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Abstract. We consider the following equation

' +r()y +q(x)y=flx),

where the intermediate coefficient r is not controlled by g and it is can be strong oscil-
late. We give the conditions of well-posedness in L, (—oco, +-oc0) of this equation. For
the solution y, we obtained the following maximal regularity estimate:

"1, + Iyl + lavll, < C I,

where || - Hp is the norm of L, (—oo, +00).
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1 Introduction and main theorem

Let C((f) (R) be the set of all twice continuously differentiable functions with compact support.
We study the following differential equation:

Loy=—y"+r(x)y +q(x)y = f(x), (1.1)

where x € R = (—o0, +o0) and f € L,(R), 1 < p < 4c0. We assume that 7, q are, respectively,
continuously differentiable and continuous functions. We denote by L the closure in L,(R) of
the differential operator Ly defined on the set C(()Z) (R). We call that y € L,(R) is a solution of
the equation (1.1), if y € D(L) and Ly = f.

Everywhere, in this paper, by C,C_,C,C;, C]- (j =0,1,2,...) etc., we will denote the
positive constants, which, generally speaking, are different in the different places.
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The purpose of this work is to find some conditions for the coefficients r and g such that
for any f € L,(R) there exists a unique solution y of the equation (1.1) and the following
estimate holds:

[y I, + 1y, +llavll, <CliLyll,, (1.2)

where || - ||, is the norm in L, (R).

As in [4] and [2], if the estimate (1.2) holds, then we call that the solution y of the equation
(1.1) is maximally L,-regular, and call (1.2) is an maximal L,-regularity estimate. If (1.2) holds,
then the operator L is said to be separable in L,(R) (see [7]).

The maximal regularity is an important tool in the theory of linear and nonlinear differen-
tial equations. For example, from the estimate (1.2) we obtain the following;:

a) under mild assumptions on r and g, we obtain the optimal smoothness of a solution and
some information about the behavior of y and y’ at infinity;

b) we give the domain of the operator L, so that we can use the embedding theory of the
weighted function spaces for study of spectrum of the operator L and the approximate
characteristics of a solution y of the equation (1.1) (see [19,20]);

c) we reduce the study of the singular nonlinear second order differential equations via a
fixed point argument to the linear equation (1.1) (see [2,13,20]).

Moreover, the maximal L,-regularity estimate (1.2) and the closed smoothness properties
of L are useful for the study of the following evolutionary problem:

uy = Lu+ F(x, t), u(0, x) = ¢(x)

(see [4,16,18] and the references therein).
The equation (1.1) and its multidimensional generalization

lu=—Au-+ irj(x)uxj +g(x)u = F(x) (x € RN), (1.3)
=1

with unbounded coefficients have used in stochastic analysis, biology and financial mathe-
matics (see [5,9,11]). For this reason, interest in these equations has considerably grown in
recent years. A number of researches of (1.3) were devoted to the case that the coefficients 7;
(j =1, N) are controlled by g (see [3,6,17,24]). Without the dominating potential g, the case
that r; grow at most as |x|In(1 4 [x|) were considered in [10,14,15,23].

In the present work, we study the equation (1.1) in assumption that the coefficient r can
quickly grow and fluctuate, and it does not depend on 4. We find conditions, which provides
the correct solvability of (1.1) and the fulfillment of the maximal L,-regularity estimate (1.2).
In [20-22] the equation (1.1) was investigated in the case that r is a weakly oscillating function.

Let0<e<11<p<oo,and p’ = p/(p—1). For continuous functions g and h # 0, we
denote

g, ne (t) = ||8HL},(O,t) ||1/h”Lp/((1—e)t,+oo) (t>0)
and
Bane (1) = 18lle,(r0) 11/0llL ) (—oo,14e)r) (T <0).
Let
Yg,h,e = Max (sup Wg e (t), sup Be ne (T)) .

t>0 <0
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If v(x) is a continuous function, we define

v* (x) =inf{d': d Pl > lo (t)|Pdt s, x €R,
d>0 Ad(x)

where Aj (x) = (x —d, x +d) (see [19]). The main result of this paper is the following.

Theorem 1.1. Assume that 1 < p < co. Let r be a continuously differentiable function, q be a
continuous function and the following conditions hold:

a) r=T1and vy 0 < 09

b) If x, n € Rsatisfy |[x —n| < %’;;, then

<

(x)
i =<

where k (1) is a continuous function satisfies k (17) > 4 and lim,,|_,, o k (17) = +00;

cl<

<

¢) Yg,r,0 < 0.

