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Abstract: This paper is concerned with a kind of nonlinear fractional differential bound-
ary value problem at resonance with Caputo’s fractional derivative. Our main approach
is the recent Leggett-Williams norm-type theorem for coincidences due to O’Regan and
Zima. The most interesting point is the acquisition of positive solutions for fractional
differential boundary value problem at resonance. Moreover, an example is constructed
to show that our result here is valid.
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1. INTRODUCTION
This paper deals with positive solutions to the following boundary value problem:

‘Dyyu(t) + f(t,u(t) =0, 0<t<l1 (1.1)

uw(0) =0, «/(0)=u'(1), (1.2)

where “Dg, is the Caputo’s fractional derivative of order o, 1 < o < 2 is a real number, and

f:]0,1] x R — R is a L'-Carathéodory function.
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Due to the fact that the fractional differential operator “Dg, is not inventible under
Caputo’s derivative, boundary value problems (in short:BVPs) of this type are referred to
as problems at resonance.

Recently, fractional differential equations (in short:FDE) have been studied extensively.
For an extensive collection of such results, we refer the readers to the monographs [1-4] and
the reference therein.

Some basic theory for the initial value problems of FDE involving Riemann-Liouville
differential operator has been discussed [5-10]. Also, there are some papers which deal
with the existence of positive solutions for BVPs of nonlinear FDE by using techniques of
topological degree theory [11-16]. For example, the existence and multiplicity of positive

solutions for the equation

Dgiu(t) = f(tu(t)), 0<t<l, 1<a<2, (1.3)
subject to the Dirichlet boundary condition

u(0) =u(l)=0 (1.4)

have been studied by Bai and L [13] by means of the well-known Krasnosel’skii fixed point
theorem and Leggett-Williams fixed point theorem. D is the standard Riemann-Liouville
fractional derivative there.

In [14] and [15], Zhang also studied the existence of positive solutions of Eq.(1.3) under

the boundary conditions

u(0)=v#0, u(l)=p#0 (1.5)

and

w(0) +u'(0) =0, w(l)+u/(1)=0, (1.6)

respectively. Due to the fact that the BVPs based on Riemann-Liouville derivative with
non-zero boundary conditions can’t be converted into an equivalent integral equation, while
the Caputo’s derivative is to meet the requirements. The conditions (1.5) and (1.6) are
not zero boundary value, so the author investigated the BVPs (1.3)-(1.5) and (1.3)-(1.6) by

involving the Caputo’s fractional derivative.
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M. El-Shahed [16] established the existence of positive solutions to BVP
Diiu(t) + Xa(t) f(u(t)) =0, 0<t<l, 2<a<3, (1.7)

w(0) = u'(0) = /(1) = 0 (1.8)

by applying Krasnosel’skii fixed point theorem.

From above works, we can see a fact, although the BVPs of nonlinear FDE have been
studied by some authors, to the best of our knowledge, all of existing works are limited to
non-resonance boundary conditions. For the resonance case, as far as we know, no contri-
butions exist. The aim of this paper is to fill the gap in the relevant literature. Our main

tool is the recent Leggett-Williams norm-type theorem for coincidences due to O’Regan and
Zima [17].

2. PRELIMINARIES

For the convenience of the reader, we demonstrate and study the definitions and some

fundamental facts of Caputo’s fractional derivative.

Definition 2.1. The Riemann-Liouville fractional integral of order « is defined by

(IS y)(t) = Fl )/0 ( V) s 6> 0,05 0) (2.1)

(c t—s)l—
where I'(«) is the Euler gamma function defined by

I'(z) = /OO t*~le7'dt, (2 >0) (2.2)

0

for which, the reduction formula

T(z4+1)=2(2), (2>0), T(1)=1, r(%)

I
5
©
&

and formula

/O 11— ) dt = % (z,w € Zy) (2.4)

hold.
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Definition 2.2. Caputo’s derivative of order « for a function y € AC™[0, 1] can be repre-

sented by

b
(°Dgy)(t) = F(nl— ) /0 i f_y S)((H)l_nds =: ([g7“D"y)(t), (t>0,a>0) (2.5)

where D" = 4= and n = [a] + 1, [o] denotes the integer part of , and AC"[0,1] = {f :

[0,1] = R| D"'f € AC[0,1]}.
Remark 2.1. Under natural conditions on the function y(¢), Caputo’s derivative becomes

a conventional m-th derivative of the function y(t) as a — m(see [2]).

