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Abstract. In this paper, we study Kirchhoff equations with logarithmic nonlinearity:

—(a+b [o|Vul>)Au+ V(x)u = [ulP2ulnu?, inQ,
u=0, on d(),

where a4,b > 0 are constants, 4 < p < 2%, () is a smooth bounded domain of R3 and
V : (3 — R. Using constraint variational method, topological degree theory and some
new energy estimate inequalities, we prove the existence of ground state solutions and
ground state sign-changing solutions with precisely two nodal domains. In particular,
some new tricks are used to overcome the difficulties that |u|P~2u In u? is sign-changing
and satisfies neither the monotonicity condition nor the Ambrosetti-Rabinowitz condi-
tion.
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1 Introduction

In this paper, we investigate the following Kirchhoff equation with logarithmic nonlinearity:

(1.1)

—(a+b [o|Vul>)Au+V(x)u = [u[2ulnu?, inQ,
u=0, on d(),

where a,b > 0 are constants, 4 < p < 2%, () is a smooth bounded domain of R3andV:0Q — R
satisfies

(V) Ve C(Q,R) and infyeq V(x) > 0.

In the past years, there have been increasing interests in studying logarithmic nonlinearity due
to its relevance in quantum mechanics, quantum optics, nuclear physics, transport and diffu-
sion phenomena, open quantum systems, effective quantum gravity, theory of superfluidity
and Bose-Instein consideration (see [32] and the references therein).
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Denote by H}(Q)) the Sobolev space equipped with the norm and inner product

|u|| = (/Q alVul® + V(x)uzdx> : , (u,v) = ./Q[aVu - Vo + V(x)uv]dx,

under the assumption (V). This norm is equivalent to the standard norm of H}(Q).
Define the energy functional I : H}(Q) — R

I(u) = ;/Q [a|Vul? + V(x)u?] dx+z (/Q |Vu|2dx>2

(1.2)
2 1 )
+ —2/ |u|Pdx — —/ |u|P Inu“dx.
p=Ja pJ/a
By elementary computation, we have
p—1 2 p—1 2
im0 0 and im0 (1.3)
t—0 t tooo 171
where g € (p,2*). Then for any & > 0, there exists C, > 0 such that
1P Int?| < elt| +Celt|7!, vt e R\{0}. (1.4)
By a similar argument of [23] and (1.4), we have that I € C'(H}(Q), R) and
(I'(u),v) = / [a|Vu - Vo+ V(x)uv]dx + b/ |Vu\2dx/ Vu - Vodx
0 0 Q (1.5)

— ulP2uoIn udx
|ul
Q

for all u,v € HY(Q). u € H}(Q) is a weak solution of (1.1) if and only if u is a critical point of
1. Moreover, if u € H}(Q)) is a solution of (1.1) and u® # 0, then u is a sign-changing solution
of (1.1), where

u"(x) := max{u(x),0},  u (x):=min{u(x),0}.

From (1.5), one has

(I'(u),u*) = /Q[a|wi|2+V(x)(ui)2] dx+b/Q|W|2dx/Qywiyzdx

(1.6)
— / |uE|P In(u™)dx.
O
As we know, (1.1) is a special form of the following Kirchhoff type problem:
—(a+b [, |Vul>)Au+ V(x)u = f(u), inQ, 17)
u=0, on (), '

where f € C(R,R). System (1.7) is related to the stationary analogue of the Kirchhoff equation

Up — (a +b/Q \Vu|2dx> Au = f(x,u) (1.8)

proposed by Kirchhoff in [14] as an extension of the classical D’Alembert’s wave equations
for free vibration of elastic strings. For more mathematical and physical background of the
problem (1.7), we refer the readers to the papers [1,2,4,5] and the references therein.
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Kirchhoff equation (1.8) received increasingly more attention after Lion’s [15] proposed an
abstract functional analysis framework to it. There are many important results on the existence
of positive solutions, multiple solutions and ground state solutions for Kirchhoff equations,
see for example, [6-9,11,12,18,19,25-27,29,30] and the references therein.

