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1 Introduction
Consider the differential equation
My =Awy on]=(ab), —o<a<b<oo (1.1)
with boundary conditions
AY(a)+ BY(b) =0, A,B € M,(C), (1.2)

where M,,(C) denotes the set of n x n matrices of complex numbers. (This notation is standard
and should not conflict with the notation M for differential expressions.)
In this paper, for regular endpoints a, b, any n = 2k, k > 1, and any skew-diagonal constant
matrix C which satisfies
Cl=-Cc=cC, (1.3)

we generate symmetric differential expressions M = Mg and characterize the boundary con-
ditions (1.2) which determine self-adjoint operators S in L?(J, w) satisfying Smin C S = S* C
Smax. Here the matrix Q € Z,(J,C) is a C-symmetric matrix in the sense that

Q=-C'oC (1.4)
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and M = My, is generated by Q.
Such a characterization is well known [17] when

C=E=((—1)"0rnt1-s)rs=1- (1.5)
We prove the following theorem:

Theorem 1.1. Let Q € Z,(],C), n = 2k, k = 1,2,3, ..., let M = Mg, let w be a weight function.
Suppose a, b are reqular endpoints. Assume that C satisfies (1.4) and Q satisfies the C-symmetry
condition:

Q=-C'QC.
Then the linear manifold D(S) defined by

D(S) = {y € Dmax; (1.2) holds} (1.6)

is the domain of a self-adjoint extension S of Smin (or restriction of Smax) if and only if
rank(A:B) =n and ACA" = BCB". (1.7)
Proof. The proof will be given below. O

Remark 1.2. We find it remarkable that the self-adjoint boundary conditions are characterized
by the same matrix C which generates the symmetric operators M.

The definitions of Z,(J,C), the quasi-derivatives yll, j = 0,...,n — 1, and Mg will be
given in Section 2, the proof of the theorem in Section 3 and examples of matrices C and C-
self-adjoint boundary conditions are given in Section 4. See [17] for definitions of Smin, Smax,
Dmin, Dmax, etc.

2 C-symmetric expressions

In this section, we develop a general form of the C-symmetric quasi-differential expression M
with complex coefficient of any even order n = 2k, k > 1 on an interval | = (a,b), —oc0 < a <
b < oco.
Let
Z()) == {Q = (@)iemr : Q € Mu(Liocl)):

Jrr+1 7é Oae. ]/ q;rl-q-l € Lloc(])/ 1<r<n-1;
grs =0ae. J,2<r+1<s<n

qy,s eLloc(])/ s#r-l_l/ 1 SrSn_l}.

For Q € Z,(]), in [3] define the quasi-derivatives ym (0 <7 < n) below:
Vo :={y: ] — C, y is measurable}, y[O} =y (yeW),
V, = {y e ‘/,,_1 Iy[r_l] € (ACIOC(]))}’
=g {r T Rt eV r=12m),
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where g, ,+1 = 1. Finally we set
My = i"yl", y eV,

these expressions M = Mg are generated by or associated with Q and for V, we also use
the notations D(Q) and V(M). Since the quasi-derivatives depends on Q, we sometimes

write y[g instead of y[’], r=12,...,n.

Remark 2.1. If Q € Z,(]) has the format

Jrr41 = 1, r=12,...,n—1,

21
1s=0, 1<r<n—lstr+l, 2D

then Mg will reduce to an ordinary differential expression M with ym = y(r), r=1,2,...,n—1,
the quasi-derivatives and ordinary derivatives are equal forr = 1,2,...,n—1, wheny € D(Q),
and moreover

Mgy = iyl = i {y(n) oy qnlsy(sfl)} _ (2.2)

Hence, in this case, Mg is merely an ordinary differential expression M, see (1.1), with
pn(x) = i" on J. And conversely every such differential expression can be rewritten in the
form of a quasi-differential expression.