From definitions 2.1 and 2.2, we can deduce the following statement.

[4]

Lemma 2.1%. The fractional differential equation

“Dgy(t) = 0

has solutions y(t) = co+cit + cot> + -+ ¢ 1t" L ; €R, i =0,1,--- ,n—1,n=[a] + 1.
Furthermore, fory € AC™[0,1],

(Io1“Dg+y)(1) = y(t) — L (2.6)

and
(“Dg 15 y)(E) = y(t). (2.7)
In the following, we review some standard facts on Fredholm operators and cones in

Banach spaces. Let X, Y be real Banach spaces. Consider a linear mapping L : dom/L C

X — Y and a nonlinear mapping N : X — Y.

Definition 2.3.  Suppose that X; C X is a subspace. A mapping P : X — X; is a
projector provided that

(i) P?z = Pz for all x € X,

(ii) P(\x + py) = APx + uPy for all z,y € X, \,u € R,

Throughout we assume

1° L is a Fredholm operator of index zero, i.e. ImL is closed and dimKerL = codimIm/L <
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The assumption 1° implies that there exist continuous projections P : X — X and @ :
Y — Y such that ImP = KerL and Ker() = ImL with X = KerL @ KerP, Y = ImL & ImQ)
and dimIm@) = dimKerL < oo. And we can define an isomorphism J : Im@) — KerlL.
Denote by L, the restriction of L to KerP N domL. Clearly, L, is an isomorphism from
KerP NdomL to ImL, we denote its inverse by K, : ImL — KerP NdomZL. It is known (see

[19]) that the coincidence equation Lz = Nz is equivalent to
r=(P+JQN)x+ Kp(I — Q)Nuz.

A nonempty closed convex set C' C X is said to be a cone in X provided that:
(i) pr € C for all x € C' and p > 0,
(ii) x, —x € C implies x = 0.

It is well known that C' induces a partial order in X by

r=y ifandonlyif y—xeC.

We will write x £ y for y — x ¢ C. Moreover, for every u € C'\ {0} there exists a positive
number o(u) such that

||z + ul| > o(u)]]

for all z € C. Tt is clear that if o(u) > 0 is such that ||z + u|| > o(u)||z|| for all x € C, then
for every A\ > 0,
[|z + Aul| > o(u)]|z|| forall z e C.

Let v : X — C be a retraction, that is, a continuous mapping such that vy(z) = x for all
x € C. Set
UV:=P+JQN+K,(I-Q)N and V,:=Von.

We make use of the following result due to O'Regan and Zima [17].

Theorem 2.1. Let C' be a cone in X and let 1, €2y be open bounded subsets of X with
Q1 CQy and O N (Q\ Q) # 0. Assume that the following conditions hold.

2° QN : X — Y s continuous and bounded and K,(I — Q)N : X — X is compact on
every bounded subset of X,

3° Lz # ANz for all x € C N0 NImL and X € (0,1),

EJQTDE, 2011 No. 71, p. 5



4° v maps subsets of Qo into bounded subsets of C,
5° deg{[I — (P + JQN)V||kerr, Ker L N Qy,0} # 0,
6° there exists ug € C'\ {0} such that ||z|| < o(uo)||Vz|| for x € C(ug) N Oy, where

Clup) = {x € C: puuy <z for some pu > 0} and o(ug) such that ||z + ug|| > o(ug)||x|| for
every x € C,

7 (P+ JQN)y(09Q) C C,
8 W, (\ Q) CC.
Then the equation Lz = Nz has a solution in the set C N (Qy\ Q).

For simplicity of notation, we set
a—1 d7— . (178)2_0‘(2573)0‘_1

[(a+1) (o (=)~ 1 (1=s)
G(t S) _ L— T'(2a+1) + T'(a+2) + T'(a) fs (1—7)2—« t(a—1)T(a+1) O<s<t<l
) 1— I(a+1) + o + (1—s)2~> 1l (7—s)>~1

T'(2a+1) T'(a+2) T'(@) s (1-1)

Note that G(t,s) > 0 for ¢t,s € [0,1]. Set 0 < x < min{1, W}
t,sel0,

Remark 2.2. The computation of the function G(¢, s) is shown in the proof of Theorem 3.1.

