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1 Introduction and setting of the problem

In the present paper, we focus to find a non zero first eigenvalue for the system of quasilinear
elliptic equations

— Ayt = Ac(x) (a(x) + 1) |u|*®tufo[fF1 i O
(P) _Aq(x)v = /\C(X)(ﬁ(x) + 1)‘1,[‘“(3()740’1)’5(")*1 in Q (11)
u=0v=0 on 0Q)

on a bounded domain QO C RN. For any function p, Dpou = div(|Vu|P®)=2Vy) is usually
named the p(x)-Laplacian.

During the last decade, the interest for partial differential equations involving the p(x)-
Laplacian operator is increasing. When the exponent variable function p(-) is reduced to
be a constant, A, (,yu becomes the well-known p-Laplacian operator A,u. The p(x)-Laplacian
operator possesses more complicated nonlinearity than the p-Laplacian. Consequently, the
problems arising from the p(x)-Laplacian operator cannot always be transposed to the results
achieved with the p-Laplacian. The process of resolving these problems is often very compli-
cated and needs a mathematical tool (Lebesgue and Sobolev spaces with variable exponents,
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see for instance [5] and its abundant reference). Among them, find the first eigenvalue of
p(x)-Laplacian Dirichlet presents more singular phenomenon which do not appear in the
constant case. This singularity appears for instance by solving the Dirichlet eigenvalue (D, ) :
—Apu = Af(x,u) in the Sobolev space Wé’p (x)(Q) where () is an open bounded domain
with smooth boundary. For more inquiries on this topic we refer, for instance, to [2], where
the authors show that the Dirichlet parameter problem admits a nontrivial weak solution
provided A is in a well estimate interval of parameters. In the constant exponent case the
function p(-) is constant (see for instance [12] for p(x) = 2) a lower bound of the parameter
A depends on the first eigenvalue of the Laplacian Dirichlet problem, while it is zero in the
variable exponent case.

More precisely, it is well known that the first eigenvalue for the p(x)-Laplacian Dirichlet
problem may be equal to zero (for more details, see [10]). In [10], the authors consider that
Q) is a bounded domain and p is a continuous function from Q to |1, +oo[. They gave some
geometrical conditions which insure that the first eigenvalue is equal to 0. Otherwise, in one
dimensional space, the monotonicity assumption on the function p is a necessary and suffi-
cient condition which guarantees that the first eigenvalue is strictly positive. Here, it should
be noted that the monotinicity condition on p prevents the existence of strictly local minimum
or maximum in (), with which the first eigenvalue does not exist (see [10, Theorem 3.1]). The
same conclusion is obtained in higher dimensional case under a monotonicity assumption
required for a suitable function depending on p.

The fact that the first eigenvalue is zero, has been observed earlier by [8]. Indeed, the au-
thors illustrate this phenomena by taking Q = (—2,2) and p(x) = 3x(o1](x) + (4 — [x]) x1,2 (%)-
In this condition, the Rayleigh quotient

. VulPE)
= 00,000 g0y S
is equal to zero [22]. The main reason comes from the fact that the well-known Poincaré
inequality is not always fulfilled. In some particular situations, Maeda in [18] establishes a
version of Poincaré inequality. In this paper, the author also discusses others versions given
in [13] by Fu.

Further works established suitable conditions drawing to a non zero first eigenvalue (one
can see for instance [11,19]).

Compared to a single equation, elliptic systems have their own peculiarity with respect to
the first eigenvalue. First of all, when p(x) and g(x) are constant on (), in [4], the following
elliptic Dirichlet system is considered

—Apu = Aulul* o1 in O
—Ago = AMul*of~lv  inQ (1.2)
u=v=0 on dQ).

More precisely, the author establishes the existence of the first eigenvalue A,; > 0 associated
to a positive and unique eigenfunction (u*,v*). In this study Q is a bounded open set in RY
with smooth boundary d() and the constant exponents —1 < &, and 1 < p,q < N obey the
following conditions

Gt S+ B =1 and (a+ D5+ (B+ DL <1 (1.3)
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Furthermore, this result has been extended by Kandilakis et al. [15] for the system under
mixed boundary conditions

Apu+ Aa(x)|ulP~2u + Ab(x)ulu]* ol =0 in Q,
Ago+ Ad(x)|0|1720 4+ Ab(x)|u|* Holf~lo =0 on Q,
|VulP=2Vu-v+cy(x)|ulP2u=0 on 0Q)
|Vo|172V0 - v + cp(x)[0]720 = 0 on 0Q),

(1.4)

where Q) is an unbounded domain in RN with non compact and smooth boundary d(}, the
constant exponents 0 < &, fand 1 < p,q < N are as follows

1 N-— N-—
%qLﬁ%:l and (a+1)7f <q (B+1)% <p (1.5)

Inspired by [4], Khalil et al. [16] showed that the first eigenvalue Ap; of (1.2) is simple and
moreover they established stability (continuity) for the function (p,q) —— Ay,.

Motivated by the aforementioned papers, in our work we establish the existence of one-
parameter family of nontrivial solutions ((ilg,9r),Ay) for all R > 0 for problem (1.1). In
addition, we show that the corresponding eigenfunction (ilg, 9g) is positive in (), bounded
in L®(Q) x L®(Q) and belongs to C7(Q) x C}7(Q) for certain y € (0,1) if p,q € C}(Q) N
C%(Q). Moreover, by means of geometrical conditions on the domain (), we prove that the
infimum of the eigenvalues of (1.1) is positive.

To the best of our knowledge, it is the first time that the positive infimum eigenvalue
for systems involving p(x)-Laplacian operator is studied. However, we point out that in this
paper, the existence of an eigenfunction corresponding to the infimum of the eigenvalues of
(1.1) is not established and therefore, this issue still remains an open problem.

The rest of the paper is organized as follows. Section 2 contains hypotheses, some auxil-
iary and useful results involving variable exponents Lebesgue-Sobolev spaces and our main
results. Sections 3 and 4 present the proof of our main results.

2 Hypotheses — main results and some auxiliary results

Let L") (Q) be the generalized Lebesgue space that consists of all measurable real-valued
functions u satisfying

Pp(x) (1) = /Q lu(x)[P®dx < +oo.

LP¥)(Q) is endowed with the Luxemburg norm

[l ey = inf{T >0 pp(y) (%) < 1} :

Throughout the paper, to simplify, we will use the notation |[u/[,,) instead of ||| pw ) -
The variable exponent Sobolev space W'?()(Q)) is defined by

WO (Q) = {u € LPM(Q) : |Vu| € LPM(Q)}.

