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Abstract. In this note, the existence of multiple positive solutions is established for a
semilinear elliptic equation −∆u = λ

uγ + u2∗−1, x ∈ Ω, u = 0, x ∈ ∂Ω, where Ω is a
smooth bounded domain in RN (N ≥ 3), 2∗ = 2N

N−2 , γ ∈ (0, 1) and λ > 0 is a real
parameter. We show by the variational methods and perturbation functional that the
problem has at least two positive solutions w0(x) and w1(x) with w0(x) < w1(x) in Ω.
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1 Introduction

The singular bounded value problem of the type{
−∆u = λ f (x)u−γ + µg(x)up−1, in Ω,

u = 0, on ∂Ω,
(1.1)

where Ω is a bounded smooth domain in RN (N ≥ 3), γ ∈ (0, 1) and f , g satisfying some
certain conditions, was extensively investigated. Such problem describes naturally several
physical phenomena, therefore, only the positive solutions are relevant in most cases.

Singular elliptic problems have been intensively studied in the last decades. For example,
in the case when µ = 0, the existence or uniqueness of positive solutions to problem (1.1) has
been studied extensively (see [6, 7, 12, 13, 18, 24] and the references therein).

For the case of µ > 0. When 1 < p < 2∗, Sun, Wu and Long [21] established two
positive solutions to problem (1.1) by using the Nehari manifold provided λ > 0 is enough
small. For singular elliptic problems with subcritical growth, please see [2–5, 8, 9, 19] and
the references therein. For the case of critical growth, there are many interesting results, see
[10, 11, 15, 20, 22, 23]. In particular, Yang [23] considered the problem{

−∆u = λu−γ + u2∗−1, in Ω,

u = 0, on ∂Ω.
(1.2)
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The author firstly proved that problem (1.2) has a positive local minimizer solution uλ for
λ > 0 enough small. After that, with the helps of the sub-supersolutions and variational
arguments, and a second positive solution vλ was obtained with uλ < vλ in Ω. In additional,
in problem (1.2), if u is replaced by λ

1
1+γ v, problem (1.2) reduces to{

−∆v = v−γ + µv2∗−1, in Ω,

v = 0, on ∂Ω,

here µ = λ
2∗−2
1+γ . By using the Nehari manifold, Sun and Wu [20] proved that there was an

exact µ∗ such that the problem has two positive solutions for all µ ∈ (0, µ∗) and no solution
for µ > µ∗. In the case when 0 < γ ≤ 1, by using the variational method, Hirano, Saccon
and Shioji showed the existence of two positive solutions for problem (1.2) with λ > 0 small
enough, see [10].

Thus, observing the all above studies, it is natural to ask whether problem (1.2) has multi-
ple positive solutions by other methods? We shall give a positive answer to this question, the
main technical approaches are based on the variational and perturbation functional. Now, the
main result can be stated as follows.

Theorem 1.1. Assume that γ ∈ (0, 1). Then there exists λ∗ > 0, such that for any λ ∈ (0, λ∗),
problem (1.2) has at least two positive solutions w0(x) and w1(x) with w0(x) < w1(x) in Ω.

Remark 1.2. Compared with [23], with the help of a perturbation functional, we give a simple
and direct method to obtain the size relation of the two positive solutions.

Throughout this paper, we make use of the following notations:

• the space H1
0(Ω) is equipped with the norm ‖u‖2 =

∫
Ω |∇u|2dx, which is equivalent to

the usual norm. The norm in Lp(Ω) is denoted by |u|pp =
∫

Ω |u|
pdx;

• C, C1, C2, . . . denote various positive constants, which may vary from line to line;

• we denote by Br (respectively, ∂Br) the closed ball (respectively, the sphere) of center
zero and radius r, i.e., Br = {u ∈ H1

0(Ω) : ‖u‖ ≤ r}, ∂Br = {u ∈ H1
0(Ω) : ‖u‖ = r};

• u = u+ + u−, u± = ±max{±u, 0};

• let S be the best Sobolev constant, i.e.,

S := inf
u∈H1

0 (Ω)\{0}

∫
Ω |∇u|2dx

(
∫

Ω |u|2
∗)

2
2∗

.

2 Existence of the first positive solution of problem (1.2)

We define the energy functional of problem (1.2) by

I(u) =
1
2
‖u‖2 − λ

1− γ

∫
Ω
(u+)1−γdx− 1

2∗

∫
Ω
(u+)2∗dx, ∀u ∈ H1

0(Ω).

