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Abstract. In this paper, we discuss a superlinear Kirchhoff type problem where the
non-linearity is not necessarily odd. By using variational and perturbative methods, we
prove the existence of infinitely many solutions in the non-symmetric case.
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1 Introduction
In this paper, we are concerned with the problem

- <a—|—b/ \Vu\%ix) Au=|ulPlu+ f(x,u) inQ,
0

u=0 ondQ),

(1.1)

where Q) is a bounded open subset of RN with smooth boundary, a > 0,b > 0. The function
f is a perturbative term satisfying the following condition

(C) There are two nonnegative functions « € L¥(Q)),f € L*(Q)) and constant y > 1 such
that
|f G u)] < a(x) + Blx) |u| 7,
where u > 2N /(N +2).

When a # 0,b = 0 in problem (1.1), it reduces to the classic semilinear elliptic problem
and the existence of solutions for elliptic equations with zero Dirichlet boundary conditions
has been widely studied by variational methods, for example, see [2,16,18] . Further suppose
that f = 0,and 1 < p < 2* —1, here 2* = 2N/(N —2) for N > 3, 2" = +o0 if N = 1,2,
it is well known that (1.1) has infinitely many distinct solutions {u;} associated with critical
values I(uy) of the functional

1 1
I(u) = 2/()]Vu|2dx—p+l/ﬂlu\p“dx
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such that I(u;) — +coask — oo. If f # 0 and f(x,u) is not odd in u, symmetry of the func-
tional corresponding the equation is lost and the Symmetric Mountain Pass Theorem cannot
be applied. A long standing question is whether the symmetry of the functional is neces-
sary for the existence of infinitely many critical points. Since the 1980s, some mathematicians
had been working on this problem for elliptic equations, see Bahri and Berestycki [4],Bahri
and Lions [5], Bolle [6], Candela, Salvatore and Squassina [9], Rabinowitz [15], Struwe [17],
Tanaka [19] and so on. Researchers gave various conditions guaranteeing the existence in-
finitely many solution when the symmetry of the problem is broken. Here we list a classical
result about the following problem

—Au=|ulPlu+g(x) inQ,

1.2
u=0 onodQ), (12)

where ¢ € L?(Q)).
Theorem 1.1. If 1 < p < N/(N — 2), then (1.2) has infinitely many solutions.

Theorem 1.1 is a particular case of a more general one due to Bahri and Lions [5]. It is
not known whether the bound N/(N — 2) is optimal. If Q) = By is the open ball of radius
R > 0 and center 0 in RN(N > 3), and g is a radial function, (1.2) has infinitely many radial
solutions forany 1 < p < (N +2)/(N —2), see Theorem 1.2 of [8]. Whether the conclusion of
Theorem 1.1 would still hold for all p up to the Sobolev exponent 2* —1 = (N +2)/(N —2)
for the general function ¢ when N > 3 is a open problem.

When b # 0, (1.1) is called nonlocal because of the presence of the term ( [, |Vu|*dx)Au,
which implies that the equation in (1.1) is no longer a point-wise identity. Kirchhoff type
problem received great attention only after Lions [13] proposed an abstract functional analysis
framework for the problem, see [1,3,11,14]. The nonlocal perturbation causes that the energy
functional corresponding the equation has properties different than the case b = 0. There are
some works showing that sometime the appearance of the term ( [, |Vu|?dx)Au is good in
some sense, see [20].

The main purpose of the present paper is to show that (1.1) has infinitely many solutions
when the exponent p is close to the Sobolev exponent if N = 2,3. Using Morse indices,
we obtain the growth estimate of critical level for the functional without perturbative term.
Combining with the Bolle’s Perturbation arguments, we prove the following result.

