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Abstract. In this note, we deal with the existence of infinitely many solutions for a
problem driven by nonlocal integro-differential operators with homogeneous Dirichlet
boundary conditions

—Lxu = Af(x,u), inQ,

u=0, in R"\Q,
where () is a smooth bounded domain of R” and the nonlinear term f satisfies super-
linear at infinity but does not satisfy the the Ambrosetti-Rabinowitz type condition.
The aim is to determine the precise positive interval of A for which the problem admits

at least two nontrivial solutions by using abstract critical point results for an energy
functional satisfying the Cerami condition.

Keywords: integrodifferential operators, variational method, weak solutions, sign-
changing potential.

2010 Mathematics Subject Classification: 35R11, 35A15, 35]60.

1 Introduction and main results

Recently, the fractional and non-local operators of elliptic type have been widely investi-
gated. The interest in studying this type of operators of elliptic type re- lies not only on
pure mathematical research but also on the significant applications to many areas, such as
quasi-geostrophic flows, anomalous diffusion, continuum mechanics, crystal dislocation, soft
thin films, semipermeable membranes, flame propagation turbulence, water waves and prob-
ability and finance, see [2,3,5,6,9,10] and the references therein.
The present study is concerned with the multiplicity of nontrivial weak solutions for the
nonlocal fractional equations, namely,
{—CKM =Af(x,u), inQ, (1.1)
=0, in R"\Q,
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where A is a real parameter, () is an open bounded subset of IR” with smooth boundary 0(2,
n>2s,s € (0,1), L is the non-local operator defined as follows

Lxu(x) := / (u(x+y) +u(x —y)—2u(x))K(y)dy, x € R".

Here K : R"\0 — (0, +00) is a kernel function having the following properties
K € LY(R") where y(x) = min{|x|%, 1},
there exists ko > 0 such that K(x) > ko|x|~(**%), Vx € R"\{0}, (1.2)
K(—x) = K(x), ¥x € R"\{0}.

A typical example for K is given by K(x) = |x|~("*2). In this case, Li is the fractional
Laplacian operator —(—A)® which (up to normalization factors) is defined as

(= AYu(x) = / u(x +y) +|tyt‘(f+;y) - Zu(X)dy, o

If A =1, then problem (1.1) reduces to the following nonlocal elliptic equation

{_[,Ku = f(x,u), inQ, (1.3)

u = 0, in RH\Q,

which has been studied by Servadei and Valdinoci [14] by using the fountain theorem. The
author proved the existence of solutions under the following assumptions.

(f1) f: QxR — Risa Carathéodory function and there exist a1,a, > 0 and g € (2,2}) such
that
|f(x,t)] <ap+aslt]T™! forae xcQ, tER,

2n
n—2s"

where 27 is the fractional Sobolev critical exponent defined by 27 =

(f2) limy % = 0 uniformly for a.e. x € Q.

(f3) There exist # > 2 and r > 0 such that fora.e.x € Q, t € R, |t| > r
0 < uF(x,t) <tf(x,t),
where F(x,t) := yfotf(x, T)dT.

Moreover, there have been a large number of papers that study the existence of the solutions
to (1.3), we refer the reader to [8,14,17,18] and the references therein. For example, using
Symmetric version of mountain pass lemma, Zhang, Molica Bisci and Servadei [17] studied
the existence of infinitely many solutions of problem (1.3) when f € C(Q x R"), (f1), (f3) and
the following symmetry condition:

(fa) f(x,—t) = —f(x,t) forae. x € O, t € R.

For the case that f(x, ) satisfies asymptotically linear at infinity with respect to t, Luo, Tang
and Gao [8] obtained the existence of sign-changing solutions of (1.3) by combining constraint
variational method with the quantitative deformation lemma. In references [4,11,12,17,18],
some new superlinear growth conditions are established instead of (f3), Among them, a few
are weaker than (f3), but most complement with it, for example,
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(fs) limy 4o F‘(t’?’t uniformly for a.e. x € Q and there exists 7 > 1 such that for

0
ae. x € Q, F(x,t') < vF(x,t) forany t, ' € R with 0 < ' < t, where F(x,t) =
Stf(x, ) — F(x,t);

(fo) limyy 4o % = +o0 uniformly for a.e. x € Q) and there exists f > 0 such that for a.e.

