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Abstract. We obtain sufficient conditions for the uniqueness of the trivial solution
for some classes of nonlinear partial differential inequalities containing the fractional
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1 Introduction

In the present paper we obtain sufficient conditions for the uniqueness of the trivial solution
for some new classes of nonlinear inequalities and systems with fractional powers of the
Laplacian by using a modification of the test function method developed in [7, 8].

However, this method cannot be used directly, since it was developed for other types of
differential operators, in particular, for integer powers of the Laplacian. But it is known [1] that
the solution sets for many problems containing operators of such types are relatively small.
For instance, harmonic functions cannot approximate a function with interior maxima or
minima, functions of a single variable with null second derivatives are necessarily affine linear,
and so on, which facilitates choosing additional nonlinear terms that yield non-existence of
solutions at all. In contrast, for fractional differential operators many new solutions can arise.
Their set can even become locally dense in C(IR"), as in the case of s-harmonic functions (u
such that (—A)*u = 0), see [2], also in the case of higher order operators, see [1,6]. Thus, in
order to obtain non-existence results one has to exclude the existence of this larger solution
set. Therefore non-existence results in the fractional setting are always a delicate matter,
which requires a substantial modification of the known techniques, and were obtained up to
now only in some special cases. Namely, this problem was considered in [2] for systems of
equations with fractional powers of the Laplacian, and by the authors of the present paper in
[5,9] for some respective inequalities and their systems.

The rest of the paper consists of four sections. In §2 we obtain some auxiliary estimates
for the fractional Laplacian. Further, we prove uniqueness theorems: in §3, for some elliptic
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inequalities, in §4, for systems of such inequalities, and in §5, for respective parabolic prob-
lems.

2 Auxiliary estimates

Lets € Ry, [s] = sup{z € Z : z < s}, {s} = s — [s]. We define the operator (—A)* by the
formula

(—AYu(x) € o - (~a) <p.V. / %dy) , @1

R X —

where )
n—+4s
def 25T ( 2 )

7w ()

for all functions such that the right-hand side of (2.1) makes sense at least in the distributional
setting.

Remark 2.1. Note that this definition implies
(=) = (=8)F - (=a)th, (2.2)
For u € H¥ (IR"), this order can be reversed (see [3]).
We will use definition (2.1) for the proof of the following Lemmas 2.2 and 2.4.

Lemma 2.2. Lets € Ry, g > p > 0and «, B € R. Consider a function ¢1 : R" — R defined as

1 (x| <1),
pr(0) =2kt (1< x <), (23)
0 (x| > 2)
with A > max (2[s] +1, qz% —n). Then one has
4 ag—pp  — L
0< [ (=Y il (1+[x]) 5 g, 77 dx < oo (2.4)
]Rn

Remark 2.3. In the Mitidieri-Pohozaev approach such estimates were established by direct
calculation of the iterated Laplacian of the test functions that were given explicitly. This does
not work for the fractional Laplacian, so we need to establish some additional estimates.

Proof. of Lemma 2.2. It suffices to consider x € R" such that 3 < |x| < 2, since otherwise the
integrand is obviously regular and bounded.

We start with the case [s] = 0 using (2.1) with notation f(x,y) = %, where s = {s}:
2
(0700 =0 | [ Sx)dy] = cne| L [ flmay], @9
: i=1/Di
where
Di(x) € {y € R": [x—y| > (2~ al)/2},

Da(x) ¥ {y e R": |x—y| < 2 |x])/2}
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(here and below the singular integrals are understood in the sense of the Cauchy principal
value).
For any ¢ € (0,2s), since we have |x —y| > (2 — |x|)/2 in Di(x), we get

P1(x) — @1(y)
x,y)d :/ FRA) — A1) g
/Dlmf( vy D x—y[e Y

dy
< ¢1(x) /Dl(x) Tx —y[2 (2.6)

£—2s8
<ow-(3) [ o <@
- 2 Dy(x) |x —y["Fe —

with some constant ¢; > 0.
On the other hand, the Lagrange Mean Value Theorem implies that

¢1(x) — ¢1(y)
X, dy = DRSNS S AN )
/Dz(x)f( y)dy bary Jx =y Y
_1 2¢1(x) — @1(x +2) + @1(x — 2) .
2 JDs(x) |z|n+2s
< ¢r - max |(( |x+Z| //|/ |Z|2
>~ (2 ZGDZ |Z|n+25dy
= c3- max (2—\X+z]))‘*2|z\2*5*25./~ df_gl
ZEDz(x) x) ‘Z’

where Dy(x) = {z € R" : |z| < (2 — |x|)/2}, with constants ¢3, c3 > 0 and arbitrary small
e > 0.
For z € Dy(x) we have

3
— etz =2 x| fxf =[xz < (2= [x]) + 2 < 52— x]).

