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Abstract. We use the sub-supersolution method and the Mountain Pass Theorem in
order to show existence and multiplicity of solutions for the quasilinear system given

by
N9 |ou P du .
_L’;axi ox|  ax | = m@uth(xuo) inQ,
piov

_[gaaxj

i=1

Pi=2 5y .
o, o =ay(x)v+ Fy(x,u,v) inQ,

u,v>01in Q,
u=ov=0o0n 00,

where aj, j = 1,2 are functions in L*(Q)) and and F, and F, are continuous functions
on O x R2.
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1 Introduction

In this paper we are concerned with existence and multiplicity of positive solutions for the
following class of system nonlinear boundary value anisotropic problems given by

_[;Z\];;xlqaaz pi2§;> } =a(x)u+ F,(x,u,v) inQ,

N
a5

i=1

Pi—2 9v .
g) i| - 112(3()1/[ + Fv(x/ u, U) mn Q/ (11)
1

u,v>01in Q,

u,v e W3’7(Q),
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where () C ]RN is a bounded smooth domain with smooth boundary, N > 3 ? = (p1,---,PN),
pi>1, YN 1 > <pa<--<pyn<phi= N—p In this paper p denotes the harmonic

mean
N

N 1°
Yiz1 g,
Forj=1,2, aj > 0 is a nontrivial mensurable function. More precisely, we will suppose that
the function 4; satisfy the following assumption:

f:

(H) The function a; € L*(Q) with a;(x) > 0.
In this paper F is a function on Q) x R? of class C! satisfying
(H1) There is 6 > 0 such that
Fs(x,s,t) > (1 —s)ay(x), forevery0<s <4, ae.in(,

and
Fi(x,s,t) > (1 —t)az(x), forevery0 <t <J, ae. in Q.

(Hy) Thereis 1 < r < p* such that
Fs(x,s,t) < al(x)(s’_1 + 1y 1), forevery 0 <s,

and
Fi(x,5,t) <ay(x)(s" 1 +t714+1), forevery0<t.

Thus, in order to show existence and multiplicity of solutions to problem (1.1), we define
the Sobolev space E = W’ ?(Q) X W1 v (Q) endowed with the norm

G, 0) | = ull, 5 + ol 5.

where

8x1

We say that u, v € E is a positive weak solution of (1.1) if u,v > 01in Q) and it verifies

N ou |V % 9u ¢
ZZ;/Q o 3% 9, dx /Qal(x)u(pdx—k/QFu(x,u,v)(pdx,

and

N ou [P ou oy
g/o ox; dx; OX; dx = /0“2( )U1de+/ (x,u,v)pdx,

forall ¢, ¢ € WS?(Q)
In our first theorem we apply the sub-supersolution method to establish the existence of a
weak solution for (1.1).

Theorem 1.1. Assume that conditions (H), (Hy) and (Hy) hold. If ||a;||e is small, for j = 1,2, then
system (1.1) has a positive weak solution.

In order to establish the existence of two solutions for problem (1.1), we also assume
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(H3) There are so, tp > 0 such that
0 < F(x,s,t) < 60ssFs(x,s,t)+6:tF(x,s,t), aein Q, forall t > tyand s > s in Q),
1 1
where 5 < 0s,0; < o

Theorem 1.2. Assume that conditions (H), (Hy)—(Hs) hold. Then, problem (1.1) has two positive
weak solutions if ||a;||c is small, for j = 1,2.

A considerable effort has been devoted during the last years to the study anisotropic prob-
lems. With no hope to be thorough, let us mention, for example [1,2,4-7,9-14,16,20-22] and
references therein.

In some sense our paper is a natural continuation of the studies initiated in [2] and it com-
pletes the results obtained there, because we study the existence and multiplicity of solutions
for a system involving an anisotropic operator using subsolution & supersolution method.
This paper seems to be the first to show results on an elliptic system involving an anisotropic
operator.