Then for any f € Ly (R) there exists a unique solution y of the equation (1.1). Moreover, for y the
following estimate holds:

1], + '], + lavl, < C 1, »

Remark 1.2. We will prove Theorem 1.1 in the assumption r(x) > 1. The case r(x) < —1 can
easily be reduced to the case r(x) > 1 by replacing of the variable x.

Remark 1.3. Conditions of Theorem 1.1 are close to the necessary.

i) If 7 /o = oo in the condition a) and g = 0, then the equation (1.1) has not a solu-

tion from L,(R). Using the well-known weighted Hardy inequality (see Theorem 5 in
Chapter 3 of [19]) one easily prove it;

ii) If performed a) and b), as well as the estimate (1.4), then for a wide class of coefficients
g and r (for example, they may be power functions) holds the condition c). This fact

follows from Theorem 6.3 in [1] (in the case n = 2 and k = 1).

Example 1.4. The following equation:
-y - (15 +9x% 4 oVIHP og? 11 ) y +xy=f(x), feLy(R), (1.5)

satisfies the conditions of Theorem 1.1, hence, the equation (1.5) is uniquely solvable, and for
the solution y of (1.5), the following maximal regularity estimate holds:

ly"ll, + H (15 +9x% 4 V1% cos? x!! ) y

7
el < clifl-
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2 Weighted integral inequalities

We denote by Céz) [0, +00) (resp. Céz) (—oo, 0]) the set of all twice continuously differentiable
in [0, +00) (resp. (—oo, 0]) functions with compact support. The following Lemma 2.1 and
Lemma 2.2 are special cases of Theorem 6.1 and Theorem 6.3 in [1], respectively.

Lemma 2.1. Let
SUp &g e e(t) < 00 (2.1)
>0

for some € € (0, 1). Then for any y € C(()z) [0, +00),

([Tisvora) <c. ([[wor+poyor]s) e

and Cy < Cy sup,. &g+ e(t). Conversely, if (2.2) holds with some C.y, then sup,_ o &gy o(t) < o0
and
Ci > Cosup agyso(t). (2.3)
t>0
Lemma 2.2. Let for some € € (0, 1) the condition (2.1) and at least one of the following relationships
(2.4) and (2.5):

X

, oo , -1
sup [ e ae ([l ) <o 2.4)

x>0 J(1—
X “1 (1+e)x
SUI(:]) </O ‘g(ﬂ)|pd77> / lg(t)|Pdt < oo, g(t)#£0 (t€[0, +o0)) 2.5)
x> X
be fulfilled. Then the inequality (2.2) holds for any y € CéZ) [0, +00) if and only if
sup &g, 0(t) < o,
>0

and for a constant C in (2.2) the following estimates hold:

Cy sup ocg,h*lo(t) < Cq <Cssup ocg,h*,o(t).
t>0 t>0
Using Lemma 2.1 and Lemma 2.2, we prove the following Lemma 2.3 and Lemma 2.4,
respectively.

Lemma 2.3. Assume that for some ¢ € (0, 1)

sup ﬁg,h*,g(’f) < 00. (2.6)

<0

Then for any y € Céz) (—oo, 0] the following inequality holds:

—0o0

(/] |g<t>y<t>|’7dt>:’ <c ([ [wormoyor] dt)’l’, @)

where C < Cy sup,_o Bgye,e(T). Conversely, if (2.7) holds for some C_, then sup_o Bgu+,0(T) <
oo and
C_ > Cosup Bgn,0(T). (2.8)

<0
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Lemma 2.4. Let for some € € (0, 1) the condition (2.6) be fulfilled and at least one of the following
relationships (2.9) and (2.10) holds:

x / X / _1
sup [* o) ar ([T an) <, 29
x<0 J (1+e)x —0o0
x 0 -1
sup [ lgtovae ([ lgtnran) <, 210)
x<0 J(1+e)x x

where ¢(n) # 0 for each 5 € (—oo, 0]. Then the inequality (2.7) holds for any y € C(gz) (—o0, 0] if
and only if

sup ,Bg,h*,o(r) < o0,
<0

and for a constant C_ in (2.7) the following estimates hold:

) sup ‘Bglh*,o(’f) < C_ <Gy sup ,Bg,h*,o(T)-

<0 <0

Lemma 2.5. Assume that for some € € (0, 1),

'}/g’h*,e < Oo.

