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Abstract. Here we solve the following system of difference equations

YnYn—2 XnXp—2

_Jnin=2 =2 e N,
byt +ayn 2 0T dy,_y +cx s 0

Xn+1 =
where parameters 4, b, ¢, d and initial values x_ Y- ] = 0,2, are complex numbers, and
give a representation of its general solution in terms of two specially chosen solutions
to two homogeneous linear difference equations with constant coefficients associated to
the system. As some applications of the representation formula for the general solution
we obtain solutions to four very special cases of the system recently presented in the
literature and proved by induction, without any theoretical explanation how they can
be obtained in a constructive way. Our procedure presented here gives some theoretical
explanations not only how the general solutions to the special cases are obtained, but
how is obtained general solution to the general system.
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1 Introduction

Let N, Z, R, C be the sets of natural, integer, real and complex numbers, respectively, and
N, ={ne€eZ:n>I}, wherel € Z. Letk,] € Z, k <1, then instead of writing k < j <, we
will use the notation j =k, [.

Finding closed-form formulas for solutions to difference equations has been studied for
more than three centuries. The first results in the topic were essentially given by de Moivre

MEmail: sstevic@ptt.rs


https://doi.org/10.14232/ejqtde.2018.1.104
https://www.math.u-szeged.hu/ejqtde/

2 S. Stevié¢

(see, e.g., [24]) and systematized and extended later by Euler [10]. Further important results
were given by Lagrange [15] and Laplace [16]. Presentations of some of these results and some
results obtained later can be found, e.g., in [7,9,11, 13, 14,17-20,23,25,34]. Examples of some
problems where closed-form formulas of solutions to the equations are applied can be found,
e.g., in [5,11,13,14,17,21-23,34, 35,43, 44].

Having found methods for solving linear difference equations with constant coefficients
experts looked for solvable nonlinear ones. One of the basic examples of such equations is the
bilinear difference equation

azy + B

_— 1.1
I n € Ny, (1.1)

Zn4+1 =
where «,,7,6,z0 € R (or € C). For some methods for solving equation (1.1) consult, e.g.,
[1,2,7,8,14,17,22,34]. For some results on the long-term behavior of its solutions see, e.g.,
[2,5,7,9].

There have been some activities in solvability theory and related topics in the last few
decades (see, e.g., [6,12,28,29,32,33,36-53] and the references therein). This is caused, among
other things, by use of computers and systems for symbolic computation. Although they are
useful, there are some frequent problems by using them only, especially connected to getting
essentially known results, and/or getting wrong formulas, which is also caused by not giving
any theory behind the formulas presented in such papers (we have explained some of such
cases in [40,47-49,53], see also [36] and some references therein).

Our first explanation of such a problem appeared in 2004, when we solved the following

equation
Zn—2

— =, n€N,
&+ Bzp—2zn—1

Zn =
by a constructive method, explaining a closed-form formula for the case « = = 1 previously
presented in the literature. In [33,36,37] some extensions of the equation have been investi-
gated later. The main point is that the previous equation is easily transformed to a solvable
difference equation. After that we employed and developed successfully the method, e.g., in
[6,38,39,47-49]. For some combinations of the method with other ones see, e.g., the following
representative papers: [41,42,45,46,50-52].

In the last few decades Papaschinopoulos and Schinas have popularized the area of con-
crete systems of difference equations [26-32], which motivated us to work also in the field
(see, e.g., [6,38-42,46-48,50-53] and the references therein).

There has been also some recent interest in representation of solutions to difference equa-
tions and systems in terms of specially chosen sequences, for example, in terms of Fibonacci
sequences (for some basics on the sequence see, e.g., [3,14,54]). Many papers present such
results, but in the majority cases the results are essentially known. For some representative
papers in the area see [40] and [53], where you can find some citations which have such results.

The following four systems of difference equations

YnYn-2 T XnXn—2
Xo1+tyna T Hy i Etx,

Xp+1 = , nE ]NO/ (12)
have been studied in recent paper [4], where some closed-form formulas for their solutions are
given in terms of the initial values x_j;, y_j, j = 0,2, and some subsequences of the Fibonacci
sequence. The closed-form formulas are only given and proved by induction. There are no
theoretical explanations for the formulas.
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A natural problem is to explain what is behind all the formulas given in [4]. Since it is
expected that the solvability is the main cause for this, we can try to use some of the ideas
from our previous investigations, especially on rational difference equations and systems (e.g.,
the ones in [6,36-39,47-49]).

Here we consider the following extension of the systems in (1.2)

YnYn—2 XnXn—2

- =———"—, né€lNp, 1.3
bx,_1+ aYyn—2 Y1 dynfl + X2 0 13)

Xn+1 =

where parameters 4, b, ¢,d and initial values x_j, y_j, j = 0,2, are complex numbers.

Our aim is to show that system (1.3) is solvable by getting its closed-form formulas in an
elegant constructive way, and to show that all the closed-form formulas obtained in [4] easily
follow from the ones in our present paper.

2 Main results

Assume that x,, = 0 for some 1y > —2. Then from the second equation in (1.3) it follows that
Yno+1 = 0, and consequently dy,, 11 + cx,, = 0, from which it follows that ;3 is not defined.
Now, assume that y,, = 0 for some n; > —2. Then from the first equation in (1.3) it follows
that x,,,,1 = 0, and consequently bx,, 11 + ay,, = 0, from which it follows that x;, ;3 is not
defined. This means that the set

2

U {jyj) €€ ixj=0ory =0},
j=0

is a subset of the domain of undefinable solutions to system (1.3).
Hence, from now on we will assume that

Xn #0F# Yo, n=>-2. (2.1)

Now we use some related ideas to those in [6,36-39,47-49]. Assume that (X, Y )n>—2 is a
well-defined solution to system (1.3). Then from (1.3) we have

Yyt I gl e N, 2.2)

Xn+1 Yn—2 Yn+1 Xn—2

Let
Upir = 2, (2.3)
Xn+1
Xn
v = , 2.4
n+1 Vit ( )
forn > —2.

