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Abstract. We present a representation of well-defined solutions to the following non-
linear second-order difference equation

b c
Xpy1=a+ —+ , n €Ny,
Xn  XpXp—1

where parameters 4, b, ¢, and initial values x_; and xp are complex numbers such that
¢ # 0, in terms of the parameters, initial values, and a special solution to a third-
order homogeneous linear difference equation with constant coefficients associated to
the nonlinear difference equation, generalizing a recent result in the literature, com-
pleting the proof therein by using an essentially constructive method, and giving some
theoretical explanations related to the method for solving the difference equation. We
also give a more concrete representation of the solutions to the nonlinear difference
equation by calculating the special solution to the third-order homogeneous linear dif-
ference equation in terms of the zeros of the characteristic polynomial associated to the
linear difference equation.
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1 Introduction

In this paper, by IN, Ny, Z and C we denote the set of positive, nonnegative, whole and
complex numbers, respectively.

As it is well-known nonhomogeneous linear difference equation with constant coefficients
of kth order, that is, the following difference equation

CkXptk T+ Ck—1Xn4k—1 T+ + CoXn = fu, n>lI, (1.1)

wherek € N, € Z, ¢j, j = 0,k are given constants, such that

co # 0 # ¢k, (1.2)

and (fy),> is a given sequence of real or complex numbers, is a basic example of a difference
equation solvable in closed-form (see, for example, books [5,7,10,13,15,16,19]). If one of the
conditions in (1.2) does not hold then the equation is of order less than k, which is why these
conditions are posed.
If
fn=0 forn>1,

the equation is called homogeneous linear difference equation with constant coefficients of
kth order.

Several methods for finding general solution to difference equation (1.1) have been known
yet in the 18th century (for example, the method of generating functions which has been first
used for solving the difference equation [8], and the method of guessing solution in the form
of a geometric progression).

To find a concrete solution to the equation, initial values x;, x;11, ..., x;1x_1, must be given.
Value of index | depends on a specific problem which is studied. Frequentlyis/ =0or [ =1,
but it can be any other integer.

Since ¢ # 0, by dividing difference equation (1.1) by ¢, we obtain the following equation

Xk + A Xnik—1+ -+ C0Xn = [, (1.3)

for n > I, where
a:cj/ck, jZO,l,...,k—l,

and R
j% ::fﬁ/cb

for n > I, which is a difference equation of the form in (1.1). Hence, it is usually assumed that
= 1. (1.4)

For linear difference equations which satisfy condition (1.4), we will say that they are normal-
ized.

Many nonlinear difference equations are solved by transforming them by using some suit-
able changes of variables to linear difference equations with constant coefficients. Somewhat
bigger recent interest in solving some concrete nonlinear difference equations in this way, ap-
peared after publication of a note by S. Stevi¢ in 2004, in which a special case of the following
nonlinear difference equation of second order was solved

Xp—2
Xy = , 15
! bn‘kcnxn—lxan ( )
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where n € INj (see, e.g., [29] and the references therein).
The study was, among other papers, continued in [30,46], where the following nonlinear
difference equation with variable coefficients was studied

AnXp—k
bn‘kcnxn—l"'xn—k

Xn = 7
(see, also [26]). For some related systems see, e.g., [31] and the references therein. Many
different ideas and methods for solving nonlinear difference equations, can be found, also in
the representative paper [36].

Motivated by some investigations of usually symmetric systems of difference equations
(see, e.g., [21-24]), approximately at the same time started a renewed considerable interest
in investigation of some related classes of solvable systems of nonlinear difference equations,
usually those which are nowadays called close-to-symmetric, or close-to-cyclic systems of
nonlinear difference equations (see, for example, [4,20,45] and the related references cited
therein).

As it is also well-known, the bilinear difference equation

azy + P
Yzn + 6’

Zntl = n € Np, (1.6)
where parameters «, 8,7, d, and the initial value zp are complex numbers, is one of the first
examples of nonlinear difference equations solvable in closed-form (see, for example, books
[5,14,15,19,27]). To get a nonlinear difference equation it must be additionally assumed that

Y#0 and ad#py,

otherwise the equation becomes a first-order linear difference equation with constant coeffi-
cients or the most simplest constant difference equation, respectively. Based on closed-form
formulas for solutions to equation (1.6), which have been known for a long time, in some
papers, such as [1,6,18] was studied the asymptotic behaviour of their solutions.

Literature on difference equations usually suggests solving equation (1.6) by the change of

variables
yn+1

yn

Zy = + ¢, n € Ny, (1.7)
where ¢; and ¢; are two undetermined constants, which are chosen such that the change of
variables transforms difference equation (1.6) to a linear difference equation (see, for example,
[1,5,6,18,19,27]). Equation (1.6) can be also solved by using a system of linear difference
equations [14,15].

Since the first method is closer to the topic of this paper and serves as a good motivation
for the method which will be used here, we will give a few words on it.

