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EXISTENCE RESULTS FOR SECOND ORDER CONVEX
SWEEPING PROCESSES IN p-UNIFORMLY SMOOTH AND
¢-UNIFORMLY CONVEX BANACH SPACES

MESSAOUD BOUNKHEL

ABSTRACT. In a previous work the authors proved under a complex assump-
tion on the set-valued mapping, the existence of Lipschitz solutions for second
order convex sweeping processes in p-uniformly smooth and g-uniformly con-
vex Banach spaces. In the present work we prove the same result, under a
condition on the distance function to the images of the set-valued mapping.
Our assumption is much simpler than the one used in the former paper.

1. INTRODUCTION

In [5], the authors studied the following extensions of convex sweeping processes
from Hilbert spaces H to reflexive smooth Banach spaces X:

(SSP) Find T > 0, z* : [0, T] — J(cl(vp)) and w* : [0,T] — X* such that
u*(0) = J(ugp), J*(ztt*(t)) € K(J*(xz*(t))), for all t € [0,T7;

x*(t) = J(xo) Jr/ u*(s)ds, for all t € [0,T7;
(w)'(t) € —N(K(J* (@ (1))): J* (u*(£))) aue. on [0,7],

where zg € X, ug € K(xo), vo := J*(1/§), v§ be an open neighborhood of J(z) in

X*, K : cl(vp)=X be a set-valued mapping taking nonempty closed convex values

in X, and J : X — X* is the duality mapping defined from X into X* (see Section

2 for the definitions). The mapping x* is called a solution of (SSP)

Clearly, (SSP) coincides with the well known second order convex sweeping process

studied in many works (see for instance [4, 7, 10] and the reference therein) in the

Hilbert space setting in which J is the identity mapping. The authors in [5] proved

the following theorem.

Theorem 1.1. Let p,q > 1, X be a separable Banach space which is p-uniformly
convex and q-uniformly smooth, and let K : cl(vg)=X be a set-valued mapping
taking nonempty closed convexr values in X and satisfying: for any x,x’ € cl(vy)
and any @, € X*,

(1.1) [([d@n) = (@) = [dr@) = (@I <A = @) +l¢" = ¢l
Assume that J(K(z)) C L, for some convex compact set L € X*. Then (SSP) has
at least one Lipschitz solution.
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They proved the existence of solutions under (1.1) the Lipschitz behavior of
the function (z,%) (dX(J*(I)))q;ql(w) defined on X* x X*, where dY (¢) :=
infres V(¥,z) and V(p,z) = |l¢||* — 2{¢,z) + ||z||*>. In this paper we prove the
previous theorem under the Lipschitz continuity of the function x +— di(z) (u),Vu €
X, (with constant depending on u see Theorem 3.1), which is defined on X and is
easier to handle with, than the function (y,) — (dX(J*(y)))%(w) used in (1.1).
Also, in the case of Banach spaces (not necessarily Hilbert) the Lipschitz assumption
(3.1) is much easier to be checked than (1.1).

Before proving our main result in Theorem 3.1, we recall from [5] some needed
concepts and results and for more details we refer the reader to [5] and the references
therein.

2. PRELIMINARIES.

Let X be a Banach space with topological dual space X*. We denote by dg the
usual distance function to S, i.e., dg(x) := infyes ||z — u||. Let S be a nonempty
closed convex set of X and Z be a point in S. The convex normal cone of S at Z is
defined by (see for instance [11])

(2.1) N(S;z)={pe X" : (p,x —Z) <0 forall z € S}.
The normalized duality mapping J : X = X* is defined by
J(z) = {j(z) € X*: (j(z),2) = [|l=|* = [|j(2)II*}.

Many properties of the normalized duality mapping J have been studied. For the
details, one may see the books [1, 14, 15]. Let V : X* x X — R be defined by

V(p.2) = [¢l? - 20p,) + 2, for any p € X* and z € X.

Based on the functional V', a set wg(¢) of generalized projections of ¢ € X* onto
S is defined as follows (see [2]).