Then system (2.2) can be written as

+a, vy41= +c¢, n € Ny. (2.5)

Upp1 =
n—1 Un—1

Let

ulf) = U+, o) = Vom-+jr (2.6)
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form>—-1,j=1,2.
Then, from (2.5) we see that (u,(fl))mz,l, j = 1,2, are two solutions to the following differ-
ence equation

+a, m € Ny, (2.7)

Zm:
Zm—1

whereas (U%))mz—l, j = 1,2, are two solutions to the following difference equation

_ d
Zm = —— +c¢, m € Ny. (2.8)
Zm—1
Equations (2.7) and (2.8) are bilinear, so, solvable ones.
Let

I G (2.9)
Wm

where
w_1=1 and wy=1z_1.

Then equation (2.7) becomes
Wyt = AWy + bwy, 1, m € No. (2.10)
Let (Sm)m>—1 be the solution to equation (2.10) such that
s.1=0, sp=1. (2.11)

Let A1 and A, be the zeros of the characteristic polynomial P>(A) = A% —aA —b. Then
general solution to equation (2.10) can be written in the following form [40]

Wy = bw_18,_1 +wesy, m> —1, (2.12)
(here for m = —1 is involved the term s_5, which is calculated by using the following relation
Sm—1= (Smr1— asy)/b form = —1).

From (2.9) and (2.12) it follows that

o bw _18y + WoSm1 - bsy +z_18m41

2, = - Com > 1. 2.13
T bw_1Sm_1 + WoSm  bSm_1 + Z_15m - ( )
Hence 0
j
M%) = —bsm + u,1?m+l[ m > —1,
bsy—1 + u(f)lsm
for j = 1,2, that is,
bsy + Uj25m+1
= , > —1, 2.14
Ham+ bsim—1 + uj_25m "= @14)
forj=1,2.
Using (2.14) in (2.3), we obtain
N _ Yom DSy AU 15w
2 2 DSy + U 151
bx_18,,— _
S G (2.15)

4
bx_18m +Y-28m11
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and
 Yom-1 bsy—2 + UoSy—1
Xom = = Yom—1
Uom bsy—1 + UoSm
_ bxosm—2 +Y-1Sm—1
- ]/mel b 7
X0Sm—1 + Y—-15m
for m € INj.
Let
~ Wyt
Zm - /n\/H_ 7 2 _1/
Wim
where

Then equation (2.8) becomes
Wyt = CWy + dWy, 1, m € No.
Let (Si)m>—1 be the solution to equation (2.18) such that

5.1=0, s50=1.

Let 7\1 and 7\2 be the zeros of the characteristic polynomial 132(/\) = A2 —cA—d.

general solution to equation (2.18) can be written in the following form
fU\m = d@_ﬁm_l + Z/(}O/S\m, m Z —1.
From (2.17) and (2.20) it follows that

~ AW 18y + WoSmi1  dSm +Z 18my1

Im = == —— = = —, m>—1.
" AW 181 + WoSm dSpm—1+Z_15m
From (2.6) and (2.21) it follows that
) dse+ o5
'Ur(’i) — w’ m Z _1,
45,1 + 015,
for j = 1,2, that is,
dSm + Vj_28m 11
| = 3= ~ 7 2 _1~
UZm+] dSm,1 T U]'_zsm m
forj=1,2.
Using (2.22) in (2.4), we obtain
 Xom A8, +U_18y
Yami1 = D2m+1 - d/s\m + 071§m+1

dy—l/s\m—l + X_25y
2m ~ o~ Vi
Ay _18m + X 2511

(2.16)

(2.17)

(2.18)

(2.19)

Then

(2.20)

(2.21)

(2.22)

(2.23)
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and
Yo — Y1 _ 1d§m72 + V0Sm—1
m — - m— I~ ~
Vam dsy—1 + 00Sm
~ ldyoé\m—Z + X 15m-1 (2.24)
" dyo/s\mfl +X_15,
for m € INj.

From (2.15), (2.16), (2.23) and (2.24), we have

bx_1Sy—1+Y_25m
bx_18m + Y _25m41
d]/O/S\m—Z + X 18m-1bx 18,1+ Y-25m

Xom+1 = Yom

= Xo;_ — — , 2.25
2 Ay 0S 1 + X 15w DX 15w+ Y 25w @)
_ bxosm—2 +Y-15m-1
Xom = Yoam—1 beSm—l Y 15m
_ zdyflgm—z + X_25u—1 bX0Sm—2 + Y—15m—1 (2.26)
" Ay 1Sm-1+ X_25m  bX0Sm—1+Y-15m '
y — X dy—lg\m—l + X 25,
2md " dy—lgm + fo/S\m-i-l
— Yom 1 AY_15u—1 + X285y bXSm—2 + Y_15m—1 (2.27)
" dY 1S 4 X_0Sme1 bxoSm—1+Y—_15m '
_ dyoSm—2 + X181
Yom = Xom—1 dyoé\m—l Tx 5,
dYoSm— 18,1 bx_18m— Y-
= Yomos YoSm—2 + X 1Sm—10X_1Sm—2 + Y —25m 1’ (2.28)

dyoSm—1+X_18m  bX_1Sm_1 +Y_25m

for m € INj.
Multiplying the equalities which are obtained from (2.25), (2.26), (2.27) and (2.28) from 1
to m, respectively, it follows that

mn dyo/S\];z + x,1§]~,1 bx,ls]-,l + Y-25;

Xom+1 = X1 1 dyoSi—1 + x_15; bx_15j+y_25j41’ (2.29)
Xom = X0 ﬁ dy_1§]:2 i x,2§]:1 bosj—2 + ]/—15]'—1’ (2.30)
i dy_15j-1+x-25; Dbxosj—1+Yy-_18;
" ody 181+ x_28; bxosj 2 + Y181
Yomi1l = Y1 ]11 dy 18+ 1Bt XS+ Y15 | (2.31)
mdyoSj—2 +x_18j-1 bx_18j 2 + Yy 28j 1 2.32)

Yom = ]/OE dyO/S\jfl + x_lé\j bx_15];1 + Y-25j ’
for m € INy.