Recently, many researchers began to study the sign-changing solutions for (1.7). When
V(x) = 0, Zhang [31] obtained sign-changing solutions for (1.7) via invariant sets of descent
flow under the following (AR) condition

(AR) there exists v > 4 such that vF(x,t) < tf(x,t) for |t| large, where F(x,t) = fotf(x,s)ds.

Shuai [22] proved the existence of sign-changing solutions for system (1.7) when f(x,u) =
f(u) satisfies the Nehari type monotonicity condition:

(F) {t(—‘? is increasing on (—o0,0) U (0, +00)
and some other conditions. To obtain a constant sign solution and a sign-changing solution

for the following Kirchhoff-type equation:

—M ([ |Vuldx) Au= Af(u), inQ,
(1.9)
u=0, on (),
Lu [17] also proposed the following monotonicity condition

F’) there exists u € (2,2*) such that f @2 is nondecreasing in |¢| > 0.
]1 |t|% t g

In particular, letting 2 =1 and b = 0 in (1.1) leads to the following Schrodinger equation:

{_Au +V(x)u =[uffPulnu?, xeQ, (1.10)

u € H)(Q).

System (1.10) has received much attention in mathematical analysis and applications. D’ Avenia
[3] proved the existence of infinitely many solutions of (1.10) with p = 2 in the framework of
the non-smooth critical point theory, which is developed by Degiovanni and Zani [10]. When
p = 2 and V satisfies the following condition

(V) V € C(RN,R), limpy_,o V(x) = sup,.gn V(x) := Vo € (—1,00) and the spectrum
c(—A+V+1) C (0,0).

Ji [13] obtained a positive ground state solution of (1.10). For more results on the logarithmic
Schrodinger equation, we refer the readers to [23,24] and the references therein.

Motivated by the works mentioned above, in the present paper, we intend to prove the
existence of ground state solutions and sign-changing solutions for (1.1). It is worth pointing
out that the methods used in [17,22,31] rely heavily on the monotonicity conditions (F), (F’)
or (AR) condition, so their methods do not work for (1.1) because f(x,u) = |u|P~?ulnu?
satisfies neither the monotonicity conditions (F), (F’) or (AR) condition. Furthermore, due to
the existence of the nonlocal term ( |Vu|?dx) Au, the method dealing with (1.10) can not be
applicable for (1.1). Therefore, a natural question is whether we can still find sign-changing
solutions for Kirchhoff equation with logarithmic nonlinearity. The present paper will give an
affirmative response and establish the relation between the energy of sign-changing solutions
and ground state solutions of (1.1). To the best of our knowledge, there are only a few results
of sign-changing solutions for system (1.1).

Now, we state the main result.
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Theorem 1.1. Assume that (V) holds. Then problem (1.1) has a sign-changing solution ii € M with
precisely two nodal domains such that 1(ii) = infrq I := m, where

M = {u € H}(Q), u* #0, and (I'(u),u’) = (I'(u),u”) = 0}.

Theorem 1.2. Assume that (V) holds. Then problem (1.1) has a ground state solution 1 € N such
that 1(i1) = infyr [ := ¢, where

N = {u € Hy(Q)\{0}, (I'(u),u) = 0}.
Moreover, m > 2c.

To obtain this result, we must overcome the following difficulties:

1) The fact that Wli';h”ﬂ is not increasing prevent us from using the Nehari manifold method
in [17,22].

2) It is more complicated to show the boundedness of minimizing sequences of ¢ = infy/ I
and m = inf L.

3) Compared with the case that # = 1 and b = 0, the presence of the nonlocal term
(/o |Vul?dx) Au brings us some new troubles. More specifically, the functional:

X: Hé(())—>]R:ur—>/ |Vu|2dx/ Vu-Vo
0 0

is not weakly continuous for any v € H}(Q), which cause great obstacles when proving
that the limit of (PS). sequence is indeed a nontrivial solution of (1.1).