The classical norm associated is Hu||wé,p<x>(m = |lullp) + HVulllpx)-

0l 1,000
wy P

W&’p (x) (Q) = CP(QY) @ denotes the closure of C§°(Q)) respect with the norm of

WLP() (). The norm on Wg’p(x)(ﬂ) is denoted as HuHWl,p(x)(Q) and it is well known that
0
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HuHWé,p(x)(Q) = [[Vu| (- This norm makes Wg’p(x)(ﬂ) a Banach space and the following
embedding

Wer < () 2.1)

is compact with 1 < r(x) < ]\I,\]f’;& for all x € Q.

In the sequel, we will also use the simplified notation |||y () instead of [[u]|, 1,
0

"y’

21 Hypotheses
(H.1) Q) is an bounded open of RN, its boundary 0Q) of class C2° for certain 0 < 6 < 1,
(H2) c: QO — R; and ¢ € L®(Q)),

(H.3) &, B: Q) —]1,+00| are two continuous functions satisfying

1<a =infa(x) <a” =supa(x) <oo,1< B = in(f)‘B(x) < BT =supB(x) < o
xe

xeQ B xeQ xeQ

and

(H.4) p and q are two variable exponents of class C!(Q)) satisfying

~Np(x)

_Ng(x)
SR ek

for all x € Q.
N —q(x)’

q(x) <
with

1<p =inf p(x) < pt =supp(x) < o,
xeQ) xeQ

1<g =infq(x) <q" =supg(x) < o0

xeQ) xeQ
2.2 Main results

Throughout this paper, the notation X} (<)) (Q) designates the product space W&’p ) (Q) x
W, ™).
Define on X)) (x)4() (Q)) the functionals A and B are given by:

1
Az, w :/ Vz|P* dx+/ V|1 (2.2)
o) = [ o IV S vl
B(z,w) :/ c(x)|z]¥®)H g Px “dx, (2.3)
0
and denote by [|(z,w)|| = ||zl () + [[w[l1,4(x)- The same reasoning exploited in [9] implies

that A and B are of class C!(X} (x)4(x) (Q),R). The Fréchet derivatives of A and B at (z,w) in
Xg(x)’q(x) (Q) are given by

A'(z,w)- (¢, 9) = [4 |Vz|P)-2Vz. Vo dx + Ja V|7 -2Vw - Vi dx (24)
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and
Bz 0) () = [ c(x)(a(x) + Dzl 2few]P 1
o (2.5)
+ [ el)(B(x) + DI w0 oy dx,

where (¢, ) € Xg(x)’q(x)(ﬂ).
Let R > 0 be fixed, we set

Xr = {(z,w) € XXV (Q); B(z,w) = R}.

It is obvious to notice that the set Xy is not empty. Indeed, let (zo, wo) € X} (x)’q(x)(ﬂ) such
that B(zg,wg) = by > 0, if by = R we are done. Otherwise, for zg = (R/bo)l/p(x)zo and
WR = (R/bo)l/Q(")wo, it is easy to note that B(zg, wr) = R.

Now, define the Rayleigh quotients

) A(z,w)
AR = f , 2.6
R (z,z};I)lexR B(z,w) (2.6)
) Az, w)
A = inf (2.7)
p(x)/q(x) (Z’w)ex(l),p(x),q(x) (Q)\{O} B(Z, ZU)
and
) A(z,w)
AR = f . 2.8
® 7 e T e (@) + B+ 2) 2 e .
Remark 2.1. The constant A} in (2.6) can be written as follows
R)\}k{ = inf{(z,w)EXR} A(Z, ZU). (29)

Our first main result provides the existence of a one-parameter family of solutions for the
system (1.1).
Theorem 2.2. Assume that (H.1)—(H.4) hold. Then, the system (1.1) has a one-parameter family of

nontrivial solutions ((iig,9r), Ay) for all R € (0,400). Moreover, if one of the following conditions
holds:

(a.1) There are two vectors I, I, € RN\{0} such that for all x € Q, f(t;) = p(x + t1}) and
Q(t2) = q(x + t2lp) are monotone for t; € I, = {t;; x+t;l; € Q},i=1,2.

(a.2) There are x1 and xa ¢ Q such that for all wy,wy € R\ {0} with ||w1]|, [|[wz| = 1, the functions
f(t1) = p(xo + tiwy) and g(t2) = p(x2 + trws) are monotone for t; € I, o, = {t; € R; x; +
tiw; € Q}, i=1,2.

Then, A;( 0a(x) = infr~o A} > 0 is the positive infimum eigenvalue of the problem (1.1).
A second main result treats positivity, boundedness and regularity properties for a solution
of the problem (1.1).

Theorem 2.3. Let R be a fixed and strictly positive real. Assume that (H.3) holds.

Then, (iig, Or) the nontrivial solution of problem (1.1) is positive and bounded in L*(Q)) x L®((Q}).
Moreover, if p,qg € CHQ) N CY7(Q) for certain v € (0,1) then (fig, o) belongs to C°(Q) x
C(Q),6 € (0,1).

The proof of Theorem 2.2 will be done in Section 3 while in Section 4 we will present the
proof of Theorem 2.3.
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2.3 Some preliminaries lemmas
Lemma 2.4 ([5], [8, Theorems 1.2 and 1.3]).

(i) Forany u € LP™)(Q) we have

— + .
el < ooy (0) < el F Nl > 1

+ - .
07 < oy (0) < )i 1l < 1.
(ii) Foru € LP™)(Q)\{0} we have

. . u
[ull oy = a ifandonlyif p,y) (E> =1. (2.10)

Lemma 2.5 ([5, Theorem 8.2.4]). Under assumption (H.4), for every u Wg’p(') (Q) it holds
||qu(.) < CN,pHVqu(.), (2.11)
with a constant Cy,, > 0.

Recall that if there exists a constant L > 0 and an exponent 6 € (0,1) such as
lp(x1) — p(x2)| < L|x1 — %2/ forall x,x € Q,

then the function p is said to be Holder continuous on Q) and we observe that p is a function
of class C%%(Q)).
For a later use, we have the next result.

Lemma 2.6. For s € (0,1) it holds

22:1(” ~1)s"t < (s _51)2'

Proof. The proof is immediate and it is left to the reader. O

3 Proof of Theorem 2.2

Taking account of the assumption (H.3), we note that the system (1.1) is arising from a nonlin-
ear eigenvalue type problem. Solvability of general class of nonlinear eigenvalues problems
of type A’'(x) = AB’(x) has been treated by M. S. Berger in [1]. We recall this main tool.

Theorem 3.1 ([1]). Suppose that the C! functionals A and B defined on the reflexive Banach space X
have the following properties:

1. A'is weakly lower semicontinuous and coercive on {x : B(x) < const., x € X};
2. B is continuous with respect to weak sequential convergence and B'(x) = 0 only at x = 0.