In [11,17] the expression M is called a Lagrange symmetric (or just a symmetric) differen-
tial expression if the matrix Q satisfies

Q=—E,'Q"E,, (2.3)

where E, is the symplectic matrix of order n given by (1.5). However, (2.3) is not generally
satisfied by the companion-type matrices (2.1).
For the Lagrange symmetric Mg, the Green’s formula has the form

[a’ﬁ]{Myf— yMz}dx = [y,z](B) — [y, zl(«) (v, z € D(Q))

for any compact sub-interval [«, f] of (a,b). Here the skew-symmetric sesquilinear form |-, -]
maps D(Q) x D(Q) — C. The explicit form of [-, -] is given by

n

v, z)(x) =" Y (1) 'y ()l U(x) = (-1)"'Z°E,Y, (2.4)
r=1

where Z(x), Y(x) are the column vector function
Y = (%) yMx) -y )T, Z = (@) 2 () e 2T x o€ [ B

The expression w Mg = Ay, A € R defines or generates a linear operator S, once the domain
D(S) is suitably Smin with their respective domains Dmax and Dmin. In general, the minimal
operator Smin is a nonself-adjoint operator, otherwise Smin = Si;, = Smax- So if S is a self-
adjoint operator on D(S), then Spmin C S = S* C Smax, and

/{Myf —yMz}dx =0 (2.5)
J
for all y, z € Dax.

The GKN (Glazeman—-Krein—-Naimark) Theorem [4] which characterizes all self-adjoint ex-
tensions of T in H.
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Theorem 2.2 (GKN). Let d be the deficiency index of minimal operator Sy, then a linear submani-
fold D(S) C Da is the domain of a self-adjoint extension S of Smin in H = L?(J,w) if and only if
there exist functions v1, vz, ..., Vg in Dmax such that

(i) v1,v2,--- ,v4 are linearly independent modulo D,,;,, i.e. no nontrivial linear combination of
U1,02,...,04 1S in Dy

(ll) [Ul', U]](b) — [Z)i, v]](a) = 0, i, ] = 1,2, e ,d,’
(iii) D(S) ={y € Dg: [y,vj](b) — [y,v](a) =0, j =1,2,--- ,d}.

The GKN characterization depends on the maximal domain functions v;,j = 1,...,4d.
These functions depend on the coefficients of the differential equation and this dependence is
implicit and complicated.

When both endpoints of | are regular, this dependence can be eliminated and an explicit
characterization can be given in terms of two-point boundary conditions involving only solu-
tions and their quasi-derivatives at the endpoints. This has the form:

D(S) = {y € Dmax : AY(a) + BY(b) =0}, (2.6)
where the complex n x n matrices A, B satisfy
rank(A : B) = n, (2.7)

and
AE,A* = BE,,B*. (2.8)

It is much more explicit than the GKN Theorem and it can lead to a canonical form for
self-adjoint boundary conditions such as the well known form in the second order Sturm-
Liouville case, see formulas (4.2.3), (4.2.4) and (4.2.7) in [20]. Through the long history of
Sturm-Liouville problems, these canonical representations have led to a comprehensive un-
derstanding, both theoretically and numerically, of the dependence of the eigenvalues on the
boundary conditions. In [10,15] canonical representations for regular problems of n = 4 are
known. We will also go on with these canonical forms in our subsequent papers.

Notice that (2.4) and (2.8) hold for the constant matrix E, satisfying E, = —E, = E}, this
paper considers these forms for every general regular skew-diagonal constant matrix C =
(Crs)fs—y satisfying C™1 = —C = C*. Thus we have the following definition.

Definition 2.3. Let Q € Z,(]). Define
W=y yewn,

o o 2.9)
E R S Y] S
s=1

where g, 41 := ¢ 1.
We set
My = Mgy = i"y", (2.10)

with the domain D(Mg), which we usually write as D(Q). The expression M = M, is called
the quasi-differential expression generated by or associated with Q. Suppose that

Q=Q"=-C,'Q"Cy, 2.11)
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ie.,
r,s = Cr,n+l—rﬁn+1_51n+1_7cn+l—s,51 (2~12)

then Q is said to be a C-symmetric matrix. In this case Mg is called a C-symmetric quasi-
differential expression. Note that Q** = Q, M5+ = Mg, where Mg := Mg+, we call QT the
C-adjoint matrix of Q and Mér the C-adjoint expression of Mg.

It is of special interest to note that if C,, = E,, then
Q = _Erle*EVl/
and the expression M = M, is reduced to the Lagrange symmetric differential expression.

Remark 2.4. What we really need to emphasize is that the constant matrix C, is not only a
skew-diagonal matrix satisfying
cl=-Cc,=cC, (2.13)

but plays a key role in the construction of symmetric quasi-differential expressions as well
as in the self-adjoint domain characterization for C-symmetric differential operators. In addi-
tion, the C-symmetric condition on the matrix Q means that Q is invariant under the com-
position of the following three operators: “flips” about the secondary diagonal, conjugation,
multiplying g,s by (—1)""5*1 (i.e., changing the sign of g, if 7 + s is even).