Using (1.7) in (1.6) gives

<é‘iyn+2 +C’E> <,YC1]/ n+1 _I_,)/C +5> ]/n+1 +D€C2+IB
Yn+1 Yn ]/

for n € Ny, that is,
Ynt2

Yn+1

~2Ynt+2

Y1 ” +ci(yer — )y;“+ﬂ(7@+5) +c (v +90)—ac—B=0,
n

for n € Ny.
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Multiplying the last equality by y,, we obtain

Ynt2Yn _ 0

VG Yns2 + C1 (Y6 — )Yns1 + (6% + 62(6 — &) — B)yw + 1 (762 +0) e
n+

4

n € Ny, from which it is easy to see that the equation will be linear with constant coefficients
if v, + 6 = 0, that is, if
¢ =—6/7. (1.8)

If so, we have
(761)*Yns2 — E1y(a + 8)yns1 + (@6 — By)ya =0, 1 € No. (1.9)
To make difference equation (1.9) normalized, then, clearly, it should be chosen
cg=1/7. (1.10)
Using (1.8) and (1.10) in (1.7), we see that the following change of variables

5
Zp = % e N, (1.11)

TYYyn Y
transforms equation (1.6) to the following normalized homogeneous linear difference equation
of second order

Yni2 — (@ +0)Yus1 + (a6 — By)yn =0, (1.12)

for n € Ny.
Anyone who see the change of variables (1.7) for the first time should be certainly intrigued
by the choice. So, let us say that one of the points is that equation (1.6) can be written as

By —ad

Zny1+o0=a+0+ p
YZn+1 ’YZn+(5

nENo,

[1,18,32] from which it follows that the following equation

—ad
an:zx—i—(S—i—u, n € Ny,

Xn

should be solved, or equivalently, the following one

b
Xyp1=a+ —, n &Ny, (1.13)
Xn
wherea € Cand b € C\ {0}.

What the above procedure says is that difference equation (1.13) is solved by the change of
variables

=271 e N (1.14)
Yn

Motivated by some representations of general solutions to some nonlinear difference equa-
tions (for example, those ones in [50]), in terms of the Fibonacci sequence (for some basics of
the sequence, see, e.g., [2,51]), recently in [32], S. Stevi¢ has given a representation of solutions
to equation (1.6) in terms of the solution to a linear second-order homogeneous difference
equation with constant coefficients, satisfying the following initial conditions

x_-1=0 and xy=1.
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Soon after that it turned out that such solutions play some interesting and important roles
in solving some other nonlinear difference equations and systems of nonlinear difference
equations, for example, the product-type ones, and frequently appear (see, e.g., [34,37,41,43,
44,48,49] and the references therein on such systems).

Some classical applications of solvable difference equations can be found, for example, in
[15,17,28]. For some other recent results on finding closed-form formulas or invariants for
solutions to other linear or nonlinear difference equations and systems of nonlinear difference
equations, and their applications, see, for example [3,11,12,23-25,38-40].

Having solved equation (1.13) long time ago, mathematicians started looking for some
generalizations of the equation which can be also solved by using the change of variables in
(1.14).

The following nonlinear second-order difference equation

b c

Xp41 =a+ — + , n € Ny, (1.15)
Xn XnXn—1

is a natural extension of equation (1.13) which is solved by the change of variables (1.14) which
transforms it to the following third-order linear difference equation with constant coefficients

Ynt+2 = AYn41 + bYn + cYn-1, (1.16)

for n € INy.
A special case of equation (1.15), that is, the one with a = 0, has been recently studied in
[11]. Instead of (1.14), in [11] was used the following (backward shifted) change of variables

=2 p> 1, (1.17)

so that equation (1.15) is transformed to
Yn+1 = AYn + bYn_1 + cYn_2, n € Ny, (1.18)

and, similar to [32], a representation of general solution to equation (1.15), with a2 = 0, was
given in terms of the solution (s,),>_2 of equation (1.18) satisfying the following initial con-
ditions

S_p=85_1= O, S0 = 1. (119)
The shifted change of variables is usually used so that the initial values of the transformed
equation (1.18) are y_», y_1 and yo. The initial values seem more natural than, for example,

the following ones: y_1, yo, y1, which appear for the case of equation (1.16).
The following theorem was proved in [11].

Theorem 1.1. Consider equation (1.15) with a = 0. Let (x,),>—_1 be a well-defined solution to the
equation. Then, it has the following representation

_ X_1Sp+1 + X0X_15n + CSy—1
X_1Sp + X0X_1Sy—1 + CSp—o’

Xn

(1.20)

for n € IN.

The theorem is true, but the proof given in [11] is not complete, since it omits an inductive
argument, which is a small deficiency of the paper. A bigger deficiency of paper [11] is
of theoretical type, since it does not give or use a specific constructive or half-constructive
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method for getting representation of solutions to equations and systems studied therein. The
solutions therein are simply guessed based on some calculations.

Here, we present a more direct half-constructive approach in getting a representation of
solutions to difference equation (1.15) and extend Theorem 1.1. One of the motivations for the
approach stems from some recent papers by S. Stevi¢ and his collaborators, mostly on product-
type difference equations and systems of difference equations [34,37,41,43,44,48,49]. The idea
is to iterate some associated third-order homogeneous linear difference equations in a suitable
chosen way to get representation of solutions to the original difference equation. We also
give a more concrete representation of the solutions to the nonlinear difference equation by
calculating the special solution to the third-order homogeneous linear difference equation in
terms of the zeros of the characteristic polynomial associated to the linear difference equation.

2 Main results
The main results in this paper are proved in this section. The first one generalizes Theorem 1.1.
Theorem 2.1. Let parameters a,b,c be complex numbers such that ¢ # 0, and let (s,)n>_2 be the

solution to equation (1.18) satisfying initial conditions (1.19). Then, every well-defined solution to
equation (1.15) has the following representation

o X_1(Spt1 — aSy) + XX _1Sy + €Sp—1
n

X_1(Sp — asp—1) + X0X_1S4-1 + CSy—2

for every n € INy.

Proof. As it has been said in the previous section, by using the change of variables (1.17),
equation (1.15) is transformed to equation (1.18).

Now we define initial values of three sequences which will be recursively defined and
used in the rest of the proof, in the way as it was done, for example, in [33,37].