In general, a function u is called a positive solution of problem (1.2) if u ∈ H1
0(Ω) and for all

v ∈ H1
0(Ω) it holds ∫

Ω
(∇u,∇v)dx− λ

∫
Ω

u−γvdx−
∫

Ω
u2∗−1vdx = 0.

From [23] and [10], we obtain the following result.
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Theorem 2.1. For 0 < γ < 1, there exists Λ0 > 0 such that problem (1.2) has a positive solution
w0 ∈ L∞(Ω) ∩ C∞(Ω) with I(w0) < 0 when λ ∈ (0, Λ0).

3 Existence of a second positive solution of problem (1.2)

Up to now, we get that problem (1.2) has a positive solution w0. Next we will prove that there
is another positive solution for problem (1.2) by a translation argument. For α > 0, we define
a C1 functional Jα : H1

0(Ω)→ R by

Jα(v) =
1
2
‖v‖2 − 1

2∗

∫
Ω
[(v+ + w0)

2∗ − w2∗
0 − 2∗w2∗−1

0 v+]dx

− λ

1− γ

∫
Ω

[
(v+ + w0 + α)1−γ − (w0 + α)1−γ − (1− γ)

v+

wγ
0

]
dx,

for v ∈ H1
0(Ω). Now, we show that the functional Jα satisfies the mountain-pass lemma.

Lemma 3.1. There exist r, ρ > 0 such that Jα satisfies the following conditions for any λ > 0,

(i) Jα(u) > ρ for any u ∈ ∂Br;

(ii) there exists ζ ∈ H1
0(Ω) with ‖ζ‖ > r such that Jα(ζ) < 0.

Proof. (i) For u ∈ H1
0(Ω) with u+ 6= 0, by the mean value theorem and the Lebesgue domi-

nated convergence theorem, one has

lim
t→0+

Jα(tu)
t

= − 1
2∗

lim
t→0+

∫
Ω

(tu+ + w0)2∗ − w2∗
0 − 2∗w2∗−1

0 tu+

t
dx

− λ lim
t→0+

∫
Ω

(tu+ + w0 + α)1−γ − (w0 + α)1−γ − (1− γ)w−γ
0 tu+

(1− γ)t
dx

= − lim
t→0+

∫
Ω
[(ηtu+ + w0)

2∗−1 − w2∗−1
0 ]u+dx

− λ lim
t→0+

∫
Ω
[(ξtu+ + w0 + α)−γ − w−γ

0 ]u+dx

= λ
∫

Ω

[
u+

wγ
0
− u+

(w0 + α)γ

]
dx

> 0,

which implies that there exist ρ, r > 0 such that Jα|‖u‖=r ≥ ρ > 0 for each λ > 0.
(ii) For a, b ≥ 0, there holds

(a + b)2∗ ≥ a2∗ + b2∗ − 2∗a2∗−1b.

Therefore, for u ∈ H1
0(Ω), u+ 6= 0 and t > 0, one has

Jα(tu) ≤
t2

2
‖u‖2 − t2∗

2∗

∫
Ω
(u+)2∗dx + tλ

∫
Ω

u+

wγ
0

dx

→ −∞

as t → +∞. Therefore we can easily find ζ ∈ H1
0(Ω) with ‖ζ‖ > r, such that Jα(ζ) < 0. The

proof is complete.
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Lemma 3.2. The functional Jα satisfies the (PS)c condition with c < 1
N S

N
2 − Dλ, where D =

D(|Ω|, N, S, γ, |w0|∞).

Proof. Let {vn} ⊂ H1
0(Ω) be a (PS)c sequence for Jα, namely,

Jα(vn)→ c, J′α(vn)→ 0, as n→ ∞. (3.1)

Set

H1(vn) =
∫

Ω
[(v+n + w0)

2∗−1(vn + w0)− w2∗−1
0 (vn + w0)]dx

−
∫

Ω
[(v+n + w0)

2∗ − w2∗
0 − 2∗w2∗−1

0 v+n ]dx,

and

H2(vn) = λ
∫

Ω

[
vn + w0

(v+n + w0 + α)γ
− vn + w0

wγ
0

]
dx

− 2∗λ
1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ − (1− γ)

v+n
wγ

0

]
dx.