Remark 2.5. The operator M : D(Q) — Lj,c(]) is linear.

From Definition 2.3 we have the symmetric condition

Q=-C,'Q*Cu.
Set
0 C
Cp = ( fock 12 ) , Co1,C12 € Mi(C).
Cor Okxk
Then
Cn = —Ci, Ct =Ch,
ie.,
Okxk  Ci2 >
C — 2.14
! < —Cfy Okxk (219

and Cyp; is a skew-diagonal unitary matrix, that is,

CrsCrs =1, forr+s=n+1,1<r <k,

) (2.15)
¢rs =0, otherwise.
Set
Crm—rtl = elfr, —n<0,<mr=12,...,k
Thus C,, can be rewritten as
C, = skew-diagonal(eiel, etz . e om0k 2 —e_iel). (2.16)

Let

_( Qu Qw2
Q= < Qo1 Q» ) € ZnlJ),
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Qi]' € My(C), i, j =1,2, then
ot — < —C120Q05 ¢, C2Q1Ci2 > ‘
Cikz élcﬁ _CTZQECIZ

From Q = QT, we have the C-symmetric matrix

[ Qn Q12
Q= ( Qau —CH0Q5C 2 )l @17)

where Q1 = C120Q7,C12, Q21 = C§,Q5,C5y, ie., C1,Q12, C12Q21 are symmetric matrices.
By direct calculation, the C-symmetric matrices Q € Z,(J) have the form

L]ll qlz 0 e C.e 0
q21 q22 q23
, (2.18)
Gn—21 Gn-2,2 cre e —C03p-202n—-103 0
In-1,1 qn—12 e —Gx —C2,n-1C1,nf12
i ConCon-1G,-11 = —ClaCan-1qy ~n
where = 7 =¢ .7 =¢,..d =c2 .0
In1 = C1 917 9n—12 = €2 1951, s Jk+1k = Crpr19rr1 0 Tok+1 = Cppr19r k1

The self-adjoint operators S in the Hilbert space L?(J,w) generated by the equation
My = Mgy = Awy on ],
where Q has the form (2.18). Then S satisfy
Smin C S = 5" C Smax- (2.19)

So it is clear that these operators S differ from each other only by their domains. These
domains D(S) are characterized by Theorem 1.1 and the proof is given in next section.

3 Characterization of self-adjoint domains

In this section, we prove the main results in this paper: characterization of self-adjoint domains
for general regular even order C-symmetric quasi-differential operators. Our starting point
for this characterization is the Lagrange identity which plays a critical important role in the
characterization of self-adjoint domains.

To prove Lagrange identity, we use the following two lemmas.

Lemma 3.1. Let Q,, P, € Z,(]). Let F, G be n x 1 function matriceson J. If Y = Q,Y + Fand Z' =
P,Z + G and the constant matrix C,, € M, (C) satisfies

Then
(Z*CnY)/ =Z*(P;Cy+CyQn)Y + Z*C,F + G*C,Y, (3.1)

where
T
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Proof. From the differentiation of function matrix, we have

(Z*ChY) = (Z*)'ChY + Z*CLY + Z*CyY’
= (Z"yC.Yy + Z2*CpY’
= (P,Z+G)"C,Y + Z°Cy(QuY + F)
= (Z'P; + G")C,)Y + Z°C,QuY + Z*C,F
= Z"(P;Cy + CQu)Y + G*CY + Z*C, F.
This completes the proof. O

Lemma 3.2. Assume Q, € Z,(]) and P, = —C,;'Q;Cy, then P, € Z,(]) and if Y' = Q,Y +
Fand Z' = P,Z + G on ], where F, G be n x 1 function matrices on J. Then

(Z*CpY)' = Z*CuF + G*C,Y. (3.2)