I
_|_

x € ), the function ¢ — Ltt) is increasing in t > t and decreasing in t < —¢;

(f7)1 there exists a positive constant rop > 0 such that F(x,t) > 0, (x,t) € Q x R and |t| > 7y,
and

F _
lim = 400, a.e. xec )

(f7)2 there exist a constant C; > 0 such that
F(x,t) > C(|t* = 1), (x,t) e QX R;

(fs) there exist constants C, > 0 and x > X such that

IF(x,t)|* < Colu|*F(x,t), (x,t) € QA x Rand |t > rp;

(fo) there exist constants y > 2,2 < a < 2} and C3 > 0 such that
f(x, t)t —uF(x,t) > Ca(|t|* — 1), (x,t) e OXR;

(fi0) there exist constants y > 2 and C4 > 0 such that
UE(x,t) < tf(x,t) + Cylt|?, (x,t) € QxR.

Specifically, Zhang-Molica Bisci-Servadei [17] and Zhang-Tang—Chen [18] obtained the exis-
tence of infinitely many nontrivial solutions of (1.3) under the assumptions f € C(Q x R"),
(f1), (f3)=(fs), or f € C(QA X R"), (f1), (f3), (fa) and (fs), or f € C(Q X R"), (f1), (f3), (fa),
(f7)12and (fs), or f € C(QAxR"), (f1), (f3), (fa), (f7)12 and (f9), respectively.

However, regarding the existence of two distinct nontrivial weak solutions for (1.1) or (1.3),
to the best of our knowledge, there are no results in the literature. Motivated by the above
works, we shall further study the two nontrivial solutions of (1.1) with sign-changing potential
and subcritical 2-superlinear nonlinearity. The aim of this study, as in [1], is to determine the
precise positive interval of for which problem (1.1) admits at least two nontrivial solutions
using abstract critical point theorems. Now, we are ready to state the main results of this
article.

Theorem 1.1. Let s € (0,1), n > 2s and Q) be an open bounded set of R" with continuous
boundary. Let K : R"\{0} — (0,+o0) be a function satisfying (1.1) and (f1), (f7)1 and (fs)
hold. Then there exists a positive constant Ay such that the problem (1.1) admits at least two
distinct weak solutions for each A € (0, Ap).

Theorem 1.2. Let s € (0,1), n > 2s and Q) be an open bounded set of R" with continuous
boundary. Let K : R"\{0} — (0, +c0) be a function satisfying (1.1) and (f1), (f7)1 and (f10)
hold. Then there exists a positive constant Ag such that the problem (1.1) admits at least two
distinct weak solutions for each A € (0, Ag).

This paper is organized as follows. In Section 2, we present some necessary preliminary
knowledge on fractional Lebesgue-Sobolev spaces. In Section 3, several existence results
about at least two distinct nontrivial weak solutions for problem (1.1) are obtained by abstract
critical point theory and the compactness result of the Palais-Smale type.
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2 Preliminaries

In order to discuss problem (1.1), we need some facts on space Xy which are called fractional
Sobolev space. For this reason, we will recall some properties involving the fractional Sobolev
space, which can be found in [14-16] and references therein.

Let X denote the linear space of Lebesgue measurable functions from R" to R such that
the restriction to Q) of any function ¢ in X belongs to L?(Q)) and

((x,y) = (8(x) = g(W))/K(x —y)) € L*(Q x Q, dxdy).

The function space X is equipped with the following norm

1/2
= — K(x —y)dxdy) . 2.1
el = (lulliaiey + [ _(lu(x) = u(p)P)K(x = y)dady) @D
The function space Xy is defined by
Xo:={ueX:u=0ae in R"\Q} (2.2)

endowed with the Luxemburg norm

Julb = ([, () — () PIKGx = yyanay)

and (X, || - ||x,) is a Hilbert space (for this see [14, Lemma 7]), with scalar product

w,9) = [ (u(x) = u(v))(0(x) — o) K(x — y)dxdy.
By Lemma 6 in [14], Servadei and Valdinoci proved a sort of Poincaré-Sobolev inequality

for the functions in X as follows.

Lemma 2.1. let K : R"\0 — (0, +o0) be a function satisfying assumption (1.2). Then there
exists a constant ¢ > 1, depending only on N, s, A and (), such that for any u € Xj

lllxy < flullx < cfjullx,-

By the above lemma, ||u]|x, is an equivalent norm in Xy. We will use the equivalent norm
in the following discussion and write ||u|| = ||u||x, for simplicity. The following embedding
theorem will play a crucial role in our subsequent arguments.