Hence

- f (x,y) dy < cs(2 — |x[)} <% (2.7)

for any € > 0 and some constant c4 > 0.
Combining (2.5) and (2.7), we obtain

(=AY @1 (x)] < es(2— [x[)* 7%, (2.8)
which together with (2.3) implies
1 i (A=e=25)q=Ap A (2s+el
(AP @] (14 x) T gy 77 () Ses@—[x) T =2 1) (29)
with some constants ¢s5,c6 > 0 independent of x. Hence, in case [s] = 0 (2.4) follows by

assumption A > ;%qp —n, if ¢ > 0 is sufficiently small.
For [s] > 0, we use the identity (2.2) and the representation of the radial Laplacian

v n—1 9v
po=24 02 (2.10)

It is easy to see that for 1 < |x| = r <2 (2.2) and (2.10) imply

I (—Ag) (x)
ork

2[s]

(=)' r(x)[ <c )

k=1

(2.11)




4 E. Galakhov and O. Salieva

with some ¢ > 0. This holds, both for 0 < r <1 and for r > 2, since in these cases both parts
of the inequality are zero.

Differentiating the integral in the definition (2.1) up to order 2[s] and repeating the previ-
ous arguments for the respective derivatives (note that they can be exchanged with (—A)* by
Remark 2.1), we obtain

F((—=Ag1)(x)
ork

< c5(2 — |x])A e stk (k=1,...,2[s]; r=|x|)),

which together with (2.10) implies (2.9) and hence (2.4) for arbitrary s € Ry. O

Lemma 2.4. Let s € Ry, q > p > 0and a, B € R. For the family of functions ¢r(x) = ¢1 (%),
where R > 0, one has

-t @=2s)a-Pp

ag—P __r
o =AY |77 (L x)) T g7 dr < cRTT 212)
for every R > 0 and some ¢ > 0 independent of R.

Sketch of the proof. By (2.1) and a change of variables § = %, we have

X

(=AY gr(x) = R2(=2) 91 () 2.13)
Substituting (2.13) into the left-hand side of (2.12) and applying Lemma 2.2, we obtain the
claim. O
3 Single elliptic inequalities
Now consider the nonlinear elliptic inequality
(=AY (x| fulr ) > clul? (1 + 2P (x eR"), 3.1)

where s > 0,c > 0,9 > p > 0 and « are real numbers.

We define the class Lg,loc

O C R" one has [ |x|*|u|F dx < co.

(R") as that of all functions u such that for each compact set

Definition 3.1. A weak solution of inequality (3.1) is a function u € L ,(IR") N LZ/IOC(]R”)
such that for any nonnegative function ¢ € CS [+ (R") there holds the inequality
[ Pl (=8 gdx > ¢ [ Jult(1+ x))Pg dx. (3.2)
Rn Rn

We will prove the following theorem.

Theorem 3.2. Inequality (3.1) has no nontrivial (i.e., distinct from zero a.e.) weak solutions for
n+ua—2s>0and

(n+p)p
p<qg= e a—0s (3.3)
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Proof. We make use of the test function g (x) = ¢1 (%) defined in Lemma 2.4.
Substituting ¢(x) = ¢r(x) into (3.1) and applying the Holder inequality, we get

c [, 1ulf(1+ 1x)Pgrdx

< [ Il Tl (~A) prdx
]Rn

: ° (3.4)
< [P lxl*](~a) gl dx
s q ag—pp —-E %
= (/ |u|q(1+|x’)ﬁchdx) (/ (=AY @r|7P (1+ |x]) 7+ @p " dx)
R supp|(—A)*¢r|
Hence,
ag— __r
Joo 170+ 1) Porr < [ 1=y gl (14 [xl) g 65

From (3.5) by Lemma 2.4 we obtain

(x—2s)q—Bp

[ 1+ )P dx < R
]Rn

Taking R — oo, in case of strict inequality in (3.3) we come to a contradiction, which proves
the claim. In case of equality, we have

/ u|7(1 + |x)P dx < oo,
Rn

whence
/ W71+ [x)Pgrdx =0 asR - o0
supp|(—A)*¢x|
and by (3.4)
[l 2P dx =,
]RVl
which completes the proof in this case as well. O

Remark 3.3. From the results of [7] it follows that at least for « = 0 and integer s the upper
bound given for uniqueness of the trivial solution in (3.3) is optimal. Its optimality for a # 0
and/or non-integer s is an open problem.