Then the equation A’ (x) = AB'(x) has a one-parameter family of nontrivial solutions (xg, Ar) for
all R in the range of B(x) such that B(xgr) = R; and xp is characterized as the minimum of A(x) over
the set {B(x) = R}.
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Remark 3.2. In the statement (2) of Theorem 3.1, the condition “B’(x) = 0 only at x = 0” may
be replaced by “B(x) = 0 only at x = 0”. Indeed, in the proof of Theorem 3.1, assume that
the minimizing problem inf(z(,)_g} A(x) is attained at xg € X then because A and B are
differentiable there exists (A1, A2) (A1 and A, are not both zero) a pair of Lagrange multipliers
such that

AlAI(XR) + AzB/(xR) =0.

A1 # 0 since otherwise B'(xg) = 0 implies xg = 0.
In particular, this is true if we assume that there exists v > 0 such that

(B'(x),x) > vB(x) forall x € X.

3.1 Properties of A and B
Lemma 3.3.
(i) A(z,w) is coercive on Xg(x)rQ(X) (Q).

(ii) B is a weakly continuous functional, namely, (z,, w,)—(z,w) (weak convergence) implies
B(zy,w,) = B(z,w).

(iii) Let (z,w) bein Xg(x)’q(x)(()). Assume that B (z,w) = 0 in X~ 4 (Q) then B(z,w) = 0.

Proof. (i) For any (z,w) € Xg(x)’q(x)(ﬂ) with |[z[|y )/ [[@]l1(x) > 1, using Lemma 2.4 we
have

/1 |Vz|p(x)dx—|—/ L|Vw|‘7(x)dx
a p(x) a¢(x)

1 (%) 1 (%)
2p+/Q|Vz|Px dx+q+/Q\Vw|‘” dx

(11 - -
> min {w'w} (2l + 07, )

—min{»y g~ . 1 1 min{p~ 9~
> g miny 4 }mm{pyw} Uzl oy + 101l g ™7

Since min{p~,q~} > 1 (see (H.4)) the above inequality implies that
A(z,w) = 400 as ||(z,w)] — +oo.

(i) Let (zy, wy) — (z,w) in Xg(x)’q(x)(Q). By the first part in (H.4) and (2.1) the embed-
dings Wé’p(x) — LPM)(Q) and W&’q(x) < L1 (Q) are both compact, so we get

(zn,wy) = (z,w) in LPO)(Q) x LI9)(Q). (3.1)
Using (H.3) and the definition of 13, we have
|B(zn, wn) — B(z,w)|

< Jleloo [/Q ’Z|zx(x)+1 <|w|/3(x)+1 _ |wn|ﬁ(x)+l) dx—|—/0 |wn|,5(x)+1 (|Z|tx(x)+l . |Zn|zx(x)+1) dx]

< 2 el M) AL e dx] |
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By Holder’s inequality one has

1
/Q |Z|(x(x)+1 ’w _ wn’ﬁ(x)Jr dx < sz,ﬁ,p,q H|Z|a(x)+1 " |wn _ w|4x(x)+1 o
a(x)+1 B(x)+1
where C g, > 0 is a constant. Observe that
q* 1. A6
L P [ (o = wa PO = o) (10— 0n)
x)+
and also _
q
Pq() (W —wy) < H jw — wn‘ﬁ(x)ﬂ‘ a0
Then it follows that
9 /q"
[l = wa PO < g 0= ) < o = PO
AL+ q(x)

Therefore, the strong convergence in (3.1) ensures that

H|w — 1w, [P+ —0 asn— +oo.

A quite similar argument provides

H|z — z,,|*0)+1 —0 asn — +oo.

p(x)
a(x)+1

(iii) Clearly, let us notice that for any (z,w) € Xg(x)’q(x)(ﬂ), doing ¢ = z/p(x) and ¢ =
w/q(x) in (2.5), we get the following identity

B'(z,w) - (z/p(x),w/q(x)) = B(z,w).

Then the statement (iii) follows. This concludes the proof of the lemma. O

3.2 A priori bound for A

Lemma 3.4. Let R a fixed and strictly positive real number. There exists a constant I(R) > 0
depending on R such that

A(z,w) > K(R) >0, V(z,w) € Xg. (3.2)

Proof. First, observe from Lemma 2.5 that if [|[Vz|| ¢ (q) < 1, we have

pp(x)(ﬁ) < ‘

z

| <L

p(x)

Then if follows that
.

’ 3.3
p(x) (33)

_z
Cnp

which combined with Lemma 2.5 leads to

|Z|p(x) < P
Ja o dx < HVsz(x).
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Hence it holds .
- -/
INEISEEES KN,pHvZHf,(X) < KN,,,HVZHZ(X)P , (3.4)

where

A quite similar argument shows that
- /gt
/Q [w]"dx < K| Vel 17 (3.5)

where

For every (z,w) € X}, (x)4(x) (Q)), Young's inequality and (H.3) implies

/ c(x)|z|* | P+ gy < ||cuoo/ ["‘(")“W(xu 'B(x)+1|w|q(X)] g
Q al plx) q(x)

(3.6)
< |lc]leo </ |z\”(")dx+/ \wH(x)dx> .
o) o)
Assume that (z, w) € Ay is such as
max (||vZ||p(,), ||Vw||q(_)) <1 (3.7)
Bearing in mind (H.3), (H.4) and (i) of Lemma 2.4, we have
1 (x) 1 (x)
max / ——|Vz|PWdx, / —— | Vw|T™Wdx < 1. (3.8)
a p(x) aq(x)
Then, from (3.4)—(3.8), it follows that
1 p/pt 1 9 /q"
R<K (/ |Vz|p(x)dx> K (/ |Vw|’1(x)dx> . (3.9)
a p(x) aq(x)
From the hypothesis (H.4) on p~, p*, g~ and g™, it follows that
pat prat g AR 1 qt/q”
Ry <200 KT (/ |Vz|”(")dx>
0 p(x)
- (3.10)
+K§+q+/rflf </ 1|vw’q(x)dx> ]
0 q(x)
Or again
REE < (2K )% [/ 1|VZ|P(")dx+/ 1\Vw|‘7(")dx] (3.11)
= a3 a p(x) aq(x) .
where

—/pt — /gt
Ki=Knp (p9)" 7 llelloor Ko =Kng (77)" 7" Jlc]leo
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and K3 = Ky 4 Kj. Thus, from (3.11), we conclude that

+,+

q°p

Az, w) > (22) e (3.12)

