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Abstract. The purpose of the paper is to show that the canonical operator L3 given by

L) = (r2 (n())")’

where the functions r;(t) € C([to, ), [0,00)) satisfy

% ds
—— =00, (i=1,2),
[ (i=12)

can be written in a certain strongly noncanonical form

’ /
L3(-) = bs (bz (171 (bo('))/) ) ,
such that the functions b;(t) € C([tp, ), [0, 00)) satisfy
® ds
— i =1,2).
Jo w <o =12

We study some relations between canonical and strongly noncanonical operators, show-
ing the advantage of this reverse approach based on the use of a noncanonical represen-
tation of L3 in the study of oscillatory and asymptotic properties of third-order delay
differential equations.
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1 Introduction

This paper deals with asymptotic and oscillatory properties of solutions to linear third-order
delay differential equations of the form

(r2 (ny)') (0 +a((x() =0, t=t0>0, (E)
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Throughout, we assume that
(Hy) the functions r1, 12, g € C([to, o), R) are positive;
(Hy) T € C!([to, ), R) is strictly increasing, T(t) < t, and lim;_,c T(t) = co.

For the brevity sake, we define the operators
Loy=y, Ly=ri(Liwy), (i=12), Lsy=(Ly)"

Under a solution of equation (E), we mean a nontrivial function y € C'([T,, o), R) with
T, > to, which has the property L1y, Loy € C'([T,, o), RR), and satisfies (E) on [T}, ). We
only consider those solutions of (E) which exist on some half-line [T,, ) and satisfy the
condition

sup{|y(t)|: T <t <o} >0 forany T > T,.

As is customary, a solution y of (E) is said to be oscillatory if it is neither eventually positive
nor eventually negative. Otherwise, it is said to be nonoscillatory. The equation itself is termed
oscillatory if all its solutions oscillate.

From Trench theory [18], it is known that L3y can be always written in an equivalent

canonical form
/

Lay(t) = as(t) (a2 (a1 (a0y))') (¢)

such that the functions 4;(t) € C([tp,),R), i =0,1,2,3, are positive,

© ds .
/to s = (=12)

and uniquely determined up to positive multiplicative constants with the product 1. The
explicit forms of functions 4; generally depend on the convergence or divergence of certain
integrals and may be calculated using the proof of Lemmas 1 and 2 in [18]. As a matter of
fact, the investigation of asymptotic properties of canonical third-order differential equations,
especially with regard to oscillation and nonoscillation, has became the subject of extensive
research, see e.g. [1-9,11,12,15,17] and the references cited therein.

The purpose of the paper is to show the reverse, i.e. that the canonical operator L3 can be
written in a certain strongly noncanonical form

!/

Lay(t) = ba(t) (b2 (b1 (boy)')') (1), 1.1
such that the functions b;(t) € C([tp, ), R), i =0,1,2,3, are positive and

YA (i=1,2).

to bis)
Consequently, we study some relations between canonical and strongly noncanonical opera-
tors and corresponding classes of nonoscillatory solutions of studied equations, showing the
advantage and usefulness of this reverse approach based on the use of a noncanonical repre-
sentation of L3 in the study of oscillatory and asymptotic properties of solutions of third-order
delay differential equations.
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2 Noncanonical representation

Define the functions

Rz-(t)z/ttds (i=1,2), Ru(t):/‘t Ra(s) 4. R21<t):/f Ri(s) oo

o 7i(s)’ to 71(s) to 72(8)

In the sequel, we will assume that L3 is in canonical form, that is,

(Ha) Ri(0) =00, i=1,2.

The following result is a modification of the well known Kiguradze lemma [13, Lemma 1.1]
based on (Hj3).