4 Systems of elliptic inequalities

Here we consider a system of nonlinear elliptic inequalities

(=)= (|x]* u|P = u) > e o1 (1 + |x))Pr (x € RY),
(=)= (|x]*2|oP2~ o) > co|u| (14 |x])P2 (x € R"),

wheres; > 1,50 > 1,91 > p2 > 0,92 > p1 > 0, a3, ap, f1 and B2 are real numbers.

Definition 4.1. A weak solution of system of inequalities (4.1) is a pair of functions (u,v) €
(Lgpioc(R") N LI 0 (R™)) X (Lg, 1oc(R") N L72 | (IR™)) such that for any nonnegative function

p1,loc pa,loc

¢ € Cé max([s1] fsa]) +1 (R") there hold the inequalities
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L e =)y = e [ ol (14 [x)P oz,
n ]Rn

(4.2)
ol To(-a)pdxy > o [ ul(1+ x)Pgdx.
R" R"

We will prove the following theorem.

Theorem 4.2. System (4.1) has no nontrivial (i.e., distinct from a pair of zero constants a.e.) weak
solutions for

+ max{ (a1 —2s1)q192+p1[q1 (22 =252 2) — P1pal (42 =252 )1 @2+ P2 (g2 (11 =251 - B1) —Paprl} - () (4.3)

n q192—p1p2

Proof. Introduce a test function ¢g(x) as in the proof of the previous theorems. Similarly to
(3.4), we get

et [ 1ol (U [x) prabx < [ Jul?[x|!|(~2)" grl dx
]Rﬂ ]I{?I

2-r
M=o —

% 1 p} a2
< (f -+ Penasf (] (=)l 25 (1 x) B ™ P ) ™
R” supp|(—A)*1 gg|

2 Jl It el < [l x| (=) dx
IRH RH

qn—r2

P2
7 ax41—B1p P2
< (f ol 1+ P gran]'( [ (=8 ul 7% (14 [2) R g ) "
R" supp|(—A)°2¢r|

Estimating the second factors in the right-hand sides of the obtained inequalities by Lemma 2.4
similarly to (2.4), we get

P

1

(n+B2)
o 0171+ gt < R (e ePgeds) T,

P

(n+p1) q
o 104 g < R (o1 )P )" )

and, substituting (4.5) into (4.4) and vice versa,

nat (01 —251)q192+p1191 (20 —25p —Bp) —B1 2]
\0]‘71(1 + \x!)“lqm dx < c¢R 7192~P1P2 ,
Rn
n+ (09 —259)q190+p2 (92 (01 =251 —B1)—Bop1]
JETETp——

Passing to the limit as R — oo, we complete the proof of the theorem similarly to the previous
ones, including the critical case. O

Remark 4.3. From the results of [7] it follows that at least for a; = a; = 0 and integer 51, s,
the upper bound given for uniqueness of the trivial solution in (4.3) is optimal. Its optimality
for arbitrary ay, @, and/or non-integer s1, s is an open problem.
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5 Nonlinear parabolic inequalities
Now let 19 € Ly joc(R"), ug(x) > 0 a.e. in R”. We consider the nonlinear parabolic inequality
e+ (=A) (1x]") > clu? T+ [x)F - ((x) € R" xRy) (5.1)

with the initial condition
u(x,0) = up(x) (x e R"). (5.2)

Definition 5.1. A weak global (in time) solution of inequality (5.1) is a function u € Ly 1o (R" x
R4) N LY, (R" x Ry) such that for any nonnegative function ¢ € CHLY(R" x R, ) with
supp ¢(-,t) CC R" for each t > 0 there holds the inequality

/ / |x[*u[(—A) ¢ — q)t]dxdt>c/ / |u]7(1 + |x|) qodx—l—/ up(x)@(x,0)dx. (5.3)
R+ n

We prove the following theorem.

Theorem 5.2. Inequality (5.1) with initial condition (5.2) has no nontrivial weak global solutions for
a < 2s and

l<g<1+ (5.4)

2s—a+pB
—
Proof. Introduce the test function @rg(x,t) = @1 (%) ¢1 (7)), where ¢ is defined as in
Lemma 2.2, and the parameter 6 > 0 will be specified below. Substituting ¢(x,t) = ¢ra(x,t)
into (3.1) and using the Young inequality, we get

c/ / u|7(1+ |x|)P g o dx dt

<L [iorom s

GDR,e
ot

Cc
]dxdt < /]R+/ ul(1+ x)Pprodxdt (s g

ag- 1
wde)[ [ ]I ¢Re\ql<1+1x\>fl+\a§f9 1+ )" q‘%]%gldxdt,
R, JR" ,
where d(c) > 0. Hence,
o ot 1D 2, (5.6)
R, JR c
where ,
t= o fo |t 74 | 228 T (g )T g ]
IR, Jre V' #re ot Pro 0

From (5.6) and (2.4) due to the definition of ¢gg(x,t) we have

[ < CR" i1 (R L= qul)

with some C > 0. Choosing 6 = 2s — a« and taking R — oo, in the case of a strict inequality in
(5.4) we come to a contradiction, which proves the theorem. The case of equality is considered
similarly to Theorem 3.2. O
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Remark 5.3. Similar results can be obtained for the inequality
w+ (=8 (Jx|*|ufP M) > clul? L+ [x))F - ((x,t) €R" xRy) 5.7)
with initial condition (5.2).

