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Abstract. In this paper, we study the following Kirchhoff type problem
- (a +0b /.3 K(x)|Vu2dx> div(K(x)Vu) = AK(x)|x|P|u|7%u + K(x) [u|*u, x € R3,
JR

where K(x) = exp(|x|*/4) with « > 2, B = (0 —2)(6 — g)/4 and the parameters

a,b,A > 0. When 6 — % < g < 6, we obtain a positive ground state solution for any
A > 0. When 2 < g < 4, we obtain a positive solution for A > 0 small enough. In the
proof we use variational methods.
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1 Introduction

In this paper, we consider the existence of positive solutions for the following Kirchhoff type
problem

- <a + b/3 K(x)|Vu]2dx> div(K(x)Vu) = AK(x)|x|Plu|T2u 4+ K(x)|u|*u, x €R3 (1.1)
R
where K(x) = exp(|x|*/4) witha > 2, B = (« —2)(6 — q) /4 and the parameters a,b, A > 0.
It is well known that Kirchhoff type problems are presented by Kirchhoff in [9] as an

extension of the classical d’Alembert wave equation for free vibrations of elastic strings. When
K(x) =1, the general Kirchhoff type problem involving critical exponent

- (a + b/3 \Vu]%lx) Au= f(x,u)+u°, x€R’ (1.2)
R

has been studied by many researchers. Under different assumptions on f(x,u), some inter-
esting studies for (1.2) can be found in [12-14,23,25]. There are also several existence results

™ Corresponding author. Email: gianxiaotao1984@163.com


https://doi.org/10.14232/ejqtde.2019.1.27
https://www.math.u-szeged.hu/ejqtde/

2 X. Qian and W. Chao

for (1.2) on a bounded domain () C R3. For this case, we refer the interested readers to
[4,10,11,16,22].

On the other hand, as pointed out in [3,8], one of the motivations for studying problem
(1.1) due to the fact that, fora =g =2,a=1,b=0and A = 1/5, (1.1) arises naturally when
one seeks self-similar solutions of the form

w(t,x) =t Vou(xt~1/2)
to the evolution equation
w; — Aw = |w|*w  on (0,00) x R>.

For more detailed description, see [3,8].
In [5], Furtado et al. concerned the following equation

— div(K(x)Vu) = AK(x)|x|"|u|72u + K(x)|u* 2u, xRV, (1.3)

where 2* =2N/(N —2),N >3, v = (a —2) g:gg and 2 < g < 2*. In that article, the authors
obtained the existence of a positive solution for (1.3) by using Mountain Pass Theorem. In
particular, when N = 3, they proved that there is a positive solution for large value of A if
2<q g6—%,andnorestrictionon/\if6—% <g<eé.

Subsequently, Furtado et al. [6] studied the number of solutions for the following problem
—div(K(x)Vu) = K(x)f(u) + AK(x)|u> 2u, x e RV, (1.4)

where f(u) is superlinear and subcritical. More precisely, for any given k € N, the authors
shown that there exists A* = A*(k) > 0 such that (1.4) has at least k pairs of solutions for
A € (0,A%(k)). But they can not give any information about the sign of these solutions.

Recently, we investigated the following Kirchhoff type of problem with concave-convex
nonlinearities and critical exponent (see [21])

- <a + e/]R3 K(x)]Vu|2dx> div(K(x)Vu) = AK(x) £ (x)|u|T%u + K(x)|ul*u, x € R,

where 1 < g < 2, and € > 0 is small enough. Under some conditions on f(x), we gave the
existence of two positive solutions and obtained uniform lower estimates for extremal values
for the problem. For more results of related problem, please see [2,7,17-20] and the references
therein.

From these results above, we do not see any existence of positive solutions for problem
(1.1) in the case of 2 < q < 6, the term [ K(x)|Vu|?dx and critical nonlinearity, hence it is
natural to ask what the case would be. Our aim of this paper is to show how variational
methods can be employed to establish some existence of positive solutions for the Kirchhoff
type problem (1.1).