From (2.29), since
_ Yoy
! bx_1+ ay_z’

sy =aso+bs_1=a, (2.33)
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and after some calculations we have

Yoy-—2  dyosS_1+x_150 bx_150+y-251
bx_1 4+ ay_o dyoSy—1 + X_18m bX_18m + Y—_2Sm+1
X_1Y—-2Yo
(dYoSm—1 + x-18m) (bX—15m + Y—25m+1)

Xom+1 =

From (2.30), (2.33) and after some calculations we have

dy,1§,1 +x_259 bxgs_1+ Y—150
0 = =
AY_15m—1 + X253 bX0Sm—1 + Y_15m
Y_1X_2Xo
(AY_18m—1 + x_25m) (bx0Sm—1 + Y—15m)

From (2.31), since

- X0X_—2
n dy_1+cx_p’
81 =cS+ds_1=c¢, (2.34)
and after some calculations we have
y X_2X0 dy,1§0 +x_281 bxgs_1+ Y—150
2m+1 = — =
" dy 4 cx o dy_18m 4 X 2841 bX0Sm_1 + Y_15m
Y_1X_2Xo

(dy—15m + x—25m+1) (bX0Sm—1 + Y—-15m)
From (2.32), (2.34) and after some calculations we have

. dy0§_1 +x_180 bx_1s_1+ Y250
2m =0 dyog\m—l + X 18y bx_18p -1 + Y_25m
X_1Y-2Yo
(dyog\m—l + x—lgm) (bx—lsm—l + yfzsm)

Yy

From the above consideration we see that the following result holds.

Theorem 2.1. Consider system (1.3). Let s, be the solution to equation (2.10) satisfying initial con-
ditions (2.11), and s,, be the solution to equation (2.18) satisfying initial conditions (2.19). Then, for
every well-defined solution (xy,,Yn)n>—2 to the system the following representation formulas hold

Yot = x,lg:giziﬁlsn,l T (2.35)
2=y 18, + xisl:)_(zbfc(;an +y-184)’ (2.36)
Sl = (dy—183—1 + x—zsinl;(;;(;n—z +y_15p-1)" 237)
s = (dyoSu—1 + Xffg;l)y(zfiolsnfl +y_osn)’ (2.38)

for n € INy.
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3 Some applications

As some applications we show how are obtained closed-form formulas for solutions to the
systems in (1.2), which were presented in [4].

First result proved in [4] is the following.

Corollary 3.1. Let (X, Yn)n>—2 be a well-defined solution to the following system

YnYn-—2 XnXn—2
1= ——————, Ypt1= ———, INp. 3.1
1 Xp—1+ Yn—2 el Yn—1+ Xn-2 e o G
Then
X_1Y—-2Yo
-1 = , 3.2
ot (yOfan + x—lfn—l)(x—lfn—l +y72fn) (32)
X0X_2Y—1
n — ’ 3.3
Y fat + % fa) (Rofu 1 + Y1) (33)
XoX—2Y—1
n—-1— ’ 34
Py o + 2 fu) (0fa2 + Y1 fu1) (34)
X_-1Y—-2Yo
= , 3.5
P a1+ % 1fn) (X1 fa1 +Y—2fr) (3.5)

for n € No, where (fu)n>—1 is the solution to the following difference equation
fot1 = fu+ fuo1, n €Ny, (3.6)
satisfying the initial conditions f_; = 0 and fy = 1.

Proof. System (3.1) is obtained from system (1.3) with a = b = ¢ = d = 1. For these values of
parameters a, b, c,d equations (2.10) and (2.18) are the same. Namely, they both are

Wyt1 = Wy +wy—1, n € Np. (3.7)

Hence the sequences (s,),>-1 and (5,),>_1 satisfying conditions (2.11) and (2.19) respectively,
are the same and we have

Sp = /S\n - fn, n 2 _1. (3.8)
By using (3.8) in formulas (2.35)—(2.38), formulas (3.2)—(3.5) follow. O

The following corollary is Theorem 3 in [4].

Corollary 3.2. Let (X, Yn)n>—2 be a well-defined solution to the following system

YnYn—2 XnXn—2
Xn = n = ——, né€Ny. 3.9
Bt T - 0 (39)
Then
(—1)"x_1y_2y0
Xop—1 = , 3.10
2t (yOfn72 - x—lfn—l)(-x—lfn—l +y72fn) ( )
(=1)"xox_oy_4
Xon = , 3.11
2 Worfuor — x—afn) (X0 fat + Y-1fu) (3.11)
(—1)”“96096—21/71
n—1 = , 3.12
P Oyt — %o f) (ofa2 + Y ifa1) (3.12)
(—1)" x_q1y_oyo (3.13)

Yon = (Yofu1 = x1fu) (X1 fu1+y-2fn)’

for n € INp.
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Proof. System (3.9) is obtained from system (1.3) with a = b = —c = d = 1. For these values
of parameters 4, b, ¢, d equation (2.10) becomes (3.7), whereas equation (2.18) becomes

Wyy1 = —Wy + Wy—1, (3.14)
for n € INy.
From (2.11) and (3.7) we have
Sp = fn, n>-—L (3.15)
Let
W, = (=1)"w,, n>-1. (3.16)

Employing (3.16) in (3.14) we obtain

ZBWH =W, +w,—1, n € WNp. (3.17)

From (3.16) we have

51=0 and 5y=1. (3.18)

From this and since s, is a solution to equation (3.17) we have

g;l = fn/ n 2 _1/ (3.19)

from which along with (3.16) it follows that

Sy =(—1)"fn, (3.20)

forn > —1.
By using (3.15) and (3.20) in formulas (2.35)—(2.38), after some simple calculations are
obtained formulas (3.10)—(3.13). O

The following corollary is Theorem 4 in [4].