3. MAIN RESULTS

In order to prove the existence result, we present here a definition.

Definition 3.1. We say that the function f : [0,1] x R — R satisfies the L!-Carathéodory
conditions, if

(A1) for each u € R, the mapping ¢ — f(t,u) is Lebesgue measurable on [0,1],

(A2) for a.e. t € [0, 1], the mapping u — f(¢,u) is continuous on R,

(A3) for each r > 0, there exists a,. € L'[0, 1] satisfying a,.(t) > 0 on [0, 1] such that

lu| <r implies |f(t,u)] < a.(t).
In this paper, we consider the Banach spaces X = C[0,1] and Y = L'[0,1] with the

supper norm ||z|| = trél[(é)l)l(} |z(t)| and Lebesgue absolutely integrable norm ||y|| = fol ly(t)|dt,

respectively. Define L : domL — Y by Lx(t) = —°D§, x(t) with
domL = {z € X : x € AC™[0,1],z(0) = 0,2/(0) = 2'(1), “Disx € L*[0,1]}
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and N : X — Y by Nz(t) = f(t,z(t)).
In order to obtain our main results, we firstly present and prove the following lemma

Lemma 3.1. L : domL C X — Y is a Fredholm operator of index zero, and the linear

ImL — domIL NKerP can be written as

Kt = [

operator I,

where
(1—s)* tfl(; f_):;dT—(t—S) L0 <s<t<l1
kj(t’s):7 1(7_30(1
[(a) Dt [ == 0<t<s<l1.

Proof. It is clear that
KerL = {x € domL : x(t) = ct on [0, 1]}.

We will show that
Iml = { EY-/lﬁds—O} (3.1)
={y ] Aot =0k :
Since the problem
— Dy x(t) = y(t) (3.2)
has solution x(t) satisfies boundary conditions (1.2) if and only if
(3.3)

[ mte=o

In fact, if (3.2) has solution z(t) satisfies (1.2), then from (3.2) we have

x’@):—r(al_l) /0 (tf(;))Q_adsm’(()).

In view of 2/(0) = 2/(1), we can obtain that

/;%ds:o.

On the other hand, if (3.3) holds, setting

Y A(C)
o) = ~57 /0 s+ O,
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where C' is arbitrary constant, then x(t) is a solution of (3.2), and z(0) = 0, 2/(0) = 2/(1).
Hence (3.1) holds.
Next, we define P : X — X by (Pz)(t) = a(a — 1)t fol

dsand @ :Y — Y by

(1—s)2—«

@) =ala=1t [ T2 s telo)

It is easy to see that the operators P and @ are all projections. In fact, for t € [0, 1],

(P’z)(t) = P(Pz)(t)=ala— 1)t/0 Mdzs

1 —s)2@

2 o, [T a(s) ' S

= a(a—l)t/o md&/{) mds
= a(a—l)t/o %ds

— (P)).

The same to the operator Q).
In the sense of isomorphism, ImP = KerL and Ker) = ImL. So dimKerlL = 1 =
dimIm@ = codimImLZL. Notice that ImL is closed, L is a Fredholm operator of index zero.

For y € ImL, the inverse K, : InL — domL N KerP of L, can be given by

R =

where
k(. s) (1—s)* tfl(Ij):;dT—(t—S) L0 <s<t<l1 (3.4)
S) = TN yo—1 .
I(a) — Dt [} Fdr, 0<t<s<l.
In fact, for € domL N KerP, we have y(t) = —°D§, z(t) € ImL and fol (1333;2—& ds =0

Then
(Kpy)(t) = z(t) = =I5 y(t) + Ct = —ﬁ /0 (t — s)* 'y(s)ds + Ct,

and

(1—7)*"
_ _P(la) /01 (1_17)2_a /OT<T_5)C" 1 ()dsdTJrC/ Tt
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S S AN B k) A A
- r<a>/o o) | I a1y

We can solve that

Therefore,

Wt) = =gy [, = ohs s S5 [t [

where k(t,s) is given by (3.4). O
Remark 3.1. It is not difficult to see that |k(t,s)| < 3 for ¢,s € [0, 1].