—2
When p; = 2 we have [TV, a%,-(‘z%,- P g—;‘]_) | = Au and when p; = p we have
N 9 (|9u|Pi=29uy\ ] — . . . :
[ Xt 5% (|57 75%) ] = Apu. Both cases are called isotropic cases or non-anisotropic cases

and this kind of problem has been studied by many authors.

This paper is organized as follows. In the Section 2 we prove the unicity of solutions for
the Linear anisotropic problem, a Comparison Principle and a regularity result for solutions
to this class of problems. In the Section 3 we prove Theorem 1.1. Theorem 1.2 is proved in
Section 4.

2 Technical results

We start proving a result of unicity of solution to the linear problem and a Comparison Prin-
ciple of the anisotropic operator.

—
Lemma 2.1. Thereis u € W&’ P(Q) the unique solution of problem

N9 /1w ri-20w ,
_[Eaxl(‘axl BTCZ)} =a(x)inQ, @.1)
w = 0 on 0Q.
Proof. Consider the operator T : Wol’?(Q) — (W(}?(Q))’ such that (Tu, ¢) is given by
N ou [P ou 9
Since the inequality
[ou _oo)"_[lou"Fou (00" 00 ou o0 22)
! Jdx;  dx;j| ox; dx; ax; axi’ ox;  0x; '

is true for some C; > 0 and for alli =1,..., N, we have that

(Tu —To,u—v) >0 forallu,ve W&’7(Q) with u # v.
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Moreover, if ||u|| — +oo, then, without loss of generality, we can assume that

Js

Hence, since 1 < p; < p;, foralli =1,2,...,N, we have

S oo B3] ) s (B

which implies

pi

™ r>1 foralli=12,... N.

axi

oau
axi

ox; ox;

p1
)
LPi

o
Thus, by Minty-Browder’s Theorem [8, Théoreme 5.16], there exists a unique u € WS’ Q)
that satisfies Tu = a(x). O

Lemma 2.2. If Q) is a bounded domain and if u,v € W(}?(Q) satisfy
ou

[Z o, ( ox; N 25;) ] [Z I ( . 2;;) ] in O,

u<v ondQ),

o0v
ox;

then u < va.e. in Q.

Proof. Taking 0 < ¢ = max{u —v,0} € W(}’?(Q) as a test function, we obtain

N pi—2 pi—2
TR oY1 T G A P
JON[u>v] ;.5 ox; ox; ox; dox;" dx;  dx;
From inequality (2.2), we conclude that ||(u — v)T|| <0, this implies u < v a.e. in Q. O

Before proving the L*-regularity we enunciate an iteration lemma by Stampacchia that we
will use.

Lemma 2.3 (See [18]). Assume that ¢ : [0,00) — [0,00) is a nonincreasing function such that if
h > k > ko, for some & > 0,8 > 1, ¢p(h) < C(¢p(k))P/(h —k)*. Then ¢(ko +d) = 0, where

v = 2571 (ko )P L.

Lemma 2.4. Let v € Wg’ ) be a solution to problem
N pi—2
Jdv Jdv
i i — in Q
[; ox; ( ox; 8xi> ] finQ,

v=0 onoQ.

such that f € L"(Q) withr > p*/(p* — p1). Then v € L®(Q)). In particular, if || f||, is small, then
also ||| is small.
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Proof. Consider vy = sign(u)(|u| — k)™, then v € WS’?(Q) and g” = gzk in A(k) ={x € Q:
|u(x)| > k}. Let |A(k)| be the Lebesgue measure of A(k). Using vy as test function and the
Holder inequality, we have

N oy P . o ()
—d:/ d</ Pd)(/ rd)A ),
;/A(k) ax; | vakx—<0’0k‘ X flrdx ) Ak
Let
0<S= inf {Z ou }, see [12].
weDlT (RN Jul =1 L Pill 0 [,

Once that p; > p; > 1, we have

P1

s</Qyu\P*dx> . i/

pi
dx, forallu e W&’?(Q).

ox;

This implies
-t

s /A(k)w*dx) <(/, IdeX) gk~ G,

Note thatif 0 < k < h, A(h) C A(k) and

AW (k) = (/A(h)w k)vdx)”ls (/. (k)rvkrp*dx)”l*,

1

o — A

we have B := [1 — (pi + %)] > 1. Therefore, if we define

then

|A(R)] < |A(k)|%[l—(%*+%)]_

Since r > o p,

o) =1a0|,  a=p,  p=-Li[1-(5+1)] k=0

we have that ¢ is a nonincreasing function and

o(h) < i k)“gb(k)ﬁ, for all h > k > 0.