Corollary 3.3. Let (Xy, Yn)n>—2 be a well-defined solution to the following system

_YnYna X2

=——""=  ne&lNp. 3.21
—Yy—1+Xp2 0 ( )

Xn+1 =
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Then

for n € No.

S. Stevic
Xon—2 = (—1)nx_2x0 ’
x0fan—2 +Y-1fan-1
Xen—1 = G 1y ,
X 1fan-1+Y-2fan
P G
X0 fan—1+Y—1fan’
Xon+1 = 1oy ,
X-1fan +Y-2fan+1
Xen+2 = () "x0r 2y ,
(x—2 —y—1)(x0f3n + Y-1f3n+1)
Xen+3 = (1" 1yoy—2
(x—1 —y0)(x_1f3nr1 +Y—2f3ns2)
Yen—2 = (=1)"x-1y—2 ,
X_1fan-—2+Yy-2fan-1
You 1 — (=1)"xoy 1
" xof3n—2 +Y-1fan-1’
Yo = (=1)"yoy -2
b X1+ Y—afan
Yon+1 = (Z1)"x0x291
(x—2 —y—1)(x0f3n—1+ Y—1f3n)’
Yenta = (C1)x-1yoy—2
(x—1 —yo)(Xx—1f3n + Y—2f3nt1)’
(—1)”‘”3(03(,2
Yen+3 =

X0f3n + Y-1fan+1’

(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)
(3.28)
(3.29)
(3.30)
(3.31)
(3.32)

(3.33)

Proof. System (3.21) is obtained from system (1.3) with a = b = ¢ = —d = 1. For these
values of parameters a, b, c,d equation (2.10) becomes equation (3.7), whereas equation (2.18)

becomes

Wpy1 = Wy — Wy—1, n € No.

From (2.11) and (3.7) we have that (3.15) holds.

The solution 5, to equation (3.34) satisfying the initial conditions in (2.19) is equal to

where

Tn+l  yn+l
Al — /\2
M—Ay 7

/S\n:

n>-—1,

T, T
A = cos - £isin ,
3 3

from which by some calculation it follows that

N 2 . (n+D)rm
S, = —sin

BT

n>—1.

(3.34)

(3.35)
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Formula (3.35) shows that the sequence 5, is six periodic. Namely, we have

Sem—1 = Sem42 = 0,
Sem = Sem+1 = 1,

Sem+3 = Sem+4 = —1,

for m > —1 (in fact, (3.36)—(3.38) hold for every m € Z).
Equalities (3.36)—(3.38) can be written as follows

531’1’1—1 - 0/
Szm = (—1)™,
S3m1 = (1),

form > —1.

11

(3.36)
(3.37)
(3.38)

(3.39)
(3.40)
(3.41)

Using equalities (3.39)—(3.41) in formulas (2.35)—(2.38), after some calculations we have

Y 1X_2Xp

Xon—2 = = =
o (—Y—-153n—2 + ¥—253—1) (X0S3n—2 + Y—153n—1)

Y1X_-2Xo
(—y-153n—2) (X0 f3n—2 + Y-1f3n—-1)
(—1)”x,2x0
x0f3n—2 +Y-1fan-1"
X_1Y-2Y0
(—Y053n—2 + X_1534—1) (X—153n—1 + Y—2534)
X_1Y-2Yo
(—Y053n—2) (*—1f3n—1 + Y-2f3n)
(=1)"x_1y—
X_1fan—1+Y-2f3n
Y_1%_2Xg
(—Y—183n—1 + x¥_253) (X0S3n—1 + Y—153n)
. Y_1X_2Xo
 (x2%3m) (Xof3n—1 + Y—1f3n)
(—=1)"xoy-1
Xofan—1+Y—1fan
X_1Y—-2Yo
(—Y053n—1 + X_1834) (X_153n + Y —253u+1)
B X_1Y-2¥0
— (x183m) (X1 fan + Y—2fans1)
(=1)"voy—
X_1fan +Y-2fani1
Y_1X_2Xg
(—Y—183n + x_283541) (X083 + Y—153n+1)
Y_1X_2Xg

Xon—1 =

Xon =

Xen+1 =

Xon+2 =

(—y1(=1)" +x2(=1)")(x0f3n + Y-1f3n+1)
_ (—=1)"xox—2y—1
(x—2 = y-1)(x0fan + Y-1fsn+1)’
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fors — X_1Y-2Yo
nt3 = —= —
(—Y053n + X_153541) (X—153n41 + Y—253n+2)
X_1Y-2Y0