Now we state our main result on the existence of a positive solution for BVP (1.1)-(1.2).

Theorem 3.1. Assume that
(H1) f:[0,1] x R — R satisfies the L'-Carathéodory conditions, f(t,0) #Z 0 fort € [0,1],
(H2) there exist positive constants by, by, bs, c1,co and B with B > 2a+ Sbpcy _ 4 - 30

bici(a—1) (a—1)
such that

—kx < f(t, @),

ft,z) < —crz + o,

f(t,x) < =bi|f(t,x)| + box + bs
fort €|0,1], z € [0, B],
(H3) there exist b € (0,B), p € (0,1], § € (0,1) and ¢ € L'0,1], ¢(t) > 0 on [0,1],
h € C((0,b],RY) such that f(t,z) > q(t)h(z) for t € [0,1] and = € (0,b]. ™2 s non-

xP
increasing on x € (0, b] with

h(b)/o G(é,@%ds > % (3.5)

Then the BVP (1.1)-(1.2) has at least one positive solution on [0, 1].

Proof. Consider the cone
C={reX:z(t)>0on0,1]}.
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Let
O ={z e X :|z|| <|z(t)] <b on [0,1]}

and

={r e X :||z|| < B}.

Clearly, €2; and €25 are bounded and open sets, and
Q={re X :0|z|]] < |z@)] <b on[0,1]} C Ny

(see [17]). Moreover, CN(Q2\ Q) # 0. Let J = I and (yx)(t) = |z(t)| for z € X. Then 7 is
a retraction and maps subsets of {5 into bounded subsets of C, which means that 4° holds.

In order to prove 3°, suppose that there exist xy € 9 N C'NdomL and A\ € (0, 1) such
that Lxzg = AgNwo, then “D§, xo(t) + Xof(t, x0(t)) = 0 for all ¢t € [0,1]. In view of (H2), we

have

1 1
W “Dgrao(t) = f(t, (1)) < —)\—51|CD8‘+$0(75)| + bazo(t) + bs.
0 0

Hence,

0 = —ap(1) +2(0)
_ (151“1) 'Dao)(1)

S / |CDQ+ZL‘0 )\0()2 /1 l‘o(S) ds
a—l 1—320‘ F(oz—l) 0 (1—s)2@

Aobs !
_d
= 1)/0 {a —s) 5

which gives

| 0+$0 52 900(5) bs
d . 3.6
/ 1—s2a S5 (1—5)2—as+bl<a—1) (3.6)
Similarly, from (H2), we also obtain
1
xo(s) o
—ds < ————. 3.7
/0 (1= = cla—1) (3.7)

On the other hand,
1 1
Zo(s) °Dg+xo(s)
= -1 — L ds — k(t,s)———=-2d
xo(t) ala )t/o TSRS s /o ( ’S)(l v s
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1
C2 D wo(s)]
— Cla+ 0 | ( 75)| (1 . 8)270{

S %04 4 3b202 + 3b3 . (38)

(3.6), (3.7) and (3.8) yield

Co 3b202 3b3
B = <=
||~T0|| - Cla+ blCl<Oé — 1) + b1<Oé — 1)’

which contradicts (H2).
To prove 5°, consider € KerL N Q. Then () = ct on [0,1]. Let

H(ct,\) = ct — Aa(a — l)t/o %ds —Aa(a — l)t/o %ds

for ¢ € [-B, B] and X € [0,1]. Define homeomorphism M : KerL N Qy, — R by M(ct) = c,
then
deg{H (ct,\), KerL N Qy,0} = deg{ MH (M 'c,\), M(KerL N ), M(0)}

and M(0) = 0. It is easy to show that 0 = MH (M 'c,\) implies ¢ > 0. Suppose 0 =
MH(M™'B,\) for some \ € (0, 1], we would have