Now, we deal with the case when (z, w) € Xy is such as

max (HVZH,,(,), HVqu(,)) > 1.

max (/ \Vz\”(x)dx,/ ]Vw\q(x)dx> > 1.
0 0

If [, |Vz|PWdx > 1, we have

This implies that

p* L]Vz|”(")dx > / Vz|PMdx > 1,
a p(x) 0

which in turn yields
1
Az, w :/ Vz dx+/ Vw1 dy > —. (3.13)
)= [ oIV vl =

Now for [, [Vw]| (*)dx > 1 a quite similar argument provides

Az, w) > qﬂ (3.14)

We notice that if max (||Vz||p(,), ||Vw||q(A)> > 1, from (3.13) and (3.14), it is clear that
. 1 1
A(z,w) > min {er, !]J“} : (3.15)

Thus, according to (3.12) and (3.15), for all (z,w) € X%, one has

gtpt
R\Xovr 1 1
> mi —_— _— . .
.A(z,w)mm{<2K3> 'p+'q+} >0 (3.16)

Consequently, there exists a constant IC(R) > 0 depending on R such that (3.2) holds. O

3.3 Proof of (2.6)
We begin with a proposition.

Proposition 3.5. Assume that (H.3) holds. Then, for R > 0,

1 0< )<A*R<A*

a++ﬁ++2

(ii) Any A < Ay is not an eigenvalue of problem (1.1).

(iii) There exists (fir, Or) € XR such that A} is a corresponding eigenvalue for the system (1.1).
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Proof. (i). First let us show that 0 < (zx++/\7;§++2) < Avr < Ak Obviously, for all (z,w) € X, we
have
A(z,w) Az, w) < A(z, w)
@+ 7+ 2R = o) (alx) + px) + DO T = R
From (2.6) and (2.8), it follows that % < Ayr < Ak. Now suppose that A,g = 0. Then

Ak = 0 and in virtue of Lemma 3.4 and Remark 2.1 this is a contradiction. Hence A,r > 0.

(ii). Next, we show that A cannot be an eigenvalue for A < A,g. Indeed, suppose by

contradiction that A is an eigenvalue of problem (1.1). Then there exists (1,v) € X} (x)4(x) (Q)—
{(0,0)} such as

Sl e =2 [ () (a(x) +1)uls ol
/\ww dx_A/ x) + 1) u| 0+ B+

On the basis of (H.3), (H.4), (2.8) and (3.17), we get

(3.17)

Asr [ e(x)(a(x) + B(x) +2)|u| o) gy
0

1 1
S/ ( vulr® + L v q<x>> v
o \pig VT am VY
g/ ]Vu|p(x)dx+/ Vo1
@) (@)

- A/Qc(x)(oc(x) FB(x) +2) ] [ [+
< AR A c(x)(a(x) + B(x) + 2)|u|* 1| POy,

which is not possible and the conclusion follows.

(iii). Now, we claim that the infimum in (2.9) is achieved at an element of Xz. Indeed,
thanks to Lemma 3.3, B is weakly continuous on Xg (*)4(x) (Q)), then the nonempty set X% is
weakly closed. So, since A is weakly lower semicontinuous, we conclude that there exists an
element of Xx which we denote (i1, 9g) such that (2.9) is feasible. Since (ilg, 9r) # 0, we also
have B’ (iig, Or) # 0 otherwise it implies B (ig, Or) = 0, which contradicts (ilg, Or) € Xr. So,
owing to Lagrange multiplier method (see e.g. [1, Theorem 6.3.2, p. 325] or [6, Theorem 6.3.2,
p. 402]), there exists Ag € R such that

A'(iig, 98) - (9,) = AxB'(0x,58) - (9, 9),  Y(pp) € X570 () (@318)

where A’ and B’ are defined as in (2.4) and (2.5) respectively.
In the sequel, we show that Ay is equal to A%. To this end, let us denote by Q" and Q-
the sets defined as follows

= {x € O [Vigl?® - Ap(a(x) + De(x)[g[*Oog PO > 0)
and
Q- ={xeQ; |VﬁR|”(") — Ar(a(x) + 1)c(x)|L2R|"‘(")+1|Z3R|/5(")Jrl < 0}.

By taking ¢ = iig 1o+ and i = 0 in (3.18) one has

/Q (I92R [P = Age(x)(w(x) +1) g O [or P 1) dx = 0 (3.19)
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and likewise, by choosing ¢ = ilg 1o- and ¥ = 0 in (3.18) we get

/ (\VﬁRW) — Are(x)(a(x) + 1)\@]””“\@\“”“) dx = 0. (3.20)
0
We claim that
a(x)+1,, A
/Q G )|wR|P Jdx = Ag /Q c(x) (p()x) i |01 ] B+ g (3.21)

Indeed, on account of (H.4), (3.19) and (3.20) we have

/ ‘VMRV’
(@)

x '!WR!“ B a<x>+1

ﬁR’“(x)+1’ﬁ’ﬁ(x)+ldx

< C(x)mR’a(x)Jrl’ﬁR‘ﬁ(x)Jrl dx

- /Q VR — Ag(a(x) + 1)e(x) tg|* 1 og P21 | dx
= /m (VR 1P = Ar(a(x) + )e(x) g |57 [6p P+ ) da

= [ (1917 = Ar((x) + D) lag* o1 dx = o,

showing that (3.21) holds. In the same manner we can prove that

(x)+1 114 1
Vogr|1Wdx = AR/ c x)ﬁi AR |+ R B+ gy (3.22)
[ ey Vol R e
Adding together (3.21) and (3.22), on account of (H.3) and (3.14), we achieve that

A(lg,Or) = RAR.

Then, bearing in mind (3.15) it turns out that A = A%, showing that A} is at least one
eigenvalue of (1.1).
Therefore, combining this last point with the characterization (3.18), we get

A'(iig, Br) - (9,0) = ARB'(1ir, 08) - (9,0), Yo € Wy"™ ()

and
Al(iig, 0r) - (0,) = \jB'(iig, 0r) - (0,9), Vo € W™ (q).

In other words, it means that ((7ig, 9r), A}) is a solution of the system (1.1). O

3.4 Proof of Theorem 2.2

Employing again the statement of Lemma 3.3, we can apply Theorem 3.1 due to [1]. Then the
system (1.1) has a one-parameter family of nontrivial solutions ((ig,¥r),Ar) for all R > 0.
Moreover, from (iii) of Proposition 3.5, Ar = Aj.