Next, we give some notations. We denote the ball centered at x with the radius r by B(x,r)
and the norm of L/(Q)) is denoted by | - |; for 1 < i < co. We shall denote by C;,i = 1,2,... for
various positive constants.

2 Preliminary lemmas

Firstly, we establish an energy estimate inequality related to I(u), I(su™ +tu™), (I'(u), u™)
and (I'(u),u~) to overcome the difficulty that the logarithmic nonlinearity |u|P~2uInu? does
not satisfy (F).

Lemma 2.1. For all u € H}(Q) and s,t > 0, there holds

_gP —tp Y _gP
I() > I(su™ +tu )+ ps (I/(u),u+>—|-1pt<I/(u),u_>+(1 - —1;) |2

1—t2 1—tP\ | _ 1—st 1-sF v (11—t 1—tP o
S L (G LG Gt

sP 4tV — 25242 _
+b#\w+|§|w 5. (2.1)

Proof. 1t is obvious that (2.1) holds for u = 0, then we consider the case u # 0. Through a
preliminary calculation, we have

21 —1P) +p*Int> >0, V1€ (0,1)U(1,+c0). (2.2)
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Set
Qf ={xeQ:u(x) >0}, Q, ={xeQ:u(x) <0}

For u € H}(Q)\{0}, one has
/ |su™ 4 tu~|P In(su™ + tu~)*dx
0

= / lsu™ 4+ tu~|PIn(sut 4 tu~)?dx + / |su™ 4+ tu~|PIn(sut 4 tu~)%dx
ol 0-

— / lsut P In(sut)2dx + / |t~ |PIn(tu )2dx
ot 0

— / (st P In(su™ )2 + [tu~ [P In(tu~)?) dx
)

= / [lsu®|P (In(u™)? +1ns?) + [tu” |P (In(u")* +In#*)]dx, Vs, t>0. (2.3)
0

It follows from (1.2), (1.6), (2.2) and (2.3) that
I(u) — I(su™ +tu™)

_1 2 T A 4 oA 2/ P eyt 4 - P
= 5 (2= llsu* + ™ [[2) + S (1Vuls = [V (st + tu )+ 5 Jo Ll =l -t ] dx
—;/ {|u|plnu2—|su++tu*|pln(su++tu*)2} dx

Q

1—s* Lo 1-—+#
=g P

2 _ _
+—2/Q [Jut|P = |su™ [P+ |u~ [P — [t~ |P] dx

b(1 — st%)

b(1 —s%)
4 2

b(1 —t*)
4

lu™[1? + (Vut|} + Va4 + Va3V |3

_7/ [|u+|r’1n(u+)2— lsut P In(ut)? — |su+|P1nsz} dx
Q

- ;/Q [|u*|mn(u*)2 P In(um)? — |tu*|r’1nt2] dx

1—gP 1—tF B 1—-s2 1—sF 1—#2 1-—¢p _
=<1’<u>,u+>+<1’<u>,u>+( - )||u+|2+(— )nu 12

p p 2 p 2 p
1—st 1P ca [(1—# 1P g SPAHEP =282 o
+b[< — >|w |2+( . —p)w g+ T B g v |2}
—gP P1lns? P Plnt?
+2(1 s )erps Ins / |u+|pdx—|—2(1 t)erpt Int / (= |Pdx
p @) Q

%

[T ) . 1—s* 1=sP\, o (1 1-tP\ _ .,
)ty +— <1<u>,u>+( 5 e L ) Il

1—s%t 1-—gP 1— 1t PP — 25242
+b[( S p5)|w+|§+( —p)Vu|§+S+S|Vu+|§|Vu|%}

1 1 4
(2.4)

Hence, (2.1) holds for all u € HS(Q) and s, t > 0. d
Let s = t in (2.1), we can obtain the following corollary.