Let

a:=a, by =0, c1:=cC. (2.2)

In what follows the following three cases will be considered separately: 1) a # 0,2) a =0,
b #0,3)a=>b=0, since the proofs, although follow the same idea, are not the same.

Case a # 0. We use an iterative procedure which has been recently applied, for example, in
papers [34] and [41]. By using the equality (1.18) where 7 is replaced by n — 2, in the equation
(1.18) where n is replaced by n — 1, as well as the notation in (2.2), we have

Yn = A1Yn—1 + b1Yn—2 + C1Yn—3
= a1(ayn—2 +byn—3 + cYn-a) + b1yn—2 + c1yn—3
= (aay + b1)yn—2 + (bay +c1)yn—3 + cary, 4
= a2Yn—2 + bayn—3 + coYyn—4, (2.3)

where

ap := aay + by, by := bay + 4, Cp = caj. (2.4)
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Using now the equation (1.18) where # is replaced by n — 3 in (2.3), it follows that

Yn = a2Yn—2 + by 3+ C2yp—4
= az(ayn—3 + byu—4 + cYun—s) + bayu_3 + C2yn_4
= (aaz + bz)ynfg, + (baz + Cz)yn_4 + caryy—s
= a3Yn—3 + b3yp_4 + c3Yn—s, (2.5)

where
az := aap + by, b3 := bay + ¢y, C3 1= Cay. (2.6)

Based on relations (2.3)—(2.6), we assume that for some k € N such that2 <k <n—1, we
have that

Yn = GYn—k + OkYn—k—1 + CkYn—k—2, (2.7)

and
ay = ady_1 + br_1, by := bay_1 + cx_q, Ck := Caj_1. (2.8)

Using further the equality (1.18) where 7 is replaced by n — k — 1 in (2.7), it follows that

Yn = akYn—k T bkYn—k—1+ CkYn—k—2
= ar(aYpn—k—1+ bYn_k—2 + Yn_x-3) + brYn—k—1+ CkYn—r—2
= (aag + be)Yn—x—1 + (bax + cx)Yn—k—2 + CarYn -3
= Ak 1Yn—k—1 t bk 1Yn—k—2 + Ck1Yn—k-3, (2.9)

where
Ay = aag + by, bxy1 := bay + ¢y, Ck+1 -= Cd. (2.10)

From (2.3), (2.4), (2.9), (2.10), and by using the induction we see that (2.7) and (2.8) must
hold for every 2 < k < n.

Now we prolong sequences ay, by and ¢ for some non-positive values of index k, as it was
done, for example, in [43,44]. Note that since ¢ # 0, the recurrent relations in (2.8) can be
really used for calculating values of sequences ay, by and ci for every k < 0.

Using the recurrent relations with the indices k = 1, k = 0 and k = —1, respectively, after
some calculations, it follows that

€1

w="=1 from (2.2), (2.8)), 2.11)
bp=a1—aap=a—a-1=0, from (2.2),(2.8),(2.11)), (2.12)
co=by—bagy=b—-b-1=0, from (2.2),(2.8),(2.11)), (2.13)
a1 =2—y, from (2.8), (2.13)), (2.14)

(
(
(
i (
bi1=a—aa_1=1—a-0=1, (from (2.8),(2.11),(2.14)), (2.15)
c1=by—ba1=0—b-0=0, (from (2.8), (2.12), (2.14)), (2.16)
(
(
(

a_,=""1—y, from (2.8), (2.16)), (2.17)

Cc
bo=a1—aa_,=0—a-0=0,
C_zzbfl—bﬂ_zzl—l%ozl,

from (2.8), (2.14), (2.17)), (2.18)
from (2.8), (2.15), (2.17)). (2.19)
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Hence, we have
ap =1, a1=0, a_, =0,

bo=0, b.i=1 b,=0,
Co = 0, C_1 = 0, C_p = 1.

From (2.8), we also have

a, = aa,_1 +ba,_» + ca,_s, (2.20)
b, = Ap+1 — adp, (221)
Cp = Cy_1, (2.22)

for n € IN. In fact, since ¢ # 0, it is not difficult to see that equalities (2.20)—(2.22) hold for
every n € Z.
If we take k = n in (2.7), we obtain

Yn = anYo + bpy—1 + cny—2, (2.23)

for n € INp.
From (2.21)—(2.23), we get

Yn = anlYo + (an-i-l - aan)y—l +cay_1y—2, (2-24)

for n € Ny.
Using (2.24) in (1.17), we obtain

anyo + (Ap41 — aay)y—1 + cay_1y—2

_ ) 2.25
" ap-1Yo + (an - aan—l)y—l +cay2y-2 ( )

for n € Ny.

Case a = 0, b # 0. In this case, equation (1.18) becomes

Ynt1 = byu_1+cyn—2, (2.26)

for n € Ny.

Let _ N

bl = b, 81 =, d1 =0. (227)

Now we use a modified procedure, which has been used in the case a # 0 (the modification
is necessary since the coefficient at v, is zero and the same procedure does not have an effect
in the case).