By Lemma 2.3, we have ¢(d) =0 for d = c|\f||”l pt |Q\%/Sﬁ, then

c Q
il < WP Lol -

3 Proof of Theorem 1.1

We say that [(u,v), (4, %)] is a pair of sub and supersolution for the problem (1.1), respectively,
ifu,v € ENL®(Q), u,u € ENL®(Q)
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A u<u,v<vin Qandu=0<u,v=0<7 on d(),

b) Given ¢, ¢, with ¢, > 0, we have

N ; _2

Z/ ou P aua(P_/ﬂl Mgl)-i-/ w) @ dx for all w € [v,7]

=/ ox; 0x; 0x; o)
i/ v P~ 287gailp< a(x)v —|—/F(xwv) dx for all w € [u, 7| '
i=1 /0 10x; Ix;dx; ~ Ja' oy o VT 4 =

(Y o |Pi=2 91 dp _ B B B

1_21/0 ox; ox; 0x; / al(x)“¢+/QFu(x/u,w)cpdx for all w € [v,7]

N (3.2)
Z/ v p,ZBUallJ a(x)61p+/F(xw@)gbdxforallwe[uﬁ]

\i=1 /0 ox; 0x; axl o 2 a =

Lemma 3.1. Assume that (H), (Hy) and (Hz) hold. If ||a;j||e is small, for j = 1,2, then there exist
u,v,u,0 € E(L®(Q) such that

i) ||(n,0)]|ee < 8, where & is the constant that appeared in the hypothesis (Hy).
i) 0 <u(x) <u(x)aein Qand 0 < v(x) <o(x) a.ein Q.
iii) (u,v) is a subsolution and (1,0) is a supersolution of (1.1).

4)
Proof. By Lemma 2.1, there is a unique positive solution u € W&’ P (Q) satisfying the problem
below
ou |72 ou .
[ PP <8x, > ] =a1(x) inQ,

axi
0 ondQ.
Similary, there exists a unique positive solution v € W§’7 (Q)) satisfying

u

du |77 av _ .
[2 ox; ( PP 8x1> ] =ay(x) inQ,
v=0 ondO.

By Lemma 2.4, u,v € L®(Q) and there exist C;,C, > 0 such that ||u]|o < Ci]ja]|e and
[2]]ec < Callallco. Now we fix ||a}||co, with j = 1,2 so that

N| >

1)
lullo <5 and o]l <

which ends the proof of the condition (i).
In order to prove ii), we invoke Lemma 2.1 one more time to show that there exists a

unique positive solution # € W, ?( Q)N L2(O)
ou

- (I3

#7=0 onod)

pi— 2 au .
axi> ] =14ai(x) inQ, (3.3)
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and there exists a unique positive solution v € WS?(Q)

o7 |Pi? 9o .
[2 ox; ( ox; 83@) ] =1+al) ing, (3.4)
=0 onoQ.

Note that, forall 0 < ¢, ¢ € W(}?(Q), we have

2 ou ¢ Pim2 du 0
> = _
Z/ Bxl 9x; 0x; ax /Q[al( *) +1]pdx > / a (%) g dx = Z/ axl 0x; 0x; X
an
9z |V 95y N oo | op oy
OO 4y = > =
121;/ o, 3% 9%, dx = /Q[az(x) +1|pdx > /Qaz(x)lpdx ;/ o, 3%, 9, X.

Then, from Lemma 2.2 we conclude that u(x) < u(x) a.e. in Q and v(x) < v(x) a.e. in (),
which proves the condition ii).