Corollary 2.2. Forall u € H}(Q) and t > 0, there holds

1—tr 1—£2 1-—t° 11—t 1-—t
I(u) > I(tu) + —(I'(u),u +< —) u2+b( —) Vuls. (2.5)
(u) = I(tu) ; (I'(u), u) 5 ; [ 1 ; [Vul3
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In view of Lemma 2.1 and Corollary 2.2, we have the following corollaries.
Corollary 2.3. For any u € M, there holds I(u) = maxs >0 [(su™ + tu~).
Corollary 2.4. For any u € N, there holds I(u) = max;>o I(tu).
Lemma 2.5. For any u € HY(Q)\{0}, there exists an unique t, > 0 such that t,u € N.
Proof. First, we prove the existence of t,. Let u € N be fixed and define a function g(t) =
(I'(tu), tu) on [0, +o0). Then,
g(t) = (I'(tu), tu) = t*||ul|* + bt*|Vu|3 — /Q |tu|P In(tu)?, Vt>0. (2.6)

It follows from (1.4) and (2.6) that lim; o+ g(¢t) = 0, g(¢) > 0 for + > 0 small and g(¢) < O for ¢
large. Since g(t) is continuous, there exits t, > 0 such that g(t,) = 0.

Next, we prove the uniqueness of t,. Arguing by contradiction, we suppose that there
exists u € H}(Q)\{0} and two positive constants t; # t, such that g(t;) = g(t2). Since
function f(x) = =% is monotonically decreasing on (0,+o0) for a > 0 and a # 1, by (2.5),
one has

t;19 — tg / 2
tf <I (tlu), t1u> + tl

I(tlu) > I(tzu) +

Ik _f)4 il Vul
> I(tu),
and
Hoaw) = () + 2 . 0 Gy )+ [ _;g)p] ull?
2
ot |2 —4(};)4 i V|4
> I(tu).
This contradiction shows that t, > 0 is unique for any u € H}\{0}. O

Lemma 2.6. For any u € H}(Q) with u™ # 0, there exists an unique pair (sy, t,) of positive numbers
such that s,u™ + t,u~ € M.

Proof. For any u € H}(Q) with u® # 0, Let
g1(s,t) = 82 ||u||? + bs* | Vu™ |5 + bs* | VuT 3| Vu~ |3 — / su™ | In(su™)?dx, (2.7)
)

and
gz(s,t):tzuu*HZ+bt4\w*\§+b52tzyw+y§yww§—/ = P In(tu”)2dx.  (2.8)
Q

Using (1.4), it’s easy to verify that g1(s,s) > 0 and g»(s,s) > 0 for s > 0 small and g>(¢,t) < 0
and g(t,t) < 0 for t > 0 large enough. Thus, there exist 0 < r < R such that

g1(r,r) >0, g(r,r) >0 ¢(RR)<0, ¢(RR)<O. (2.9)
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From (2.7), (2.8), (2.9), we have
i(r,t) >0, g1(Rt)<0 VtelrR]; (2.10)

and
Q(s,r) >0, g(s,R)<0 Vse]rR] (2.11)

In view of Miranda’s Theorem [20], there exists some point (s, t,) with r < s,,t, < R such
that ¢1(su, tu) = g2(su, tu) = 0, which implies s,u™ + t,u~ € M. Using (2.1), as a similar
argument of Lemma 2.5, we can obtain the uniqueness of (sy, ). ]

From Corollaries 2.3, 2.4, Lemmas 2.5 and 2.6, we can obtain the following lemma.

Lemma 2.7. The following minimax characterizations hold

inf I(u) =:1c= inf  maxI(tu);
ueH}(Q),u0 t=0

and
inf I(u) =:m = inf max I(su™ +tu").
ueM u€H} (Q),u*#0 5,t20

Lemma 2.8. ¢ > 0 and m > 0 are achieved.