Then

H1(vn) =
∫

vn≥0
[(v+n + w0)

2∗ − w2∗−1
0 v+n − w2∗

0 ]dx

−
∫

vn≥0
[(v+n + w0)

2∗ − w2∗
0 − 2∗w2∗−1

0 v+n ]dx

= (2∗ − 1)
∫

Ω
w2∗−1

0 v+n dx

≥ 0,

and

H2(vn) ≥ − λ
∫

Ω

|vn|+ w0

(v+n + w0 + α)γ
dx− λ

∫
Ω

|vn|+ w0

wγ
0

dx− 2∗λ
1− γ

∫
Ω
(v+n )

1−γdx

≥ − λ
∫

Ω

|vn|+ w0

wγ
0

dx− λ
∫

Ω

|vn|+ w0

wγ
0

dx− 2∗λ
1− γ

∫
Ω
|vn|1−γdx

= − 2λ
∫

Ω

|vn|
wγ

0
dx− 2λ

∫
Ω

w1−γ
0 dx− 2∗λ

1− γ

∫
Ω
|vn|1−γdx.

It follows from (3.1) that

2∗c + o(‖vn‖) ≥ 2∗ Jα(vn)− 〈J′α(vn), vn + w0〉

=
2

N − 2
‖vn‖2 −

∫
Ω
(∇w0,∇vn)dx + H1(vn) + H2(vn)

=
N

N − 2
‖vn‖2 −

∫
Ω
(λw−γ

0 + w2∗−1
0 )vndx + H1(vn) + H2(vn)

≥ 2
N − 2

‖vn‖2 −
∫

Ω
w2∗−1

0 |vn|dx− 3λ
∫

Ω

|vn|
wγ

0
dx

− 2λ
∫

Ω
w1−γ

0 dx− 2∗λ
1− γ

∫
Ω
|vn|1−γdx

≥ 2
N − 2

‖vn‖2 − C1‖vn‖ −
2∗λ

1− γ
|Ω|

2∗γ−1
2∗ S−

1−γ
2 ‖vn‖1−γ − C2‖w0‖1−γ,
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which implies that {vn} is bounded in H1
0(Ω). Moreover, by using the concentration com-

pactness principle (see [16, 17]), there exist a subsequence, say {vn} and v∗ ∈ H1
0(Ω) such

that ∫
Ω
|∇vn|2dx ⇀ dµ ≥

∫
Ω
|∇v∗|2dx + ∑

j∈K
µjδxj ,∫

Ω
(v+n )

2∗dx ⇀ dη =
∫

Ω
(v+∗ )

2∗dx + ∑
j∈K

ηjδxj ,

where K is an at most countable index set, δxj is the Dirac mass at xj, and xj ∈ Ω is in the
support of µ, η. Moreover, there holds

µj ≥ Sη
2

2∗
j for all j ∈ K. (3.2)

For ε > 0, let ψε,j(x) be a smooth cut-off function centered at xj such that 0 ≤ ψε,j(x) ≤ 1,

ψε,j(x) = 1 in B
(
xj, ε/2

)
, ψε,j(x) = 0 in Ω\B(xj, ε), |∇ψε,j(x)| ≤ 2

ε
.

Since ψε,jvn is bounded in H1
0(Ω), according to (3.1), there holds

0 = lim
ε→0

lim
n→∞
〈J′α(vn), vnψε,j〉

= lim
ε→0

lim
n→∞

{ ∫
Ω
∇vn∇(vnψε,j)dx

−
∫

Ω
[(v+n + w0)

2∗−1vnψε,j − w2∗−1
0 vnψε,j]dx

}
− λ lim

ε→0
lim
n→∞

∫
Ω

[
vnψε,j

(v+n + w0 + α)γ
−

vnψε,j

wγ
0

]
dx

= lim
ε→0

lim
n→∞

{ ∫
Ω
∇vn∇(vnψε,j)dx−

∫
Ω
(v+n )

2∗ψε,jdx

−
∫

Ω
[(v+n + w0)

2∗−1vnψε,j − (v+n )
2∗−1vnψε,j − w2∗−1

0 vnψε,j]dx
}

− λ lim
ε→0

lim
n→∞

∫
Ω

[
vnψε,j

(v+n + w0 + α)γ
−

vnψε,j

wγ
0

]
dx.

(3.3)

Note that {vn} is bounded in H1
0(Ω). Then

lim
ε→0

lim
n→∞

∣∣∣∣∫Ω
[(v+n + w0)

2∗−1vnψε,j − (v+n )
2∗−1vnψε,j]dx

∣∣∣∣
≤ lim

ε→0
lim
n→∞

∫
Ω
[(v+n + w0)

2∗−1 + (v+n )
2∗−1]|vn|ψε,jdx

≤ lim
ε→0

lim
n→∞

C
∫

B(xj,ε)
|vn|dx

= 0.