(=yo(=1)" +x_1(—=1)")(x_1f3ns1 + Y—2f3n+2)
_ (=1)"x_1y0y—2
~ (xo1—yo) (X1 fans1 T Y—2fant2)’
X_1Y-2Y0
—Y083n—2 + X_1834—-1) (X—1S3n—2 + Y —2534—1)
X_1Y-2Yo
(—y053n—2)(x—1f3n—2 +Y-2f3n-1)
(=1)"x_1y—2
X_1fan—2+Y—2fn-1
B Y_1X_2%
(—Y—183n—1 + X253, ) (X053n—2 + Y—1531-1)
Y 1X_2Xp
(x_283n) (X0 f3n—2 + Y—1f3n-1)
(—=1)"xoy—1
X0fan—2 + Y-1fan-1
X_1Y-2Y0
(—Y083n—1 + X—1531) (X_1534—1 + Y—2534)
. X_1Y-2Yo
 (x1830) (X1 fan-1 + Y—2f3n)
(=1)"yoy—2
X_1fan—1+Y—2fan’
Y_1X_2Xp
—Y_183n + X _253,41) (X0531—1 + Y—153n)
Y_1X_2Xp
(—y-1(=1)" +x2(=1)")(x0f3n-1 +Y-1f3n)
_ (=1)"xox—2y—1
(2 —y-1)(x0fsn-1 + Y-1fn)’

y61’l72 — (

Yeon =

Yeni2 = *-1y-2Yo
(—Y0S3n + X_153n+1) (X_153n + Y—253n+1)
X_1Y—2Y0

(=yo(=1)" + x4 (=1)")(x_1f3u +Y—2f3n+1)
(=1)"x_1y0y-2
(x-1 = yo)(x-1fan + Y-2fan+1)’

Yents = /12270
n - o~ o~
(—Y—153n+1 + ¥—253n+2) (X0S3n + Y—153n+1)
Y_1X_2Xp

— (=y-1S3n+1) (x0f3n + Y-1f3n41)
(_1)n+1xox_2
Xofan +Y-1fant1’
for n € Ny, as claimed. O

The following corollary is Theorem 5 in [4].

Corollary 3.4. Let (X, Yn)n>—2 be a well-defined solution to the following system

YnYn—2 XnXn—2
X = =———, n €Ny 3.42
nil Xn—1 + ]/n—2 yn+1 _]/nfl — Xn-2 0 ( )
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Then
Ton-2 = xofsn—:r;olfsnl' (3.43)
Fon-1 = X1f3j11%|-_;—2f3n’ (349
o = Xofsnffi_]l/qfsn' (34)
Ton1 = X—1f3nyiyy22f3n+1’ (3.46)
T = e, ]/1_)32263;]_(323+1y1f3n+1)' 64)
Tonts = (x-1+ yo)(;xljlfiofl_i Y-afani2) (3.48)
Yon-2 = x1f3niczf;—2f3n1' (3.49)
Yon-1 = xOfSn—:C(fyllfSnll (3:50)
Yon = f3ny°1yfy_2 = (3.51)
Yon+1 = (x—z + yl_)JE(;Czj_f;yll+ y71f3n) ’ (3:52)
A P yo)_(i:lljyfsonyjyzﬁnﬂ)’ (3.53)
Yonts = X0 f3n j(-)];—zlfsnﬂl (3.54
for n € INp.

Proof. System (3.42) is obtained from system (1.3) witha = b = —c = —d = 1. For these
values of parameters a, b, c,d equation (2.10) becomes equation (3.7), whereas equation (2.18)
becomes

Zjv\n+1 = —W, — Wy_1, n € Ny. (3.55)

From (2.11) and (3.7) we have that (3.15) holds.
The solution s, to equation (3.55) satisfying initial conditions (2.19) is equal to

Tn+l  Fn+l
s R SN
A —Ap ! - ’

/S\n:

where
2 2
A2 = cos ?n +isin ?71,
from which by some calculation it follows that

~ 2 .2 1
Sy = %sm (n—{?:)n’ n > —1. (3.56)
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Formula (3.56) shows that the sequence 5, is three periodic. Namely, we have

Sam =1, (3.57)
831 = —1, (3.58)
S3m+2 = 0, (3.59)

for m > —1 (in fact, (3.57)—(3.59) hold for every m € Z).
Using equalities (3.57)—(3.59) in formulas (2.35)—(2.38), after some calculations we have
Y-1X_2Xo
—Y-183n-2 + X-283,-1) (X0S3n—2 + Y 1531-1)
. Y-1X_-2Xp
~ (—y-1S3n—2)(x0fan—2 + Y_1f3n-1)
X_—-2X0
X0fan—2 + Y-1fan-1
X_1Y-2Y0
(—Y053n—2 + X_1833—1) (X_1534—1 + Y—253,)
_ X_1Y—2Yo
(—y053n—2) (X—1f3n—1 +Y-2f31)
X-1Y—2
X_1fan—1+Y—2fsn’
Y_1X_2X0
(—Y-153n—1 + ¥_2534) (X053n—1 + Y—153n)
Y_1X_2Xg
(x—2531) (%0 f3n—1 + Y—1f3n)
XoY -1
X0f3n—1+Y-1f3n
X_-1Y-2Yo
(—Y053n—1 + X_1534) (X—153n + Y—253u+1)
. X_1Y—-2Yo
 (x—1830) (x—1f3n + Y—2f3041)
_ Yoy-2
C X_ifan+Y—2fmi1’
Y1X-2Xo
— Y1537 + X_253541) (X0S3n + Y—153n+1)
Y-1X-2X0
(=y-1+x-2(=1))(x0f3n +Yy-1fsn+1)
_ —X0X-2Y -1
(2t y1)(xofsn +Y-1fans1)
X_1Y-2Yo
—Y053n + X_153u+1) (X_153041 + Y—253n+2)
X_1Y-2Yo
(=yo+x-1(=1))(x-1fan+1 + y-2fani2)
_ —X-1YolY-2
(x—1 4+ y0) (X1 fant1 + Y—2f3n12)’
X_1Y-2Y0
—Y083n—2 + X_1534—1) (X—1S3n—2 + Y—253u—1)
_ X—1Y-2Y0
 (—y0S3n—2) (x_1fan—2+ Y—2f3n-1)
X-1Y-2
X_1fan—2+Y-2fn-1