(2)

Then for any y € C;~ (R), the following inequality holds:

([T seyora) sc([ "y orpoyora)

—00

where
Cy min [ag s 0, Bgir,0] < C < CoYgpe,e- (2.11)

Proof. Let y € C((]Z) (R). By Lemmas 2.1 and 2.3 and estimates (2.2) and (2.7), we have

lg By O, = llg By O, —eo0) T 18 ) ¥ (O], (0,400

<c ([ [wor+poyor] «)”
e ( L ol + oy o)) dt)w

< Cu ()5 B e©) (13, oy 1)
+Ci (¢) Stlifo) g, () (Hy//HLP(O,Jroo) + th/HLp(O,+oo)>

<C([lvll, +[m1,).

where C = max{C; (&) sup,_, Bg,i,e(T), C1 (€) sup;,. &g v, (t) }. This implies the right-hand
side of (2.11). Left-hand side of these inequalities follows from (2.3) and (2.8). O

Lemma 2.6. Assume that for some € € (0, 1) either relations (2.4) and (2.9), or (2.5) and (2.10) are
fulfilled. Then the inequality

1

([s@vora) <c([“[wor-poyore) e

—o0
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holds for any y € Céz) (R) if and only if vg y+,0 < 0. Furthermore, for a constant C in (2.12) the
following estimates hold:
CoYg,nr,0 < C < Cryg,iv,0- (2.13)

Similarly to Lemma 2.5, using Lemma 2.2, Lemma 2.4 and the fact that the quantities
Vg i+, and g 0 are equivalent to each other under the conditions of this lemma, we can
prove this lemma.

3 Auxiliary estimates for two-term differential operator

In this section, we will study the following two-term equation
ly=—y"+r(x)y =F(x), (3.1)

where F € L, (R) (1 < p < +00). We denote by [ the closure in L,(R) of the differential

operator Iy defined on the set Céz) (R).Ify € D(I) and ly = F, then we call that y is a solution
of the equation (3.1).

Lemma 3.1. Let r be continuously differentiable and
r(x) > 1, M, r,0 <

Then for any F € L, (R) (1 < p < +00) there exists a unique solution y of the equation (3.1) and for
y the following estimate holds:

9/ 11+ Iyl < (14 CPaY o) IFIE- (3:2)

Proof. Let p > —1,and y € C(()z) (R). Integrating by parts, we have

(zoy,y’ [(y’)z}ﬁm) = [r ()" ax

We take a number « > 0, then

"2 B/2+1 —ap P Vr ap’ |,/ (p+1)p i 3.3
/Rr[(y)] dxﬁ(/Rr \loy|? dx /Rr Y| dx . (3.3)

We choose a« and B such that (+1) p’ = p+2and ap’ =1, where p’ = p—fl. Then —ap = —%
and (3.3) implies that
1

l
VO]/

p

vy < | 64

It is well known (see Theorem 5 in Chapter 3 of [19]) that for any y € C(()Z) [0, o) the following

inequality holds:
Hy”ip(o,oo) < Cgﬂéf, r,0 H wy,HrLJp(O,oo) 4

moreover 1 < Co < p/? ()7, From this, as in [21], we obtain for any y € C(()Z) (R)
Il < €' g0 IV 11

This inequality and (3.4) imply (3.2).
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Now, if y € D(I), then there exists the sequence {y,},_; C Céz) (R) such that
lye —yllp = 0, |lloyn — ly |, = 0asn — oo. Fory, (n € N) the inequality (3.2) holds,
so the sequence {{/7 (y)'} _, is a Cauchy sequence in L,(R). By virtue of completeness of
L,(R) and closedness of the differentiation operation, it converges to {/ry’ € L,(R). So, (3.2)
holds for any solution of (3.1).