Similarly, one has

lim
ε→0

lim
n→∞

∫
Ω

[
vnψε,j

(v+n + w0 + α)γ
−

vnψε,j

wγ
0

]
dx = 0,
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and
lim
ε→0

lim
n→∞

∫
Ω

w2∗−1
0 vnψε,jdx = 0, lim

ε→0
lim
n→∞

∫
Ω

vn∇vn∇ψε,jdx = 0.

From the above information, by (3.3), we have

ηj = µj,

this combining (3.2) we deduce that

ηj ≥ S
N
2 or ηj = 0.

Next we show that ηj ≥ S
N
2 is impossible. By contradiction, there exists some j0 ∈ J such

that ηj0 ≥ S
N
2 . By (3.1), there holds

c = lim
n→∞

{
Jα(vn)−

1
2
〈J′α(vn), vn + w0〉

}
= − 1

2

∫
Ω
(∇vn,∇w0)dx +

1
N

∫
Ω
(|v+n + w0|2

∗ − w2∗
0 )dx +

1
2

∫
Ω

w2∗−1
0 v+n dx

− λ

1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ − (1− γ)

v+n
wγ

0

]
dx

+
λ

2

∫
Ω

[
vn + w0

(v+n + w0 + α)γ
− vn + w0

wγ
0

]
dx + o(1/n)

≥ 1
N

∫
Ω
(v+n )

2∗dx +
1
2

∫
Ω

w2∗−1
0 v+n dx− 1

2

(∫
Ω

w2∗−1
0 vndx + λ

∫
Ω

vn

wγ
0

dx
)

− λ

1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ − (1− γ)

v+n
wγ

0

]
dx

+
λ

2

∫
Ω

[
vn + w0

(v+n + w0 + α)γ
− vn + w0

wγ
0

]
dx + o(1/n)

≥ 1
N

∫
Ω
(v+n )

2∗dx + H3(vn) + o(1/n),

where

H3(vn) ,
λ

2

∫
Ω

[
vn + w0

(v+n + w0 + α)γ
− vn + w0

wγ
0

]
dx− λ

2

∫
Ω

vn

wγ
0

dx + λ
∫

Ω

v+n
wγ

0
dx

− λ

1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ

]
dx

=
λ

2

∫
Ω

[
v+n + v−n + w0

(v+n + w0 + α)γ
− w1−γ

0

]
dx− λ

∫
Ω

vn

wγ
0

dx + λ
∫

Ω

v+n
wγ

0
dx

− λ

1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ

]
dx

=
λ

2

∫
Ω

[
v+n + v−n + w0

(v+n + w0 + α)γ
+

v−n
(v+n + w0 + α)γ

− w1−γ
0

]
dx− λ

∫
Ω

v−n
wγ

0
dx

− λ

1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ

]
dx

≥ λ

2

∫
Ω

[
v+n + v−n + w0

(v+n + w0 + α)γ
− w1−γ

0

]
dx +

λ

2

∫
Ω

v−n
wγ

0
dx− λ

∫
Ω

v−n
wγ

0
dx

− λ

1− γ

∫
Ω

[
(v+n + w0 + α)1−γ − (w0 + α)1−γ

]
dx
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≥ −
(

1
1− γ

− 1
2

)
λ
∫

Ω
(v+n + w0 + α)1−γdx

+

(
1

1− γ
− 1

2

)
λ
∫

Ω
(w0 + α)1−γdx− λ

2

∫
Ω

α

(v+n + w0 + α)γ
dx

≥ −
(

1
1− γ

− 1
2

)
λ
∫

Ω
(v+n + w0 + α)1−γdx− λ

1− γ

∫
Ω
(w0 + α)1−γdx

− λ

2

∫
Ω
(v+n + w0 + α)1−γdx

= − λ

1− γ

∫
Ω
(v+n )

1−γdx− 2λ

1− γ

∫
Ω
(w0 + α)1−γdx

≥ − λ

1− γ

∫
Ω
(v+n )

1−γdx− 2λ

1− γ
(|Ω|+ |Ω||w0|1−γ

∞ ).