Definition 2.1. Let S be a nonempty subset of X and ¢ € X*. If there exists a
point & € S satisfying

=\ — inf
Ve, T) ;relsV(sa,x),

then Z is called a generalized projection of ¢ onto S. The set of all such points is
denoted by mg(¢). When the space X is not reflexive mg(¢) may be empty for some
elements ¢ € X* even when S is closed and convex (see Example 1.4. in [12]).

The following proposition is needed in the proof of the main theorem. For its
proof we refer the reader to [13].

Proposition 2.2. For a nonempty closed convexr subset S of a reflexive smooth
Banach space X and u € S, the following assertions are equivalent:
i) T € S is a projection of u onto S, that is T € Ps(u);
i) (J(u—1%),z—Z) <0 forallxz € S;
iii) J(u — ) € N(S;7).
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Assume now that X is p-uniformly convex and g-uniformly smooth Banach space
(for their definitions we refer the reader to the reference [5] and the references
therein) and let S be closed nonempty set in X. Recall the definition of the function
d¥ : X* — [0, 00[, given by d¥% (¢) = infzes V(p,x). Clearly, in Hilbert spaces d¥
coincide with d%. We need the two following lemma proved in [5] respectively.

Lemma 2.3. Let p,q > 1, X be a p-uniformly convexr and q-uniformly smooth
Banach space, and let S be a bounded set. Then there exist two constants a > 0
and B > 0 so that afjx —y||? <V (J(x),y) < Bz —y||9, for all z,y € S.

Proposition 2.4. If S is a bounded set in X, then d% (o) < B(ds(J*(¢)))?, where 3
depends on the bound of S and on p. As a consequence, for sets S1 and Sz in X and
X* bounded by l; and ly respectively, we have d¥ (¢) < B(ds(J*()))?, for all ¢ €
So, where B depends on Iy and ls.

The following lemma is taken from [1].

Proposition 2.5. Let p > 2,q > 1 and let X be a p-uniformly conver and q-
uniformly smooth Banach space. The duality mapping J : X — X* is Lipschitz on
bounded sets, that is,

17(z) = JW)ll < C(R)|lz —yll, for all ||z]| < R, |ly]| < R.
Here C(R) :=32Lc3(q —1)7" and co = max{1,R} and 1 < L < 1.7.

Let us mention that the Lipschitz continuity on bounded sets of the duality
mapping J, on X*, is not ensured in general by Proposition 2.5 because X* is
p’-uniformly convex and ¢’-uniformly smooth Banach space with p’ = ;I_’—l .q = q_z_l
and by the fact that p’ € [1, 2] whenever p > 2. However, J* is uniformly continuous
on bounded sets.

The following proposition summarizes two important results proved respectively in

12, 6]

Proposition 2.6. Let X be a reflexive Banach space with dual space X* and S be
a nonempty, closed and convex subset of X. The following properties hold:

(m1) ws(p) # 0, for any ¢ € X*;
(m2) If X is also smooth, then ¢ € N(S,Z), if and only if, 3o > 0 so that T €
Ts(J(Z) + ap).
We end this section with the following lemma needed in our proofs (for the proof
we refer the reader for instance to [9]).

Lemma 2.7. Let X be a reflexive Banach space and let C : I — X be a set-valued
mapping with nonempty closed convex values. Then the functional I : v I(v) :=

fOT (5&0 (v(t))dt from X* to R is weakly lower semi-continuous in the following
sense: for any (vn) a sequence of mappings v, : I — X* such that v, — v, in the
weak star topology of L>°(1, X™*), we have

T T
/ 520y (v (£))dt < i in / 520y (tm (D).
0 n 0
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3. MAIN RESULT.
Now, we are ready to prove the main result in the following theorem.

Theorem 3.1. Instead of (1.1) in Theorem 1.1, assume that
(3.1) |d£(z,)(u) - dl;}(m)(uﬂ < XNu)||2z" —z||, for allu € X,

with A : X — [0,00) is bounded on bounded sets. Then (SSP) has at least one
Lipschitz solution.