Remark 5.4. From the results of [7] it follows that at least for « = 0 and integer s the upper
bound given for uniqueness of the trivial solution in (5.4) is optimal. Its optimality for « # 0
and/or non-integer s is an open problem.

Acknowledgments

The publication was prepared with the support of the “RUDN University Program 5-100".
The authors also thank the anonymous referee for her/his helpful comments.

References

[1] A. CarsorTl, S. DrpierrO, E. VALDINOCI, Local density of solutions of time and space
fractional equations, arXiv preprint (2018). https://arxiv.org/abs/1810.08448

[2] Z. DanMant, F. Karawmi, S. KErRBAL, Nonexistence of positive solutions to nonlinear non-
local elliptic systems, J. Math. Anal. Appl. 346(2008), No. 1, 22-29. https://doi.org/10.
1016/j.jmaa.2008.05.036; MR2428268; Zbl 1147.35306

[3] S. DrrierrO, H.-C. GRUNAU, Boggio’s formula for fractional polyharmonic Dirichlet prob-
lems, Ann. Mat. Pura Appl. 196(2017), No. 4, 1327-1344. https://doi.org/10.1007/
510231-016-0618-z; MR3673669; Zbl 1380.35090.

[4] S. DrrierrO, O. Savin, E. VaLpinoci, All functions are locally s-harmonic up to a small
error, J. Eur. Math. Soc. 19(2017), No. 4, 957-966. https://doi.org/10.4171/jems/684;
MR3626547; Zbl 1371.35323

[5] E. GaLaknov, O. SALIEVA, Nonexistence of solutions of some inequalities with gradient
nonlinearities and fractional Laplacian, in: Proceedings of International Conference Equadiff
2017, Bratislava, SPEKTRUM STU Publishing, 2017, pp. 157-162.

[6] N. V. KryLov, On the paper “All functions are locally s-harmonic up to a small error”
by Dipierro, Savin, and Valdinoci, arXiv preprint (2018). https://arxiv.org/abs/1810.
07648

[7] E. MrTIDIERI, S. POHOZAEV, A priori estimates and nonexistence of solutions of nonlinear
partial differential equations and inequalities, Proc. Steklov Math. Inst. 234(2001), 1-362.
MR1879326; Zbl 1074.35500 | 0987.35002

[8] S. PoHozAEV, The essentially nonlinear capacities induced by differential operators, Dok-
lady Mathematics 56(1997), No. 3, 924-926. MR1608995; Zbl 0963.35056

[9] O. SaLIEVA, Nonexistence of solutions of some nonlinear inequalities with fractional pow-
ers of the Laplace operator, Math. Notes 101(2017), No. 4, 699-703. https://doi.org/10.
4213/mzm11404; MR3629048; Zbl 06751137


https://arxiv.org/abs/1810.08448
https://doi.org/10.1016/j.jmaa.2008.05.036
https://doi.org/10.1016/j.jmaa.2008.05.036
https://www.ams.org/mathscinet-getitem?mr=2428268
https://zbmath.org/?q=an:1147.35306
https://doi.org/10.1007/s10231-016-0618-z
https://doi.org/10.1007/s10231-016-0618-z
https://www.ams.org/mathscinet-getitem?mr=3673669
https://zbmath.org/?q=an:1380.35090
https://doi.org/10.4171/jems/684
https://www.ams.org/mathscinet-getitem?mr=3626547
https://zbmath.org/?q=an:1371.35323
https://arxiv.org/abs/1810.07648
https://arxiv.org/abs/1810.07648
https://www.ams.org/mathscinet-getitem?mr=1879326
https://zbmath.org/?q=an:1074.35500|0987.35002
https://www.ams.org/mathscinet-getitem?mr=1608995
https://zbmath.org/?q=an:0963.35056
https://doi.org/10.4213/mzm11404
https://doi.org/10.4213/mzm11404
https://www.ams.org/mathscinet-getitem?mr=3629048
https://zbmath.org/?q=an:06751137

	Introduction
	Auxiliary estimates
	Single elliptic inequalities
	Systems of elliptic inequalities
	Nonlinear parabolic inequalities