Then, by the Sobolev inequality and Young inequality, we have

c ≥ 1
N

∫
Ω
(v+n )

2∗dx + H3(vn) + o(1/n)

≥ 1
N

(∫
Ω
(v+∗ )

2∗dx + ∑
j∈J

ηj

)
+ H3(vn) + o(1/n)

≥ 1
N

ηj0 +
∫

Ω
(v+∗ )

2∗dx− λ

1− γ
|Ω|

2∗+γ−1
2∗

(∫
Ω
(v+∗ )

2∗dx
) 1−γ

2∗

− Aλ + o(1/n)

≥ 1
N

S
N
2 − A1λ

2∗
2∗+γ−1 − Aλ + o(1/n)

≥ 1
N

S
N
2 − A1λ− Aλ + o(1/n)

=
1
N

S
N
2 − Dλ + o(1/n),

where A = 2
1−γ (|Ω| + |Ω||w0|1−γ

∞ ), A1 = A1(N, γ, S, |Ω|), D = A1 + A. Therefore, we get
1
N S

N
2 −Dλ ≤ c < 1

N S
N
2 −Dλ, which contradicts to the assumption. It implies that K is empty,

so
∫

Ω(v
+
n )

2∗dx →
∫

Ω(v
+
∗ )

2∗dx as n→ ∞. Recalling that for p ≥ 2, there holds∣∣∣|x|p−1x− |y|p−1y
∣∣∣ ≤ Cp|x− y|(|x|+ |y|)p−1, Cp > 0.

As a result, there holds

0 ≤
∣∣∣∣∫Ω

[(v+n + w0)
2∗ − (v+∗ + w0)

2∗ ]dx
∣∣∣∣

≤ Cp

∫
Ω
|v+n − v+∗ |(v+n + v+∗ + 2w0)

2∗−1dx

≤ Cp|v+n − v+∗ |2∗ |v+n + v+∗ + 2w0|2
∗−1

2∗

≤ C|v+n − v+∗ |2∗
→ 0,

which implies that
∫

Ω(v
+
n + w0)2∗dx →

∫
Ω(v

+
∗ + w0)2∗dx as n → ∞. Note that J′α(vn) → 0, it

follows ∫
Ω
(∇v∗,∇φ)dx =

∫
Ω
[(v+∗ + w0)

2∗−1φ− w2∗−1
0 φ]dx

+ λ
∫

Ω

[
φ

(v+∗ + w0 + α)γ
− φ

wγ
0

]
dx

(3.4)
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for each φ ∈ H1
0(Ω). Taking the test function φ = v∗ + w0 in (3.4), we have∫
Ω
(∇v∗,∇(v∗ + w0))dx =

∫
Ω
[(v+∗ + w0)

2∗ − w2∗−1
0 (v+∗ + w0)]dx

+ λ
∫

Ω

[
v∗ + w0

(v+∗ + w0 + α)γ
− v∗ + w0

wγ
0

]
dx.

(3.5)

According to 〈J′α(vn), vn + w0〉 → 0, one has∫
Ω
(∇vn,∇(vn + w0))dx =

∫
Ω
[(v+n + w0)

2∗−1(vn + w0)− w2∗−1
0 (vn + w0)]dx

+ λ
∫

Ω

[
vn + w0

(v+n + w0 + α)γ
− vn + w0

wγ
0

]
dx + o(1/n).

Consequently,∫
Ω
(∇v∗,∇w0)dx + ‖vn‖2 =

∫
Ω
[(v+∗ + w0)

2∗ − w2∗−1
0 (v+∗ + w0)]dx

+ λ
∫

Ω

[
v∗ + w0

(v+∗ + w0 + α)γ
− v∗ + w0

wγ
0

]
dx + o(1/n).

(3.6)

It follows from (3.5) and (3.6) that

‖vn‖2 → ‖v∗‖2, as n→ ∞.

Hence, we have vn → v∗ in H1
0(Ω). The proof is complete.

It is known that the function

Uε(x) =
[N(N − 2)ε2]

N−2
4

(ε2 + |x|2) N−2
2

, x ∈ RN , ε > 0

satisfies
−∆Uε = U2∗−1

ε in RN .

We choose a function ϕ ∈ C∞
0 (Ω) such that 0 ≤ ϕ(x) ≤ 1 in Ω, ϕ(x) = 1 near x = 0 and it

is radially symmetric. Let uε(x) = ϕ(x)Uε(x). Moreover, from [10], there exist two constants
m, M > 0 such that m ≤ w0(x) ≤ M for each x ∈ suppϕ, and{

‖uε‖2 ≤ S
N
2 + O(εN−2) + O(εN),∫

Ω |uε|2
∗
dx = S

N
2 −O(εN).