Lemma 2.2. let K : R"\0 — (0,+o0) be a function satisfying assumption (1.2). Then the
embedding Xy — L"(Q)) is continuous for any r € [2,2}], i.e., there exists ¢, > 0 such that
lul, < crllul], u € Xo. Moreover, Xy is compactly embedded into L"(Q) only for r € [2,2}),
where L’(Q)) denotes Lebesgue space with the standard norm |u/,.

In order to prove our main result, we define the energy functional ¢, on Xy by
e (u) =] (u) — A¥ (u), (2.3)

where J(u) = 3 [, [u(x) — u(y)|*K(x — y)dxdy and ¥ (u) = [ F(x,u)dx, F is the function
defined in (f3). By [13], the energy functional ¢, : Xo —> R is well defined and of class
C!(Xo,R). Moreover, the derivative of @, is

(Ph),0) = [ (u(x) = u(y))(0(x) — o) K(x —y)dxdy =2 [ flx,u)ods,
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for all u,v € Xp. Obviously, solutions for problem (1.1) are corresponding to critical points of
the energy functional ¢,.

A sequence {u, } C Xy is said to be a (C)-sequence if ¢, (u,) —c and || ¢} (u,)||(1+ || ||) = 0.
@, is said to satisfy the (C).-condition if any (C).-sequence has a convergent subsequence. If
this condition is satisfied at every level ¢ € R, then we say that ¢, satisfies (C)-condition.

In order to prove our main result, we state the following lemma which will play a crucial
role in the proof of main theorems.

Lemma 2.3 ([7, Theorem 2.6]). Let E be a real Banach space, G, H : E — R be two continuous
Gateaux differentiable functionals such that G is bounded from below and G(0) = H(0) = 0.
Fix v > 0 and assume that, for each

v
Ae |0, ’
< Squ(u)Sv H(”))

the functional I, := G — AH satisfies the (C)-condition and it is unbounded from below. Then,

for each
v
A€e |0, ,
< SWG(u)gvH(”))

the functional I, admits two distinct critical points.

3 Proof of the main results

In this section, we prove our main result. As we will see, in order to obtain the existence of at
least two weak solutions for problem (1.1) we use variational methods. Firstly, we are ready
to prove the following result about the compactness of the functional ¢,.

Lemma 3.1. Assume that (f1), (f7)1 and (fg) hold. Then for all A > 0, any (C). sequence is
bounded in Xj.

Proof. Let {u,} C Xo be a (C). sequence, that is,
@a(un) — ¢ and | (un)[[(1 + [[unll) — 0. (3.1)

To complete our goals, arguing by contradiction, suppose that ||u,|| — oo, as n — co. Observe
that for n large,

1
c+12> @r(un) — §<§09\(”n)r”n>

(3.2)
:A/ F(x, upy)dx.
0
Since ||uy|| > 1 for n large, we have
0= tim <o) gy P2 ltn)
n=veo lunl[2 neo [fuy||
=1 A lim / Fotn) g,
2 noe o uall
which implies that
1 < lim sup Flx, un)dx. (3.3)

20 7 s Ja flunl?
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For 0 < a < B, let

Qu(a,B) ={x e Q:a<|u,(x)| < B}

Let v, = m, then |lv,|| = 1 and |v,|; < ¢l|vn]| = ¢4 for g € [1,2%). Since X is a reflexive
space (see [15, Lemma 7]), going if necessary to a subsequence, we may assume that

vy, — v in Xg;
vy, — v inL1(Q), 1<g<2;; (3.4)
vn(x) — v(x) a.e.on Q.

Now, we consider two possible cases: v = 0 or v # 0.

(1) If v = 0, then we have that v, — 0in L1(Q) for all g € [1,2}), and v,(x) — 0 a.e. on Q.
Hence, it follows from (f1) that

airo + 2r))meas(Q)
/( )|F(x’u")|d <(10 0 ( )—>O asn — +oo, 3.5)
QnOI’O

lunll> IIunH2

where meas(-) denotes the Lebesgue measure in RV,
Set ¥’ = %5. Since x > 5. one sees that 2x’ € (1,2}). Hence, we deduce from (fg), (3.2)

and (3.4) that
/ F<x'2u")v%dx
Qi (rg,4-00) Uy

1 1
i X , o
< ( / de> ( / 2 dx)
Qp 70 +°°) unK Qy (7’0,4’00)
1 1
i X , 7
< ( (x, zu”) dx> (/ 02 dx>
Oy 7’0 +°O unK Q (36)

< [Q("’Xl)ﬁ (/Qv%"/dx)’j’

— 0, asn — oo.