Using the equality (2.26) where n is replaced by n — 3, in the equality (2.26) where n is
replaced by n — 1, we obtain

Yi = b1Yn—2 + C1Yn—3 + d1Yn_a
= by (bYy—s + CYn—5) + C1Yn—3 + d1Yn—s
= C1Yn-3 + (bb1 + d1)Yn—s + cbiyu_s
= boyu—3 + Calfn—s + doli—s, (2.28)

where _ o _ N
by == ¢, ¢ :=bby +dy, dr = cby. (2.29)
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Using now (2.26) where 7 is replaced by n — 4 in (2.28), we obtain

Yn = Ezynfa + CoYpn—4 + o?}yn75
= by (BYu—5 + CYn—6) + CoYn—a + d2yu_s
= Con_a+ (bby + d2)yn—5 + choyns
= b3Yn—s + E3Yn—s5 + d3Yu—s, (2.30)
where N o N N
by := 0y, C3:=bby + d», dz := cby. (2.31)

Based on equalities (2.28)—(2.31), assume that for some k € IN such that 2 <k <#n —2, we
have proved that

Yo = Delfnko1 + Cilfnk—2 + ki3, (2.32)

and

be=Cior,  Goimbbatdicy,  dei= by (2.33)
Then, by using the equality (2.26) where 7 is replaced by n — k — 2 in (2.32), we have

Yn = DiYn—k—1 + Cn—r—2 + AKYn—k—3
= D (bYn—k—3 + CYn—k—4) + Ch¥u—k—2 + Y3
= CiYn—k—2 + (bbx + di)Yu—k—3 + ChxYu—k—4
= D 1Yn—k—2 + Cor1Yn—k—3 + Dt 1Yn—k—4s (2.34)
where
D1 i=Ck,  Chgr:=Dbbe+di,  diyq = chy. (2.35)

From relations (2.28), (2.29), (2.34), (2.35), and by using the method of mathematical induc-
tion we see that relations (2.32) and (2.33) hold for every k,n € IN such that2 <k <n —1.

As above, since ¢ # 0, by using all the relations in (2.33), it is not difficult to see that the
sequences Ek, ¢ and c’ZVk, can be also calculated for all nonpositive values of index k.

By using the three recurrent relations in (2.33) with indices k = 1, k = 0, k = —1 and
k = —2, respectively, after some calculations and repeating use of already calculated terms,
we have
= _d
bo="=0, (from (2.27), (2.33)), (2.36)
G=Db =0, (from (2.27), (2.33)), (2.37)
dy=¢ —bby=c—b-0=c, (from (2.27), (2.33), (2.36)), (2.38)
bq= dco =1, (from (2.33), (2.38)), (2.39)
C1=by=0, (from (2.33), (2.36)), (2.40)
d1=¢—-bb1=b—b-1=0, (from (2.33), (2.37), (2.39)), (2.41)
- d
by = 71 =0, (from (2.33), (2.41)), (2.42)
Co=b,1=1, (from (2.33), (2.39)), (2.43)

dy=01-bb,=0-b-0=0, (from (2.33), (2.40), (2.42)), (2.44)
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)

by=-==0, (from (2.33), (2.44)), (2.45)
G a=b,=0, (from (2.33), (2.42)), (2.46)
ds=¢,—bb3=1-b-0=1, (from (2.33), (2.43), (2.45)). (2.47)

So, from (2.39)-(2.47), we have
C_1= 0, C_p = 1, C_3 = 0, (2.48)

If we choose k = n — 1 in (2.32), we obtain

Yn = by 1Yo + En1y—1 + du1y-2, (2.49)

for n € Ny.
By using (2.33) in (2.49), it follows that

Yo = bp_1y0 + buy_1 + cby_2y o, (2.50)

for n € Ny.

From initial conditions (2.48) we see that sequence by is the solution to the equation (1.18)
with a = 0, b # 0, with the backward shifted initial conditions of the sequence a, defined in
(2.2) and (2.8).

Hence,

bn—l = an,
so from (2.50) we see that (2.24) also holds in the case 2 = 0, b # 0, and consequently the
formula in (2.25).

Case a = b = 0. In this case, equation (1.18) becomes

Yn+1 = CYn-2, (2.51)

for n € INpy.
From (2.51) it easily follows that

m
S3m—i = C S—i,

for m € Ny and i = 0,2, from which it is easily verified that (2.24) also holds in this case, and
consequently formula (2.25).

From (2.25) we have

0 -2
anyyj + Ap+1 — adp + CunflL

Y1
ﬂnflyyfol +ay, —aap—1+ Cﬂn—Z%

-1
ApXo + Apy1 — A0y + CAp—1X_

Ap—1X0 +ay — ady—1 + Cﬂn72x:%

_ apX_1Xxo + (@ni1 —aan)x 1+ ca, 1 (2.52)
p— 4 ’
Ay-1X_1X0 + (@n — A, _1)X_1 + ca 2
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for every n € INp.
Now note that by definition of sequences a,, and s, we have that

an = Sn,
forn > —2.
Using this fact in (2.52), we immediately obtain formula (2.1), completing the proof of the
theorem. O

Remark 2.2. The method used here is inductive, since in proving hypotheses (2.7), (2.8), (2.32)
and (2.33) the method was used. However, it is also a constructive one, since we define
sequences ay, by, cy, bk, Ck, dk, appearing in the proof of Theorem 2.1 in a clear constructive
way, by using some initial conditions and recurrent relations. Hence, the above method is
half-constructive.

To conduct further investigations we need a lemma, which follows, for example, from the
Lagrange interpolation formula (see, e.g., [9]), or by using the residue theorem (see, e.g., [47]).

Lemma 2.3. Let
p(t) = ﬁkfk +ﬁk,1tk_1 + - —|—51t + ﬁo,

and tj, j =1,2,...,k, be the zeros of p(t), which are distinct, that is,
ti#t, i#£]

Then

for0<s<k—-2 and

k—1
yu 1
=1 p/(t]) ax

Since linear difference equation (1.18) is of the third-order it is practically solvable, since
the characteristic equation
A —ar2—bA—c=0 (2.53)

associated to difference equation (1.18) is a polynomial equation of the third order, so solvable
by radicals. From this it follows that difference equation (1.15) is also practically solvable.