x6n72 = (

Xon—1 =

Xén

Xon+1 =

Xéon42 = (

Xé6n+3 = (

Yen—2 = (
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Yor1 = Y-_1X_2X0
T (—y-1S3n-1 + ¥ —253n) (X053n—2 + Y—1531-1)
_ Y_1X_2Xo
(x—253n) (X0 f3n—2 + Y—1f3n-1)
_ X0y -1
X0fan—2 + Y—1fan-1
Yon = X_1Y-2Yo
(—Y0S3n—1 + X_153n) (X_153n—1 + Y—253n)
_ X_1Y-2Y0
(x_153n) (X_1f3n—1 + Y—2f3n)
_ yye
X_1fan-1+Y—2fan’
Vonr — Y_1X_2XQ
T (Zy 183 4 X 283m11) (X0S3u_1 + Y_1531)
_ Y_1X_2Xg
(=y-1+x-2(=1))(x0f3n-1+Y-1f3n)
_ —XoX-2Y -1
(x_2 +y—1)(x0fan—1+Y-1f3n)’
Yen+2 = L
" (—Y053n + X—153n41) (X—153n + Y—253n+1)
_ X_1Y-2Y0
(=yo +x-1(=1))(x—1fan +y-2fan+1)
_ —X_1YoY—-2
(x_1+yo0)(x_1fan +Y—2fsn+1)’
Yenis = Y_1X_2Xo
t (—Y—153n+1 + X—253n+2) (X0S3n + Y—153n+1)
_ Y_1X_2XQ
(—Yy-153n+1) (X0 f3n + V-1 3n+1)
X0X -2

X0f3n + Y-1fant1’

for n € Ny, as claimed. O

References

[1] D. Abamovi¢, Problem 194, Mat. Vesnik 22(1970), No. 2, 270.
[2] D. Apamovic¢, Solution to problem 194, Mat. Vesnik 23(1971), 236-242.
[3] B. U. ALFRED, An introduction to Fibonacci discovery, The Fibonacci Association, 1965.

[4] A. M. Arotaisr, M. S. M. Noorani, M. A. EL-MoNEaM, On the solutions of a system
of third-order rational difference equations, Discrete Dyn. Nat. Soc. 2018, Art. ID 1743540,
11 pp. https://doi.org/10.1155/2018/1743540; MR3801845

[5] L. BErezansky, E. BRAVERMAN, On impulsive Beverton-Holt difference equations and
their applications, J. Difference Equ. Appl. 10(2004), No. 9, 851-868. https://doi.org/10.
1080/10236190410001726421; MR2074437

[6] L. BErRG, S. STEVIC, On some systems of difference equations, Appl. Math. Comput.
218(2011), 1713-1718. https://doi.org/10.1016/j.amc.2011.06.050; MR2831394


https://doi.org/10.1155/2018/1743540
https://www.ams.org/mathscinet-getitem?mr=3801845
https://doi.org/10.1080/10236190410001726421
https://doi.org/10.1080/10236190410001726421
https://www.ams.org/mathscinet-getitem?mr=2074437
https://doi.org/10.1016/j.amc.2011.06.050
https://www.ams.org/mathscinet-getitem?mr=2831394

16 S. Stevié¢

[7]1 G. BooLE, A treatise on the calculus of finite differences, Third Edition, Macmillan and Co.,
London, 1880.

[8] L. BRanD, A sequence defined by a difference equation, Amer. Math. Monthly 62(1955),
No. 7, 489-492. https://doi.org/10.2307/2307362; MR1529078

[9] L. BranD, Differential and difference equations, John Wiley & Sons, Inc. New York, 1966.
MR0209533

[10] L. EULER, Introductio in analysin infinitorum. Tomus primus (in Latin), Lausannae, 1748.

[11] T. Fort, Finite differences and difference equations in the real domain, Oxford, Clarendion
Press, 1948. MR0024567

[12] B. IRICANIN, S. STEVIC, Eventually constant solutions of a rational difference equation,
Appl. Math. Comput. 215(2009), 854-856. https://doi.org/10.1016/j.amc.2009.05.044;
MR2561544

[13] C.JorpaN, Calculus of finite differences, Chelsea Publishing Company, New York, 1956.

[14] V. A. KRECHMAR, A problem book in algebra, Mir Publishers, Moscow, 1974 (Russian first
edition 1937).

[15] J.-L. LAGRANGE, OEuvres, t. II (in French), Gauthier-Villars, Paris, 1868.

[16] P. S. LApLACE, Recherches sur l'intégration des équations différentielles aux différences
finies et sur leur usage dans la théorie des hasards (in French), Mémoires de I" Académie
Royale des Sciences de Paris 1773, t. VII, (1776) (Laplace OEuvres, VIII, 69-197, 1891).

[17] H. Levy, E. LEssmaN, Finite difference equations, Dover Publications, Inc., New York, 1992.
MR1217083

[18] A. A. MARKOF¥, Differenzenrechnung (in German), Teubner, Leipzig, 1896.

[19] A. A. MaRrkov, Ischislenie konechnykh raznostey (in Russian), 2nd edn. Matezis, Odessa,
1910.

[20] L. M. M1LNE-THOMSON, The calculus of finite differences, MacMillan and Co., London, 1933.
[21] D. S. MitrINOVIC, Matrices and determinants (in Serbian), Nau¢na Knjiga, Beograd, 1989.

[22] D. S. MrtriNovi¢, D. D. ApamoviC, Sequences and series (in Serbian), Naucna Knjiga,
Beograd, Serbia, 1980.

[23] D. S. Mrtrinovi¢, J. D. KeCki¢, Methods for calculating finite sums (in Serbian), Nauéna
Knjiga, Beograd, 1984.