Combining (3.5) with (3.6), we get

/ |F(x, uy)
IIunH2
F( F
_ / [F(x, )] |dx—|—/ bx, ) g
w(0r0)  |[ttnl| Qu(ro+e0) lunll (3.7)

_/ |qugd+/ F(xun)zd
a(0r0)  |[al] W(rotoo) U3

— 0, asn — oo,

which contradicts (3.3).
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(2)If v #0, set
Qu:={xeQ:v(x) #0},

then meas(Q..) > 0. For a.e. x € Q, we have

lim |u,(x)| = +oo.
n—oo

Hence,

O, C Qu(rg,0) forlargen € N.

As the proof of (3.5), we also obtain that

aro + 2 meas(Q
/ |F(x,uz)|dx§ ( 7 0)2 ()
Qu(0r0)  ||unl] [[14n |

By (f7)1, (3.8) and Fatou’s lemma, we have

c+o(l) _ . galun)

0= lim
nooo lugl[2 nmeo [|uyl|?
1 F
= - —Alim / de
2 e Hunll2
1
:—/\lim[/ qud +/ )dx
2 s [ Joy0m) uall O (ro,+-00) “"
1 F
— - _Alim b, uz)dx
2 n—00 /0, (rg+00)  ||tn|
1 F
< = — Aliminf b, u;)dx
2 n—e0  JO),(rg,+o0) o
1 F
= — — Aliminf b, uzn)‘ n|dx
2 n—eo /0, (rg,+00) |t
1 o F(x,uy) 2
- E _/\hﬂg}f Q ‘Mn‘z Qu(ro, 400 ( )"Un| dx
1 . . F(x/ul’l> 2
= E_/\ Qh’gg}f PHERS (ro+oo) (X) [0n]“dx
— — o,

which is a contradiction. Thus {u,} is bounded in X,. The proof is accomplished.

— 0 asn — +oo.

Lemma 3.2. Suppose that (f1), (f7)1 and (fg) hold. Then for all A > 0, any (C).-sequence of

@, has a convergent subsequence in E.

Proof. Let {u,} C Xo be a (C). sequence. In view of the Lemma 3.1, the sequence {u,} is
bounded in Xy. Then, up to a subsequence we have u, — u in Xp. According to Lemma 2.2,

U, — uin L1(Q) for 1 < g < 2}.
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It is easy to compute directly that

1P Geen) = £ ) = wldx
< 1 ma)| + £ w) ) —
< /Q [(a1 + aalual1) + (a1 + agul1)] it — uldx

§2a1/ |un—u|dx+a2/ |un|‘7‘1|un—u|dx+a2/ lu| 7, — u|dx
0 0 o

1
< 2a1/ |ty — u|dx + ap (/ |un|("_1)‘7/dx> ' (/ |ty — u|‘7dx)
0 0 0
1 1
’ ! q
+a </ || (@17 dx) ' </ |ty — u\%lx)
0 0
91 1
q q
= 2a1/ |ty — u|dx + ap </ ]un|‘7dx) </ |ty — u!%ix)
0 0 0

9-1 1
Y (/ ]u|‘7dx) ' (/ |un—u|qu>q
O Q

-1 _
= 201 |uy — u|1 + ao|un|d un — ulg + az|ul? 1\un — ulg

1
r

— 0, asn — oo,

where % + % =1.
Noting that

| tn — qu = (Uy — u,uy — u)

= (@ (un) = @h (1), 1 — 1) + A /Q(f(xfun) — f(x,u)) (un — u)dx.

Moreover, by (3.1), one yields

Tim (9} (1) — ¢} (1), 1y — 1) = 0.
Finally, the combination of (3.10)-(3.12) implies
|luy —ul| -0, asn— +oo.

Thus, we obtain u,, — u in Xy. The proof is complete.

(3.10)

(3.11)

(3.12)

(3.13)

O]

Lemma 3.3. Suppose that (f1), (f7)1 and (f10) hold. Then for all A > 0, any (C).-sequence of

@, has a convergent subsequence in Xj.

