.16)
o) o)
On the other hand, by relation (2.15) we conclude that

lim (J4 (un),uyp —u) =0,

n—oo
or

lim [/Q Vu,V(u, —u) dx — A/ 2+ 4 ()P — 1> (uy — ) dx] =0. (2.17)

n—o0

Subtracting (2.16) from (2.17) and using the above pieces of information we deduce that

lim/ IV (1 — )| dx = 0.

n—oo /O
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Therefore, we obtain that {u,} converges strongly to # in H}(Q), and using (2.15) we deduce
that
Ja()=c<0 and Ji(u)=0.

We conclude that % is a nontrivial critical point of functional J,. Since J,(v) > Jx(|v|) for any
v € H}(Q), it follows that # is a nonnegative and nontrivial critical point of Jy. Thus, any
A € (0,A,) is an eigenvalue of problem (2.10). The proof of Proposition 2.5 is complete. O
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