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Abstract. The notion of p : —g resonant center was introduced recently and studied
by several authors. In this paper we generalize the notion of a persistent center to a
persistent p : —g resonant center and find conditions for existence of a persistent p : —g
resonant center for several p : —g resonant systems with quadratic nonlinearities. To
prove the sufficiency of the obtained conditions we use either the Darboux theory of
integrability or look for a formal first integral of the required form or we use the method
based on the blow-up transformation.
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1 Introduction

An essential part of the theory of systems of ODE’s is devoted to studying the so-called center-
focus problem of two dimensional analytic systems of ordinary differential equations of the
form

i =—-v+P(u,v), o=u+Q(u,v), (1.1)

where u, v are real variables and P(u,v), Q(u, v) are analytic functions whose series expansions
start from terms of degree at least two. This is the problem of distinguishing between a center
(all trajectories in a neighborhood of the singular point at the origin are ovals) and a focus (all
trajectories in a neighborhood of the singular point at the origin are spirals). Most works on
the subject are devoted to investigation of polynomial vector fields. By the Poincaré-Lyapunov
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theorem [29,34], system (1.1) has a center at the origin if and only if there exists an analytic
first integral of the form
®(u,v) = u? +0* + ) gbj,kuka. (1.2)
j+k>3
The theorem says that the qualitative picture of trajectories in a neighborhood of the singular
point is related to local integrability of the system: the singular point is a center if and only if
there exists an analytic first integral of the form (1.2).

Although the problem of distinguishing between a center and a focus has been studied in
many works (see [3,20,35,37,42] and the references therein) it is completely solved only for
quadratic systems (P and Q in (1.1) are homogeneous quadratic polynomials [13,28]) and for
systems with P and Q being homogeneous cubic polynomials [36]. An extensive bibliography
about the center problem can be found in [21].

One of the tools to study the problem of distinguishing between a center and a focus is
the Poincaré return map, which we compute after introducing polar coordinates in system
(1.1). The difficulty in the study of the center problem using this method arises from the
complexity in computing the irreducible decomposition of the variety of the ideal generated
by the Lyapunov quantities that are the coefficients of the Poincaré first return map. Since it
is easier to study complex varieties than real ones we complexify the real system as follows.

Setting x = u + iv system (1.1) becomes the equation

X = ix + F(x, %).

Adjoining to this equation its complex conjugate we have the system

X =ix+F(x,%), &= —ix+F(x, %)

Consider y := ¥ as a new variable and G = F as a new function. Then, from the latter system
we obtain the system of two complex differential equations which we can write in the form

x=ix+F(x,y), y=—iy+G(x,y), (1.3)

where x, y are complex variables and F(x, y) and G(x, ) are complex analytic functions whose
series expansions start from degree at least two. After the change of time 7 = it and rewriting
t instead of T, system (1.3) becomes

Xx=x+F(xy), y=—-y+G(x,y). (1.4)

Following the Poincaré-Lyapunov theorem and [13] we can extend the concept of a center to
complex systems of the form (1.4). We say that system (1.4) has center at the origin if it admits
a formal first integral of the form

D(x,y) =xy+ Y, @y
j+k>3

In such case we also say that system (1.4) has 1 : —1 resonant center. In [19] the following
generalization of the center problem was proposed. Consider differential systems in C> with
a p : —q resonant elementary singular point, i.e.,

x=px+P(xy), y=—-qy+Q(xy), (1.5)
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where p,q € N and P(x,y) and Q(x,y) are polynomials of the form

p(x,y): Z a].kxf+1yk
j+k>1
j>-1, k>0

and
Qxy)= ). bijkyj“.

j+k>1
j>—1, k>0

Determine when the elementary singular point located at the origin is a resonant center where
the definition of a resonant center comes from Dulac [13].

Definition 1.1. The singular point O of a complex system (1.5) is a p : —q resonant center if
there exists a local analytic first integral of the form

Yoy) =xyP+ Y gk Xy (1.6)
jrk=>ptq+1
jke Z, k>0

The simplest case is when P and Q in (1.5) are quadratic polynomials and this case has
been studied by several authors (see e.g. [4-6,12,17,25,31,38,40,43] and references therein).
For P and Q being cubic polynomials some results can be found in [1,5,10,22,27,32,39,41]
and for quartic polynomials in [11,16,30]. The case where P and Q are homogeneous quintic
polynomials has been studied in [14,23,24].

In this paper we will use the concept of (weakly) persistent center which was introduced in
[7]. In [2] the authors generalized the notion of persistent center and weakly persistent center
for complex planar differential systems. In [33] these notions were extended to linearizable
persistent centers and linearizable weakly persistent centers for complex planar differential
systems.