The zeros of polynomial equation (2.53) can be obtained by using a standard procedure
(see, e.g., [9]). By using the change of variables

A=s+ g (2.54)
in equation (2.53), after some calculation, we obtain

2 3
s_ (% _ 20 _ab
5 <3+b)s 7 3 c=0. (2.55)

Let
pi=——=-0 (2.56)
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and s )
2a a
q:= ~or T3 T c, (2.57)
then equation (2.55) is written as
$?+ps+q=0. (2.58)
We find solution to equation (2.58) in the form
s =1u-+0. (2.59)
Substituting (2.59) in (2.58) and requesting that
Buv+p =0, (2.60)
we obtain
w40 = —q. (2.61)
From (2.60) and (2.61), we see that u3 and v> are the zeros of the following polynomial
2 p’
Py(t) = £ +qt —
that is, they are equal to
YL
hp=—5 + i o
Hence, the zeros of polynomial (2.53) are
RO B N Ay B YL iy i
A1_3+\/ a 4+27+\/ 5 Tt (2.62)
S By Ay B Y Ly
A2—3+£\/ ha 4+27+e\/ 5 Tt (2.63)
SRS O B L ANy B Y L oy
A3—3+8\/ 2+ 4+27+8\/ > 4+27, (2.64)
where ¢ is a complex zero different from 1, of the polynomial equation
3
z2=1.

The character of zeros A}, j = 1,2,3, depends on the sign of the following quantity

2 3

1 P
A=+ 5 (2.65)

the, so called, discriminant.
The following three cases are possible:

1. if A # 0O, then all zeros of equation (2.53) are different. More precisely, if A < 0, then
they are real and different, while if A > 0 then two zeros are complex-conjugate and one
is real;

2. if A = 0 and a*> # —3b, then all zeros of equation (2.53) are real, but two of them are
equal;

3. if A =0and a? = —3b, then all zeros of equation (2.53) are real and equal.

Case A # 0. In this case zeros (2.62)—(2.64) of polynomial (2.53) are distinct. Hence, equation
(1.18) has general solution in the following form

Yn = §IM + QA5 +g3A5, n > -2, (2.66)
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where g; €C,j=1,2,3.
If we apply Lemma 2.3 to the following polynomial

3

p3(t) = q(t —Aj),

we have
3 /\5.
=0, for 1=0,1, (2.67)
L)
and
3 AJZ
=1. (2.68)
i=1 p5(A))

]

Since we need the solution to equation (1.18) satisfying the initial conditions in (1.19), from
(2.66)—(2.68), we obtain

n+2 n+2 n—+2
Sy = )/\1 + )/LZ + //\3 7
p3(A1)  ps(A2)  p5(As)

which can be also written in the following form

/\n+2 /\n+2 An+2
Sp = 1 + 2 + 3 , (2.69)
(M =2A2) (M =23) (A2 =A)(A2=A3)  (As = A1) (A5 — Ag)
for n > —2 (see, e.g., [42]).
From the above consideration and Theorem 2.1 we obtain the following corollary.
Corollary 2.4. Let parameters a, b, c be complex numbers such that ¢ # 0 and
2a% ab 2 a? :
27 (27+3+C) —4(3+b> # 0. (2.70)

Then, every well-defined solution to equation (1.15) has the representation given by formula (2.1), where
the sequence (s, )n>—2 therein is given by (2.69), where A;, j = 1,2, 3, are given by (2.62)—(2.64), while
p and q are given by (2.56) and (2.57), respectively.

Remark 2.5. By a simple calculation it is proved that condition (2.70) is equivalent to the
following one
(ab)? 4 4b° — 4a’c — 18abc — 27¢* # 0.

Case A = 0, a*> # —3b. In this case all zeros of equation (2.53) are real, but two of them are
equal. We may assume that A1 # Ay = A3. General solution to equation (1.18) has the form

Yn=8IM +(2+3n)A;, neN, (2.71)

where g; € C,j=1,2,3.
The solution to (1.18) satisfying the initial conditions in (1.19) in this case can be obtained
by a limiting argument (see [35]), and it is given by

An+2 An+2 An-&-Z
Sy = lim < 1 + 2 + 3 )
Az—Ap (/\1 — /\2)()\1 — )\3) (/\2 — /\1)()\2 — )\3) ()\3 — )Ll)()\g, — )\2)
_ AP (4 2)MATT - (n+1)A5 "2
(A2 —A1)? '
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for n > —2, that is,
AT+ (A =24+ n(Ay — Ap))AST!

= , 2.72
forn > —2.
From the consideration and Theorem 2.1 we get the following corollary in the case.
Corollary 2.6. Let parameters a, b, c be complex numbers such that ¢ # 0, a> # —3b and
2a% ab 2 a? :
27| ==+ = -4 = =0. 2.7
(27+3+c> <3+b> 0 (2.73)

Then, every well-defined solution to equation (1.15) has the representation given by formula (2.1), where
the sequence (s, )n>—2 therein is given by (2.72), where A;, j = 1,2,3, are given by

_ 15l

M=3 2\£, (2.74)
T By B (|

)‘2'3_3 ’3\[2 g\fz 3+\£' 2.75)

Case A = 0, a> = —3b. In this case all zeros of equation (2.53) are real and equal to a/3.
General solution to equation (1.18) has the form

while q is given in (2.57).