' f(s,B .
0< B(1-)) = )\a(a—l)/ %ds < )\a(a—l)/ (161_72;‘;% = A~ B+acz) <0,
0 0

which is a contradiction. In addition, if A = 0, then B = 0, which is impossible. Thus,
MH(M 1z, \) # 0 for z € M(KerL N 9Qy), A € [0,1]. As a result,

deg{MH (M 'c,1), M(KerL N y),0} = deg{ M H (M *¢,0), M(KerL Ny),0}.
However,
deg{MH(M 'c,0), M(KerL N y),0} = deg{I, M(KerL N y),0} = 1.
Then

deg{[I — (P + JQN)¥]Kerr, KerL N O, 0}
= deg{H(-,1),KerL N Qy,0}
= deg{MH(M 'c,1), M(KerL N y),0} # 0.
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Next, we prove 8°. Let z € Qy \ € and t € [0, 1],

(Uy2)(t) = ala— 1)t/0 a ‘ic<8)| ds+ a(a—1)t i Jéis’_f(j)gds
bok(t,s) ! S(r |z(r))dr
+/0 (1—3)2—a[f(s’| S/O 1—7‘20‘

_ a(a—l)t/o (l‘ff))l_ad + afa 1)t/0 G(t,s)wds

> ala— 1)t/01(1 — kGt )= ‘x(8>2|7ads > 0.

Hence, ¥, (02 \ Q) C C, i.e. 8° holds.
Since for = € 0,

(P+JQN)yz = ala— 1)t/0 q ‘f(j))iads +afa— 1)t/0 {f’_'g?‘j ds

> afa-— 1)t/0 (ll_%\x(s)us > 0.

Thus, (P + JQN)vyx C C for x € 0y, 7° holds.

Next, we verify 6°. Let ug(t) = 1 on [0, 1]. Then ug € C'\ {0}, C(ug) = {x € C : z(t) >
0 on [0,1]} and we can take o(ug) = 1. Let x € C(ug) N 9Qy. Then x(t) > 0 on [0, 1],
0 < ||z]| <band z(t) > d||z|| on [0, 1]. For every z € C(ug) NIy, by (H3), we have

o(s) oLl Sl
s+ ala 1)@/0 G5 o)

) o
> 5||x||+(a_1)/0 (1 q(s)h(z(s)) ,

= e 08
- 6||x||+<a—1>/0 ((a S)f $) M) by

()

' G(to, s)als)  h(b)

Wr)(2) = afa-1)t /

« «

> _1\s° p )
> dlla+ (o= D3l [ TS 2
h(b) b LG(L5)q(s)
g J— P . . (e}
Alell + o= vl - - s [ Tt

v

|-

Thus, ||z]| < o(ug)||Pz|| for all z € C(ug) N O;.
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In view of Lemma 3.1, the condition 1° is satisfied. Since f is a L'-Carathéodory function,
2° holds.

By Theorem 2.1, the BVP (1.1)-(1.2) has a positive solution z* on [0, 1] with ||z*|| < B.
x*(t) is not a trivial solution due to the fact that f(¢,0) # 0 for ¢t € [0,1]. This completes
the proof of Theorem 3.1. O

Remark 3.2. Note that with the projection P(z) = (0), conditions 7° and 8° of Theorem
2.1 are no longer satisfied.
To illustrate how our main result can be used in practice, we present here an example.

Example 3.1. Consider

{ “Dyla(t) + gL+t =) (@* =8z +12)(@ 1) =0, ¢ €(0,1), (3.9)

2(0) = 0, 2/(0) = 2'(1).

Corresponding to Eq. (1.1), here we take a« = 1.5 and f(¢,x) = z5(1 +t — ¢*)(2* — 8z +
12)(z — 1). And we can obtain that

|- VE 8 g 2/Es 1 frms gy SVOIUS) g gy o

G(t,s) = 8§ T /x v Js \/1=r 3mt
’ T 3 2v/1=s 1 T—5
—%+ 1553/7?752 + 5 [,/ =2dr, 0<t<s<1

Obviously, G(t,s) > 0 for t,s € [0, 1].
Let/<;:%,BzGandbz%,wemaychoosebl:4, bgz%,bgzé,q:%, 02:%
such that (H2) holds, and take p =1, 6 = 0.995, q(t) = 1+t(1 —t), h(z) = & for ¢ € [0, 1],
z € (0,1] such that (H3) holds.
In addition, it is easy to check that (H1) is satisfied by the definition of f. Therefore,
the BVP (3.9) has at least one positive solution on [0, 1] according to Theorem 3.1.
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