Definition 1.2. The origin O is a (weakly) persistent center of system (1.4) if it is a center of the
system

x=x+AF(xvy), y=-y+uGly), xyeC
forall A,y e C (A=pneC).

We now extend the notion of (weakly) persistent center to a (weakly) persistent p : —g
resonant center and introduce the following generalization of a p : —q resonant center.

Definition 1.3. The origin O is called a persistent p : —q resonant center (weakly persistent p : —q
resonant center) of system (1.5) if it is a p : —q resonant center of the system

t=px+AP(vy),  y=—qy+pQxy), (17)
forall A,y €e C(A =pu € C).
In [2, Theorem 2.1] the following Theorem was proven for p = q = 1.

Theorem 1.4 ([2]). The origin is a p : —q resonant center of system (1.7) for all A, u € C satisfying
Au =0, ifitisa p : —q resonant center of system (1.7) for all A, u € C\{0}.
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To prove the above theorem one just has to rewrite the proof of [2, Proof of Theorem 2.1]
and change “center” to “p : —q resonant center”.

In this paper we seek for systems having p : —g resonant center within systems of the form
(1.7), where P and Q are quadratic polynomials and (p, q) is either (1,2), (1,3), (1,4) or (2,3).
Such systems are written as

% = px + apx® + agixy + a_py? (18)
Y = —qy + by _1x* + bioxy + bory?, .

where x,y,a;j, bj; € C. To find necessary conditions we use the approach described in the next
section. Then, using several methods we prove the existence of a first integral of the form
(1.6).

2 Preliminaries

To determine if system (1.5) has a resonant center at the origin, by Definition 1.1 we look for
a formal first integral of the form (1.6) satisfying the identity

oY oY _
Y=o (px + P(x,y) + @<—qy +Q(x,y)) =0.
Similar as in case of a regular center the (formal) series for ¥ reduces to

Y = 00 (XTYP)* + 920.2p (XTYP ) + g3g3p (xTyP ) + -+,

where gy, x, is called the k-th saddle quantity (or k-th focus quantity [35]). Saddle quantities
are polynomials in the coefficients a;;, bj; of system (1.5). We see that by Definition 1.1 system
(1.5) has a resonant center at the origin if and only if

gkq,kp(a/ b) =0, VkeN.

Thus, to obtain conditions for resonant center at the origin of system (1.5) we have to find
the set of all parameters (a,b) where all polynomials gy, vanish, i.e. we need to find the
variety of the ideal ( Skehp tk=1,2,... ).

If we restrict our attention to the systems (1.7), then, for any fixed A and yu we can easily
compute gy kp = &kqkp (A, #,a,b) and obtain saddle quantities

8kqkp = Z&Eﬂ?(a/b)ﬁm i

(

which can be considered as polynomials in A and p. Furthermore, the coefficient gszf;:}lf)) (a,b) in
the term with A™u" plays an important role in the analysis of the persistent resonant centers.
We call it the k(,, ,)-th persistent saddle quantity. If the origin is a center of system (1.7) for all

A, u € C, then it is by Definition 1.3 a persistent center of system (1.5).

Variety of the ideal generated by polynomials f,... fs is the set of common zeros of polynomial system
f1=0,...,fs=0,ie

V({f,....fs))={a=(a1,...,an) € K" : fi(a) =0, foreveryi=1,...,s}.
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Because of Theorem 1.4 we can for (1.7) always assume that Ay # 0. We now define the
following sets of polynomials

Cy = {g,(:;f;:;])(a,b); m,n € No, m+n= kq—l—kp}, k=1,2,3,...

and the ideals

CP = <C1,C2,...,Ck,...>,
CI]Z = <C1,C2,...,CK>.

The ideals C? and C}, are ideals in the polynomial ring C [4, b]. By the Hilbert Basis Theo-
rem (see e.g. [8, Theorem 1.1.6]) any ideal C? is finitely generated that means that there exists
N € N such that for every k > N, C] = Cx.

Therefore, in order to find necessary conditions for the existence of a persistent p : —q
resonant center for system (1.5) we have to find first few saddle quantities and then to compute
the variety of the ideal generated by these saddle quantities.

Note that the variety of the ideal C? is always easier to obtain than the (regular) center
(m,n)
kq,kp
(regular) saddle quantities gy, x,(a, b). Also note that if system has persistent p : —q resonant

center, then it also has p : —g resonant center which will be useful fact in the next section
where for some cases the (regular) p : —g resonant center problem has been solved, already.