Proof. We give the proof in four steps.
Step 1. Construction of approximants. Let y > 0 such that J(x¢) 4+ uB. C v
and let [ > 0 such that L C IB,. Let T' € (0, %) and put I := [0, 7. Foreachn € N,
we consider the partition of I given by I, ; := [tn,i,tnit1), forall i =0,...,n — 1,
with ¢y, = i, py =<, and I, , := {T'}.
For every n € N we define the following approximating mappings on each interval
I, ; as follows

U (t) = J(uni), - un(t) = J*(un(t)) = tni,

3.2
(32) 51 0) = o) + [ wi(s)ds, ) = (a5 1),
0
where up,0 = up and for all i =0,...,n — 1 the point u, ;41 is given by
(3.3) Un it = T (2, (tns11)) (S (Un,i))-
As

tn,1
zy (tn1) = J(z0) —|—/ uy (s)ds C J(xo) + ltn 1By C J(xo) + pBs C 1,
SO ’
Tn(tn1) = I (25, (tn 1)) C T (v5) = wo,
and as K has nonempty closed convex values, by Proposition 2.6 one can choose
a point Un,1 € Tk (z,,(t, 1)) (J(Un,0)). Similarly, we can define, by induction, all the
points (un ;)

Let us define 0,,(t) := ¢y, and pp(t) 1=ty i+1 if ¢ € I, ;. Then, the definition of
Zn(+) and uy(-) yield for all ¢ € I,

(3.4) un(t) € K(z,(0,(t))) C IB.
So, the mappings «}(-) are Lipschitz with ratio [ and they are also equibounded,
with ||z ||eo < ||zo]| + IT. Hence the mappings x,(-) are continuous.
Observe also that for all n € N and ¢ € I one has
(3.5) xn(t) € vp.
Indeed, the definition of z,(-) and u,(-) ensure that, for all ¢ € I,

¢
xr (t) = J(xo) —|—/ ur (s)ds C J(xo) + UtB. C J(zo) + uB. C 1,
0
and so

T (t) = J* (23, (1)) C T (15) = o,
EJQTDE, 2012 No. 27, p. 4



and hence K (x,(t)) is well defined for all ¢t € T.

Now we define the piecewise affine approximants from I to X* as follows
(3.6) i (1) i= T (i) + g (= b)) (T (Unisr) — J(uni)), if t € Iy ;.
Define the mapping v from I to X by
(3.7) v (t) = J* (v (), for allt € I.
Observe that v} (0, (t)) = J(un,;) and vy (0, () = up,i, for all ¢ = 0,...,n and so
by (3.3),(3.5), and (3.6) one has

Un(0n(t)) € K(2n(tn,i)) = K(zn(0n(1))) C (B

Now, we check that the mappings v} are equi-Lipschitz. Let us first find an upper
bound estimate for the expression ||J(tn, it+1) — J(un,i)||. Clearly, the sequence (ul")
is bounded by I. Consequently, A(u}) is bounded for any i,n. Let X be its bound,
that is, A(ul') < A, for any i, n. Now, since X is g-uniformly smooth and p-uniformly

convex and the sequence (ul") is bounded by I, there exists some constants « and

[ depending on [ such that '
W univ1 = tngl|” < V(I (Uni), tnit1) < Bllunivr — tngll?,
and so by the construction of the sequence u}' and Proposition 2.4 we get
altn,iv1 — unl|” < dX(zn(tn,i+1))(‘](u",i)) < ﬁdl;((zn(tn,iﬂ))(“n,i)
and so by the Lipschitz property in (3.1) we obtain

a1 a4 9
(B)p [tn,it1 — ungll < d;(zn(tn,,i+1))(“"ai) - d;}(mn(tm))(un,i)

S A(un,i>|1'n(tn,i+1> — Tn (tn,z>| S 5\l|tn,i+1 - tn,i| S lXMn;
and so

< Min,

[t i1 — tn,i
where \ = [ (%)%5\ Using now the Lipschitz property of the duality mapping J in
Proposition 2.5, we can write
(3.8) 1 (uni1) = I (un i) | < CO[tnivr — il < CU)An.