Theorem 1.2. Let (C) hold. Then (1.1) has infinitely many solutions if one of the following conditions
is satisfies

(i) N=3,3<p<bandl <y<(p+13)/4,

(i) N=2,3<p<+ocoand1 <y <(p+5)/2
Corollary 1.3. Assume that N = 3,3 < p < 5and g € L%(Q), then the equation

- VulPdx | Au = |ulP'u+¢(x) inQ,
8
Q
u=0 onaQ)

(1.3)

has infinitely many solutions.

This paper is organized as follows. In Section 2, we present Bolle’s Perturbation method
which is useful for proving multiplicity results for perturbed problems. In section 3 we apply
this result to prove Theorem 1.2. Throughout the paper, the symbols Cy, Cy, ... denote various
positive constants whose exact values are not essential to the analysis of the problem.
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2 Bolle’s perturbation arguments

In order to apply the method introduced by Bolle [6] for dealing with problems with broken
symmetry, we recall the main theorem as stated in [7]. The idea is to consider a continuous
path of functional starting from a symmetric functional and to prove a preservation result for
min-max critical levels in order to obtain critical points for a nonsymmetric functional.

Let H be a Hilbert space equipped with the norm || - ||. Assume that H = H~ @ H*, where
dim(H™) < o0, and let (e )x>1 be an orthonormal base of H. Consider

Hy=H", Hy1 = Hy ® Regyq, k €N,

o (Hy)y is an increasing sequence of finite dimensional subspaces of H.
Let ] : [0,1] x H — R be a C!-functional and, taken any 6 € [0,1], set Jo = J(6,-) : H — R
and Jj(v) = 9J(0,v)/dv. Assume that

(H1) Jp satisfies the Palais-Smale condition, which means that every sequence {(6,,u,)} C
[0,1] x H such that
Jo, (un) is bounded and lim Iy (uy) =0
n—oo M

converges up to subsequences.

(H2) For all d > 0 there is a constant C (d) > 0 such that if V(6,u) € [0,1] x H, then

Wolw) | C(d)(p () I + 1) ([fell + 1).

ol >|<d:\

(H3) There exist two continuous maps 71,72 : [0,1] x R — R Lipschitz continuous with
respect to the second variable, such that 71(6,-) < 12(6,-) and if (6,u) € [0,1] x H, then

0
](l)(u) =0= 771(91]6(1")) < %]9(1’0 < 172(9,]9(1/!)).
(H4) Jo is even and for each finite dimensional subspace W of H it results

lim sup Jo(u) = —oo.
UEW:|[u]| —s00 B€[0,1]

Define

I'={t € C(H, H):7odd and there existsR > 0 s.t. T(u) = uif ||ul]| > R},
cx = inf sup Jo(t(u)).

el ueHy

For i € {1,2}, let ¢; : [0,1] x R — R be the flow associated to 7;, i.e. the solution of
problem

Wi 0,5) = 1:(0,91(6,5)),
$;(0,s) =s.
Note that ¢;(6, -) is continuous, non-decreasing on R and ¢ (6, -) < (6, -). Set

2.1)

M(s) = sup [11(6,s)],  7a2(s) = sup [m2(6,s)].
0€[0,1] 6e[0,1]

The following abstract result is due to Bolle, Ghoussoub and Tehrani (for more details, see
Theorem 2.2 in [7]).
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Theorem 2.1. Assume Jy satisfies hypothesis (H1)—(H4), then there exists C > 0 such that if k € N
then

(i) either ], has a critical level ¢y with P5(1,cx) < P1(1,cxr1) < Gk,
(ii) or Cra1 — Ck < C(ﬁ1(6k+1) + 772(Ck) + 1).

Remark 2.2. In case (i), ¢ > $2(1,¢x) > cx = 2(0,¢¢) if 72 > 01in [0,1] x R.