In the following section we present the main results of the paper. We find necessary and
sufficient conditions for some persistent p : —q resonant quadratic systems. For proving
the sufficiency of the obtained conditions we mainly use the Darboux theory of integrability
which is one of the main methods for proving the existence of first integrals for polynomial
systems of differential equations on C? (or IR?). We recall briefly some results related to this
theory. We consider systems

variety V({gkgkp(a,b) : k € IN)) since the saddle quantities, g, .’ (a,b) are split compared to

x=Plxy), y=0Qxy) (2.1)

where x,y € C, P and Q are polynomials without constant terms that have no nonconstant
common factor, and m = max(deg(P),deg(Q)). By the definition a Darboux factor of system
(2.1) is a polynomial f(x,y) such that

of p, 9of

—P+-=0=K
where K(x,y) is a polynomial of degree at most n — 1 (K(x,y) is called the cofactor). The
polynomial f defines an invariant algebraic curve f = 0 of system (2.1). A simple computation
shows that if there are Darboux factors f1, f2, ..., fi with the cofactors Ky, Ky, . . ., K satisfying

k

then H = f" - - f,f‘ ¥, is a Darboux first integral of (2.1), and if
k o~ ~
ZD(Z'KZ'—I—P;C—I-Q; =0
i=1

then the equation admits the Darboux integrating factor

M= fir... f, 2.2)



6 M. Zulj, B. Fercec and M. Mencinger

The definition of Darboux integrating factor is consistent with the classical definition of an
integrating factor. For proving the sufficiency of the conditions concerning the existence of
Darboux integrating factor we several times refer to following theorem, or more precisely to
part (ii) of the following theorem.

Theorem 2.1 ([4]). If system
¥ =x+F(x,y)
y=—qy+Gxy)

has a local (reciprocal) integrating factor of the form (2.2), with f; analytic in x and y and nonzero «;,
then the system is

* integrable if q is irrational;
* integrable or orbitally normalizable if q is a nonzero rational.
More precisely,

(i) ifall £;(0,0) # O, then the system is integrable;

(ii) if at most one f;(0,0) vanishes and the corresponding Darboux factor has one of forms fi(x,y) =
x+o(x,y) and fi(x,y) =y +o(x,y), then the system is integrable;

(iii) if exactly two factors f1(x,y) = x +o(x,y) and fo(x,y) = y + o(x,y) vanish at the origin, then
the system is integrable, except when the two coefficients a1 and wy are both integers greater than
1, in which case it is orbitally normalizable;

(iv) if (iii) is satisfied and there exists a Darboux change of one coordinate transforming one of the

equations into the normal form % = xh(u) or y = —qyh(u), where h(u) = 1+ O(u) and
U= xcyd is the resonant monomial as in Case II or Case III [4, Theorem 4.3], then the system is
normalizable.

3 Main results

In this section we consider the problem of persistent p : —g resonant center of system (1.8) for
the following values of p and g:

a)p=14g9=2;
b) p=149=3;
gr=Lag=4
d p=14g9=5;
e) p=2,q9=23.

According to Definition 1.3 we look for a systems with resonant center within the family

X = px + A(ﬂloxz + ap1xy + ﬂ_lzyz)

. 3.1)
y = —qy + u(ba_13* + bioxy + bo1y?)

forall A, u € C.
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a)Casep=1,q9 =2

Theorem 3.1. System (1.8) has a persistent 1 : —2 resonant center at the origin if and only if one of
the following four conditions holds:

1. bjy =by, 1 =a_120=ay =0

2. bopp = by—1 = ag =0;

3. bio="Dby_1=0;

4. a_1p =ag = ayp = Zb%o + by _1bg1 = 0.

Proof. In order to obtain conditions listed above we compute first four saddle quantities
g21,--.,984 of system (3.1) and obtain

1 3
81 = <—ﬂ01ﬂloblo - Eﬂglbz,—l - 5ﬂloﬂ—1zbz,—1) A

1 1 1
- (2a1ob01blo - 4ﬂ01b01b2 1+ 20 12b10b2,— 1) A

1 1
+ <2b01b%0 -+ 4b%1b2,_1> ‘143
and so on. Therefore, we have

3,0
8 5,1 ) =0,

(21)

5 3
81 = —dodiobio — 5a51b2,-1 — gﬂloﬂflzbz,q,

2
——lubb%—lubb —ia b1ob
&1 = 5™0001910 + 730100192, -1 = 55812010021,
03) 1 1
gé,l ) :§b01b%o + Zbglbz,fl
and C; = { g2 1 gzllz), 81 } In a similar way we also obtain C;, C3 and C4 and it turns out
that
Cl =(C1,Cy,C3,Cq) = Cf = (Cy,C2,Cs).