Our final task is to check that the condition iii) holds. First, we use the maximum principle
in [9, Corollary 4.4] and conclude that 1, > 0. Now using the definition of u, v and (H;), we
obtain, for each ¢, > 0,

AL

pi—2
ou d¢
T Jp (e = [ Firwo) gdx

axl
S/Qal(x)(pdx—/ﬂal(x)gqodx—/ﬂ(l—g)al(x)(pdx

and

N Jv pi=2 dv IYP
E/Q ox; axiaxi_/ ay(x UlPdX—/Q o(x,u,0) Pdx

</Q (x)q)dx—/ﬁaz(x)glpdx—/ﬁ(l—Q)al(x)lpdx
=0

Then, (u,v) is a subsolution for problem (1.1).
Now, we use (H>), (3.3) and (3.4) we have for ||a;||« sufficiently small such that
ou

N Pim2 91 ag
ou|T T onop 7¢— [ Fux,ii,0) d
,;/Q 3%, /Qal(x)uqo /Q w(x,7,0) @dx

axi axi
> (1 —llarlleoll@leo = arlloo = llanlloolI ST — IIalHooHvH&?l> /Q pdx >0

and

Pim? 9u 9y

aXiaXi_/Qaz(x)mp—/QPU(x,u,v)wdx

00

N

> (1 — llazlleol#lloo = llaz]leo — llazleo Il — IIQzHooH?IIZJl) /szdx >0

Then u, 7 is a supersolution of (1.1). O
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Consider the functions
(a1 (x)i(x) + B (x,10(x),£), s > 1(x)

a1(x)s + Fs(x,s,t), u(x) <s <u(x)
a1(x)u(x) + E(x,u(x),t), s )

Gs(x, S, t) -

and
ar(x)o(x) + F(x,s,09(x)), t>70(x)
ay(x)t + Fi(x,s,1), v(x) <t <7o(x)
ap(x)v(x) + F(x,s,0(x)), t<uv(x),

Gt(x, S, t) =

and the auxiliary problem
N9 (JoulP?au ] _

— 28751 o o = Gu(x,u,v)in Q,

u>0inQ),

|52 ([ e
! axl» Bxi Bxl-

u,v>0in Q,
L7
u,ve Wy " (Q).

= Gy(x,u,v) in Q,

We define the functional ® : E — R by

®(u,0) Z/Qpl

We have ® € C!(E,R) with

ov |7

axi

N1
+ /f
;Opi

9x;

N ou |Pi~ au alp N aU aq)
!/ — -
@' (u,v) (@, ) = 121/ x; ox; ox Zl/ ox; 9x; dx;
/G xuvgbdx—/G v) ¢ dx,

forall u,v,y, ¢ € E.
From (H;) and definition of Gs; and G;, we have that

|Gs(x,s,t)| < Ky, forsome K; >0, a.e. in Q)

and
|Gt(x,s,t)] < Ky, forsome K >0, a.e.in .

dx — /G(x, u,v)dx.
(9]

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

From (3.9) and (3.10) , we have that ® is coercive. Then, we can obtain that (u,,v,) is a

bounded sequence in E such that
D(uy,vy) = c= i/\r}lfd),

where
M:{(u,v)EE u<u<u ae.inQandggvgﬁa.e.inQ}.
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Hence, up to subsequence, we have

(uy,vy) = (u,0) in E,
(up,vp) > 0in L5(Q) x L5(Q)), 1 <5 < p*, (3.11)
(un(x),v,(x)) = (u(x),v(x)) a.ein Q.

Now, note that M is closed and convex in E. By [19, Therem 1.2], the restriction ®| M
attains its infimum at a point (u,v) in M. Using the same argument as in the proof of
[19, Therem 2.4], we see that (u,v) weakly solves (3.7). Since Gs(x,s,t) = ay(x)s + Fs(x,s,t)
for s € [u,u] and Gi(x,s,t) = ax(x)t + Fi(x,s,t) for t € [v,7] then (u,v) is a positive weak
solution of (1.1).