Lemma 2.1. Assume (Hy)—(H3). The set of all nonoscillatory solutions y of (E) can be divided into
the following two classes

No = {y(t) : BT = 1) (vt = T) (y(t) Lay(t) <0, y(t)Lay(t) > 0)}
Nz = {y(t) : 3T = to)(Vt = T) (y(t) Lay(t) > 0, y(£)Lay(t) > 0)}

Theorem 2.2. Assume (Hy)—(H3). Then L3 has a certain strongly noncanonical form (1.1), where

bO _ L bl _ 7/1R%2 b2 _ 7’ZR%1 b3 — L
Rpp’ Ry ' Rip ' Ry
Proof. By some computations, we have
rRy (1R, (v / — LR — LR Ro n RiR> 2.1)
Rip \ Ry \Rp2 T e Y YR, T Ry '
Integrating the equality
R, Ry

(RiRy) = —=+ —
" r2

from tg to t, we obtain
R1Rz = Ry2 + Ry1. (2.2)

Using (2.2) in (2.1), we get

!
72R%1 VlR%z y /
—L | = L>ryRy1 — L1yR .
Rip Ry1 \Rp2 ¥R Rty

Therefore,
1 (rR2, [rR2 Y
¥ oo Ry [ Mg < Y > _
Lyy = — —z 0 7 = Lay. (2.3)
3 Ro1 < Ri2 ( Ry1 \ Rz ) ) 3
It remains to show that Zg is strongly noncanonical, that is,
®© Ryt ®© Ryt
/ _Ralt) 4 / Rl g o (2.4)
to rl(t)Rlz(t) to VZ(t)Rzl(t)
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By virtue of (2.2), we see that

*  Ry(t) /°° ( 1 >/ 1 Ry(t) |°
—————dt = — Rq(t) + dt =
/to r1(£)R3,(t) to Ry (t) (8 r1(t)Ria(t) Riz(t) |
Using the 1'Hospital rule, we have
R 1
MR R~ R R 29
Hence,
/ L(zt)dt < oo.
to T1(E)Ry, ()
Convergence of the second integral in (2.4) can be shown in the same way. The proof is
complete. 0
Corollary 2.3. The equation (E) possesses a solution y if and only if the equation
/
(52 (01')") (8) + () Ran (£)Raa (1) )x(x(1)) = 0. (E)

has a solution x = y/Ry.

Similarly as before, one can define the operators

Lox=x= Rllz' Lix = b; (fi_1x>/, (i=1,2), Lsx = (f2x>/,

where b;, i = 1,2 are as in Theorem 2.2. Also, we set
q(t) = q(t)Ra1(t)Ri2(T(t)).
Then (E’) can be rewritten in the form
Lax(t) + g(H)x(t(t)) = 0.

Let us explore various asymptotic properties of (E’) which will be useful in the next. The
following obvious result gives the structure of possible nonoscillatory solutions of (E’).

Lemma 2.4. Assume (H1)—(Hs). The set of all nonoscillatory solutions x = y/Rqp of (E') can be
divided into the following four classes

No = {x(t) : BT > to) (vt > T) (x()Lax(t) < 0, x())Lax() > 0) },
No = {x(t): AT > to) (9 > T) (x()Lix(t) > 0, x(O)Lax(t) <0) },
Ny = {x(t) : (3T = to) (vt = T) (x()Lix(t) > 0, x(1)Lox(t) > 0) },
N, = {x(t) (3T > to)(Vt > T) (x(t)flx(t) <0, x(H)Lox(t) < o) }
Lemma 2.5. Assume (Hy)—(Hs). If
: bzl(t) /t: G(s)dsdt = oo, (2.6)

then N, = N, = @ for (E) .
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Proof. To show the nonexistence of solutions from classes N, and Nb, we proceed as the in
proof of cases (3) and (4), respectively, in [10, Theorem 1]. O

In the sequel, we consider the following auxiliary functions

t) = / bli ds = m/ / by(s Rzzl(t)
1
/ b(s) 5)ds = Ria(t)’

Lemma 2.6. Assume (Hy)—(H3). If

[ as)mi(e(s) ds = o, @7)

to
then every nonoscillatory solution x(t) € Ny of (E') satisfies

tlg?o x(t) = tlgglo Lix(t) = 0.
Proof. Let x(t) be a positive solution of (E’) such that x(t) € Np eventually, say for t > t;,
where t; € [tg, ) is large enough. Assume on the contrary that lim; . x(f) = ¢ > 0. An
integration of (E') yields

Tox(ty) > / T s)x(t(s))ds > ¢ [ a(s)ds. 2.8)

f f

On the other of hand, since lim; . 771(t) = 0, (2.7) implies that ft s)ds = oo. In view of
(2.8), this, however, contradicts the fact that L,x is decreasing and we conclude that x(t) — 0
as t — oo.