Hence, using the routine minAssGTZ [9] of computer algebra system SINGULAR [26] we compute
the decomposition of the variety of ideal C} and obtain four components listed in Theorem
3.1. For the sufficiency of these conditions we use [18,19], where authors solved the resonant
center problem for system (1.8) with (p,q) = (1,2). They found 20 conditions for a resonant
center and among them there are also the above listed four conditions corresponding to the
persistent resonant centers. Since in [19] the authors showed that in each of the 20 cases there
is an analytic first integral of the form (1.6), the proof of this theorem is completed. O

b)Casep=1,4=3

Theorem 3.2. System (1.8) has a persistent 1 : —3 resonant center at the origin if and only if one of
the following five conditions holds:

1. bijp =a_12 = ap1 = a10 =0;

2. byo="Dby_1=0;
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3. a_12 = dpl = a10 = 3b%0 + 4b2,_1b01 =0
4. bjy = by 1 =a_1p=1a1;9=0;
5. bgl =da_12 = 4g] = 0.

Proof. The computation of obtained conditions goes in a similar way as in previous case. The
sufficiency is ensured using [12] where 1 : —3 resonant center problem for system (1.8) was
solved. 0

cCasep=149g=4

Theorem 3.3. System (1.8) has a persistent 1 : —4 resonant center at the origin if and only if one of
the following five conditions holds:

1. a_1p = ag = a1 = 4b%y + 9by,_1bp = 0;
2. bio=Dby_1=0;

3. a_1p = ap = ayg = 6b3, + by, _1bg1 = 0;
4. byt = by 1 =a_1p =a19=0;

5 bpp=a_1p=ay =0.

Proof. The computation of saddle quantities and the corresponding ideals is similar as in
previous two cases. The above five persistent resonant center cases of system (1.8) are listed

among 55 conditions (proven to be necessary and sufficient) for the existence of a 1 : —4
resonant center in [17]. Consequently, we have five necessary and sufficient conditions for
persistent 1 : —4 resonant centers. O

d)Casep=1,9=5

Theorem 3.4. System (1.8) has a persistent 1 : —5 resonant center at the origin if and only if one of
the following four conditions holds:

1. byg="by,1=a1p=0;
2. byo=a_12=ag = ayp =0,
3. bor = bio=0by 1 =0;
4. byy =a_1p = ap = 0.

The 1 : —5 resonant center problem for quadratic system of the form (1.8) has been not
considered, yet. Here we present four conditions for resonant center, which are also conditions
for persistent resonant center. The proof of Theorem 3.4 is given in the next section.

e)Casep=2,4=3

Theorem 3.5. System (1.8) has a persistent 2 : —3 resonant center at the origin if one of the following
three conditions holds:

1. byg=1by, 1 =0;
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2.a 1p=a0p =0;
3. bt =by1 =a_1p=0a19=0;

The 2 : —3 resonant center problem (1.5) was solved only when (1.5) is cubic Lotka—Voltera
system, see [10,22]. In the quadratic case the problem is still open. Here, we do not give a
complete list of all 2 : —3 resonant center conditions for (1.8), but we present three systems
with resonant center, which are also persistent resonant center. The proof of Theorem 3.5 is
given in Section 5.

4 Proof of sufficiency of Theorem 3.4

To prove the sufficiency of the conditions, we apply the Darboux theory of integrability to
construct the Darboux integrating factor in all cases unless in case 3, where we look for a
formal first integral of the form ¥ (x,y) = Y3°; fi(x)y*. Below is the case-by-case analysis.

Case 1. In this case system (3.1) has the form:

%= x+ Aaogxy + a_1297), y = —5y+ uboy’.
We find two invariant lines y = yand b =y — 14 which help us to construct the Darboux
(5&01)\-‘—61701}!)

integrating factor M = I;4/°1; /Sborp for bpr # 0 and pu # 0. By Theorem 2.1 there
exists a first integral of the form (1.6) with p =1 and g = 5.

Remark 4.1. By Theorem 1.4 we can conclude, that origin is a center of system also for u = 0.
If by; = 0 this case coincides with the Case 3 of this theorem for a9 = 0. Note that in this case
the rational functions f;(x) become polynomial.