Moreover, one has 
∫

Ω w0u2∗−1
ε dx = Cε

N−2
2 + O(ε

N+2
2 ),∫

Ω
uε

wγ
0

dx = O(ε
N−2

2 ).
(3.7)

Lemma 3.3. For every 0 < α < 1 and λ > 0 small, there holds

sup
t≥0

Jα(tuε) <
1
N

S
N
2 − Dλ,

where D is defined by Lemma 3.2.
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Proof. For t ≥ 0, there holds

Jα(tuε) =
t2

2
‖uε‖2 − 1

2∗

∫
Ω
[(tuε + w0)

2∗ − w2∗
0 − 2∗w2∗−1

0 tuε]dx

− λ

1− γ

∫
Ω

[
(tuε + w0)

1−γ − w1−γ
0 − (1− γ)

tuε

wγ
0

]
dx

≤ t2

2
‖uε‖2 − t2∗

2∗

∫
Ω

u2∗
ε dx− t2∗−1

∫
Ω

w0u2∗−1
ε dx + tλ

∫
Ω

uε

wγ
0

dx,

where the following inequality is used

(a + b)2∗ ≥ a2∗ + b2∗ − 2∗a2∗−1b− 2∗ab2∗−1
, ∀a, b > 0.

Set

g(t) =
t2

2
‖uε‖2 − t2∗

2∗

∫
Ω

u2∗
ε dx− t2∗−1

∫
Ω

w0u2∗−1
ε dx + tλ

∫
Ω

uε

wγ
0

dx.

As limt→+∞ g(tuε) = −∞, similar to the paper [14], we can prove that there exist tε > 0 and
positive constants t0, t1 which are independent of ε, λ, such that supt≥0 g(t) = g(tε) and

0 < t0 ≤ tε ≤ t1 < ∞. (3.8)

Therefore, from (3.7) and (3.8), there holds

sup
t≥0

g(t) ≤ sup
t≥0

{
t2

2
‖uε‖2 − t2∗

2∗

∫
Ω

u2∗
ε dx

}
− t2∗−1

0

∫
Ω

w0u2∗−1
ε dx + t1λ

∫
Ω

uε

wγ
0

dx

≤ 1
N

S
N
2 + C1εN−2 − C2ε

N−2
2 + C3λε

N−2
2 ,

where Ci > 0 (independent of ε, λ), i = 1, 2, 3. Therefore, let ε = λ
1

N−2 , λ < Λ1 =
( C2

C1+C3+D

)2,
then

C1εN−2 − C2ε
N−2

2 + C3λε
N−2

2 = C1λ + C3λ
3
2 − C2λ

1
2

≤ λ
(

C1 + C3 − C2λ
−1
2

)
< −Dλ.

From the above information, it holds that

sup
t≥0

g(t) ≤ 1
N

S
N
2 + C1εN−2 − C2ε

N−2
2 + C3λε

N−2
2

<
1
N

S
N
2 − Dλ,

which implies that

sup
t≥0

Jα(tuε) <
1
N

S
N
2 − Dλ

for any 0 < λ < Λ1. The proof is complete.

Lemma 3.4. For given 0 < α < 1 and λ > 0 is sufficiently small, there exists vα ∈ H1
0(Ω) such that

J′α(vα) = 0 and Jα(vα) > 0.
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Proof. Let λ∗ = min
{

Λ0, Λ1, S
N
2

ND , 1
}

and 0 < λ < λ∗. By Lemma 3.1, the functional Jα satisfies
the geometry of the mountain-pass lemma. Applying the mountain-pass lemma [1], there
exists a sequence {vn} ⊂ H1

0(Ω), such that

Jα(vn)→ c > ρ and J′α(vn)→ 0, (3.9)

where

c = inf
γ∈Γ

max
t∈[0,1]

Jα(γ(t)), Γ =
{

γ ∈ C([0, 1], H1
0(Ω)) : γ(0) = 0, γ(1) = ζ

}
.

By Lemma 3.2 and Lemma 3.3, {vn} ⊂ H1
0(Ω) has a convergent subsequence, say {vn}, we

may assume that vn → vα in H1
0(Ω) as n→ ∞. Hence, from (3.9), it holds

Jα(vα) = lim
n→∞

Jα(vn) = c > 0.

Furthermore, we have J′α(vα) = 0. The proof is complete.