Now assume that lim; e, L1x(t) = —¢ < 0. Then — Lix(t) > /£ eventually, and so

© 1
t>£/ 1 ds =l 2.9
X ) = ; bl (S) s 1( ) ( )
Integrating (E’) from #; to oo and using (2.7) and (2.9) in the resulting inequality yield

Tox(ty) > /ooif(s)x(r(s))ds >0 [ Fs)m(t(s))ds — 00 as t— oo,

Jt t1

A contradiction and the proof is complete. ]

The next result is crucial in establishing important relations between solutions of (E) and
those of the corresponding strongly noncanonical equation (E’).

Lemma 2.7. Let (H1)—(Hs), (2.6) and (2.7) hold. Assume that x(t) is a positive solution of (E'). If
x(t) € Ny, then
(xR12)’ (1) <0. (2.10)

ifx(t) € N, then
(xRi2)" (t) > 0. (2.11)
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Proof. At first assume that x(t) € Np. By Lemma 2.6 and the monotonicity of L,x, we see that
~ © 1 ~
“Tax(t) = / — Tox(s)ds < Lox(t)7ma ().
t ba(s)

Hence,

(le) . Lx(t)m(t) + Lix(t) _ o

T2 75 (1) b (t) B

which implies that Lyx(t) /72 (t) is decreasing. Therefore,

0= [ S % < ey

and we conclude that

(xRi2)' (t) = é), (t) = le(t)zgi)t)ﬂ;j(rtz)(t)x(t) <o

Now we assume that x(t) € N,. By virtue of the fact that —L;x is increasing, we have

x(t) = x(o0) — /t°° blts)flx(s) ds > —Lyx(£)m (8).

Thus,
, ~
(x) () = L1x2(t) + x(t) >0,
sl 7'L'1 (t)b1(f)
that is,
Riz \'
-2 >
( Ry x> ()20
Hence,
Rip >’ 1 1
0< | 5=x| (t) = (Ruax) (t — x(t)Rqp(t
< (2r) 0= Rd) (05~ X(ORe ()t
Consequently, (Ry2x)" (t) > 0 and the proof is complete. O

In view of Lemma 2.5, the essential classes for (E') are Ny and N,. In the next main result,
they will be shown, under weak assumptions, to be equivalent to classes Ny and N of (E),
respectively.

Theorem 2.8. Let (H1)—(Hs3), (2.6) and (2.7) hold. Assume that y(t) and x(t) = y(t)/Rqa(t) are
corresponding nonoscillatory solutions of (E) and (E'), respectively. Then

y(t) € No ifand only if x(t) € Np,
y(t) € Ny ifand only if x(t) € N,

Proof. Assume that y(t) € Np. Then y'(t) < 0, and consequently (Ripx) (t) < 0. By
Lemma 2.7, x(t) ¢ N, and so x(t) € Np.

On the other hand, if we assume that y(t) € N, then y/(t) > 0, and consequently
(Ryzx)" (t) > 0. By Lemma 2.7, x(t) € N.. O
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3 Applications

In this section, we provide some oscillation criteria for (E) in two ways: using directly (E) and

also using a strongly noncanonical corresponding equation (E’). Subsequently, we test the

strength of these results on Euler type equations, showing the advantage of making use the
strongly noncanonical equation (E').

As usual, all functional inequalities considered in this paper are supposed to be satisfied

for all t large enough.
Theorem 3.1. Assume (H1)—(H3). If
t 1
lim inf $)R12(7(s))ds > —, 3.1
minf [ 9(s)Rua(t(s))ds > _ @)

then any nonoscillatory solution y of (E) belongs to the class Ny.