[24] A. pE MoO1vRE, Miscellanea analytica de seriebus et quadraturis (in Latin), Londini, 1730.
[25] N. E. NOrLUND, Vorlesungen iiber Differenzenrechnung (in German), Springer, Berlin, 1924.

[26] G. ParascHINOPOULOS, C. J. ScHINAS, On a system of two nonlinear difference equations,
J. Math. Anal. Appl. 219(1998), No. 2, 415-426. https://doi.org/10.1006/jmaa.1997.
5829; MR1606350


https://doi.org/10.2307/2307362
https://www.ams.org/mathscinet-getitem?mr=1529078
https://www.ams.org/mathscinet-getitem?mr=0209533
https://www.ams.org/mathscinet-getitem?mr=0024567
https://doi.org/10.1016/j.amc.2009.05.044
https://www.ams.org/mathscinet-getitem?mr=2561544
https://www.ams.org/mathscinet-getitem?mr=1217083
https://doi.org/10.1006/jmaa.1997.5829
https://doi.org/10.1006/jmaa.1997.5829
https://www.ams.org/mathscinet-getitem?mr=1606350

Solvable system of difference equations 17

[27] G. ParascHiNnorouLos, C. J. ScHiNnas, On the behavior of the solutions of a system of
two nonlinear difference equations, Comm. Appl. Nonlinear Anal. 5(1998), No. 2, 47-59.
MR1621223

[28] G. ParascHINOPOULOS, C. J. ScHINAS, Invariants for systems of two nonlinear difference
equations. Differ. Equ. Dyn. Syst. 7(1999), 181-196. MR1860787

[29] G. ParascHiNnorouLos, C. J. ScHINAS, Invariants and oscillation for systems of two
nonlinear difference equations. Nonlinear Anal. 46(2001), 967-978. https://doi.org/10.
1016/S0362-546X (00)00146-2; MR1866733

[30] G. ParascHiNOPOULOS, C. ]J. ScHINAS, Oscillation and asymptotic stability of two systems
of difference equations of rational form, |. Difference Equat. Appl. 7(2001), 601-617. https:
//doi.org/10.1080/10236190108808290; MR1922592

[31] G. ParascHiNOPOULOS, C. J. ScHINAS, On the dynamics of two exponential type systems
of difference equations, Comput. Math. Appl. 64(2012), No. 7, 2326-2334. https://doi.
org/10.1016/j.camwa.2012.04.002; MR2966868

[32] G.ParascHinorouLOs, C.J. ScHINAS, G. STEFANIDOU, On a k-order system of Lyness-type
difference equations, Adv. Difference Equ. 2007, Art. ID 31272, 13 pp. MR2322487

[33] G. ParascHINOPOULOS, G. STEFANIDOU, Asymptotic behavior of the solutions of a class
of rational difference equations, Inter. |. Difference Equations 5(2010), No. 2, 233-249.
MR2771327

[34] C. H. RiIcHARDSON, An introduction to the calculus of finite differences, D. Van Nostrand
Company Inc. Toronto, New York, London, 1954.

[35] J. RtorpAN, Combinatorial identities, John Wiley & Sons Inc., New York-London-Sydney,
1968. MR0231725

[36] S. STEVIC, On the difference equation x, = x,,_2/ (by + cuXn—1X4—2), Appl. Math. Comput.
218(2011), 4507-4513. https://doi.org/10.1016/j.amc.2011.10.032; MR2862122

[37] S. STEVIC, On the difference equation x,, = x,, /(b + cxp—1 - - - X,k ), Appl. Math. Comput.
218(2012), 6291-6296. https://doi.org/10.1016/j.amc.2011.11.107; MR2879110

[38] S. STEVIC, On the system of difference equations x, = c¢,Yn—3/(an + bnlYn—1Xn—2Yn—3),
Yn = YnXn—3/ (&n + BuXn—1Yn—2Xn—3), Appl. Math. Comput. 219(2013), 4755-4764. https:
//doi.org/10.1016/j.amc.2012.10.092; MR3001523

[39] S. StEVI¢, On the system x,11 =  YnXyk/ (Ynks1(an + buYnXu—k)), Yn+1 =
XnYn—i/ (Xp—kr1(cn + duXnyn—x)), Appl. Math. Comput. 219(2013), 4526-4534. https://
doi.org/10.1016/j.amc.2012.10.06; MR3001501

[40] S. StEVIC, Representation of solutions of bilinear difference equations in terms of gen-
eralized Fibonacci sequences, Electron. |. Qual. Theory Differ. Equ. 2014, No. 67, 1-15.
https://doi.org/10.14232/ejqtde.2014.1.67; MR3304193

[41] S. StEVIC, Product-type system of difference equations of second-order solvable in closed
form, Electron. J. Qual. Theory Differ. Equ. 2015, No. 56, 1-16. https://doi.org/10.14232/
ejqtde.2015.1.56; MR3407224