Case 2. In this case system (3.1) is written as:
X =x, Y = =5y + u(by,_13* + bory?),
and it has invariant line [; = x and two invariant curves
I = b3/2b3/21y 342 b3/2\/bz,7_1y2xy - %bglbz_l;ﬁxzy - %bolbz_lyzxz
—iy/Borba 1 px — OW +1,
Iz = — Ezb3/zb3/21y X3 fzb3/2\/my xy + 151701172 Rty — 5b01b2 P

+iv/ b01b2,_1yx - b015]4y + 1

which allows us to construct a Darboux integrating factor M = [}(l2l5) To prove the
existence of a first integral of the form (1.6) with p = 1 and g = 5 we refer to Theorem 2.1.

-1

Case 3. In this case we find only one invariant curve f; = y, which is not enough to construct
Darboux first integral or Darboux integrating factor. Note that conditions in this case are
by 1 =0, bip = 0 and by; = 0, the corresponding system is

X=x+ A(a10x2 +amxy + a,12y2), y = —5y.
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We look for a formal first integral in the form ¥ (x,y) = Y24 fk(x)yk. The functions fi are
determined recursively by the differential equation

a_1Afr o(x) —apAxfi_1(x) — 5kfi(x) + x(1 + apAx) fi(x) = 0.
For k =1, 2,3, 4 (setting the integration constant equal to 1) we obtain

x° x4y

G A (R LN
Bt x4y

G e N (SN

Suppose by induction that f(x) = Oﬁl‘%, where psi(x) denotes a polynomial of degree

atmostSkand k = 1,...,n — 1. In order to complete this task we solve the differential equation

5n a01/\x 7,1_ —ﬂflz/\ ,;,
fi(x) = X U fuz (4.1)

1+ aloAx)f" () + x(1 + aypAx)

using the induction assumption about the form of f,_; and f,_».
The general solution of linear differential equation of the form

fl(x) = 8(x)f(x) + h(x) (42)
is
f(x) = Cel 8tdx gfg(X)dx/e—fg(X)dxh(x)dx. (4.3)

In this case g(x) = 35(57” and h(x) = _ Pewaly) yielding e/ (x)dx — P ond

1+a10/\x) - x(1+a10Ax) (1+1110)\x)5”

e~ fg(x)dxh(x) — (1 + (110/\){)571 . P5n_4(X) _ pSn_l(x)
xon x(1 4 ajphx)>n—3 xontl

Rewriting e~/ 8%y (x) as

-1
Psn—1 (x) ag+ a1 x4+ -+ ﬂ5n713€5n ap a1 a5n—1
= = st

Aon+1 T A5n+1 T y5ndl x5n

and integrating, yields

_ ap a asp—1
/e fg(x)dxh(X)dX:W—f—W‘f"i‘nT

for some 4, ay,...,a5,—1. Therefore, using (4.3) and choosing integration constant as C =1
we obtain the solution of (4.1)

5n 5n

o« N KT B
fulx) = (14 agpAx)>n + (14 agoAx)> | x5 + xon—1 o x
I LR i D e ey | s,
(1 + alo/\x)5” n (1 + alo/\x)5”'

where ps;, denotes a polynomial of degree at most 5n. Therefore, it exists analytic first
integral of the form ¥(x,y) = Yoo, fx(x)y* whose power series expansion is of the form

5 00 xlqg]
X y+zi+j>6 Dél]xly]_
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Case 4. The system
X = x + Aajpx?, Yy = —5y + pu(by,_1x* + boxy) (4.4)

has two invariant lines I = x and I, = 1 + a1pxA, which allow to construct a Darboux inte-
grating factor of the form M = I}l (6a10A+biop)/ O for ayg # 0 and u # 0. Thus, for ajg # 0
and p # 0 system (4.4) has a first integral of the form (1.6) with p = 1 and g = 5 according to
Theorem 2.1.

In case y = 0 we again refer to Theorem 1.4 and we can conclude, that origin is a center of
system also for = 0. On the other hand if # = 0, system (4.4) becomes subcase of system in
Case 3 of this theorem, which is already proven to be integrable.

In case a1p = 0 the corresponding system (4.4) is

X =X, y= -5+ ‘u(b2ﬁ1x2 + bmxy).