Proof. Let y(t) be a nonoscillatory solution of (E). By Lemma 2.1, either y € Ny or y € N.
Assume on the contrary that y € N,. Without loss of generality, we may take t; > tg such that

y(t) >0, Liy(t) >0, i=1,2, Lsy(t)<0 fort>t.
Next, we claim that (3.1) implies
tlgglo Loy(t) = 0. (3.2)
Assume not, i.e. lim; ;o Loy(t) = ¢ > 0. Then Lyy(t) > ¢ eventually, say for t, > t; and so

y(t) > ¢Ry»(t). Using this inequality in (E) and integrating the resulting inequality from ¢, to
t, we see that

t
Loy(t) > /t 4(s)Ria(T(5))ds — oo as f — oo, (3.3)
Since

/tooq(s)Rlz(T(s))ds ~

is necessary for the validity of (3.1), condition (3.3) clearly contradicts the fact that L,y is
decreasing. Thus, (3.2) holds. On the other hand, it follows from the monotonicity of Lyy(t)
that

Liy(t) :Lly(h”/tlfrzl@by(s)ds

t ds
> Liy() +Lay(t) [ 0
ds

= Liy(t1) + Loy (t)Ro(t) — Lay(t) /tl ra(s)

> Loy () Ra(t)

for t > tp, where t, > t; is large enough. Dividing both sides of the latter inequality by r1(t)
and integrating the resulting inequality from t; to ¢, we get

V) = () + [ 2 Lay(s)as

> y(t2) + Loy(t) ./t: 1:12((88)) ds

ds

= y(t2) + Lay(t)R12(t) — Lay(t) /tz Ry(s)

o 71(8)
> Lay(t)Rua(t)
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for t > t3, where t3 > f; is large enough. From (E), we see that z(t) = Lyy(f) is a positive
solution of the first-order delay differential inequality

Z'(t) + q()Rua(7(t))z(T(t)) < 0.

However, by [14, Theorem 2.1.1], condition (3.1) ensures that the above inequality does not
possess a positive solution, which is a contradiction. The proof is complete. O

Remark 3.2. Theorem 3.1 given for canonical equation (E) improves [16, Theorem 6.2.2] in the
sense that (3.1) does not depend on the value of the initial constant appearing in Rys.

The next result provides an alternative criterion for Theorem 3.1, based on the use of
corresponding strongly noncanonical equation (E’).

Theorem 3.3. Assume (Hy)—(H3) and (2.7). If

timinf [ L [ L " 46 dsdudo > | 5.4
R 0 iy T o0
for any t; > to, where b;, i = 1,2 are as in Theorem 2.2, then any nonoscillatory solution y of (E)
belongs to the class No.

Proof. Let y(t) be a nonoscillatory solution of (E). By Lemma 2.1, either y € Ny or y € N.
Assume on the contrary that y € Nj.

Clearly, condition
[e] 1 [ 1 u
— — j(s)dsdudv = oo, 3.5
n bi(0) Jy ba(u) /1‘1 1) 39

is necessary for the validity of (3.4), which in view of the fact that 77(t;) < oo implies (2.6).
By Theorem 2.8, it suffices to show that (E’) does not possess a solution x € N,. Assume the
contrary. Without loss of generality, we may take ¢; > to such that

x(t) >0, Lix(t)<0, i=1,2,3 fort>t.

Proceeding the same as in the proof of case (1) of [10, Theorem 2], we arrive at contradiction
with (3.4). The proof is complete. O

Theorem 3.4. Let all assumptions of Theorem 3.1 hold. If, moreover,

t () 1 (t) dx
i / / O quds > 1, 3.6
r r(t)‘ﬂs) ) ) b @ (36)

then (E) is oscillatory.

Proof. Assume to the contrary that y is a nonoscillatory solution of (E). By Theorem 3.1, we
have that y(t) € Nyp. Proceeding the same as in the proof of case (2) of [9, Theorem 2], we
arrive at contradiction with (3.6). The proof is complete. O

Theorem 3.5. Let all assumptions of Theorem 3.3 hold. If, moreover,

t () 1 (t) dx
lim su q(s / 7/ ——~duds > 1, 3.7
Pt r(t)q() ws) bi(u) Ju  ba(x) G2

then (E) is oscillatory.
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Proof. By Theorem 2.8 and the proof of Theorem 3.3, it suffices to show that (E’) does not
possess a solution x € Np. Assume the contrary. Without loss of generality, we may take
t; > tp such that

x(t) >0, Lix(t) <0, Lyx(t)>0, Lax(t)<O0 fort>t.