4 Proof of Theorem 1.2

Let (u,v) € ENL®(Q) the subsolution of Problema (1.1). In our next result we prove that the
functional @ satisfies the geometric hypotheses of the Mountain Pass Theorem (to see [3]).
Consider the functions

~ t
G.(x,s,1) = a1(x)s + Fs(x,s,t), s > u(x) 1)
ay(0)u(x) + F(x,u(x),t), s <u(x),
~ t+ F t t>
G5, 1) = | 2Rl s 1), o(x) (4.2)
ay(x)v(x) + Fi(x,0(x), ), t<o(x)
and define the functional ® : Wol’7 (Q) = R by
(u,v) Z/ —f—i/lavmdx—/@(xuv)dx (4.3)
Qp; axl = /o pi|oxi o . '
Note that by (H;),(4.1) and (4.2) , we have
Gs(x,5,1) < Ci|t| + a1(x)|s|” + a1 (x)s|t]’, foralls >0, (4.4)
and
Gi(x,5,t) < Calt| + aa(x)[t|" +ay(x)t[s|, forall t >0, (4.5)
for some constants CNl, CNz > 0.
Lemma 4.1. The functional ® satisfies the (PS)-condition for every ¢ € R,
Proof. Let (u,,v,) C E be a sequence such that
D (ity,v,) — ¢ and D' (1, v,) — 0. (4.6)

Using (H3) and Sobolev’s embedding, there are C;, C; > 0 such that

Ct + 11, 00) | = B (14, 00) = (00, & (45, 0) (4, 0) + 00, (14, 0,) (0, 0n) |
> Cal| (1t 00) 7, (47)
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where get that (u,, v,) is a bounded sequence in E and hence, up to subsequence, we have

(uy,vy) = (u,v) inE,
(un,vn) = (u,v) InL5(Q) x L5(Q)), 1 <s < p*, (4.8)
(up(x),v,(x)) = (u(x),v(x)) ae. in Q.

Using (4.6), (4.8), (2.2), the Lebesgue dominated convergence theorem and standard argu-
ments, up to subsequence, we obtain

N ou, oull
- <
i:zl /Q 0x; ox;| — On(l)’

and N )
dv, 0vl|"
9o _ 99 <0 (1
; /Q 0x; ox;| — On( )/
which implies (u,,v,) — (4,v) in E. O

Lemma 4.2. Assume that (H), (Hy)—(Hs3) hold. Then for ||a;||r~ small, for j = 1,2, O satisfies:
i) There are R > ||(u,v)|| and B > 0, such that

dA)u,v <0< B< inf @u,v.
(7 7) ﬁ " (u,0)€0BR(0) ( )

ii) There are e € W;?(Q) \ Bor(0) such that d(e) < B.

Proof. Since (u,v) is a subsolution of (1.1), /G\s(x,g, t) = (a1(x)g+ Fs(x,u, t))g and @\t(x, s,0) =
(a2(x)v + Fi(x,s,0))v, with p; > 1, for i = 1,2,...N, we have

= Shfal e B Al
_/Q(al(X)E—l—Fs(x,z,t))ﬂdx—/Q(az(x)g—i—Fs(x,s,y))Q dx . (4.9)

pi
dx

Now, let || (#,v)|| = R > 1, without loss of generality, we can assume that

pi
/8u dx>1, foralli=1,2,...,N,
ani

and

Pi
/av dx>1 foralli=12 ... N.
ani

Hence, using this inequality, (4.4) and (4.5) with the Sobolev Embedding Theorem, we find
positive constants, such that

®(u,0) > K||(u,0)|| — csllar ||z 2l (o 1 (1, 0) | = eallar ||z Il (1, 0) |
— cslar|| ()| (0, )| = collazll () [[0]| L= 2y | (1, 0) |
— c7llaz| L= ()| (0, 0) || = esllaz| L= ()l (0, 0)[|” = collar || Lo (o) [| (1, 0) ||
—crollar]| (o [ (4, 0)I” = cnrllaz || oy l| (w, 0) [|”
— cola2|| ()| (w,0) ||, forall ||(u,v)[| =R, (4.10)