Proof. Similarly to the proof of Lemma 3.1, we only prove that {u, } is bounded in X,. Suppose

Un
[lonll”

cq for q € [1,2). Going if necessary to a subsequence, we may assume that

by contradiction that |u,| — o0 as n — co. Let v, =

vy — v in Xp;
vy, — v inL1(Q), 1<g<2;;

vn(x) = v(x) a.e. onQ.

then [|u,|| = 1 and |v,|; < ¢4f|vn|| =

(3.14)
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By (3.1) and (f10), one has

1
c+12> @a(un) — ﬁ<€0/)\(”n)/”n>

(3.15)
-2 AC
> B Sl = ==
for n € IN, which implies
2AC
1< — ; lim sup |v,|3. (3.16)

n—oo

In view of (3.14), v, — v in LP(Q)). Hence, we deduce from (3.16) that v # 0. By a similar
fashion as (3.9), we can conclude a contradiction. Thus, {u,} is bounded in Xj. The rest of
the proof is the same as that in Lemma 3.2. O

Proof of Theorem 1.1. Let E = Xo, I = ¢, G = ] and H = ¥. We know that ¢, satisfies the
(C)-condition from Lemma 3.2 and J(0) = ¥(0) = 0. In view of Lemma 2.3, it suffices to
show that if,

(a) the functional ¢, is unbounded from below,

(b) for given v > 0, there exists Ap > 0 such that

sup Y(u) < i
uef1((~o0 1)) Ao

Verification of (a). By the assumption (f7);, for any M > 0, there exists a constant § > 0 such
that

F(x,t) = [F(x,8)] > M]#2

for [t| > ¢ and for almost all x € Q. Let ép = max{d,ro}. Then
F(x,t) = |F(x,t)| > M|t]%,  V|t| > do, Vx € Q.
Hence, from (f), there exists a constant Cp; > 0 such that
F(x,t) > M|t|> = Cy, forae.x€Q, tER. (3.17)

Take v € Xy with v > 0 on () and T > 1. Then, for any A > 0, the relation (3.17) implies that

2

() = — lo(x) —o(y)|*K(x — y)dxdx — A | F(x,to)dx
' 2 Joxa Jo (3.18)

2
< S lol? = ATM [ [oldx + ACy meas(Q).
Q

If M is large enough that
1
ol - AM/ l0]?dx < 0.
2 Q

This means that

Jim () = .

Hence the functional ¢ is unbounded from below.
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Verification of (b). Using assumption (f;) and Lemma 2.2, we deduce
Y(u) = / F(x,u)dx
0

< / <a1|u| + tlz|u|q> dx
0 q

“ (3.19)
= apufy + > [ulg
q
a
< ayerflufl + iCqH”Hq/
where ¢4, ¢q is given in Lemma 2.2.
On the other hand, for each u € J~!((—oo,v)), It follows that
20> 2J(u) = [ Jux) - uly) PK(x — y)dxdx = |ul.
OxQ
This implies that
lu|| < V2v. (3.20)
Let us denote )
Ap = (a1c1\/21/ + ach(Zv)%> .
Taking into account (3.19) we assert that
q 1 1
sup  Y(u) <aje1vV2v +axcy(2v)? = <7 (3.21)
0

uel1((~oop))

Therefore, all the assumptions of Lemma 2.3 are satisfied, so that, for each A € (0, Ap), the
problem (P) admits at least two distinct weak solutions in E. This completes the proof. ]

Proof of Theorem 1.2. Let E = Xo, I = ¢, G = ] and H = Y. We know that ¢, satisfies the
(C)-condition from Lemma 3.3 and J(0) = ¥(0) = 0. The rest proof is the same as that of
Theorem 1.1. Hence, the problem (1.1) admits at least two distinct weak solutions in Xy. This
completes the proof. O

Acknowledgements

This work is supported by the Fundamental Research Funds for the Central Universities
(Nos. DL12BC10, 2019), the New Century Higher Education Teaching Reform Project of
Heilongjiang Province in 2012 (No. JG2012010012), the Fundamental Research Funds for the
Central Universities (No. HEUCFM181102), the Postdoctoral Research Startup Foundation of
Heilongjiang (No. LBH-Q14044), the Science Research Funds for Overseas Returned Chinese
Scholars of Heilongjiang Province (No. LC201502).