Proof. Let Qn = (qrs)ls—q € Zu(J) and P, = (prs)!i—; = —C;/ ' Q;Cn, then we have

n
Prs = Z(ZCr,]ﬁl,j)Cl,s - Cr/”*r+1ﬁn—s+1,n—r+1cnfs+1,s/ r,s=12,---,n
=1 j=1
Soforl<r<mn-—1,
Prp+1 = Cr,n—r+1ﬁn_r,n_r+1Cn—r,r+l
is invertible a.e. on J.
Sincefor2 <r+1<s<nr+l—-s=n—-s—1)+1—-(n—r+1) <0, gp-s—11-r41 =
0, then
Prs = Cr,n—r+1qn_s+1,n_r+1Cn—s+1,s =0.
This concludes that P, € Z,(]).
From C, satisfy (2.13), and C,P, = —Q;C, = —(C;;Qy)*, we have C,Q, = —(C;Qn)
(CyPy)* = —P;C,. Hence from (3.1) in Lemma 3.1, (3.2) is established. O

We obtain a new general version of the Lagrange identity as follows.

Theorem 3.3 (Lagrange identity). Let Q € Z,(]), and P = —C,;Q*Cy, C, is defined by (2.14) (or
(2.16)). Then P € Z,(]) and for any y € D(Q) and z € D(P), we have

Moy —yMpz =[y,2',  [y,2] = Z*G,Y, (3.3)
and
A =1 ] _ = 1)
Z*CnY = Cn—?’,?’-‘rl Zp ]/ = Z {Crn r+1 Zp yQ — Crn r41 ZP yQ } , (34)
r=0 r=1

where Y = (y ylUl ... yln=INT 7 — (000 200) ... 2[=INT gye generated by Q and P respectively.
Proof. Set f = —El,nyg}, g = —El,nzg?], then we have
:Q?—f—F, Z/:PZ+G,

where



Q. L. Bao, |. Sun, X. L. Hao and A. Zettl

So from the Lemma 3.2, we have

(Z*C,Y) = ZpCyF + G*CyYg
= Clnmf - E1ngy[0]

= —myg] + zgf]y[e]
= —(=i)"{z""Mqy — ' Mpz}.

After integrating both sides of the above equation on any subinterval [«, ] C ], we get

B B o
y,z]f = /a ZMqydx _/a yMpzdx = (—1)F1Z*C, Y |£ .

Hence from the arbitrariness of «, B € | we have

ZMgy — yMpz = [y, 2],

and

ly,z] = (~D)*1Z*C,Y.
By calculation (3.4) is also established. This completes the proof. O
Remark 3.4.

@

)

If in (2.16) for odd number in 1 < j < k, we set §; = 7t and for even number in 1 < j <
k, 8; = 0, then C, = E, and we have the classical Lagrange identity in the references [12,
17,21] below:

Assume Q € Z,(]), and P = —E,;'!Q*E,, then P € Z,(]) and for any y € D(Q) and z €
D(P), we have

zZMgy — yMpz = [y, 2],

and
n—1
[y, 2] = (=1)F 3o (1) b=yl = ()R ZeE, Y. (3.5)
r=0
If we set 9]~ =0,j=123...,kin (2.16), then C, = —F,, and we have the another

classical type of Lagrange identity in the Naimark book [14] as follows:

Let Q € Z,(J), and P = —F,;'Q*F,, then P € Z,(J) and for any y € D(Q) and z €
D(P), we have

zZMqy — yMpz = [y, 2]/,
and

k _ R ~ —~
[ylz] _ (_1)k Z{y[r—l}z[n—r} _ y[n—r]z[r—l]} — (—1)kZ*FnY, (3.6)
r=1

where

0 —
F, = < oxk i > / Jk = (5r,k+lfs)lr<,s:1' 37)
Je Okxk
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Theorem 1.1 characterizes all self-adjoint realizations of the operators generated by differ-
ential equation
My = Awy, on | = (a,b), —o0 <a<b<oo, (3.8)

where M is C-symmetric quasi-differential expression.
Let (3.8) has the two-point boundary condition

AY(a)+BY(b) =0, Y=oyl ... yIT (3.9)

in the Hilbert space H = L?(J,w). Then according to Lemma 3.1, Lemma 3.2 and Theo-
rem 3.3 we have the following proof of Theorem 1.1.

Proof. From Theorem 3.3 we have

/a S Mydx — / " Maydx = [y, 2]l = Z* (B)Ca¥ (b) — Z*(a)Ca¥(a) = 0,
then
D(S) = {y € Diax : AY(a) + BY(b) = o}
is a self-adjoint domain if and only if
AC,A* = BC,B".
Thus Theorem 1.1 is established. O

Remark 3.5. If A, B € M, (R), then the condition (1.7) reduces to det(A) = det(B). However,
not all the real self-adjoint boundary conditions are generated in this way.