. o\ /A"
Yn = (§1+&on + g3n°) (g) ,  neN, (2.76)
where g; € C,j=1,2,3.
The solution to (1.18) satisfying the initial conditions in (1.19) in this case can be also
obtained by a limiting argument (see [35]), and it is given by
_ (n+1)(n+2) rayn
Sn =y (5) , (2.77)
forn > —2.
From the consideration and Theorem 2.1 we get the following corollary in this case.

Corollary 2.7. Let parameters a,b,c be complex numbers such that ¢ # 0, a*> = —3b and that
condition (2.73) holds. Then, every well-defined solution to equation (1.15) has the representation
given by formula (2.1), where the sequence (s, ),>_» therein is given by (2.77).

Acknowledgements

The work of Bratislav Iricanin was supported by the Serbian Ministry of Education and Sci-
ence projects III 41025 and OI 171007, of Stevo Stevi¢ by projects III 41025 and 44006. The
work of Zdenék Smarda was supported by the project FEKT-S-17-4225 of Brno University of
Technology.



Representation of solutions of a solvable nonlinear difference equation 15

References

[1] D. Apamovic¢, Solution to problem 194, Mat. Vesnik 23(1971), 236-242.
[2] B. U. ALFRED, An introduction to Fibonacci discovery, The Fibonacci Association, 1965.

[3] L. BErezansky, E. BRAVERMAN, On impulsive Beverton-Holt difference equations and
their applications, J. Difference Equ. Appl. 10(2004), No. 9, 851-868. https://doi.org/10.
1080/10236190410001726421; MR2074437

[4] L. BerG, S. StEvIC, On some systems of difference equations, Appl. Math. Comput.
218(2011), 1713-1718. https://doi.org/10.1016/j.amc.2011.06.050; MR2831394

[5] G. BOOLE, A treatise on the calculus of finite differences, Third Edition, Macmillan and Co.,
London, 1880.

[6] L. BRAND, A sequence defined by a difference equation, Amer. Math. Monthly 62(1955),
No. 7, 489-492. https://doi.org/10.2307/2307362; MR1529078

[7] L. BRaND, Differential and difference equations, John Wiley & Sons, Inc. New York, 1966.
MR209533

[8] L. EULER, Introductio in analysin infinitorum. Tomus primus, Lausannae, 1748 (Reprint 2000).
MR1841793

[9] D. K. FADDEYEV, Lectures on algebra (in Russian), Nauka, Moscow, 1984.

[10] T. Fort, Finite differences and difference equations in the real domain, Oxford, Clarendion
Press, 1948. MR24567

[11] Y. HaLiy, ]J. RaBAGO, On the solutions of a second-order difference equations in terms
of generalized Padovan sequences, Math. Slovaca 68(2018), No. 3, 625—-638. https://doi.
org/10.1515/ms-2017-0130; MR3805968

[12] B. IRICANIN, S. STEVIC, Eventually constant solutions of a rational difference equation,
Appl. Math. Comput. 215(2009), 854-856. https://doi.org/10.1016/j.amc.2009.05.044;
MR2561544

[13] C. JorpAN, Calculus of finite differences, Chelsea Publishing Company, New York, 1956.
MR183987

[14] V. A. KRECHMAR, A problem book in algebra, Mir Publishers, Moscow, 1974.

[15] H. Levy, FE. LEssmAN, Finite difference equations, Dover Publications, Inc., New York, 1992.
MR1217083

[16] L. M. MILNE-THOMSON, The calculus of finite differences, MacMillan and Co., London, 1933.
MR43339

[17] D. S. MiTRINOVIC, Matrices and determinants (in Serbian), Nau¢na Knjiga, Beograd, 1986.
MR852694

[18] D. S. Mrtrinovi¢, D. D. ApamoviC, Sequences and series (in Serbian), Naucna Knjiga:
Beograd, Serbia, 1971. MR355402


https://doi.org/10.1080/10236190410001726421
https://doi.org/10.1080/10236190410001726421
https://www.ams.org/mathscinet-getitem?mr=2074437
https://doi.org/10.1016/j.amc.2011.06.050
https://www.ams.org/mathscinet-getitem?mr=2831394
https://doi.org/10.2307/2307362
https://www.ams.org/mathscinet-getitem?mr=1529078
https://www.ams.org/mathscinet-getitem?mr=209533
https://www.ams.org/mathscinet-getitem?mr=1841793
https://www.ams.org/mathscinet-getitem?mr=24567
https://doi.org/10.1515/ms-2017-0130
https://doi.org/10.1515/ms-2017-0130
https://www.ams.org/mathscinet-getitem?mr=3805968
https://doi.org/10.1016/j.amc.2009.05.044
https://www.ams.org/mathscinet-getitem?mr=2561544
https://www.ams.org/mathscinet-getitem?mr=183987
https://www.ams.org/mathscinet-getitem?mr=1217083
https://www.ams.org/mathscinet-getitem?mr=43339
https://www.ams.org/mathscinet-getitem?mr=852694
https://www.ams.org/mathscinet-getitem?mr=355402

16 S. Stevié, B. Irianin, W. Kosmala, and Z. Smarda

[19] D. S. MrtriNnoviC, J. D. KeCki¢, Methods for calculating finite sums (in Serbian), Nau¢na
Knjiga, Beograd, 1984.