So, for any t,t' € I,,; one has
lon () = vp @)l = g 1t = 1T (wn,iv1) = T (un) | < COAE ¢,

This inequality, with the continuity of v} on (t,,;);, shows that the mappings v} are
equi-Lipschitz on all I with ratio & := C(I)A and hence the mappings v, = J*(v)
are uniformly continuous on I because v}, is bounded and J* is uniformly continuous
on bounded sets. By the definition of v (-) and v} (-) one has

op () —un I < 't =t il 1T (unir) = T (i) || < Spam,
and hence

(3.9) lon, = uplloo — 0.

n
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The definition of v,(-) given by (3.7) and the relation (3.3) yield

(3.10) Un(0n,(t)) € K(2,(0,(¢))), forallt € I, ;,(i =0,...,n—1),
and by the definition of v} (-), one has for a.e. t € I, ;

(3.11) ()" (1) = p ' (I (1) = J (n,i)).

So, by the characterization of the convex normal cones stated in Proposition 2.6,
we get for a.e. t € 1

(3.12) () (t) € =N (K (2n(pn(t))); va(pn(t)))-
Indeed, by construction

Unyitl € TK(w,(tn.ie1)) (S (Un,i))
= TK(en(tnis) (I Wniv1) = [ (Un,it1) = J(un,i)])
& J(univ1) = J(uni) € —N(K(zn(tni+1)); Uni+1)

A M;l (J(umi-i-l) - J(un,i)) € —N(K(2n(pn(t))); vn(pn(t)))-

and hence (3.12) holds.

Step 2. Uniform convergence of the sequences z,(-) and v,(-). Since
pnt(t —tn) <1, forall t € I,,; and J(upi41),J(un:) € L, and L is a convex set
in X* one gets for all t € I,

on(t) = J(uni) + g (=t i) [T (Unip1) = J ()]

t— tn i t— tn 7
= (1 — ’ ) J(u,m-) + ’ J(u,murl) € L.
Hon Hon

Thus for every t € I, the set {v}(t) : n € N} is relatively compact in X*. On the
other hand, it is clear by (3.8) and (3.11) that

(3.13) 1) (O] < 6.

Therefore, this estimate and Theorem 0.3.4 in [3] ensure the existence of a Lipschitz
mapping u* : I — X* such that:
e (v}) converges uniformly to u* on I.
Clearly, we have the weak star convergence of ((v};)’) to some limit w in L (I, X*)
and easily, we can check that w = (u*)" a.e. on I. Indeed, the weak star convergence
of ((v2)") to w in L>(I, X*) ensures for any t € I and any y € L'(I, X)
H%“«”Z)/ — W, Y) Lo (1,x+),0(1,x) = 0,

that is,
T
tim [ (01 (6) = w(s) () xds =0,

Here (-, ) oo (1,x+),01(1,x) denotes the dual pairing between the spaces L*(I, X) and
L>(I,X*), and (-,-)x+ x denotes the dual pairing between the spaces X and X*.
Fix now any ¢ € [0, 7] and define y : I — X by yr = 0,4 (-) - ex, where (ex) C X
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is a sequence separating points in X* (such sequences exist in reflexive separable
Banach spaces). Then for any k € N we have

t
hm/ s)ds,ex)xx x = (/ w(s)ds, er)x= x-
0

lim / s)ds = /0 (s)ds.

t T
u*(t) = limo; (t) = h};n[J(uo) +/O (v} (s)ds] = J(ugp) +/O w(s)ds,

This ensures

Consequently,

n

and since u* is absolutely continuous, we deduce that w = (u*)" a.e. on I.

We define now the continuous mapping u : I — X by
(3.14) u(t) = J*(u*(t)), forall t € I.
Then, it is clear that (v, ) converges uniformly to u, because J* is uniformly con-

tinuous on bounded sets.

Now, we define the Lipschitz mapping z* : I — X by
t
(3.15) x*(t) = J(xo) Jr/ u*(s)ds, forallt € I,
0

and the continuous mapping = : I — X is given by
(3.16) x(t) = J*(x*(t)), for all t € I.
Then by the definition of z} one obtains for all ¢ € I,

22 (t) — 2 (1) | = ||/ (5))ds]| < Tllut, — 0 o,
and by (3.9) we get

(3.17) |k — x*|joo < T||luy, — v lloo + Tlvy — ¥ ||oc — 0 as n — oo.

*

Hence (z})) converges uniformly to z* on I and so (z,) = (J*(x})) converges
uniformly to J*(z*) = = on I because J* is uniformly continuous on bounded sets.
This completes the second step.