It remains to prove that Ay ) ) = infr= Az > 0. From (3.6), for (z,w) € X(l]’p(x)’q(x)(ﬂ) \
{0}, one has

1 fQ |vz‘px dx+fQ |Vw|q
felles fg 21" dx + |w|q

1x) ’VZ’P(X) dx + fQ 1 ’leq(x)

B Jac)z* +1IWI I+ dx

(3.23)
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Recall that under assumption (a.1) or (a.2), the authors in [10] proved that the first eignevalues

s Ja |Vz|P ™) dx
Ap(x) = lnf 1p 0)\{0} j |Z|V ) dx (3 24)
A = inf Jova™dx '
q(x) = T zewy ™ @\ {0} [z ax 7

are strictly positive. Hence, combining with (3.23) it follows that

o i e | ot R e s

peliclle’ 7 1lcls prlele’ alelle | 2P dx + [y o]

A
2" dx + 7 o ™ d
Jo 27 dx - fo ol dx
fQ e |Vz]px dx—l—fnq IVaw|1)

- fQ ‘Z|Dé +1|w|,3 +1dx

Then

0<cminl 2w M
prilelleo” gt elloo

3.25
o5 19217 d 4y = [l -2
< mf plx 10 :
(zw)e X2 () {0} Jo c(x)]z]*@)H w|F)+1dx
On the other hand, since
U ¥e © {(z ) € X" (@) {0} ],
R>0
one gets
Jo 3t V2P dx + [ o5 [Vl ™)
mf - 1 041
(zw)eX ( )\ {0} fQ |Z|a + ’w| dx
(3.26)
Vz|PW dx + V|1
oy JostlvE Jor 7t V0
{B(zw)=R} fQ x)|z| 4+ |gp| A+ dx

Thus, gathering (3.25) and (3.26) together we infer that

A A
. p(x) q(x) X ) N
0< mln{ } < /\p(x),q(x) < 11{r>1% AR

prllcllee” g™ llclles

Next, let us prove that A;( 1a(x) > infr>o Ak. To this end, let a constant € > 0, there is R, > 0
such that /\* < infg- A} + &. This implies that

AR, <Ag+e forallR >0ande>0. (3.27)
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Now, let (z,w) € X1 Pl ( )\ {0} such that B(z,w) > 0 and set R, ;) = B(z,w). Accord-
ing to (iii) in Propost1on 3.5, the constant
. Josts |Vz|P®) dx+ [ 5 waw

= inf
Rizw) {B(zw)=R2 0} fQ x)|z|ex +1|w| X)+1 4y

exists and then )
. fQ%\VzV? dx—i—fQ |Vw|°7

Rzw) = fQ x) |z[ax +1|w| N+ gy

At this point, combining with (3.27) yields

Az, w)
* * <
AR, < AR(w) +e< Bz, w) +¢e foralle >0,
which, it turn, leads to
AR, <Ak, TE< mf Az w) +¢ foralle > 0.

(za0)ex @10 )\ 103 Bz, w)
This is equivalent to A} < A;( Oax) TE Consequently,
1izr>1f)/\R <A, < )\p(x)’q(x) +e< 1izr>1f)/\R +¢& foralle> 0.

Finally, passing to the limit as ¢ — 0 implies that /\;( D) = infr~ A}. This ends the proof of
Theorem 2.2. O

4 Proof of Theorem 2.3

Let (1ig, 0g) € X} (x)4(x) (Q)) be a solution of problem (1.1) corresponding to the positive infi-
mum eigenvalue Ay and let 4 > 0 be a constant such as

~

d
Ve s Py 4.1)
where b o ot
1 <max{p",q*} <d<rnax{;fL g7} - min Pﬁ p—i,q—i q—i (4.2)
and
_ Np(x) - _ + _
Ty(x) = N— (o)’ T, = Jgg(f) mp(x) and 7, = igg Ty (). (4.3)

In this section, the goal consists in proving that (ilg, 9g) is bounded in Q). Notice that from
the above section, we have

{fo |Vig|" 72 VigVedx = A [ c(x)(@(x) + 1)iig g |01 [6- [P+ pdx (4.4)

[ IVOR|" 72 VorVipdx = g [y c(x)(B(x) + 1)]ig|* @ og 05| B Lipdx.

Remark 4.1. Since p(x) < p* in ), the embeddings C°(Q) C C}(Q) C W&’p+ (Q) C Wg’p(x) (Q)
hold. Moreover, C°(Q}) is dense in Wl’p(x)(ﬂ) with respect the norm on W) (Q), we

may assume that ig € C1(Q) (see, e.g., [8]). The same argument enable us to assume that
Or € c! (Q)
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For a better reading, we divide the proof of Theorem 2.3 in several lemmas.

Lemma 4.2. Assume that the hypotheses (H.1)-(H.4) hold. Then, for any fixed k in IN, there exist
Xk, Yk € Q) such that the following estimates hold:

/Qﬁ}:p(x)( )dx<max{1 ]Q\}max{HuRHp dk’H RHq ik}, (4.5)

/ﬁRmR’a 1’01{‘5 +1’u |1+P x)(dF— 1)dx<2max{|\u HP Xkdk/HURH Z;Z }’ (4.6)
Q

where |Q)| denotes the Lebesgue measure of a set Q in RN,

Proof. Before starting the proof, let us note that

a(x) +14+p)@ 1) Bx)+1  [Ja(x)+1  Brx)+1]1  d -1
p(x)d* e ‘[ px) T () }d” at
k _
e (47)

where d is chosen as in (4.1). Let us prove (4.5). Since #ig € Lp(")dk(ﬂ) and p(x)d* > p(x)d* —
p(x)d*

p(x) +1 > 0 then iIg € L1+®@ -1 (). Therefore, by Holder’s inequality and the mean value
theorem, there exist x; and t; € Q) such as

dk ,(k)
dk '

1 dk—1 dk d
P Ve <l gy IRl = 0l IR0

ok
HMRHdk (x)

1
i d*
= |07 a5 < max{1, 0]} x50
This shows that the inequality (4.5) holds true. Here p’ and p are conjugate variable exponents
functions.

Next, we show (4.6). By (4.7) and Young’s inequality, we get

‘/ g |*)FIHPE @1 5 B+ gy | < / | g[S TP 1) 5 1 B(X)+1 gy
k_1
</ a(x )“‘1;‘(17)(51]()(51 ) dx+/ Blx)+1 dk | 0)d* g (4.8)

/yuR|P dx+/ 16|90

Observe from (3.13) that
k
Jo It P e = 1.

Using the mean value theorem, there exists x; € () such that
Jo IRl @ dx = gl (4.9)
Similarly, we can find y;, € Q) such that
k
Joo [oR |70 dx = [jog | T (4.10)

Then, combining (4.8), (4.9) and (4.10), the inequality (4.6) holds true, ending the proof of
Lemma 4.2. O
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Using Lemma 4.2, we can prove the next result.