3 Proof of main result

Consider the Banach space H = H}(Q) with the norm [[u|? = [, |Vu|?dx and define the
functional ] : [0,1] x H — R by

._ _ay o by / pt1 /
J(8,u) = Jo(u) = Sllul]”+ 7 [Jull” ~ p+1 [ulP*dx — 0 X, u)

where F(x,u) fo x,7)dr. It is clear that ]y is an even functional and the solutions of
problem (1.1) are the critical points of J;. It is also easily shown that in any finite dimensional
subspace of H, supyc(oy Jo(u) — —o0 as ||u|| — oco. Thus (H4) is satisfied.

Using Young’s inequality, we have

1 1 (p+1)* . eptl
/sz(x)\u\dx < CESIE <) /th(x)(p“) (x)dx + b1 /Q u|Ptidx,

p+1
p+1
1 'ysT
T < A p+1
[ B lulax < @y () /ﬁ s+ 10 [l
Y

where ¢ > 0 and A* is conjugate of A, which follow that for Ve > 0, there is C(¢) > 0 such
that for all u € H,

[ \fGeupulax < e [ ul*dx+Cle), (3.1)
0 0
/ IF(x,u)|dx < s/ lu|P+dx + C(e). (3.2)
0 0
Lemma 3.1. The functional ] satisfies PS condition.
Proof. Assume that there exist (6, u,) € [0,1] x H and C > 0 such that
o, (un)l < C, |1Ig, (un)[| = 0.

Then,
all a2+ bl [* = [ fual? e = 00 [ Frmn)wndx = o(1)] .

For sufficiently large ,
ol P+ Bl + el = [ el x = [ 1)l 63
Using (C) and (3.1), we have

/Q |, [P dx < 2a||uy ||* 4 2b]un||* + 2||un || + C1 < Collun||* + C3 (3.4)
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for sufficiently large n and some C; > 0, i = 1,2, 3. Hence, for sufficiently large n

1
C+ 1+ [lunll = Jo, (un) — 7]é,l(un)un

_ (P — ) 2 ( _ X, U —-AA;EAA— X, Uy )U X
(P+1)” 71” ( 9 / < ” +1 (/ Tl) ")d
(p—3)b
> LIl [ (P Ga) 1o
> {2t =2 [ P idx —2C()

( 3 — 2£Cz> |t |[* — 26C5 — 2C(e),

which implies that ||u,|| is bounded in H. There exist {n;} C {n}, u € H and 6 € [0,1] such

that
uj—u in H,

uj—u inL(Q), s € [1,2%),
uj—u a.e. in Q,
0 — 6 in R,
where u; := uy;, 0; := 6,,. From (C), we have
2% —¢—1 1

2 ¢ R o ¥
< 1P P\TT g / , S g >
< (f Gl 1) =57 a) (<

— 0,

'/Q(yujyv—luj— [P Vut) (u; — u)dx

/fxu] j—u)dx — 0, /fxu j—u)dx =0
asn — oo, whereg =5—pif N =3,2* —¢ =2if N = 2. Hence,
(o Bl12) s = > = () = To ) G =)+ [l = | ~0) 3y — )t
—|—9/fxu] dx+9/fxu uj —u)dx — 0,

which follows that ||u; — u|| — 0 or ||uj|| — 0 (whena =0 ). If [u;]| — 0, then u = 0, that is,
|uj — ul| — 0. Hence, (6;,u;) — (6,u) in [0,1] x H. The proof is completed. O

Lemma 3.2. For all d > O there is a constant C(d) > 0 such that

'afe(“)

5o | < C@OUT I+ 1) (] +1)

if Jo(u)| < d.

Proof. Since Jj(u)u = al|ul|®+ bllu||* — [ [ulPTdx — 6 [ f(x, u)udx, we have
allull?+ bl + [ ()ul = [ ul v — [ |7 uwpulax.
Using (3.1), we obtain that

/Q |ulP* dx < 2af[u® +2b]|ul|* + 2|Jp (w)u] + Ca < Cslful|* + Co + 2| J5 (u)u|



6 W. Wang

for some C;;3 > 0,i =1,2,3. From |Jp(u)| < d, we have

2+ o0l > Jo(u) 1 Jo(w)u
(p_l)auz (p_3)bu4— X, U X, u)u X
= o 1 UG v 3 U R CADI R VEEIE

v

ffpfi)n 4~ 2¢ [ fulf*iax - 2(¢
Cald

v

— 2€C5> |u||* — 2eCq — 4e|Jj(u)u| — 2C(e).