Step 3. Existence of a solution. First observe that (z% o 6,,), («f o p,) and
(vf 06,), (v opy,) converge uniformly on I to x* and u* respectively. Recall now
that vy, (pn(t)) € K(zn(pn(t))), for all ¢ € I and n € N. Tt follows then by our
assumptions that

b

d;((m(t)) (vn(pn(t)))

dK(I(t))(Un(Pn( ))) K(zn(pn(t)))(Un(p"(t)))
AH%( ) —wn( )l JEAH%( —n(pa ()]

AllT* (=" (2)) O+ Al (@7,(8)) = 5" (@7, (on (1))
EJQTDE, 2012 No. 27, p. 7
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Hence, by the fact that ||z — 2*||cc — 0 and |2 (t) — 2*(pn ()] < Iy, — 0, and
the unifrom continuity of J*, we obtain

drc () (0n(pn(t))) — 0,

and so

drc@(y) (u(t) < dre)(nlpn(?)) + loa(on(t) — u(t)|]

IN

Ak (2(0)) (Vn (P (1)) + [[on(pn (1)) = va(B)]| + [lon(t) — u(®)]| — O,

which ensures by the closedness of the values of K, that u(t) € K(x(t)), for all
tel

Now, let us prove that the mapping z* is a solution of our problem (SSP). Using
the weak star convergence of ((v)’) to (u*) in L (I, X*) and Lemma 2.7 we obtain

hmlnf/ Ok () (— dt>/ O (o) (—(u™) (t))dt.

Again, we use the weak star convergence of (v})’ to (u*)" in L°(I, X*) with the
uniform convergence of v, o p, to u to get

hm/ %panwu=é () (t), u(t)) dt.

Therefore,
| [t (@) + (G 1,0 e <
(3.18) MMA[&WMMWW+WW@%W®MM

By (3.12) and the definition of the normal cone we have
(319) (~(2) (1) — valpn(®)) <0, Yy € K(alpa(t))), ae. t € 1.
Fix any ¢ in I for which (3.19) holds and let any v € K(z(t)). By (3.1) we have

Cetortonion® = Wit 0)®) ~ Do @)
< AMlzalpn(t)) — z(@)]]
< AMzn(pa() = za(®)l + llza(t) — (2]
(3.20) < AMllen © pn = Zalloo + |20 — |oo] -

Put A, := (A[[|n 0 pn — nlloo + |20 — x||oo])% Clearly A,, — 0 as n — oo by the
uniform convergence of the sequence (z,) to . Thus,
(3.21) Ak @n(pa() (V) = An,

which ensures the existence of w, € K(2,(pn(t))) with ||v — w,| < A,. Hence by
(3.19) we have

(3.22) (=) (t); wn — vn(pn(t)) <0
EJQTDE, 2012 No. 27, p. 8



and so by using (3.13) we obtain
(=) (0 = vnlpn(®)) = (=(v3) )i wn = valpn(t))) + (= (v}) (t);v — wn)

1WR) Ollllo = wall < 6.

A

(=05 (0 0) + () (0 0a(pu (1)) < GAn V0 € K (a(t)), ace. t L.

Taking the supremum on v over K (x(t)) and integrating over I we get

T
| [Ficaton 2 @0) + (@2 sl 0)] de < T,

Hence

it | [Giaqop (~(02) () + (02 00 o 0))] dt < 0

n

and so, combining with (3.18) we obtain

| e (=y @) + @y @) uep] ae <

that is,

T

| Sy O < [ =y @ umae

0

Since u(t) € K(x(t)), the last inequality becomes equality and we write

T T
/O Ok (e (— (W) (1))dt = /O (= (™)' (t),u(t))dt,
and hence for a.e. t € I we have

Ok (e (— (W) (1) = (= (") (1), u(?)),
that is,
() (0, w) < (— () (1), u(®), Yo € K(z(t)), ac. tel.
Thus,
(u)'(t) € =N(K(J*(2"(t))); J* (u"(t))), a.e. on I,

that is, 2* is a solution of (SSP) and so the proof of the theorem is complete. [
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