[20] C. MyLoNa, N. Psarros, G. ParascuHiNnorouLos, C. J. ScHINAs, Stability of the non-
hyperbolic zero equilibrium of two close-to-symmetric systems of difference equations
with exponential terms, Symmetry 10(2018), No. 6, Article No. 188, 9 pp. https://doi.
org/10.3390/sym10060188

[21] G. ParascHINOPOULOS, C. J. ScHINAS, On a system of two nonlinear difference equations,
J. Math. Anal. Appl. 219(1998), No. 2, 415-426. https://doi.org/10.1006/jmaa.1997.
5829; MR1606350

[22] G. ParascHiNorouLos, C. J. ScHiNnAs, On the behavior of the solutions of a system of
two nonlinear difference equations, Comm. Appl. Nonlinear Anal. 5(1998), No. 2, 47-59.
MR1621223

[23] G. ParascHINOPOULOS, C. ]J. SCHINAS, Invariants for systems of two nonlinear difference
equations, Differential Equations Dynam. Systems 7(1999), No. 2, 181-196. MR1860787

[24] G. ParascHiNnorouLos, C. J. ScHINAS, Invariants and oscillation for systems of two non-
linear difference equations, Nonlinear Anal. 46(2001), No. 7, 967-978. https://doi.org/
10.1016/30362-546X(00)00146-2; MR1866733

[25] G. ParascHINOPOULOS, C.]J. ScHINAS, G. STEFANIDOU, On a k-order system of Lyness-type
difference equations, Adv. Difference Equ. 2007, Art. ID 31272, 13 pp. MR2322487

[26] G. ParascHINOPOULOS, G. STEFANIDOU, Asymptotic behavior of the solutions of a class
of rational difference equations, Inter. |. Difference Equations 5(2010), No. 2, 233-249.
MR2771327

[27] C. H. RicHARDSON, An introduction to the calculus of finite differences, D. Van Nostrand
Company Inc. Toronto, New York, London, 1954.

[28] J. RiorDAN, Combinatorial identities, John Wiley & Sons Inc., New York, London, Sydney,
1968. MR231725

[29] S. STEVIC, On the difference equation x, = x,,_2/ (by + cuXy—_1X4—2), Appl. Math. Comput.
218(2011), No. 8, 4507-4513. https://doi.org/10.1016/7.amc.2011.10.032

[30] S. STEVIC, On the difference equation x, = x,,_/ (b + cx,—1 - - - x,_x), Appl. Math. Comput.
218(2012), No. 11, 6291-6296. https://doi.org/10.1016/j.amc.2011.11.107

[31] S. STEVIC, On the system of difference equations x, = cuYn—3/(an + bnlYn—1Xn—2Yn—3),
Yn = YnXn—3/(&n + BuXn—1Yn—2Xn—3), Appl. Math. Comput. 219(2013), No. 9, 4755-4764.
https://doi.org/10.1016/j.amc.2012.10.092

[32] S. StEVIC, Representation of solutions of bilinear difference equations in terms of gen-
eralized Fibonacci sequences, Electron. |. Qual. Theory Differ. Equ. 2014, No. 67, 1-15.
https://doi.org/10.14232/ejqtde.2014.1.67; MR3304193

[33] S. StEVIC, Product-type system of difference equations of second-order solvable in closed
form, Electron. J. Qual. Theory Differ. Equ. 2015, No. 56, 1-16. https://doi.org/10.14232/
ejqtde.2015.1.56; MR3407224


https://doi.org/10.3390/sym10060188
https://doi.org/10.3390/sym10060188
https://doi.org/10.1006/jmaa.1997.5829
https://doi.org/10.1006/jmaa.1997.5829
https://www.ams.org/mathscinet-getitem?mr=1606350
https://www.ams.org/mathscinet-getitem?mr=1621223
https://www.ams.org/mathscinet-getitem?mr=1860787
https://doi.org/10.1016/S0362-546X(00)00146-2
https://doi.org/10.1016/S0362-546X(00)00146-2
https://www.ams.org/mathscinet-getitem?mr=1866733
https://www.ams.org/mathscinet-getitem?mr=2322487
https://www.ams.org/mathscinet-getitem?mr=2771327
https://www.ams.org/mathscinet-getitem?mr=231725
https://doi.org/10.1016/j.amc.2011.10.032
https://doi.org/10.1016/j.amc.2011.11.107
https://doi.org/10.1016/j.amc.2012.10.092
https://doi.org/10.14232/ejqtde.2014.1.67
https://www.ams.org/mathscinet-getitem?mr=3304193
https://doi.org/10.14232/ejqtde.2015.1.56
https://doi.org/10.14232/ejqtde.2015.1.56
https://www.ams.org/mathscinet-getitem?mr=3407224

Representation of solutions of a solvable nonlinear difference equation 17

[34] S. STEVIC, New solvable class of product-type systems of difference equations on the com-
plex domain and a new method for proving the solvability, Electron. J. Qual. Theory Differ.
Equ. 2016, No. 120, 1-19. https://doi.org/10.14232/ejqtde.2016.1.120; MR3592200

[35] S. StEVIC, Solvability of a product-type system of difference equations with six param-
eters, Adv. Nonlinear Anal., published online in December 2016, https://doi.org/10.
1515/anona-2016-0145.