We look for a formal first integral in the form ¥(x,y) = Yts fi(y)x*. The functions fi(y) are
determined recursively by the differential equation

by, —1ifi_o(y) + bropyfi 1 (v) +kfe(y) = 5yfi(y) =0, k=5,6,7,..., (4.5)

where f3(y) = fa(y) = 0. We seek for polynomial solutions of (4.5). We claim that a particular
solution to (4.5) for k > 5 is a linear polynomial. For k = 5 this is trivial to check, since (4.5)
becomes

5f5(y) — 5yfs(y) =0,

yielding f5(y) = Csy, where Cs € R. For sake of simplicity we choose Cs = 1. For k = 6 (4.5)
becomes

biopy -1+ 6f6(y) — 5yfe(y) =0,

yielding fs (v) = Céy% — yubyp, where C¢ € R. Choosing Cs = 0 one obtains fg (y) = —yubo.
For k = 7 (4.5) becomes

by, 11t — biop?y + 7f7(y) — 5y f7(y) =0,

yielding f7 (v) = Cyy% — Tuby 1 + Jyu2b%, where C; € R. Choosing C; = 0 one obtains
the linear polynomial f7(y) = —2uby 1 + Lyp?b2,. Inductively, if f5(y), fo(y), ..., fr_2(y) and
fx—1(y) are linear polynomials, then clearly (4.5) takes the form

Ax+ By +kfi(y) —5yfi(y) =0,

where A and B, are some constants. Note that this is a linear ODE of first order, whose
nonhomegeneous part is being a linear polynomial Ay + Byy. This clearly yields a particular
solution for fi (y) in form of a linear polynomial. In particular, it is trivial to check that for
k > 7 the solution to (4.5) takes the form

( )_ C §+ (_1)k_5 (b )k75 + (_1)k_6 k_6bk_7b

fe(y) = Cry =5y (o) Y it ho b

Now, setting Cs = 1, Cs = 0 and C; = 0 for k > 7 proves the existence of an analytic first
integral of the form ¥ (x,y) = Y° s fr(y)x* which is of the form (1.6) with p = 1 and g = 5.
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5 Proof of sufficiency of Theorem 3.5
Case 1. We consider the system

X = 2x + Aajpx?

' 5.1
y = =3y + p (by—13* 4 bioxy + bory?) , oY

where aqg, bZ,—lr b1o, b € C.
After the blow-up transformation (see [15] where this transformation is shown that it is
useful to obtain the sufficiency)

() — ) = (59)

we obtain the following system

z =5z — ubmyz + (Aayg — pbip) y22 - ‘ubz,,lyz3 =P (zy) (52)
y = =3y + ubory* + ubioy*z + pby,1y°2* = Q (z,y) .- '

We now look for the first integral of the system (5.2) of the form

=) fi(2) ¥
k=5
We compute ¥ = awéz’y)P (z,y) + %;’]/)Q (z,y) and for each k > 5 set the coefficient of

power y¥ to zero. Setting fy (z) = 0 this yields for k > 5 the following recurrence differential
equation for fi (z) and fr_1 (2)

0= (k—1)p (bo1 + zb1o + z°b2,—1) fi—1 (z) — 3kfi (2)
+ 5ka (2) =z (bor + 2 (ubio — Aaro) + 22 by, 1) fi_y (2) -

Fork =5,6,7,8,9 we find

fs(z) =2°

fe(z) =z ( V501—Z<#b10+3)\ﬂ10> 7Vbz 1Z>
f7(Z):Z pa(z),

fs(z) =2 q 5(2),

fo(z) =2°r6 (2),

where p4 (z), g5 (z) and 76 (z) are some polynomials of degree at most 4,5 and 6, respectively.
So, we assume that

fi(z) = 2R3 (2),

where Ry 3 (z) = Z;‘ o pjZ’ denotes a polynomial of degree at most k — 3. We prove this by
induction. We have to solve the following differential equation

i) = 2@ +a(@) fia @) - (-1 D (o), 63)
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where
N (Z) _ }lbz,_lzz + (‘llblo — )\alo) zZ+ ‘llb(n
5 7
_ p(bor + bz + by, _12%)
Suppose
fi(z) = 2°Ri_3 (z sz]+3, fork=5,6,...,n—1.

Then f] (z) = Z] o (j+3)pjz/*?, and

2@ fra @) - -1 B2 f )
_ by 12 + (pubro — Aarg) z + pbor

—4

Y (7 +3)p*?
5 &
bor + bz + by _12%) "=
—(n—1) p (bor 105 2,17 Y pjz T2 (5.4)
i=0

It is very important to see that the coefficient to the highest power n in expression (5.4) van-
ishes

2 b 2
‘ubzélz . (1’1 _4+3) pn_4zn—4+2 _ (Tl N 1) K ( 25 12 )pn— n—4+3 _ (.