Remark 3.6.

(1) In [4,6] and [17,21] Everitt and Zettl et al. define a formally self-adjoint differential equa-
tion Mgy by
Q=Q"=-E'QE, QeZl(),

where constant n X n matrix E, is defined by (1.5). E, is a skew-diagonal matrix satisfy-

ing E,! = —E, = E}, i.e,, it is a special case of C,. Then S is a self-adjoint extension of
minimal operator generated by My, if and only if
D(S) = {y € Dmax : AY(a) +BY(b) =0, A, B M,(C)}, (3.10)
where
rank(A : B) =n, AE,A* = BE,B". (3.11)
(2) In [14, Chapter V] the formally self-adjoint differential expressions are generated by the
matrices
Q=-F"'Q"F, Q€ Zu()). (3.12)
Notice that F, is a constant skew-diagonal matrix and satisfy F, l'= —F, = F, itisa

special case of C,. Let M = Mg is generated by (3.12), then the domain defined by

~

D(S) = {y € Dimax : AY(a) + BY(b) =0, A, B € Mn(C)}, (3.13)

is a self-adjoint domain, i.e.,

~ ~

Smin CS= §* C §max

if and only if
rank(A : B) =1, AF,A* = BF,B". (3.14)
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(38) Theorem 1.1 unifies and generalizes the statement of (1)-(2). Furthermore the different
characterizations of self-adjoint domains among (1.6), (3.10) and (3.13) are caused by the
use of different definition of the quasi-derivatives. In fact, the self-adjoint characterization
of C-symmetric differential operators are generalization of previously known characteri-
zations [4-6,8,13,14,17,18,21].

Remark 3.7. In general, the matrices which determine symmetric differential expressions
are not unique, two different matrices may determine the same quasi-symmetric differen-
tial expressions. Frentzen [9] extended the Shin—Zettl set of matrices Z,(J) and Everitt and
Race [6] studied the relationship between the matrices in this extended set which generate the
same symmetric expressions. Theorem 1.1 shows that, given any constant skew-symmetric
matrix C satisfying

Cl'=-Cc=c,

the matrix

Q=-Cc'Q'C
is C-symmetric. And, remarkably, this same matrix C determines all self-adjoint boundary
conditions, i.e., Smin and Smax denote the minimal and maximal operators determined by Q, re-
spectively, then all self-adjoint extensions of Smin (or equivalently self-adjoint restrictions
of Smax), i-e. all operators S in L?(J, w) satisfying

Smin CS= S* C Smax

are determined by the boundary conditions (1.6), (1.7). In addition to the examples C =
E,, C = F,, the general generator of the symplectic group

0 —I
=(10)

where [ is the identity matrix of order k, is another example. See also the example

0 0 0 et
0 0 el
C= 0 —e72 0 0

—e 101 0 0 0

below.

4 Examples

In order to get a better understanding about our main results in this section we give some
simple examples for the special case n = 2, 4, 6.

Example 4.1. Let C, = ( ) %) € My(C) satisfy

C21 0

Cl=-C=0C,

0 C12 0 Eie
C, = = . —7T < 1. .
2 < —C12 0 ) < —8719 0 ! <# - (4 1)

then
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Now, let Q € Z,(]) satisfy
Q=Q":=-G'Q"C. (4.2)

ot = ( ;7722 C%zﬁlz >,

2921 — 491

Then

and we have a second order C-symmetric matrix

_ ( q1 o qi > (4.3)
g1 —fqq '
where qi2 = C%ﬁlz, q21 = E%zqzl-

The C-symmetric quasi-derivatives generated by (4.3) are:

1
0 — 11— L g0y

yr =y y = AT — gyl @

Y = —e{(") = g2y + 7y} = =LY — gy + 7501,

and M = My, is given by

. W11 /
My = iyl = ¢ { [qlz(y/—qny)} — gy + Z“ v - quy)}- (4.5)

Let Q € Z»(]), P = —C; 1Q*C,, then we obtain a new version of Lagrange identity for the
second order case:

ZMqy — yMpz = [y, z]', y € D(Q), z € D(P), (4.6)
where
ly,z] = Z*CrY = ¢® Hy[O] — 10 Hym —T<0<m.
Let
My = Awy, on] = (ab), 4.7)

in Hilbert space L?(], w), where M is defined by (4.5), it has the following boundary conditions