(3.2) implies the uniqueness of solution of the equation (3.1). Let us prove the existence of
solution. By inequality (3.2), the range R (/) of | is closed. Therefore, it is enough to prove that
R(I) = Ly(R). Indeed, let R(I) # L,(R). Then there exists the non-zero element z € L, (R)

such that (ly,z) =0 for any y € C(()Z) (R) (see [25]). Taking into account the equality

(y,2)= [ v (-1 = r02))dx,

"

we obtain
7" —rz=0C. (3.5)

It is clear that z is a twice differentiable function. Let C; # 0. By properties of L, (R)-norm,
without loss of generality we can assume that C; = 1. Hence,

Z+r(x)z=-1, x€R
Then ,
[z (x) exp/ r(t) dt} = —exp/ r(t)dt,
X0 X0

where xyp € R. Consequently, z(x) exp |, x’; r(t)dt on (xo, o) is monotonously decreases func-
tion and
z(x—k)>expk-z(x) (x € (x0, +0))

for each k > 0. Therefore there exists x; € R such, that z(x) < 6 < 0 for any x € (x1, +00).
Soz ¢ Ly(R).
If C; = 0, then by (3.5),

z(x) = exp [—/axr(t)dt] ,

therefore z ¢ L,/(R). This is a contradiction. O
Remark 3.2. Lemma 3.1 remains valid, if |[r(x)| > 6 > 0.
Remark 3.3. Lemma 3.1 remains valid, if (3.1) is replaced by

lopy=—y"+(1+A)r(x)y =F,
where A > 0. In this case, instead of (3.2) we have the estimate

11+ )y ([ + Iyl < collloaylly (3.6)
where ¢y depends on A.

Lemma 3.4. Assume that A > 0 and r satisfies the conditions of Lemma 3.1. Let k(1) be a continuous
function such that k(1) > 4 and lim,|_, ;o k(y7) = +oco. If for any (x, n) € {(x, ) : x,y € R,

lx — 7| < %’;;} we have that

o
L
IA
-
—~
=
~—
IA

<
—~
==

~—

c, (3.7)
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then for the solution y of the equation (3.1), the following estimate
|15+ ey 1+ Dwllh < C il (3.8)
holds.

Proof. We consider the minimal closed operator [,y = —y” + (r + A) ¥’ (A > 0) corresponding
to the equation (3.1). By Lemma 3.1 and Remark 3.3 we know that D(l;) C W1 (R), where
W, (R) is the Sobolev space with norm HyHWl = ('l + llylly,) VP If we denote Yy =z
then I,y become the following form

Opz=—2 +[r(x)+Alz  (z€Lp(R)).

We choose two systems of concentric intervals {Q}Ho and {A-}.ﬂo with centers at

( )

the points x;, and radius of A; does not exceed 7 ( 5, as well as the sequence {¢;(x) }+°°
Xj

j=—00

satisfying the following condltlons a) and b):

a) Aj = (aj b), aj < b A C Q; C A 1UA Udj Q) = 2
l o0y = 40, limy oy by = —00, &, A = D # ), UmoA R;

~

b) ¢ € CF (), 0 < ¢j(x) <1, ¢j(x) =1Vx € Aj (€ 2), T2 ¢;(x) =1,
SUp ., Maxyea, | ¢} (x) | <M.

Sequences {(); }]7 URP.Y }]_ . and {¢;(x) };:O_oo with such properties exist by virtue of our
assumptions with respect to r and results of [8].

We extend r(x) from A; to all of R so that it extensions 7;(x) are continuously differentiable
and satisfy the following inequalities:

1
= <r; < . .
5 tlean r(t) <rj(x) < 2ts§£r (1) (3.9)

By properties of 7(x), this extension exists. We denote by 6; 1 (j € Z) the closure in L, (R) of

the differential expression 6; yz = —z' + [rj(x) + A] z defined on C(()Z) (R). It is easy to see that
rj(x) > 1/2 (j € Z) satisty the conditions of Lemma 3.1. By Remark 3.2, the operators 6, , are
boundedly invertible and for any z € D (6j,,) the following estimate is valid:

ol <

9] AZ

R/ri+ A
T+ A
p

By (3.9), we obtain

I+ 20 < 2 supsup [0+ | e,

JEZ teQ);

/p or
< 2Psup |sup [ri(t) + A]" ;
jez |teq, Y } tienﬂf [7i(t) +/\]p/p
j

16221l
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The length of the interval (); does not exceed (( ,)) , 50, by condition (3.7), we have

ri(t) + APV
S el

< 4P(c+1)P/V HGj,AZHZ (z€D(0;n), j€Z).