Lemma 4.3. Assume that the hypotheses (H.1)~(H.4) hold. Let (1ig, 9r) € X} (x)4(x) (Q) be a solution
of problem (1.1). Then,

(fig, or) € LPOF(Q) x L1 (Q),  Vke N.

Proof. We employ a recursive reasoning. Since (ilg,9r) € Xg (x)’q(x)(Q), it is obvious that
(g, 9r) € LPX(Q) x L1 (Q). So, (4.5) remains true for k = 0.

Assume that the conjecture “(ilg, 9r) € LPOA () x L1014 ()" holds at every level | < k
and we claim that
(a b ) e LPWE () x L1 (). (4.11)
To do it, we insert ¢ = ﬁ}:p( @) 4 (4.4) we get

/ ViR ’P(x)*z vﬁRv(ﬁRl'FP(x)(dk—l) )dx
Q

(4.12)
= Afz/ c(x)(a(x)+ 1)ﬁR|ﬁR|”‘(")—1|@R|13(X)+1ﬁ}{+ﬁ(x)(dk—l)dx‘
Q
Observe that
[ 198 Vagw (a7 D)
Q
= / (d* —1)VpVig |[Vag[/) 2 ﬁ}{w(ﬂ(d"fl)lnﬁ]{ Jx (4.13)
Q
+ /Q [1 + p(x)(d* — 1)] |Viig|P™) ﬁz(X)(d"fl)dx
and 1
x)(dk— . N
‘VﬁR‘V(X) ﬁﬁ( )(d 1) _ M|V(”R)dk’p( ) @14)
Then on the one hand
/ 1+P(3Ii)((j) >‘V( / i d" ’p(x)dx
? o dirls (4.15)

~ k x
> W/{)\V(“R)d P dx,

on the other hand, since #lg is assumed of class C!(Q)) and taking sup, . |Vp| = M, < +oo,
we have

Joy (@ = 1) [Vp| [Vag|"D 1 akPO@ D 10 | gy < EM,, [, ak PO ax, (4.16)
with some constant C > 0. Hence, gathering (4.12), (4.13), (4.15) and (4.16) together, one has
LIV )™ P < a0 [ [1+p(x)(dk—1)] Vit |P®) g @) gy
< g - >/Q( k1) [VagPO 1 p| ab PO in g | da
* - ~ a(x x)(d*=1) 1.4 8(x
+ A%lc]|eo (2 + 1)dkPT =D /Q g |4 TP (@ =1) 15| BE) 1 gy 4.17)

< ¢, [ / L) g
Q

+)‘T?HCH°°(“++1)/Q‘ﬁR“"(")+l+p(")(‘ik*1)‘@R‘,B(x)ﬂlex )
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where C, = max{1,CM,}.

Thanks to the use of the hypothesis (H.3), the embeddings L) (Q) — L#™)(Q),
Wg’p(x)(()) — L (Q) and Wg’p(x)(ﬂ) < L¥P()(Q)) are continuous and thus, for any
z € Wé’p(x) (Q). We can conclude that there exists a constant K > 0 so that

2]l peya < Kllzll1,p(x)- (4.18)

From (3.13) and through the mean value theorem observe that there exists ¢; € () such that

. p(x)dct1
1:/ A|M7R‘ dx
Q| [[2R | x)aeer
. p(x)d g p(x)d ok p(&)d
T e Y PR P Y
o | AR y(x)a HIMRIII ) HIuRIII )
which leads to
gk
HaR|" [l px d—HuRH ) (4.19)

Recalling from (2.10) that for every z € W P ( )\ {0}

Js

Applying (4.18) and (4.20) to z = 14 R , besides the mean value theorem and (4.19), there exists
x; € Q) such that

p(x)

V| dx = 1. (4.20)

HzHl,p(x)

o) [ 9 (a)" P = KO [ |10 = Kk 1)

: (4.21)

Ak dk+l d

> ag 55 = laxlPCks = (el )

Combining (4.17), (4.21) with Lemma 4.2, we get the following estimate
d
+_

IR lIPEE < oD (max {arlP w20 1) (4.22)

Acting also in (4.4) with ¢ = 0! (0@~1) and repeating the argument above, we obtain

)dk+1 _ d
ol < Cod ™) (max {3 oxl i }) 423)

where C; and C; are two strictly positive constants.
So, it derives

2 or 0 1)’
2 lorlred 1),

dk+1 i o
max { |70 w100} < Cod (max { o |7

(
(
< Cad™ (max{H@RHggx

X

=

(4.24)

=

where d satisfies (4.2) and C3 = max{Cy,Cy}.
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Before continuing, we distinguish the cases where [|7ig||,(x)ar+1, [|[0R [l ()1, [[8R [ p(x)a and
R « are each either less than one or either greater than one. Using (H.4) and (4.1) we
p(x)d g g
obtain
dk+1 dk+1

. o N gk ok
i (ma {119 19012 +) <In(Cad ) din (max { g% N0kl }) - @25)

Now set ) .
Ej = max {ln R 1% e I H@RHZ(x)dk} and  pf =ak+b, (4.26)

with X
a=Ind" b=InCs. (4.27)

Then the recursive rule (4.25) becomes

Exs1 < px + dE, (4.28)
which in turn gives
Egi1 < Ed", (4.29)
where R
b ad
E=E++—+— . 4.30
YTa1 T do)e (4.30)

Indeed, using (4.28), (4.26) and Lemma 2.6, we get

Eiy1 < ok +dE < Eiyr < o+ dpx1 + d°Ee g
< o + dpg—1 + d*pr—2 + d°Ex 2

k=1 ko ko1 (4.31)
<Y dpi+dEr=d(a) = +b) = +E
i=0 1

x ad b o
<d ((j_1>2+dA—1+El =d"E.

Here Lemma 2.6 is applied choosing s = 1/d < 1 and r = k + 1. So on, according to (4.26)
and (4.29), its follows that
. . Emax{p+’q+}k71
maX{HuRHp(x)dk/ ||URHq(x)dk} <e d . (4-32)
We fix k in IN, then we conclude that the assertion (4.3) in Lemma 4.3 holds. The proof of
Lemma 4.3 is complete. O

Now, let us end the proof of Theorem 2.3 by showing that (ilg, 9r) is bounded in Q.

Lemma 4.4. Let (iig,Or) be a solution of (1.1) corresponding to the eigenvalue A%. Assume that
hypotheses (H.1)-(H.4) hold. Then, iig and Or are bounded in ().