Solutions to an anisotropic system 11

where K = mm{pN e 22 1. Note that, if (1,v) € dBg(0) with R > 1 and for ||aj| .~ suffi-

ciently small, with j = 1,2, there exists § € R such that ®(u,v) > B, for all (1,v) € dBg(0).
Hence, the choices of , R and ||a;||~() combined with inequalities (4.9) and (4.10) result in

d(u,v) <0< B< inf D(u,0),
(w0) p _(u,v)leriliBR(O) (u,0)

which shows the condition 7).
Now, by definition of Gs we have

@sg(x, su,0) > F(x,su,0) forall s >1, a.e. in Q.
We invoke (H;) and (4.3) to obtain

sPN

suO <Z

zlp1

axl / F(x,su,0)dx.

Using (H3), there exists K; > 0 such that
F(x,s,0) > Izlsﬂls, for all s > max{1,so},

where s) are the constants that appear in (Hsz). Then,

— Kys% / lu

Since % < b < pLN’ we conclude that C/I\)(SE,O) — —oco0 as s — +4o0o. So, we may find

e = so(1,0) € E such that ||| > R and ®(e) < B, which satisfies the condition ii). O

94

<I>su0 spNZ/

7&
ox;

Proof of Theorem 1.2. Let (u,v), (1, 7) be the subsolution and the supersolution of (1.1) given in
Lemma (3.1) and (u1,v1) the solution of (1.1) obtained in Theorem 1.1.
Using the Lemma 4.2, we conclude, with the Mountain Pass Theorem (see [3]), that

= inf max $(1(1)), where T = {7 & C([0,1], Wy (0)): 7(0) = (w,2), (1) = e},

is critical value of ®.

By (3.5),(3.6),(4.1) and (4.2), Gs(x,s,t) = @S(x, s, t) for s € [0,u] and Gi(x,s,t) = @t(x, s, t)
for t € [0,7], thus ®(u,v) = ®(u,v) with u € [0,7] and v € [0,7], where ® and ® are given in
(3.8) and (4.3), respectively. Then,

&\) 7 =i fq) 7 7
(uy,01) in| (u,v)

where
./\/lz{(u,v)eE:ggugﬁa.e.inQandggvgﬁa.e.in Q}

was given in the proof of in Theorem 1.1.
Therefore, the problem (1.1) has two weak solutions vy, v; € WS? (Q), such that

D (u1,01) <D(v) <0< B<T=D(up,vy).
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Recall that u < u; <wae. in Qand v < v; <7 a.e. in Q, thus (u1,v1) > 0. Now, we will
show that (uy,v;) > 0.

Taking ((u,v) — (u2,v2))™", as test function and defining {(uz,v2) < (u,0)} = {x € O :
uy(x) < u(x) and vp(x) < v(x)}, we have

ouy | ¥ auz o(u—up)™ N 90, |72 90, 9(v — vy T
X;/ ol B e D A B et
(au+ Fs(x,u,t))(u — up) " dx + (a0 + Fi(x,5,0)) (v —v2) " dx.  (4.11)
{ua<u} {va<v}

Since (u, ) is a subsolution of (1.1), using (4.11) we obtain

%/ ou |72 ou d(u — up)t dx—Z/ Ouy [P dup (1 — up) T
=Ja Bxl axl 0x; ox;

axi axi

dx <0

and
Piv2 3o, (v —10vp)"

— dx <0.
0x; 0x; *<0

N pi—2
Z/ v 806( d‘Z/ 00
= Ja ox; ox;  0X; ax;
From inequality (2.2), we conclude that || (. — u2)"[|; 77 < 0and |[(2 —v2)7[|; 7 < 0, this
implies 0 < u < up a.e. in Q and 0 < v < v, a.e. in Q. We concluded that (up,v2) > 0. O
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