There exist C(d) > ) > 0 such that ||u||* < Cy(d)|J;(u)u| + Ca(d). Hence,

[l dx < Ca@) T wyul + Ca(d)
for some C3(d) > 0 and C4(d) > 0. And

dJo(u
39

/ |F(x,u)|dx <£/ lu|Pldx 4 C(e)

< Ca(d)e|Jp(u)ul + Ca(d)e + C(e)
< C(d) ()l + 1) (llull + 1),
where C(d) = Cs3(d)e + C4(d)e + C(¢). The proof is completed.

Lemma 3.3. If Jj(u) = 0, there exists a constant C* > 0 such that

d v
’ ]g(eu) < C* (]g(u) +1) 20p+1)

Proof. Since J,(u) = 0, we have

aHu]|2+b||u||4:/Q|u|p+1dx+6/ﬂf(x,u)udx,

_(p—1a (p—3)b 1
Jo) = 108l L2 [ (FC) = )

From (3.1) and (3.2), there exist C; > 1,Cg > 1 such that

/Q lu|Pldx < Cyllul|* + Cs,
|ul|* < C7|Jo(u)| + Cs.

Hence,

‘afe

/ |F(x,u |dx</ (x)]u\dx—i—l/n[ﬁ(x)]u\mx

1 L
< Gy </ |u|p+1dx> " + Cyo </ \u|”+1dx>
a3
< (Cg + ClO) (/ \u|p+1dx> + Cy
o

T
< (Co + Cio) (C5Jo(u)| 4+ C7Cs + Cs) "™ 4 Co
<C (B +1)77,
where C* = 2(Cy + C19)(C2 + C7Cs + Cg + 1). The proof is completed.
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Now let Hj be the subspace of H spanned by the first k eigenfunctions of A. In order to
estimate critical levels ¢, of ]y, we need the following classical result.

Lemma 3.4 ([12,19]). Let Q be a bounded smooth domain in RN(N > 2), let g > 1 with q = % if
N > 3, and let V € L1(Q)). Denote by m(V') the number of non-positive eigenvalues of the following
eigenvalue problem

—Au—Vu=2Au, inQ

(3.5)
u=0, onoQ.
Then there is a constant Cy > 0 such that m(V) < Cy [ |V |7dx.
Lemma 3.5.
(1) If N = 3, there exists C > 0 such that
A, 4Pt
¢ > Ck3'ro, (3.6)

(2) IfFN=2,forany1 <e < (p+1)/(p —1), there exists Cc > 0 only dependent of € such that

2'p+1

o > Ceke v, (3.7)

Proof. We prove the lemma by using Morse indices. One identifies a cohomotopic family §
of dimension k (see Definition 5.1 in [10] ) in such a way that if Dy denotes the ball in Hy of
radius Ry and if T € Ty, then ©(Dy) € §. It follows from Theorem 5.1 in [10] that there exist
vx € H such that

Jo(vx) <k, Jo(vk) =0, indexo]{ (vx) >k,

where
indexoJ{ (v) = max{dimW : W C H is a subspace such that J{/(v)(h,h) < 0forh € W}.