Proof. Argue by contradiction. It means that we suppose that for all L > 0, there exists
Qp C Q, |Qr] > 0 such that for all x € QO we have |ig(x)| > L. Fix k and choose L large
enough so that

p-InL

> 1. (4.33)
ptEmax {p+t,q+}**!
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From Lemma 2.4 we get

Lp*dkﬂ’QL‘ < Lp(x)dk+1 de/ ’ﬁR|p(x)dkH gx
Qp

Qr

R qk+1 n +gk+1 n —gk+1
< [ el dx < max{llaglll o Rl

By (4.26), (4.29), and (4.1) it follows that
A p InL +In|Qp| < ptEpq < pTEdF
After using (4.33) and dividing by "', we get

In |QL|
dk+1

1+ < 1/d. (4.34)

We choose k sufficiently large in (4.34). This forces d < 1, which contradicts (4.2). This proves
Lemma 4.4. O

Next, we show that 7ig and 9 are strictly positive in Q).

Lemma 4.5. Let (ilg, Or) be a solution of (1.1) corresponding to the eigenvalue A. Then, the following
assertions hold:

1. fig > 0 (resp. Or > 0) in Q).

2. There exists § € (0,1) such that fig is of class C°(Q)).
Proof.
Step 1. ig > 0 (resp. g > 0in )

First, observe that
|u| = max(u,0) + min(u,0) € Wg’p(x)(())

and
|V]ul| < |Vmax(u,0)|+ |V min(u,0)] < |[Vul.

Then it turns out that
A(|ﬁR|, |?§R|) S A(ﬁR,@R) and B(|ﬁR|, ‘6R|) = B(ﬁR,ﬁ) = R.
Thereby (2.6) and (3.15), it follows that
A(lir], [9r]) < A(lir, 9r) = RAR < A(lir], [0r]),
which implies that A(|dR|, |0r|) = RA%, showing that (|ir|,|0r|) is a solution of (1.1). There-
fore, we can assume that 7ig, 9g > 0in Q).
Step 2. lir > 0 (resp. g > 0) in Q2
Inspired by the ideas in [17], let m > 0 be a constant such that h(-) € C?(9Qsy,), with 0Q3,, =
{x € O : h(x) < 3m}. Define the functions
e — 1 if h(x) <o

U(x) = { ehx) — 1 4 ek f;i(")( m—t )pildt if g <h(x) <20
efh(x) 1 1+ ket f(TZ]m( 2m—

2
2m— 1
t
2m—oy

yrodtif 207 < h(x)
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and
efh(x) 1 if h(x) < o3,
2
V(x) = { e — 14 xer [P (2=t)iT 0t if oy < h(x) < 203,
2
M) — 1 xR [2(2moLyP G if 205 < B(x),
where (07,02) = ( 115117%’ 5—3) and x > 0 is a parameter. Similar calculations as in [17, pages 11
and 12] furnish
By () < Age(x)(a(x) + 1)t Do in 0 (435)
and
By (1Y) < Aee(@) (B(x) + DR 2V)Pin 0, (436)
where y; = exp (Kl_ip_) and puy = ex (Kl_iq_) rovided that ¥ > 0 is large
maxg |Vp[+1 2 P maxg [Vq|+1/7 P &

enough.
Now, for any (z,w) € Xg(x)’q(x)(ﬂ), set
Lp(z,w) = =Bz — ARe(x) (@(x) + 1)z[z[*0 7 o[ PO+
and
Ly(z,w) = =Bgiw — ARe(x)(B(x) + 1)z w]w] O,
(4.35) and (4.36) may be formulated respectively as follows
,Cp(]/lﬂ/{, ﬁR) <0 and ,Cq(ﬁR, ‘MZV) <0, inQ.

Hence, from the above notation, we get

,Cp(“l/ﬂu,ﬁ]{) <0< ,Cp(ﬁR,ﬁR) in Q)
and

£q(ﬁR/ ‘qu) S 0 S £q(ﬁR,z§R) in Q.
Since 1l = fig = 0 and yV = g = 0 on d(), we are allowed to apply [21, Lemma 2.3] and
we deduce that

iR > pud >0 and Or > 2V >0 in Q.
Thereby the positivity of (iig, o) in Q is proven.
To end the proof of Lemma 4.4, we claim a regularity property for iz and 9.

Step 3. Regularity property

For p,q € C1(Q)NCY(Q) for certain @ € (0,1), owing to [7, Theorem 1.2] the solution (iig, Og)
belongs to C*(Q) x C*(Q) for certain § € (0,1). This completes the proof. O

References

[1] M. S. BERGER, Nonlinearity and functional analysis. Lectures on nonlinear problems in mathe-
matical analysis, Academic Press, New York-London, 1977. MR0488101

[2] G. BonanNnoO, A. CHINNI, Existence and multiplicity of the weak solutions for elliptic
Dirichlet problems with variable exponent, |. Math. Anal. Appl. 418(2014), 812-827. https:
//doi.org/10.1016/3.jmaa.2014.04.016


https://www.ams.org/mathscinet-getitem?mr=0488101
https://doi.org/10.1016/j.jmaa.2014.04.016
https://doi.org/10.1016/j.jmaa.2014.04.016

On the first eigenvalue for a (p(x),q(x))-Laplacian elliptic system 21

[3] J. CrABROWSKT, Y. FuU, Existence of solutions for p(x)-Laplacian problems on a bounded
domain, . Math. Anal. Appl. 306(2005), 604—618. https://doi.org/10.1016/].jmaa.
2004.10.028; MR2136336

[4] F. pE THELIN, Premiere valeur propre d'un systeme elliptique non linéaire [First eigen-
value of a nonlinear elliptic system] (in French), Rev. Mat. Apl. 13(1992), No. 1, 1-8. See
also C. R. Acad. Sci. Paris Sér. I Math. 311(1990), 603—-606. MR1162286

[5] L. DieNING, P. HARjULEHTO, P. HASTO, M. RUZICKA, Lebesgue and Sobolev spaces with vari-
able exponents, Lectures Notes in Mathematics, Vol. 2017, Springer-Verlag, Heidelberg,
2011. https://doi.org/10.1007/978-3-642-18363-8; MR2790542

[6] P. DRABEK, ]. MILOTA, Methods of nonlinear analysis, applications to differential equations,
Birkhduser, Basel, 2007. https://doi.org/10.1007/978-3-7643-8147-9; MR2323436

[7] X. FaN, Global C'* regularity for variable exponent elliptic equations in divergence form,
J. Differential Equations 235(2007), 397-417. https://doi.org/10.1016/j.jde.2007.01.
008; MR2317489

[8] X. FaN, D. ZHao, On the spaces LP*) (Q) and W"P(¥)(Q)), ]. Math. Anal. Appl. 263(2001),
424-446. https://doi.org/10.1006/jmaa.2000.7617; MR1866056