I+ 202l < @ sop sup |

J€Z tneqy (3.10)

Let x; be the characteristic function of A;. We introduce the following operators M, and B,:

—+o00
f=Y ¢65 (xif).

jo=e

BAfZ—ZcPJ xif),  feCT(R).

]_700

Since the support of f is compact, the sums in these expressions contain only finitely many
terms. In A; the coefficients of 6 and 6, , coincide. Consequently, by properties of ¢; (je2),
we have

+oo T
o (M) = ¥ 6 (6073 (0f)) = L (=9'67% (xif) + L #5167k (i)
jE—oo j=—o0 j=—o

(3.11)
=f- Z 4’]9 (xif) = (E+By) f,

where E is the identity operator. Now, we estimate the norm |[B,f{|,. Since the interval
Q; (j € Z) intersects only with Q;_; and Q; 1, we obtain

B = f, 1Baflrax < x| []i 9 (0] |65 G f) \]

j=—o00 j=—oo k=j-1
j+1

<3 ¥ [ 2 bl ok ()| ax

j=—o00 ]k =j—1

—+00
< 9P MP Z /‘ )(]f
j=—00
By (3.10),

Hek AfH - mf Cr:—(l)) A) (] Py

consequently

72M(c + 1)/P
IBAfl, < 1y I1£1l, -

We choose Ay = 72M(c + 1)'/?". Then for any A > A there exists the inverse operator

(E+ By)~!, and the inequalities 2/3 < H (E+ BA)il HLP%L,, < 2 fulfilled. By (3.11),

0, =My (E+By) "',  A> A (3.12)
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We prove the estimate (3.8). By (3.12),

(r+ A0, < 2[(r+ A)Mall, (A= A), and

+o0 k+1 P
Ie+0Mifly = Y [ |8 05+ 108, ) (af)| dx
k=—00 "2k |j=k—-1

+o00 k+1 4 p
<3 Z/A ). ’(rj+)‘)4’j9j,A(Xjf)’ dx
K jmk1
+

<9’ ZOO /R’(rkJr/\)Qbk@;;lA(ka)‘pdx-

k=—oc0

Taking into account (3.10), we have

o meits|) <2orarie e B[ pueslras
=72 (c+ 1PV )]
Therefore, for any z € D (6,)
IZ]1% < 16+ A) 215 + lazlf < |727 (e + 177 Jloaz]l?,
that implies

121+ 1+ Mzl < [2:727 (e + )PP 1] 162zl z € D(6r).

By (3.6), we obtain the desired estimate (3.8). O

4 Proof of Theorem 1.1

In the equation (1.1) we assume that x = at, where a > 0. If we introduce the notations
g(t)=yat), F(t)=r(at), G(t)=q(at), f(t)=a’f(at) (t€R),
then (1.1) become the following form:
Ly = —§" + a4+ a*qy = f(t). (4.1)
We denote by I, the closure of Iy, in L,(R), where Iy, is the differential expression
loay = —§" +av(t)y

defined on the set C(()Z) (R). Note that a|7(t)] > a > 0. By Lemma 3.1, Lemma 3.4 and
Remark 3.2, the operator [, is continuously invertible, moreover the following estimate holds:

1711, + la75'], < Cu Il V3 € D). @2)
By Theorem 6.3 in [1], taking into account the condition c) of Theorem 1.1, we have

la*q7l, < a*¥g,7,0C, a7l - (4.3)
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If we choose

N|—

a= [275,0C,] "2,
then, by (4.3),
[a*q7]|,, < 6 [1lagll, (4.4)

holds, where 6 € (0, 3]. From this inequality, and the well-known perturbation theorem
(for example, see Theorem 1.16 in Chapter 4 of [12]), it follows that there exists the inverse
operator (I, +a*GE) ", as well as the equality R (I, + a%jE) = L, (R) fulfilled. So, denoting
t = a~'x, we obtain that for any f € L,(R) there exists a solution y of the equation (4.1) and
it is unique.

By estimates (4.2) and (4.4),

_ . - 1 y
1971+ 791, + a3l < (5 +C1 ) 1l @9
Taking into account (4.4), we get

; IR I
ltagll, < 11+ a*GE) 1], + 5 Nl - (4.6)

The estimates (4.5) and (4.6) imply

1
p, C:2<2+Cla>.

By replacing t = a~lx, we get the estimate (1.2). O

17"l + a7l + lla*gll, < C||]
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