Now, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let 0 < λ < λ∗, where λ∗ is defined by Lemma 3.4. Since vα is a critical
for Jα, for each φ ∈ H1

0(Ω), one has∫
Ω
(∇vα, ∇φ)dx =

∫
Ω
[(v+α + w0)

2∗−1φ− w2∗−1
0 φ]dx

+ λ
∫

Ω

[
φ

(v+α + w0 + α)γ
− φ

wγ
0

]
dx,

(3.10)

which implies that vα satisfies the following equation−∆vα = (v+α + w0)
2∗−1 − w2∗−1

0 +
λ

(v+α + w0 + α)γ
− λ

wγ
0

, in Ω,

vα = 0, on ∂Ω.

Moreover, we can easily prove that {vα} is bounded in H1
0(Ω), thus there exist a subsequence,

still denoted by {vα}, and v0 ∈ H1
0(Ω) such that

vα ⇀ v0, weakly in H1
0(Ω),

vα → v0, strongly in Lp(Ω) (1 ≤ p < 2∗),

vα(x)→ v0(x), a.e. in Ω,

as α→ 0. Note that w0 fulfilling−∆w0 = w2∗−1
0 +

λ

wγ
0

, in Ω,

w0 = 0, on ∂Ω.

Since 0 < w0 ≤ M, from the above information, we have

−∆(vα + w0) = (v+α + w0)
2∗−1 +

λ

(v+α + w0 + α)γ

≥ (v+α )
2∗−1 +

λ

(v+α + M + α)γ

≥ min
{

1,
λ

(M + 2)γ

}
.

(3.11)
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Let e be a positive solution of the following problem{
−∆u = 1, in Ω,

u = 0, on ∂Ω.

Then for every Ω0 ⊂⊂ Ω, there exists e0 > 0 such that e|Ω0 ≥ e0. So, by (3.11) and comparison
principle, we get

vα + w0 ≥ min
{

1,
λ

(M + 2)γ

}
e > 0.

In particular, we have

vα + w0 ≥ min
{

1,
λ

(M + 2)γ

}
e0 > 0, in Ω0.

Hence, it is similar to the paper [14] that for every φ ∈ H1
0(Ω), passing the limit as α → in

(3.10), there holds∫
Ω
(∇v0,∇φ)dx =

∫
Ω
[(v+0 + w0)

2∗−1φ− w2∗−1
0 φ]dx + λ

∫
Ω

[
φ

(v+0 + w0)γ
− φ

wγ
0

]
dx. (3.12)

Note that ∫
Ω

[
v−0

(v+0 + w0)γ
−

v−0
wγ

0

]
dx =

(∫
v0≥0

+
∫

v0<0

) ∫
Ω

[
v−0

(v+0 + w0)γ
−

v−0
wγ

0

]
dx

=
∫

v0<0

[
v−0

(v+0 + w0)γ
−

v−0
wγ

0

]
dx

=
∫

v0<0

[
v−0
wγ

0
−

v−0
wγ

0

]
dx

= 0.

Therefore, taking the test φ = v−0 in (3.12), then

‖v−0 ‖
2 =

∫
Ω
[(v+0 + w0)

2∗−1v−0 − w2∗−1
0 v−0 ]dx + λ

∫
Ω

[
v−0

(v+0 + w0)γ
−

v−0
wγ

0

]
dx

= 0,

which implies that ‖v−0 ‖ = 0. Consequently, v0 ≥ 0 a.e. in Ω. Moreover, from (3.12), v0 is a
positive solution of the following problem−∆v = (v+ + w0)

2∗−1 − w2∗−1
0 +

λ

(v+ + w0)γ
− λ

wγ
0

, in Ω,

v = 0, on ∂Ω.

Similar to Lemma 3.2, we can deduce that vα → v0 in H1
0(Ω) and

J0(v0) = lim
α→0

Jα(vα) > 0,

where

J0(v) =
1
2
‖v‖2 − 1

2∗

∫
Ω
[(v+ + w0)

2∗ − w2∗
0 − 2∗w2∗−1

0 v+]dx

− λ

1− γ

∫
Ω

[
(v+ + w0)

1−γ − w1−γ
0 − (1− γ)

v+

wγ
0

]
dx.
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Set w1 = v0 + w0, we have∫
Ω
(∇w1,∇φ)dx−