Proof. For every u € N, we have (I'(u),u) = 0. Then by (1.4), (1.5) and the Sobolev embedding
theorem, we get

1
ol < JJuel® + bl Vuaf3 = /Q [ulP Inw?dx < Sul® + Calfu]", (2.12)

which implies that there exists a constant &« > 0 such that ||u| > a.
Let {u,} C M be such that I(u,) — m. By (1.2) and (1.5), one has

m+0(1) = I{ua) — {1/, 0

_(1_1 2 (i1 42/ pay> (L1 2
_<2 p>H”nH +b<4 p)]Vun|2+p2 Q\un\ dx > 275 llun]”.  (2.13)

This shows that {||u,]|} is bounded. Thus, passing to a subsequence, we may assume that

uf — @ in H}(Q) and uf — 4% in L°(Q) for 2 < s < 2*. Since {u,} C M, we have
(I/ (un),u;f) = 0. Similar as (2.12), there exists a constant 8 > 0 such that ||u;f|| > B. Using
(1.4), (1.6) and the boundedness of {u, }, we have

B < 1P < P+ bV BV B = [ P inGu e < By [ s oa

. B
NGRS

By the compactness of the embedding H}(Q)) < L*(Q) for 2 < s < 2*, we get

[ 1 x> 52

Thus,
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which implies it #£0. By (1.4), (1.5), [28, A.2], the Lebesgue dominated convergence theorem
and the weak semicontinuity of norm, we have

=12 + 0| Va3 V=3 < Lim (| | + 0| Vua 3| Vi [) = lim | Jug [P In(i,)?dx - (2.14)
n—o0

n—oo JQ
= / lut [P In(u®)?dx, (2.15)
0
which, together with (1.6), implies
(I'(m),a") <0 and (I'(@),a") <O. (2.16)

In view of Lemma 2.6, there exist two constants §,f > 0 such that
sit+H-eM and I(5aT 4 i) > m. (2.17)

Thus, it follows from (1.2), (1.5), (2.1), (2.16), (2.17) and the weak semicontinuity of norm that

n—00

. 1 1 1 1 2
_ gﬂ(z_p) ||unHz+b<4—p> |wny§+p2/ﬂ|un|f’dx]

1 1\, .., 1 1\, 2 [ ..
> (35 ) Wb (55 ) 1+ 2 [ lalrds

m = lim [I(un) - :)(I'(un),unﬁ

I
—
—~
i)
N—
|

This shows
(I'(a), 7y =0,  I(d)=m,

i.e. i € M and I(if) = m. Since #* # 0, then it follows from (2.1) that

= 100) > (@ (@),1) @@+ (-3 ) I+ (5= ) 131 >

By a similar argument as above, we have that ¢ > 0 is achieved. O
Lemma 2.9. The minimizers of infys I and inf x4 I are critical points of I.

Proof. Assume that i = 4" + i~ € M, I(ii) = m and I'(i1) # 0. Then there exist § > 0 and
0 > 0 such that
|T'(u)|| >0, forall ||u—| <36anduc H(Q).

Let D = (1/2,3/2) x (1/2,3/2). By Lemma 2.1, one has

= I(sat +ta) < m. 2.18
Xi= max, ( ) (2.18)

For ¢ := min{(m — x)/3,00/8} and S := B(i,¢), [28, Lemma 2.3] yields a deformation 1 €
C([0,1] x H}(QY), H{(Q))) such that
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1) 7(Lu)=wuif I(u) <m—2¢o0r I(u) > m+2¢;
(i) #7(1, " N B(1,8)) C I
(i) I(y(1,u)) <I(u), VY ue H}(Q).