Ay M@) +B (0" 0) =0, ABeM(c),

where yl%, 41l are defined by (4.4).
Define

D(S) = {y € Dpax : AY(a) +BY(b) =0, Y = ( zg >} (4.8)

and S is generated by (4.7) satisfying Smin C S C Smax, then D(S) is a self-adjoint domain for
the second-order C-symmetric differential operators if and only if

AC,A* = BC,B*,  rank(A:B) =2. (4.9)

Remark 4.2. If § = 7, i.e.,, C; = E, then (4.3) is reduced to the Lagrange symmetric matrix

Q= ( - n ) (4.10)

2 =41
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where 11,7, are real-valued functions. Smin, Smax are determined by (4.10) and S is a self-

adjoint extension of Smin if and only if the domain

D(S) = {y € Dmax : AY(a) + BY(b) =0, 4, B e MZ(C)}

satisfy
rank(g : E) =2, and AE,A* = BE,B*,

i.e., the well-known characterization (4.12) is a special case of (4.9).
Example 4.3. Let Q € Z4(]) be C-symmetric, then from Definition 2.3 we get
Q=Q" =-C;'Q"Cy,

where Cy4 has the form

0 0 0 cu 0 0 0 i
0 0 c3 O 0 0 e 0
Cy = _ = —i6
0 —cx3 0 O 0 —e™2 0 0
-t 0 0 O —e it 0 0 0
From (4.13) we have
—y —C14C2334 0 0
ot = 140230 3 ;@3 C%ﬁzs o
C1:1202EQ42 7C273‘1372 7_‘1227 _0145235112
SPUN €14C2331  —C14C23(5 —q11
and it follows that
q11 q12 0 0
0= g21 g22 423 0
31 q32 —d2 —C14C23( 1
G41 C14C23q3;  —C14€23( —q11

— 2z — 2= _ 2=
where (23 = 3303, 932 = Co3d3, 41 = C1afy-
Thus the quasi-derivatives associated with the C-symmetric matrix Q are

1
v =y, U = —{y) - quy},
q12

1
= ) — gy — g2y},

q23

1 _
Y = - {(y*) — gy — gy + 700,
14C23q 1>

¥ = —er{ (V) — gy — ey + cucosty v + 41,y ).

So the fourth order C-symmetric quasi-differential expressions be given by

My = ity = —c1 4 { () — gury©

Set
My = Awy,

— 1482375y + Cracasfyy® + 75,y

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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where M is defined by (4.17). Then all self-adjoint extension S of minimal operator generated
by (4.17) are characterized as follows:

D(S) = {y € Dinax : AY(a) + BY(b) = o}, (4.18)
where A, B satisfy

rank(A : B) =4, AC4A* = BC4B*, A,B € My(C), (4.19)
and the quasi-derivatives in Y are defined by (4.15).

Remark 4.4. Note that q11 = 921 = 22 = q31 = 0 and g2 = 1 in (4.16) yields

My = cn[(43y") — 432y')’ + craqary. (4.20)
Moreover,
(1)if 61 = 71, 62 = 0, i.e., c1a = —1,cp3 = 1 in (4.20), then it is reduced to the real Lagrange
symmetric differential expression [21]
My = [(a53y") — q32y') — quy, (4.21)

where qz’;, g32, qa1 are reals.
For this Lagrange symmetric differential expression we have characterization of self-adjoint
domains

y
/

D(S) = { y € Dpax : AY(a) + BY(b) =0, Y = fy// , (4.22)
23
1. /
(55Y") —axy
where
rank(A : B) =4, AE4A* = BE4B*, A, B € M4(C).
(2) If 61 = 6, = 0 in (4.20), then it is reduced to the modified Naimark form [14]

My = [(955y") — q32y'] + qay, (4.23)

where qz’g}, g32, qa1 are reals.
For this differential expression (4.23) we have the characterization of self-adjoint domains

D(S) = {y € Dmax : AY(a) +BY(b) =0, Y = Ly , (4.24)
/
5]32y, _ (ql;y”>

where
rank(A : B) =4, AFLA®"=BFB*, A,Bc¢ M4(C)
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Example 4.5. n = 6. Let Q = (‘7%)?,5:1 € Zs(J) is C-symmetric, where