Also, note that the lowest power of expression (5.4) is obviously z2. This implies that differen-
tial equation (5.3) becomes

3n
fi(2) = oo fu (2) + 2 W5 (2), 55)
where W, _3 (z) is a polynomial of degree at most n — 3. From differential equation (5.5)

according to (4.3) we have

3n
g(z) = 55 h(z) = W, _3 (z) = woz? + w122 + wozt + -+ w,_3z" L

A direct integration yields

o3z _ %

[ o 3 5zFwy 3
Z5/an_3<2)‘ SdZ_Z Zm:Z‘Qn_S(Z>,
. 3n _an an _an k+3 .
since z5 [ wyzkt2 - z7 5 dz = wyzs fzk+2 5dz = %, and finally

fn(z) = Cz% +23Qu 3 (2).

For C = 0 we obtain f, (z) = z2°Q,_3(z), where Q,_3 (z) is a polynomial of degree n — 3,
which completes the proof.
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We proved that the formal first integral of (5.2) is of the form

Y(zy) =) ZRes(2)y =2y + ) 2R (2) )"
k=5 k=6
Setting Ry_3 (z) = Z;-‘:_g pjz’ and applying the inverse blow-up transformation z — ;, Y=y
yields

= 3 (Dol )

) =¥ (Sy) =S+ )

y v 2y yk3 Y
) K+3 ) )
= P2 4 Z (2 pjx]yK+3—]>
K=0 \ j=0

= %Y + Papxy® + P51°y + P6,0x° + 70’ + hoo.t,,
which is a formal first integral of (5.1) of the required form.

Case 2. The corresponding system has the form

X =2x+ )\(llloxz + apglxy + 11_12]/2)

) 5.6
y = =3y + ubory?, (56)
where aio,ao01,4-12, bOl e C.
Using blow-up transformation
X
(0 y) — (zy) = Y

we obtain the following system

z=>5z+ AMa_12y + anyz + aloyzz) — ubgryz = P (z,y) (57)

¥ = =3y +pboy® = Q(z,y).
We look for the first integral of the form

T@w=éﬂ@f

Again we compute ¥ = MP (z,y) + %;’y)Q (z,y) and for each k > 5 we set the coefficient

Z
of power y* to zero. For k > 5 this yields the following recurrence differential equation for

fi(z) and fi—1 (2)
(k—1) pbo1 fi1 (z) = 3kfi (2) +52f; (z) + (Ma-12 + anz + a10z”) — pboiz) fi_y (2) = 0.
For k =5,6,7,8,9 we find

2 3
zZ) = 12_12/\22 + (am)\ + §b01]/l)23 — Ell10)\24,
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where ps (2), g6 (z) and r7 (z) are polynomials of degree at most 5,6 and 7, respectively. Now
we assume that

fi(2) = Re-2 (2),
where Ry, (z) = Zk 0 p]zf denotes polynomial of degree at most kK — 2. We prove this by

induction. We have to solve the following differential equation

fa(z) = fn (z) + ! (Hbmz — Ma_1p +anz +awz?)) - fi_q (z) — ns_zlybm “fue1(z). (5.8)

Suppose fi (z) = Ry_2(z) = Z;‘ o pjz, fork=5,6,...,n —1. Then f] (z) = Zf o pijZ ! and

1 n—1
g(ﬂbmz — Ma—iz + anz + a10z%)) - fr_1 (z) — —5, Mot - fu-1 (z)

1 = i1 n—1 (S j

5—(ybo1z — AMa—12 + amz + a10z%)) Y pjjd ' — =Moo Y pjz
j=0 j=0

1

57 Z(Z)/

where W,_, (z) is a polynomial of degree at most n — 2. This is the case, since the term
(ubo1z — A(a_12 + amz + aypz?)) - f,_; (z) contains the highest power in the above expression,
deg(uboiz — A(a_12 + amz + apz?)) = 2 and deg(f, , (z)) = n — 4. Equation (5.8) becomes

f1(2) = oo (2) 4 5 W a(2), (5.9)

which is of the form (4.2) and the corresponding solution is of the form (4.3). From differential
equation (5.9) and (4.2) it follows

1 -
g(z)= 5 h(z) = S—ZWH_Z(Z) = S—Z(wo + w1z + Wz + - w02 ?).
A direct integration yields

o 8(2)iz
n—2 k

Wz
n—2( ¥z = = Qu-2(2),
/5 §5k—3n "

k

3n
since z3 [ Zwyz" -z~ Ydz =23 " [ Lz ! ~3dz = w"z , and finally

fa(z) = Cz% 4+ Qus (2).