By Lemma 2.1 and (iii), we have

I(p(Lsat +ta)) < I(sat +ta ) < I(i1)
m, Vs, t>0,|s—1>+|t—1>>6/|a|> (2.19)

By Corollary 2.3, we can obtain that I(si™ + ti~) < I(ii) = m for s, > 0, then it follows from
(ii) that

I(n(L,sat +ta)) <m—e, Vs, t>0,|s—1>+|t -1 <&/ a|> (2.20)
Thus, it follows from (2.19) and (2.20) that

max I(7(1,sa* +ta~)) < m. (2.21)
(s,t)eD

Define h(s,t) = siit + tii—. We now prove that #(1,h(D)) N M # @, contradicting to the
definition of m. Let B(s, t) := 1(1, h(s,t)),

Yi(s,t) := ((I'(h(s, 1), a@"),(I'(h(s, 1), @)
and

Fals ) = (UB(0), (Bls,0) ), 1/ (BLs, ), (B, 1)) )

Since 7 € M, by Lemma (2.6), (s,t) = (1,1) is the unique pair of positive numbers such that
siut + ti~ € M. Furthermore, that si™ + tii~ € M is equivalent to that (s,t) is a solution of
the following equation

Yi(s,t) = (0,0). (2.22)

Therefore, (2.22) has an unique solution (s,t) = (1,1) in D. By virtue of the degree theory,
we can derive that deg(¥1,D, (0,0)) = 1. It follows from (2.18) and (i) that p = h on dD.
Consequently, we get

deg(¥2, D, (0,0)) = deg(¥1,D, (0,0)) =1,

which implies that ¥5(so, to) = 0 for some (so, fo) € D, that is 5(1, h(so, to)) = B(so, to) € M.
This contradiction shows that I'(i7) = 0.

In a similar way as above, we can prove that any minimizer of infy I is a critical point
of I. O

3 Proof of Theorem 1.1
In view of Lemmas 2.8 and 2.9, there exist i € M such that

(i) =m, I'(7) =0. (3.1)
Now, we show that i has exactly two nodal domains. Set i = 17 + up + u3, where

IZ51 2 0, Uus S 0, Ql N Qz = @, u1|IRN\Ql = u2|IRN\Qz = u3|01U02 = 0, (32)
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O :={x € Q:u(x) >0}, Oy :={x e Q:uy(x) <0},

and (), (), are connected open subset of (). Setting v = uj + uy, we have that v™ = 1y and

v~ = up, i.e. v # 0. Note that I'(if) = 0, by a preliminary calculation, we can obtain
(I'(@),v") = =b| Vo™ 3| Vus3, (3.3)
and
(I'(@), ™) = —b|Vo~ [3| Vus3. (3.4)
It follows from (1.2), (1.5), (2.1), (3.1), (3.2), (3.3) and (3.4) that
m= 1) = 1(a) = 2 (1'(n) )

b 1
= 1(v) + I(us) + 5| Vus[3| Vuul3 — v [(I'(v),0) + (I'(u3), us) + 26| Vus[3] Vo 3]

1—s? 1—tP
_1’_7

(I'(v),0")

> SS:,IZ% |:I<SZ)+ +to) + (I’(v),v)}
1

+1(5) = (1)) - ;<I'<u3>,u3>

v

p p
sup |1(s0" + f0°) + 2 V0" BVaafE+ Vo BVl
5,620

1 1 1 1 L 2
Gl b (5= ) Vit [l

5,t>0

>t (5= 1) jjus)?
[ 2 P 3 .

which implies u3 = 0. Therefore, ii has exactly two nodal domains.

1
> maxI(svt +to) + < - P> |us]|?

4 Proof of Theorem 1.2

In view of Lemmas 2.8 and 2.9, there exist 1 € M such that
(i) =m, I'(w) = 0. 4.1)
Furthermore, it follows from (1.2), (3.1), Corollary 2.3 and Lemma 2.7 that
m=1(i1) = sup I(sat +ti")

s,t>0
bs2t?
2

sup I(si™) +sup I(ti~) > 2c > 0.
5>0 t>0

Va3 Vil3

sup I(sa™) +I(ta~) +
s,t>0

v
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