0 0 0 0 0 ci6
0 0 0 0 Co5 0
_ _ 0 0 0 czg O 0
C=Co= 0 0 —cu 0 0 0 (4.25)
0 —Co5 0 0 0 0
—C16 0 0 0 0 0
Then we obtain
q11 q12 0 0 0 0
g21 422 q23 0 0 0
g31 q32 q33 q34 0 0
= , _ , 4.26
Q q41 42 q43 —q 33 —C25C34(23 0 ( )
gs1 qs2 C25C34(42  —C34C25( 32 —q2 —C16€254 12
g61 C16€25451 C16C34441 —C34C164 31 —C25C16421 —q 11
where g34 = C§4734/ q43 = E%474& g52 = 5%57 52, 61 = E%6761-
Then we have the C-symmetric quasi-derivatives below:
1
Y=y, gy = ") —quy},
q12
1
= —{") — g2y — g2y},
q23
1
yPl = E{(ym)’ — g31y” — gaoy™ — g3y}, (4.27)
1 _
= ———{() — quy” — gy — gy + 75597,
25C34(23
(5] — 1 4]y [0] U _ 5 5., 7,412 I ) I ]
Y= ——— (") = g51y™” — gsoyt — Cos5CaaGary' + c34Co5G 2yt + G50y},
C16C254 12

and My = Mgy is given by
My = c16(yP) = c16q61y — Ca5G519™" — Caaary® + 247 319! + cosgouy™® + 7,55 (4.28)

Set

My = Awy, (4.29)
where M is defined by (4.28). Then all self-adjoint extension S of minimal operator generated
by (4.29) are characterized as follows:

D(S) = {y € Dimax : AY(a) +BY(b) =0, A, B € Mé(C)}, (4.30)

where A, B satisfy
rank(A : B) =6, AC¢A™ = BC¢B”,
and Y are defined by (4.27).
Note that 11 = 921 = g2 = q31 = 932 = 33 = qa1 = g = 51 = 0 and g1 = go3 = 1 in
(4.28) yields
My = {caal(q3y") — qusy"]' + cosq52'} — cr661Y.- (4.31)
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Furthermore we observe that 6; = 63 = 7w and 6, = 0 in (4.31) yields the Lagrange symmetric

expression

My = {l(q

where q3,!, 943, q52, ge1 are real-valued functions.
For this Lagrange symmetric differential expression we have characterization of self-adjoint

) —qa3y") — q52y'} — gery,

(4.32)

domains:
D(S) ={y € Dmax : AY(a) + BY(b) =0, A, B€ Ms(C)}, (4.33)
where
y
y/
/!
rank(A : B) = 6, AE¢A" = BE¢B*, Y = fy”’
(L}/ZS)LL’ — qazy”
q34
{[ga3y" = (50" — qs2y'}
If 6 = 6, = 03 = 0 in (4.31), then it is reduced to the real modified Naimark form
My — {[(—Q§41y"/)' ‘|’q43]/”], . 1152]//}/ +Q61y/ (4'34)

where q;f, q43, q52, qe1 are real-valued functions.
For this special expressions (4.34), we have the characterization of self-adjoint domains:

D(s) = {y € Diax : AY(a) + BY(b) =0, A, B € M6(C)}, (4.35)
where
y
y/
. y//
rank(A : B) =6, AF;A* = BF¢B”, Y = Ly///
434
q43]/// _ (qiy///)/

952y’ — [qa3y" —

1
(2ar

yl/l)l]/

Remark 4.6. (1) For n =4 and n = 6, (4.21) and (4.32) are generated by the following matrix

form [21]:

0O 1 0 0 00
0 1 0 0O 0 1 0 00
0 0 0 0 0 0 g3 00
0 q32 1 0 0 q43 0 1 0 ’
q41 0 0 0 qs2 0 0 0 1
q61 0 0 0 0 0
respectively. However, (4.23) and (4.34) are generated by the G-N type matrix function [14]:
O 1 0 0 0 O
0 1 0 o 0o 1 0 0 O
0 0 q23 0 0 0 q34 0 0
0 g O 0 0 g3 0 -1 O ’
gu 0 O 0 g 0 0 0 -1
qs1 0 0 0 0 0
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respectively.
(2) For n = 4, (4.18) contains the characterization (4.22) and (4.24). For n = 6, (4.30) con-
tains the characterization (4.33) and (4.35).
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