[9] X.L.Fan, Q. H. ZuANG, Existence of solutions for p(x)-Laplacian Dirichlet problem, Non-
linear Anal. 52(2003), 1843-1852. https://doi.org/10.1016/50362-546X(02)00150-5;
MR1954585

[10] X. FaN, Q. ZuANG, D. ZHAO, Eigenvalues of p(x)-Laplacian Dirichlet problem, J.
Math. Anal. Appl. 302(2005), 306-317. https://doi.org/10.1016/j.jmaa.2003.11.020;
MR2107835

[11] X. Fan, Remarks on eigenvalue problems involving the p(x)-Laplacian, J. Math. Anal.
Appl. 352(2009), 85-98. https://doi.org/10.1016/j. jmaa.2008.05.086; MR2499888

[12] X. FaN, A remark on Ricceri’s conjecture for a class of nonlinear eigenvalue problems,
J. Math. Anal. Appl. 349(2009), 436—442. https://doi.org/10.1016/j.jmaa.2008.08.051;
MR2456200

[13] Y. Fu, The existence of the solutions for elliptic systems with nonuniform growth, Studia
Math. 151(2002), 227-246. https://doi.org/10.4064/sm151-3-3; MR1917835

[14] Y. JiaNg, Y. Fu, On the eigenvalue of p(x)-Laplace equation, published online on arXiv,
2011. https://arxiv.org/abs/1105.4225v1

[15] D. A. KanpiLakis, M. MacirorouLos, N. B. ZograrrOPOULOS, The first eigenvalue of
p-Laplacian systems with nonlinear boundary conditions, Bound. Value Probl. 2005, No.
3, 307-321. https://doi.org/10.1155/BVP.2005.307; MR2202219

[16] A.EL KHALIL, S. EL MANOUNI, M. OUANAN, Simplicity and stability of the first eigenvalue
of a nonlinear elliptic system, Int. ]. Math. Math. Sci. 10(2005), 1555-1563. https://doi.
org/10.1155/IJMMS.2005.1555; MR2177861

[17] J. L1y, Q. ZuANG, C. ZHAO, Existence of positive solutions for p-Laplacian equations with
a singular nonlinear term, Electron. |. Differential Equations 2014, No. 155, 1-21. MR3239398


https://doi.org/10.1016/j.jmaa.2004.10.028
https://doi.org/10.1016/j.jmaa.2004.10.028
https://www.ams.org/mathscinet-getitem?mr=2136336
https://www.ams.org/mathscinet-getitem?mr=1162286
https://doi.org/10.1007/978-3-642-18363-8
https://www.ams.org/mathscinet-getitem?mr=2790542
https://doi.org/10.1007/978-3-7643-8147-9
https://www.ams.org/mathscinet-getitem?mr=2323436
https://doi.org/10.1016/j.jde.2007.01.008
https://doi.org/10.1016/j.jde.2007.01.008
https://www.ams.org/mathscinet-getitem?mr=2317489
https://doi.org/10.1006/jmaa.2000.7617
https://www.ams.org/mathscinet-getitem?mr=1866056
https://doi.org/10.1016/S0362-546X(02)00150-5
https://www.ams.org/mathscinet-getitem?mr=1954585
https://doi.org/10.1016/j.jmaa.2003.11.020
https://www.ams.org/mathscinet-getitem?mr=2107835
https://doi.org/10.1016/j.jmaa.2008.05.086
https://www.ams.org/mathscinet-getitem?mr=2499888
https://doi.org/10.1016/j.jmaa.2008.08.051
https://www.ams.org/mathscinet-getitem?mr=2456200
https://doi.org/10.4064/sm151-3-3
https://www.ams.org/mathscinet-getitem?mr=1917835
https://arxiv.org/abs/1105.4225v1
https://doi.org/10.1155/BVP.2005.307
https://www.ams.org/mathscinet-getitem?mr=2202219
https://doi.org/10.1155/IJMMS.2005.1555
https://doi.org/10.1155/IJMMS.2005.1555
https://www.ams.org/mathscinet-getitem?mr=2177861
https://www.ams.org/mathscinet-getitem?mr=3239398

22 A. Moussaoui and |. Vélin

[18] F. Y. MAEDA, Poincaré type inequalities for variable exponents, JIPAM. |. Inequal. Pure
Appl. Math. 9(2008), No. 3, 1-5. MR2443740

[19] M. MinAILEScU, V. RADULEScU, On a nonhomogeneous quasilinear eigenvalue problem
in Sobolev spaces with variable exponent, Proc. Amer. Math. Soc. 135(2007), No. 9, 2929-
2937. https://doi.org/10.1090/50002-9939-07-08815-6; MR2317971

[20] J. VELIN, F. DE THELIN, Existence and nonexistence nontrivial solutions for some nonlinear
elliptic systems, Rev. Mat. Univ. Complut. Madrid 6(1993), No. 1, 153-194. https://doi.
org/10.5209/rev_REMA.1993.v6.n1.17864; MR1245030

[21] Q. ZuANG, A strong maximum principle for differential equations with nonstandard
p(x)-growth conditions, J. Math. Anal. Appl. 312(2005), 24-32. https://doi.org/10.1016/
j.jmaa.2005.03.013; MR2175201

[22] Q. ZrANG, C. ZHAO, Existence of strong solutions of a p(x)-Laplacian Dirichlet problem
without the Ambrosetti-Rabinowitz condition, Comput. Math. Appl. 69(2015), No. 1, 1-12.
https://doi.org/10.1016/j.camwa.2014.10.022; MR3292816


https://www.ams.org/mathscinet-getitem?mr=2443740
https://doi.org/10.1090/S0002-9939-07-08815-6
https://www.ams.org/mathscinet-getitem?mr=2317971
https://doi.org/10.5209/rev_REMA.1993.v6.n1.17864
https://doi.org/10.5209/rev_REMA.1993.v6.n1.17864
https://www.ams.org/mathscinet-getitem?mr=1245030
https://doi.org/10.1016/j.jmaa.2005.03.013
https://doi.org/10.1016/j.jmaa.2005.03.013
https://www.ams.org/mathscinet-getitem?mr=2175201
https://doi.org/10.1016/j.camwa.2014.10.022
https://www.ams.org/mathscinet-getitem?mr=3292816

	Introduction and setting of the problem
	Hypotheses – main results and some auxiliary results
	 Hypotheses
	 Main results
	Some preliminaries lemmas

	Proof of Theorem ??
	Properties of A and B
	A priori bound for A
	Proof of (??)
	Proof of Theorem ??

	Proof of Theorem ??