https://www.ams.org/mathscinet-getitem?mr=1621223
https://www.ams.org/mathscinet-getitem?mr=1860787
https://doi.org/10.1016/S0362-546X(00)00146-2
https://doi.org/10.1016/S0362-546X(00)00146-2
https://www.ams.org/mathscinet-getitem?mr=1866733
https://doi.org/10.1080/10236190108808290
https://doi.org/10.1080/10236190108808290
https://www.ams.org/mathscinet-getitem?mr=1922592
https://doi.org/10.1016/j.camwa.2012.04.002
https://doi.org/10.1016/j.camwa.2012.04.002
https://www.ams.org/mathscinet-getitem?mr=2966868
https://www.ams.org/mathscinet-getitem?mr=2322487
https://www.ams.org/mathscinet-getitem?mr=2771327
https://www.ams.org/mathscinet-getitem?mr=0231725
https://doi.org/10.1016/j.amc.2011.10.032
https://www.ams.org/mathscinet-getitem?mr=2862122
https://doi.org/10.1016/j.amc.2011.11.107
https://www.ams.org/mathscinet-getitem?mr=2879110
https://doi.org/10.1016/j.amc.2012.10.092
https://doi.org/10.1016/j.amc.2012.10.092
https://www.ams.org/mathscinet-getitem?mr=3001523
https://doi.org/10.1016/j.amc.2012.10.06
https://doi.org/10.1016/j.amc.2012.10.06
https://www.ams.org/mathscinet-getitem?mr=3001501
https://doi.org/10.14232/ejqtde.2014.1.67
https://www.ams.org/mathscinet-getitem?mr=3304193
https://doi.org/10.14232/ejqtde.2015.1.56
https://doi.org/10.14232/ejqtde.2015.1.56
https://www.ams.org/mathscinet-getitem?mr=3407224

18 S. Stevié¢

[42] S. STEVIC, New solvable class of product-type systems of difference equations on the com-
plex domain and a new method for proving the solvability, Electron. |. Qual. Theory Differ.
Equ. 2016, No. 120, 1-19. https://doi.org/10.14232/ejqtde.2016.1.120; MR3592200

[43] S. STEVIC, Bounded solutions to nonhomogeneous linear second-order difference equa-
tions, Symmetry 9(2017), Art. No. 227, 31 pp.

[44] S. StEVIC, Existence of a unique bounded solution to a linear second order difference
equation and the linear first order difference equation, Adv. Difference Equ. 2017, Art. No.
169, 13 pp. https://doi.org/10.1186/s13662-017-1227-x; MR3663764

[45] S. STEVIC, New class of solvable systems of difference equations, Appl. Math. Lett.
63(2017), 137-144. https://doi.org/10.1016/j.aml.2016.07.025; MR3545368

[46] S. STEVIC, Solvable product-type system of difference equations whose associated poly-
nomial is of the fourth order, Electron. J. Qual. Theory Differ. Equ. 2017, No. 13, 1-29.
https://doi.org/10.14232/ejqtde.2017.1.13; MR3633243

[47] S. StEVI¢, J. DiBLiK, B. IRICANIN, Z. SMARDA, On a third-order system of difference
equations with variable coefficients, Abstr. Appl. Anal. 2012, Art. ID 508523, 22 pp.
https://doi.org/10.1155/2012/508523; MR2926886

[48] S. STEVIC, J. DIBLIK, B. IRICANIN, Z. SMARDA, On some solvable difference equations and
systems of difference equations, Abstr. Appl. Anal. 2012, Art. ID 541761, 11 pp. https:
//doi.org/10.1155/2012/541761; MR2991014

[49] S. StEVIC, ]. DIBLIK, B. IRICANIN, Z. SMARDA, Solvability of nonlinear difference equations
of fourth order, Electron. ]. Differential Equations 2014, No. 264, 1-14. MR3312151

[50] S. StEvI¢, B. IRICANIN, Z. SMARDA, On a product-type system of difference equations
of second order solvable in closed form, J. Inequal. Appl. 2015, Article No. 327, 15 pp.
https://doi.org/10.1186/s13660-015-0835-9; MR3407680

[51] S. STEVIC, B. IRICANIN, Z. SMARDA, Solvability of a close to symmetric system of difference
equations, Electron. |. Differential Equations 2016, No. 159, 1-13. MR3522214

[52] S. STEVIC, B. IRICANIN, Z. SMARDA, Two-dimensional product-type system of difference
equations solvable in closed form, Adv. Difference Equ. 2016, No. 253, 20 pp. https://
doi.org/10.1186/s13662-016-0980-6; MR3553954

[53] S. STEVIC, B. IRICANIN, Z. SMARDA, On a symmetric bilinear system of difference equa-
tions, Appl. Math. Lett. 89(2019), 15-21. https://doi.org/10.1016/j.aml1.2018.09.006;
MR3886971

[54] N. N. Vorosiev, Fibonacci numbers, Birkhduser, Basel, 2002 (Russian original 1950). https:
//doi.org/10.1007/978-3-0348-8107-4; MR1954396


https://doi.org/10.14232/ejqtde.2016.1.120
https://www.ams.org/mathscinet-getitem?mr=3592200
https://doi.org/10.1186/s13662-017-1227-x
https://www.ams.org/mathscinet-getitem?mr=3663764
https://doi.org/10.1016/j.aml.2016.07.025
https://www.ams.org/mathscinet-getitem?mr=3545368
https://doi.org/10.14232/ejqtde.2017.1.13
https://www.ams.org/mathscinet-getitem?mr=3633243
https://doi.org/10.1155/2012/508523
https://www.ams.org/mathscinet-getitem?mr=2926886
https://doi.org/10.1155/2012/541761
https://doi.org/10.1155/2012/541761
https://www.ams.org/mathscinet-getitem?mr=2991014
https://www.ams.org/mathscinet-getitem?mr=3312151
https://doi.org/10.1186/s13660-015-0835-9
https://www.ams.org/mathscinet-getitem?mr=3407680
https://www.ams.org/mathscinet-getitem?mr=3522214
https://doi.org/10.1186/s13662-016-0980-6
https://doi.org/10.1186/s13662-016-0980-6
https://www.ams.org/mathscinet-getitem?mr=3553954
https://doi.org/10.1016/j.aml.2018.09.006
https://www.ams.org/mathscinet-getitem?mr=3886971
https://doi.org/10.1007/978-3-0348-8107-4
https://doi.org/10.1007/978-3-0348-8107-4
https://www.ams.org/mathscinet-getitem?mr=1954396

	Introduction
	Main results
	Some applications