For C = 0 we finally obtain f, (z) = Qu_2 (z), where Q,,_» (z) is a polynomial of degree n — 2,
which completes the proof.
We proved that the formal first integral of (5.7) is of the form

¥ (zy) =2y + ) Rea (2) 4"
k=6

Setting Ry (z) = Z] 0 p]z] the inverse blow-up transformation z — = AR yields
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Yoy =Y (x,y> = xijf’ Ly (

y y k=6

k—2 ) )

j=0
_ x3y2 + Z <p0yk+p1xyk—1 +p2x2yk’2 s +Pk_zxk72y2) )
k=6

which is a formal integral of system (5.6) of the form (1.6) with p =2 and g = 3.

Case 3. The corresponding system has the form

X = 2x + Aagixy

. 5.10
Y= =3y + pbioxy, 10
where agy, b9 € C.
After the blow-up transformation
x
(xy)— Ey) =¥
we obtain the following system
z = 5z + Aagryz — ubyoyz* = P (z,vy) (5.11)
y = =3y +uboy’z=Q(zy). '
We now look for the first integral of the form
Y(zy) =) fe(2) ¥~
k=5
After computing ¥ = WP (z,y) + %;’WQ (z,y) we set the coefficient to power y* for each

k > 5 to zero. This yields for k > 5 the following recurrence differential equation for fi (z)
and fr_1 (z)

(k—1) pbizfi_1 (2) — 3kfi (2) + 52 (2) + (Aanz — pubio®) fi_y (=) = 0.

For k =5,6,7,8,9 we find

f5(z) =2,

fo (z) = 22 (Aagy — pbyoz),
f7(2) = 2°pa(2),

fs (z) = 2°q3(2),

fo(z) = 2°ra(2),

where p> (z), g3 (z) and r4 (z) are polynomials of degree at most 2,3, and 4, respectively. We
can assume that

fi(z) = 2°Ri 5 (2),
where Ry_5(z) = Z}‘;g pjz/ denotes a polynomial of degree at most k — 5. Again we use
induction to prove this assumption. To this end we solve the following differential equation

fr@) = (o) + PEA g ) g fua (7). G12)
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Suppose
fir (z) = 2°Re_s (2) = prjzj+3, fork =5,6,...,n— 1.
j=0
Then f} (z) = ¥i=5 (j+3) p;7/ 2, and
IE =20 )= T o foa (2)
= ”beS_MOl : niﬁ (j+3)pjz ™ — %ybm ”ﬁp]-w. (5.13)
j=0 j=0

Now we can see that the highest power in expression (5.13) is n — 3 and the lowest power of
expression (5.13) is obviously z2. This implies that differential equation (5.12) becomes

fa(2) = %:fn (z) + 22 Wys (2), (5.14)

where W,,_5 (z) is some polynomial of degree at most n — 5. From differential equation (5.14)
using (4.2) it follows

g(z) = L h(z) = 22Wy 5 (2) = woz> + w12 + wpz + - -+ w,_52" 2.
An integration yields

o3z _ %

n 5wz
z%/22wn_5(z). Sdz—ZSZm 22 Qus(2),

. a u a Y
since z5 [ wyz"? . z75dz =25 [wt? 5 dz = (s’fi";) 5, yielding

fn(z) = Cz¥ +2°Q,5 (z).

For C = 0 we finally obtain f, (z) = z2°Q,_5(z), where Q,_5 (z) is a polynomial of degree
n — 5, which completes the proof by induction.
We proved that the formal first integral of (5.11) is of the form

ZZ3Rk 5(2)y _23]/5+ZZ3R1< 5 (2) .
k=6

Similar as in previous two cases we set Ry_5 (z) = Zk 0 p]z] and apply inverse blow-up trans-
formation z — ;, y — y to obtain

Y(x,y) =¥ (;,y> = 23y + P33°Y° + Yaoxty? +hoot.,

which is a formal integral of (5.10) of the required form.
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6 Conclusions

In this paper we introduce the notion of persistent p : —g resonant center and we solve the
problem of p : —g persistent resonant center for some quadratic systems. First we fix p as
1 and we increase g starting with g = 2. Although the system is polynomial containing just
linear and quadratic terms the computations of saddle quantities become too laborious for
g > 5. If p =2 and g = 3 computations are again very complex, and with increasing of g they
become more demanding. On the other hand, note that once we obtain a sufficient number of
saddle quantities then the study of persistent resonant centers is much easier than the study
of (regular) resonant centers since for persistent centers we use two parameters to “split” the
saddle quantities, whereas in the second case we have no splitting. Hence, similar as noted in
[7] in the first case we obtain a simpler variety to decompose than in the second case.
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