References

[1] G. BoNnanNO, A. CHINNI, Existence and multiplicity of weak solutions for elliptic Dirich-
let problems with variable exponent, . Math. Anal. Appl. 418(2014), No. 2, 812-827.
https://doi.org/10.1016/j.jmaa.2014.04.016; MR3206681; Zbl 1312.35111


https://doi.org/10.1016/j.jmaa.2014.04.016
https://www.ams.org/mathscinet-getitem?mr=3206681
https://zbmath.org/?q=an:1312.35111

Superlinear nonlocal fractional problems 11

[2] L. CarrareLL, Non-local diffusions, drifts and games, in: Nonlinear partial differential
equations, Abel Symp., Vol. 7, Springer, Heidelberg, 2012, pp. 37-52. https://doi.org/
10.1007/978-3-642-25361-4_3; MR3289358; Zbl 1266.35060

[3] L. CAFrFARELLI, A. VASSEUR, Drift diffusion equations with fractional diffusion and the
quasi-geostrophic equation, Annals of Math. 171(2010), No. 3, 1903-1930. https://doi.
org/10.4007/annals.2010.171.1903; MR2680400; Zbl 1204.35063

[4] J. H. CrEN, B. T. CrENG, X. H. TanG, New existence of multiple solutions for nonho-
mogeneous Schrodinger—Kirchhoff problems involving the fractional p-Laplacian with
sign-changing potential, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM
112(2018), No. 1, 153-176. https://doi.org/10.1007/s13398-016-0372-5;, MR3742996;
Zbl 1380.35085

[5] M. JarA, Nonequilibrium scaling limit for a tagged particle in the simple exclusion
process with long jumps, Comm. Pure Appl. Math. 62(2009), No. 2, 198-214. https:
//doi.org/10.1002/cpa.20253; MR2468608; Zbl 1153.82015

[6] N. Laskin, Fractional quantum mechanics and Lévy path integrals, Phys. Lett. A
268(2000), No. 4-6, 298-305. https://doi.org/10.1016/50375-9601(00)00201-2;
MR1755089; Zbl 0948.81595

[7] J. Leg, Y. H. Kim, Multiplicity results for nonlinear Neumann boundary value problems
involving p-Laplace type operators, Bound. Value Probl. 2016, Paper No. 95, 1-25. https:
//doi.org/10.1186/s13661-016-0603-x; MR3498594; Zbl 1345.35043

[8] H. X. Luo, X. H. TaNG, Z. Gao, Sign-changing solutions for non-local elliptic equations
with asymptotically linear term, Commun. Pure Appl. Anal. 17(2018), No. 3, 1147-1159.
https://doi.org/10.3934/cpaa.2018055; MR3809117; Zbl 1394.35558

[9] A. MELLET, S. MiscHLER, C. MouHoOT, Fractional diffusion limit for collisional kinetic
equations, Arch. Rational Mech. Anal. 199(2011), No. 2, 493-525. https://doi.org/10.
1007/s00205-010-0354-2; MR2763032; Zbl 1294.82033

[10] R. METZLER, J. KLAFTER, The restaurant at the random walk: recent developments in the
description of anomalous transport by fractional dynamics, J. Phys. A. 37(2004), No. 31,
161-208. https://doi.org/10.1088/0305-4470/37/31/R01; MR2090004; Zbl 1075.82018

[11] D. MucNArL, N. S. PAPAGEORGIOU, Wang’s multiplicity result for superlinear (p,q)-
equations without the Ambrosetti-Rabinowitz condition, Trans. Amer. Math. Soc.
366(2014), No. 9, 4919-4937. MR3217704; Zbl 1300.35017

[12] D.D. Qin, X. H. TANG, J. ZHANG, Multiple solutions for semilinear elliptic equations with
sign-changing potential and nonlinearity, Electron. |. Differential Equations 2013, No. 207,
1-9. MR3119061; Zbl 1291.35079

[13] P. H. RaBinowITz, Minimax methods in critical point theory with applications to differ-
ential equations, in: CBMS Regional Conference Series in Mathematics, Vol. 65, Amer. Math.
Soc., Providence, RI, 1986. MR0845785; Zbl 0609.58002