Noting that
2
J2(0) (h, h) :a/ Vh|?dx +2b (/ VvVhdx) +b/ yva2dx/ |Vh|2dx—p/ 0|7~ h2dx
QO (@) QO (@) Q
> (a+b/ |Vv|2dx)/ |Vh|2dx—p/ o]~ n2dx
Q Q Q
— <(_ (a—i—b/ \Vv|2dx> A— p|v|p1> h,h>
Q
— <a+b/ |Vv|2dx) Sl I h
B 0 a+b [o|VolPdx ) 7]’

where (-, -) denotes the duality product between H~!(Q) and H, one have

plog!
—A— hh) <0
<< a+b [o|Vor|2dx -

if Ji' (vx) (h, h) < 0, which follows that

B ploglP~!
a+b [, |Vo|2dx
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possesses at least k non-positive eigenvalues. In addition,
allod? + bl = [ forl

Set

plog|P _ {; if N =3,

:a+be|Vvk]2dx' 1<e<5—ﬂ, if N=2.

It is easy to check that (p —1)e < p+1 < 2*and V € L(Q)). Applying Lemma 3.4 to V, we
have

)e
()" T (f ol ) B
(a +b [, |Voe|2dx)©

k< Cpe Joy ok P~ Dedx
T (et bfo |Vor[2dx)©

( 1e
e (Jq loxlPdx) U
(f |Uk\”“dx>
(NS
2¢e
~ _(p=De T pHl
= el 10 (| ol e
Q

Hence, there are p; > 0,02 > 0 such that

< Cp*

= Cpelof

1
pHI
Joul = gk (| fourtiax) ™ 68)

P+l
-1

/ 0P Hdx > pokdr D (a+ bllog?) (3.9)

From (3.8) and (3.9), one have

(p+1) 2(p+1)
/ \vk\pﬂdx > pzb%ke&t]) ol ,fff
Q

2(p+1)

L —1
) 4
> pob Tk <p1k26 ( / \vﬂ"“dx) )
1 Z(P“ 2 Ll
> pabiip (/ |Uk|p+1dx> ,

P
/ ok P 1dx > o]

rt
b73p1 p-3 ke(p—S) .
Hence,

a 1
k> Jo(o) = 2 oxl + Floull* = — [ Joul”*1dx

a 1
= g+ (5-557) /) |vk|P+1dx
pl 2Aptl) p(p+1) 2(p+1)
> <1 — 1) pzr’*b?*flplﬂ*3 k3 = Coketrd)

The proof is completed. O
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Remark 3.6. Similar to [15], by applying the Borsuk-Ulam theorem, one can obtain a new
estimate of ¢, with

Frp) (3.10)

for some M > 0. Obviously,

4 p+1 (1 1 1\ 4p+1) .

-_— . — —_— — — . f p—

3 p—3><N 2+p+1> —5 HN=3

2 pr1 (1 1 1\ 4(p+1) . pil
s (R - fN=21 iy
c p—3><N 2+p—|—1> p—3 S —

Proof of Theorem 1.2. Note that (H1)-(H4) in Section 2 hold with

»(6,s) = C* 2 +1 %, 1(8,8) = —-C* 241 %
Ui Ui

If we assume that alternative (ii) occurs for k large, by the form of 7; it follows that

0 0
1 — < C (c,ffl +e + 1) (3.11)

for some C > 0. Therefore, since {c} is a nondecreasing sequence, from (3.11) we can find a
constant C; > 0 and integer ko such that

1
o < Clki’ﬁ*7 for all k > kg. (3.12)

Noting
4(p+1) p+1

if p>3, p+13>4y; (3.13
3(p—3)  pri-q 7 P ! :
2(p+1) p+1 . . {2p—|—2—27 p—l—l}
> ifp>3, p+5>2y, 1<e<min , ,  (3.14)
e(p-3) pti-a 7 : ! p—3 ’'p-1

we can obtain a contradiction. Hence, alternative (i) of Theorem 2.1 occurs for finitely many
integers k € IN. Thus, in correspondence of these integers, there are critical levels ¢, of J; such
that ¢, > cy. Since ¢y — +00 as k — oo, it follows that J; has finitely many critical points. [
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