[36] S. STEVIC, Solvable subclasses of a class of nonlinear second-order difference equa-
tions, Adv. Nonlinear Anal. 5(2016), No. 2, 147-165. https://doi.org/10.1515/
anona-2015-0077; MR3510818

[37] S. StevIC, Third order product-type systems of difference equations solvable in closed
form, Electron. |. Differential Equations 2016, No. 285, 1-11. MR3578306

[38] S. StEVIC, Bounded and periodic solutions to the linear first-order difference equation on
the integer domain, Adv. Difference Equ. 2017, No. 283, 1-17. https://doi.org/10.1186/
§13662-017-1350-8; MR3696471

[39] S. Stevi¢, Bounded solutions to nonhomogeneous linear second-order difference equa-
tions, Symmetry 9(2017), Article No. 227, 31 pp. https://doi.org/10.3390/sym9100227

[40] S. StEVIC, Existence of a unique bounded solution to a linear second order difference
equation and the linear first order difference equation, Adv. Difference Equ. 2017, Article
No. 169, 13 pp. https://doi.org/10.1186/s13662-017-1227-x; MR3663764

[41] S. StEVIC, Product-type system of difference equations with complex structure of so-
lutions, Adv. Difference Equ. 2017, Article No. 140, 23 pp. https://doi.org/10.1186/
$13662-017-1190-6; MR3652573

[42] S. STEVIC, Solution to the solvability problem for a class of product-type systems of dif-
ference equations, Adv. Difference Equ. 2017, Article No. 151, 24 pp. https://doi.org/10.
1186/s13662-017-1204-4; MR3656092

[43] S. STEVIC, Solvable product-type system of difference equations with two dependent
variables, Adv. Difference Equ. 2017, Article No. 245, 22 pp. https://doi.org/10.1186/
513662-017-1305-0; MR3687417

[44] S. STEVIC, Solvable product-type system of difference equations whose associated poly-
nomial is of the fourth order, Electron. J. Qual. Theory Differ. Equ. 2017, No. 13, 29 pp.
https://doi.org/10.14232/ejqtde.2017.1.13; MR3633243

[45] S. STEVIC, J. DIBLIK, B. IRICANIN, Z. SMARDA, On some solvable difference equations and
systems of difference equations, Abstr. Appl. Anal. 2012, Art. ID 541761, 11 pp. https:
//doi.org/10.1155/2012/541761; MR2991014

[46] S. STEVIC, J. DiBLIK, B. IRICANIN, Z. SMARDA, On the difference equation x, =
anXy_k/ (by + cnXp_1---x,_x), Abstr. Appl. Anal. 2012, Article ID 409237, 19 pp.
MR2959769

[47] S. STEVIC, B. IRICANIN, Z. SMARDA, On a product-type system of difference equations
of second order solvable in closed form, J. Inequal. Appl. 2015, Article No. 327, 15 pp.
https://doi.org/0.1186/s13660-015-0835-9; MR3407680


https://doi.org/10.14232/ejqtde.2016.1.120
https://www.ams.org/mathscinet-getitem?mr=3592200
https://doi.org/10.1515/anona-2016-0145
https://doi.org/10.1515/anona-2016-0145
https://doi.org/10.1515/anona-2015-0077
https://doi.org/10.1515/anona-2015-0077
https://www.ams.org/mathscinet-getitem?mr=3510818
https://www.ams.org/mathscinet-getitem?mr=3578306
https://doi.org/10.1186/s13662-017-1350-8
https://doi.org/10.1186/s13662-017-1350-8
https://www.ams.org/mathscinet-getitem?mr=3696471
https://doi.org/10.3390/sym9100227
https://doi.org/10.1186/s13662-017-1227-x
https://www.ams.org/mathscinet-getitem?mr=3663764
https://doi.org/10.1186/s13662-017-1190-6
https://doi.org/10.1186/s13662-017-1190-6
https://www.ams.org/mathscinet-getitem?mr=3652573
https://doi.org/10.1186/s13662-017-1204-4
https://doi.org/10.1186/s13662-017-1204-4
https://www.ams.org/mathscinet-getitem?mr=3656092
https://doi.org/10.1186/s13662-017-1305-0
https://doi.org/10.1186/s13662-017-1305-0
https://www.ams.org/mathscinet-getitem?mr=3687417
https://doi.org/10.14232/ejqtde.2017.1.13
https://www.ams.org/mathscinet-getitem?mr=3633243
https://doi.org/10.1155/2012/541761
https://doi.org/10.1155/2012/541761
https://www.ams.org/mathscinet-getitem?mr=2991014
https://www.ams.org/mathscinet-getitem?mr=2959769
https://doi.org/0.1186/s13660-015-0835-9
https://www.ams.org/mathscinet-getitem?mr=3407680

18 S. Stevié, B. Irianin, W. Kosmala, and Z. Smarda

[48] S. STEVIC, B. IRICANIN, Z. SMARDA, Solvability of a close to symmetric system of difference
equations, Electron. |. Differential Equations 2016, Article No. 159, 13 pp. MR3522214

[49] S. STEVIC, B. IRICANIN, Z. SMARDA, Two-dimensional product-type system of difference
equations solvable in closed form, Adv. Difference Equ. 2016, Article No. 253, 20 pp. https:
//doi.org/10.1186/s13662-016-0980-6; MR3553954

[50] D. T. Torry, Y. Yazrik, N. Taskara, On the solutions of two special types of Riccati
difference equation via Fibonacci numbers, Adv. Difference Equ. 2013, Article No. 174,
7 pp. https://doi.org/10.1186/1687-1847-2013-174; MR3083533

[51] N. N. Vorosiev, Fibonacci numbers, Birkhduser, 2002. https://doi.org/10.1007/
978-3-0348-8107-4; MR1954396


https://www.ams.org/mathscinet-getitem?mr=3522214
https://doi.org/10.1186/s13662-016-0980-6
https://doi.org/10.1186/s13662-016-0980-6
https://www.ams.org/mathscinet-getitem?mr=3553954
https://doi.org/10.1186/1687-1847-2013-174
https://www.ams.org/mathscinet-getitem?mr=3083533
https://doi.org/10.1007/978-3-0348-8107-4
https://doi.org/10.1007/978-3-0348-8107-4
https://www.ams.org/mathscinet-getitem?mr=1954396

	Introduction
	Main results