[14] R. SErvaDEI, E. VaLDINOCI, Mountain Pass solutions for non-local elliptic operators,
J. Math. Anal. Appl. 389(2012), No. 2, 887-898. https://doi.org/10.1016/j.jmaa.2011.
12.032; MR2879266; Zbl 1234.35291


https://doi.org/10.1007/978-3-642-25361-4_3
https://doi.org/10.1007/978-3-642-25361-4_3
https://www.ams.org/mathscinet-getitem?mr=3289358
https://zbmath.org/?q=an:1266.35060
https://doi.org/10.4007/annals.2010.171.1903
https://doi.org/10.4007/annals.2010.171.1903
https://www.ams.org/mathscinet-getitem?mr=2680400
https://zbmath.org/?q=an:1204.35063
https://doi.org/10.1007/s13398-016-0372-5
https://www.ams.org/mathscinet-getitem?mr=3742996
https://zbmath.org/?q=an:1380.35085
https://doi.org/10.1002/cpa.20253
https://doi.org/10.1002/cpa.20253
https://www.ams.org/mathscinet-getitem?mr=2468608
https://zbmath.org/?q=an:1153.82015
https://doi.org/10.1016/S0375-9601(00)00201-2
https://www.ams.org/mathscinet-getitem?mr=1755089
https://zbmath.org/?q=an:0948.81595
https://doi.org/10.1186/s13661-016-0603-x
https://doi.org/10.1186/s13661-016-0603-x
https://www.ams.org/mathscinet-getitem?mr=3498594
https://zbmath.org/?q=an:1345.35043
https://doi.org/10.3934/cpaa.2018055
https://www.ams.org/mathscinet-getitem?mr=3809117
https://zbmath.org/?q=an:1394.35558
https://doi.org/10.1007/s00205-010-0354-2
https://doi.org/10.1007/s00205-010-0354-2
https://www.ams.org/mathscinet-getitem?mr=2763032
https://zbmath.org/?q=an:1294.82033
https://doi.org/10.1088/0305-4470/37/31/R01
https://www.ams.org/mathscinet-getitem?mr=2090004
https://zbmath.org/?q=an:1075.82018
https://www.ams.org/mathscinet-getitem?mr=3217704
https://zbmath.org/?q=an:1300.35017
https://www.ams.org/mathscinet-getitem?mr=3119061
https://zbmath.org/?q=an:1291.35079
https://www.ams.org/mathscinet-getitem?mr=0845785
https://zbmath.org/?q=an:0609.58002
https://doi.org/10.1016/j.jmaa.2011.12.032
https://doi.org/10.1016/j.jmaa.2011.12.032
https://www.ams.org/mathscinet-getitem?mr=2879266
https://zbmath.org/?q=an:1234.35291

12 Q.-M. Zhou

[15] R. ServaDEL E. VALDINOCI, Variational methods for non-local operators of elliptic type,
Discrete Contin. Dyn. Syst. 33(2013), No. 5, 2105-2137. https://doi.org/10.3934/dcds.
2013.33.2105; MR3002745; Zbl 1303.35121

[16] R. SErvaDE1, E. VALDINOCI, The Brezis-Nirenberg result for the fractional Laplacian,
Trans. Amer. Math. Soc. 367(2015), No. 1, 67-102. MR3271254; Zbl 1323.35202

[17] B. L. Zuang, G. Motica Bisci, R. SERVADEL, Superlinear nonlocal fractional problems
with infinitely many solutions, Nonlinearity 28(2015), No. 7, 2247-2264. https://doi.
org/10.1088/0951-7715/28/7/2247; MR3366642; Zbl 1322.35158

[18] L. ZrANG, X. H. TANG, Y. CHEN, Infinitely many solutions for a class of perturbed ellip-
tic equations with nonlocal operators, Comm. Pure Appl. Anal. 16(2017), No. 3, 823-842.
https://doi.org/10.3934/cpaa.2017039; MR3623551; Zbl 1359.35037


https://doi.org/10.3934/dcds.2013.33.2105
https://doi.org/10.3934/dcds.2013.33.2105
https://www.ams.org/mathscinet-getitem?mr=3002745
https://zbmath.org/?q=an:1303.35121
https://www.ams.org/mathscinet-getitem?mr=3271254
https://zbmath.org/?q=an:1323.35202
https://doi.org/10.1088/0951-7715/28/7/2247
https://doi.org/10.1088/0951-7715/28/7/2247
https://www.ams.org/mathscinet-getitem?mr=3366642
https://zbmath.org/?q=an:1322.35158
https://doi.org/10.3934/cpaa.2017039
https://www.ams.org/mathscinet-getitem?mr=3623551
https://zbmath.org/?q=an:1359.35037

	Introduction and main results
	Preliminaries
	Proof of the main results