Proceeding the same as in the proof of case (2) of [9, Theorem 2], we arrive at contradiction
with (3.7). The proof is complete. O

Example 3.6. Consider the Euler equation
Y (1) + %y()u) —0, Ae(01). (3.8)
By Theorem 2.2, the corresponding strongly noncanonical equation is
(t2 (tzx’(t))/>, +qoA’tx(At) =0, A€ (0,1). (3.9)
Both Theorems 3.1 and 3.3 reduce to the same condition
Aqo 1

—lnl >
2 AT e

which ensures that N, = @ for (3.8). On the other hand, condition

2L o1 101 _
oA {m)\ 2(1-1)+5(21)|>2 (3.10)

from Theorem 3.4 or condition

2

qo [1n1—2(1—A)+1_w>2 (3.11)
A 2

from Theorem 3.5 implies that Ny = . One can verify that (3.11) always provides a stronger

result than (3.10), which clearly justifies the use of strongly noncanonical equations (3.9) in

investigating the asymptotic properties of (E). This surprising feature has been revealed when

evaluating the integrals (3.6) and (3.7).

Remark 3.7. In general, the nonexistence of solutions of (E) belonging to the class Ny is due
to a delay argument only. The idea of improving the criteria eliminating such solutions by
rewriting the equation into a strongly noncanonical form which we present in this paper
deserves to be further studied.

4 Acknowledgements

The work on this research has been supported by the grant project KEGA 035TUKE-4/2017.

References

[1] R. P. AGaRwAL, M. E Axtas, A. Tirvaki, On oscillation criteria for third order nonlinear
delay differential equations. Arch. Math. (Brno) 45(209), No. 1, 1-18. MR2591657


https://www.ams.org/mathscinet-getitem?mr=2591657

10

2]

3]

[4]

[5]

6]

[7]

8]

[9]

[11]

[12]

B. Baculikovd, |.DZurina and I. Jadlovskd

M. AxTas, A. Tirvaki, A. ZAFER, Oscillation criteria for third-order nonlinear functional
differential equations. Appl. Math. Lett. 23(2010), No. 7, 756-762. https://doi.org/10.
1016/j.aml1.2010.03.003; MR2639874

B. BacuLikovA, J. DzuriNa, Oscillation of third-order functional differential equations,
Electron. |. Qual. Theory Differ. Equ. 2010, No. 43, 1-10. https://doi.org/10.14232/
ejqtde.2010.1.43; MR2678385

B. BacuLikova, J. Dzurina, Oscillation of third-order nonlinear differential equations,
Appl. Math. Lett. 24(2011), No. 4, 466-470. https://doi.org/10.1016/j.aml.2010.10.
043; MR2749728

B. BacuLikovA, E. M. ELaBBAsy, S. H. SAKER, J. DZuriNa, Oscillation criteria for third-
order nonlinear differential equations, Math. Slovaca 58(2008), No. 2, 201-220, 2008.
https://doi.org/10.2478/s12175-008-0068-1; MR2391214

M. BoHNER, S. R. GRACE, I. JapLOVsKA, Oscillation criteria for third-order functional
differential equations with damping, Electron. |. Differential Equations 2016, No. 21, 15 pp.
MR3547404

T. CanpaN, R. S. DaHrya, Oscillation of third order functional differential equations with
delay, in: Proceedings of the Fifth Mississippi State Conference on Differential Equations and
Computational Simulations (Mississippi State, MS, 2001), Electron. ]. Differ. Equ. Conf., Vol. 10,
pp- 79-88, Southwest Texas State Univ., San Marcos, TX, 2003. MR1983096

M. Cecchi, Z. DosLA, M. MaARINI, Some properties of third order differential op-
erators. Czechoslovak Math. |. 47(1997), No. 4, 729-748. https://doi.org/10.1023/A:
1022878804065; MR1479316

G. E. CHATZARAKIS, S. R. GRACE, I. JADLOVSKA, Oscillation criteria for third-order delay
differential equations, Adv. Difference Equ., 2017, Paper No. 330, 11 pp. https://doi.org/
10.1186/s13662-017-1384-y; MR3712509

J. DzuriNa, L. JaprovskA, Oscillation of third-order differential equations with non-
canonical operators, Appl. Math. Comput. 336(2018), 394—402. https://doi.org/10.1016/
j.amc.2018.04.043; MR3812589

E. M. ELaBBAsy, T. S. Hassan, B. M. ELMATARY, Oscillation criteria for third order delay
nonlinear differential equations. Electron. |. Qual. Theory Differ. Equ. 2012, No. 5, 1-11.
https://doi.org/10.14232/ejqtde.2012.1.5; MR2872105