∫
Ω

w2∗−1
1 φdx− λ

∫
Ω

φ

wγ
1

dx

=
∫

Ω
(∇w0,∇φ)dx−

∫
Ω

w2∗−1
0 φdx− λ

∫
Ω

φ

wγ
0

dx

+
∫

Ω
(∇v0,∇φ)dx−

∫
Ω
[(v0 + w0)

2∗−1φ− w2∗−1
0 φ]dx

− λ
∫

Ω

[
φ

(v0 + w0)γ
− φ

wγ
0

]
dx

= 0,

which implies that w1 is a positive solution of problem (1.2). Moreover, there holds

I(w1) =
1
2
‖w1‖2 − 1

2∗

∫
Ω

w2∗
1 dx− λ

1− γ

∫
Ω

w1−γ
1 dx

=
1
2
‖w0‖2 − 1

2∗

∫
Ω

w2∗
0 dx− λ

1− γ

∫
Ω

w1−γ
0 dx + J0(v0)

+
∫

Ω
(∇w0,∇v0)dx−

∫
Ω

w2∗−1
0 v0dx− λ

∫
Ω

v0

wγ
0

dx

= I(w0) + J0(v0)

> I(w0).

Consequently, I(w1) > I(w0), it suggests that w1 6= w0. Recalling that w1 = v0 + w0, we can
deduce that v0 > 0 and w1 > w0. The proof is complete.

Acknowledgements

The authors express their gratitude to the reviewer for careful reading and helpful sugges-
tions which led to an improvement of the original manuscript. This work was supported
the National Natural Science Foundation of China (11661021,11861021), Young Science and
Technology Scholars of Guizhou Provincial Department of Education (KY[2016]163), Scien-
tific Research Fund of Sichuan Provincial Education Department (18ZA0471), Fundamental
Research Funds of China West Normal University (16E014, 18B015) and Innovative Research
Team of China West Normal University (CXTD2018-8).

References

[1] A. Ambrosetti, P. H. Rabinowitz, Dual variational methods in critical point theory and
applications, J. Funct. Anal. 14(1973), 349–381. https://doi.org/10.1016/0022-1236(73)
90051-7; MR0370183; Zbl 0273.49063

[2] D. Arcoya, L. Boccardo, Multiplicity of solutions for a Dirichlet problem with a singular
and a supercritical nonlinearities, Differential Integral Equations 26(2013), No. 1–2, 119–128.
https://doi.org/10.1039/b810398d; MR3058700; Zbl 1289.35098

[3] D. Arcoya, L. M. Mérid, Multiplicity of solutions for a Dirichlet problem with a strongly
singular nonlinearity, Nonlinear Anal. 95(2014), 281–291. https://doi.org/10.1016/j.
na.2013.09.002; MR3130522; Zbl 1285.35013

https://doi.org/10.1016/0022-1236(73)90051-7
https://doi.org/10.1016/0022-1236(73)90051-7
https://www.ams.org/mathscinet-getitem?mr=0370183
https://zbmath.org/?q=an:0273.49063
https://doi.org/10.1039/b810398d
https://www.ams.org/mathscinet-getitem?mr=3058700
https://zbmath.org/?q=an:1289.35098
https://doi.org/10.1016/j.na.2013.09.002
https://doi.org/10.1016/j.na.2013.09.002
https://www.ams.org/mathscinet-getitem?mr=3130522
https://zbmath.org/?q=an:1285.35013


New solutions for elliptic equations with singularity and critical growth 13

[4] L. Boccardo, A Dirichlet problem with singular and supercritical nonlinearities, Non-
linear Anal. 75(2012), No. 12, 4436–4440. https://doi.org/10.1016/j.na.2011.09.026;
MR2927112; Zbl 1250.35112

[5] M. M. Coclite, G. Palmieri, On a singular nonlinear Dirichlet problem, Comm.
Partial Differential Equations 14(1989), No. 10, 1315–1327. https://doi.org/10.1080/
03605308908820656; MR1022988; Zbl 0692.35047

[6] M. G. Crandall, P. H. Rabinowitz, L. Tartar, On a Dirichlet problem with a singular
nonlinearity, Comm. Partial Differential Equations 2(1977), No. 2, 193–222. https://doi.
org/10.1080/03605307708820029; MR0427826; Zbl 0362.35031

[7] A. L. Edelson, Entire solutions of singular elliptic equations, J. Math. Anal.
Appl. 139(1989), No. 2, 523–532. https://doi.org/10.1016/0022-247X(89)90126-1;
MR996976; Zbl 1198.35281
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