S. R. GRACE, Oscillation criteria for third order nonlinear delay differential equations with
damping, Opuscula Math. 35(2015), No. 4, 485-497. https://doi.org/10.7494/0pMath.
2015.35.4.485; MR3312086

I. T. Kicurapzg, T. A. CHANTURIA, Asymptotic properties of solutions of nonautonomous
ordinary differential equations, Mathematics and its Applications (Soviet Series), Vol. 89,
Kluwer Academic Publishers Group, Dordrecht, 1993. https://doi.org/10.1007/
978-94-011-1808-8; MR1220223

G. S. LADDE, V. LAkKSHMIKANTHAM, B. G. ZHANG, Oscillation theory of differential equations
with deviating arguments, Monographs and Textbooks in Pure and Applied Mathematics,
Vol. 110, Marcel Dekker, Inc., New York, 1987. MR1017244


https://doi.org/10.1016/j.aml.2010.03.003
https://doi.org/10.1016/j.aml.2010.03.003
https://www.ams.org/mathscinet-getitem?mr=2639874
https://doi.org/10.14232/ejqtde.2010.1.43
https://doi.org/10.14232/ejqtde.2010.1.43
https://www.ams.org/mathscinet-getitem?mr=2678385
https://doi.org/10.1016/j.aml.2010.10.043
https://doi.org/10.1016/j.aml.2010.10.043
https://www.ams.org/mathscinet-getitem?mr=2749728
https://doi.org/10.2478/s12175-008-0068-1
https://www.ams.org/mathscinet-getitem?mr=2391214
https://www.ams.org/mathscinet-getitem?mr=3547404
https://www.ams.org/mathscinet-getitem?mr=1983096
https://doi.org/10.1023/A:1022878804065
https://doi.org/10.1023/A:1022878804065
https://www.ams.org/mathscinet-getitem?mr=1479316
https://doi.org/10.1186/s13662-017-1384-y
https://doi.org/10.1186/s13662-017-1384-y
https://www.ams.org/mathscinet-getitem?mr=3712509
https://doi.org/10.1016/j.amc.2018.04.043
https://doi.org/10.1016/j.amc.2018.04.043
https://www.ams.org/mathscinet-getitem?mr=3812589
https://doi.org/10.14232/ejqtde.2012.1.5
https://www.ams.org/mathscinet-getitem?mr=2872105
https://doi.org/10.7494/OpMath.2015.35.4.485
https://doi.org/10.7494/OpMath.2015.35.4.485
https://www.ams.org/mathscinet-getitem?mr=3312086
https://doi.org/10.1007/978-94-011-1808-8
https://doi.org/10.1007/978-94-011-1808-8
https://www.ams.org/mathscinet-getitem?mr=1220223
https://www.ams.org/mathscinet-getitem?mr=1017244

Oscillation of third-order differential equations 11

[15] T. L1, C. ZHANG, G. XING, Oscillation of third-order neutral delay differential equations.
Abstr. Appl. Anal. 2012, Art. ID 569201, 11 pp. https://doi.org/10.1155/2012/569201;
MR2872306

[16] S. PapbHi, S. Pati, Theory of third-order differential equations, Springer, New Delhi, 2014.
https://doi.org/10.1007/978-81-322-1614-8; MR3136420

[17] S. H. SAKER, J. DZURINA, On the oscillation of certain class of third-order nonlinear delay
differential equations, Math. Bohem. 135(2010), No. 3, 225-237. MR2683636

[18] W. F. TrReNcH, Canonical forms and principal systems for general disconjugate equa-
tions, Trans. Amer. Math. Soc. 189(1974), 319-327. https://doi.org/10.2307/1996862;
MRO0330632


https://doi.org/10.1155/2012/569201
https://www.ams.org/mathscinet-getitem?mr=2872306
https://doi.org/10.1007/978-81-322-1614-8
https://www.ams.org/mathscinet-getitem?mr=3136420
https://www.ams.org/mathscinet-getitem?mr=2683636
https://doi.org/10.2307/1996862
https://www.ams.org/mathscinet-getitem?mr=0330632

	Introduction
	Noncanonical representation
	Applications
	Acknowledgements