In order to state our main results, let H denote the Hilbert space obtained as the completion
of C¥(IR?) with respect to the norm

il = ( [, xeoroupar)

Define the weighted Lebesgue spaces for each g € [2, 6]

LT (R?) = {u measurable inR® : /3 K(x)|x|Plu)7dx < 00}
R
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with the norm y
q
fully = (kG ePlalra)
R3

By [5, Proposition 2.1], we have that the embedding H — L} (IR®) is continuous for 2 < g < 6,
and compact for 2 < q < 6. This enables us to define for each q € [2, 6]

Sq:inf{/ K(x)|Vul’dx uEH,/ K(x)|x\ﬁ]u|‘7dx:1}. (1.5)
R3 RR3

In particular, when g = 6, we put S = S for simplicity. It is worth mentioning that this
constant is equal to the best constant of the embedding D?(IR?) — L(IR%), see [2].
By the above embedding, it is easy to see the following functional associated to (1.1)

_ Tt 4_)‘/ ﬁq_l/ 6
[ = ll™+ g lul™ = 5 fo KEIxPlultdx =2 [ KG)luldx
is well defined on H and I € C!(H,R). It is commonly known that there exists a one to one
correspondence between the critical points of I and the weak solutions of (1.1). Here, we say
u € H is a weak solution of (1.1), if for any ¢ € H, there holds

(a -+ bl|u]]?) /IRSK(x)VuV(pdx—A/RaK(x)|x\5\u|‘7’2u¢dx— /]R3K(x)]u\4u(pdxzo.

Additionally, we say a nontrivial solution u € H to (1.1) is a ground state solution, if I(u) <
I(v) for any nontrivial solution v € H to (1.1).
Our main results for (1.1) are the following theorems.

Theorem 1.1. Assume that a,b > 0, x > 2 and 6 — % < g < 6. Then for any A > 0, problem (1.1)
has at least a positive ground state solution.

Theorem 1.2. Assume that a,b > 0, « > 2 and 2 < q < 4. Then there exists A, > 0 such that for
any A € (0, Ay), problem (1.1) has at least a positive solution.

Kirchhoff type problems are often treated as nonlocal in view of the presence of the term
[ K(x)|Vu|?dx which implies that equation (1.1) is no longer a pointwise identity. And so,
the methods employed in [5] cannot be used here. For Theorem 1.1, motivated by [23] (see
also [15]), we shall use Nehari Manifold method to prove the existence of a positive ground
state solution for problem (1.1). For Theorem 1.2, we cannot proceed as in proof of Theorem
1.1 since 2 < g < 4. We also remark that the method used in [5] by letting A sufficiently large
do not apply here, due to the appearance of the term [ K(x)|Vu|?dx. On the contrary, we
overcome this difficulty by letting A small enough, which is inspired by [12].

This paper is organized as follows. In the next section, we give some notations and pre-
liminaries. Then we prove Theorem 1.1 in Section 3, and Theorem 1.2 in Section 4.

2 Notations and preliminaries

Throughout this paper, we write [ u instead of [p; u(x)dx. B,(x) denotes a ball centered at x
with radius r > 0. Let — denote strong convergence. Let — denote weak convergence. O(¢')
denotes |O(¢!)| /¢! < C as ¢ — 0, and o(e') denotes |o(¢')|/e" — 0 as ¢ — 0. All limitations
hold as n — co unless otherwise stated. C and C; denote various positive constants whose
values may vary from line to line.
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Lemma 2.1. Let a,b > 0and 2 < q < 6, then the functional I satisfies the mountain-pass geometry:
(i) There exist p,0 > 0 such that I(u) > 6 > 0 for any ||u|| = p.
(ii) There exists e € H with |le|| > p such that I(e) < 0.

Proof. (i) By (1.5), we have that

a b A 1
1) = Gl + gl =2 [ KGO lPlalt = ¢ [ KLl

HZ_/\ 1

a —-q/2 ~3)1.,116
> 5 u Esq oaf [ = 257 ]

Therefore, since 2 < g < 6, it follows that there are p,0 > 0 such that I(#) > 6 > 0 for any
[ul = p.
(ii) Let u € H\ {0}. Thus, we have for2 < g4 < 6

t—+o00 t—+

im 1(0) = tim |82l + Gl = 501 [ K@t - ¢68 [KGolule] = .

Thus, there exists e := tu such that ||e|| > p and I(e) < 0. O

3 Positive ground state solution for6 — 2 < q < 6

In this section, we will employ Nehari method to prove the existence of a positive ground state
solution of the considered problem for 6 — 2 < g < 6. And, suppose that the assumptions of
Theorem 1.1 hold throughout this section.

Define the Nehari manifold

A={ue H\{0}: G(u) =0},

where
Glw) = (I'(w),u) = aljul®+ bllul|* = A [ K(x)xlPluf? = [ K(x)lul®
Let
Cx = uig/f\l(u) (3.1)

be the infimum of I on the Nehari manifold.
Lemma 3.1. For any u € A, there are 6,0 > 0 such that ||u|| > 6 and (G'(u),u) < —0.
Proof. For any u € A,
0= (I'(u),u)
= allulP + bllull — A [ KG)lPlul? = [ K(x)lul

—q/2 _
> allul® = ASg " lul|” — ST lull°.
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From g > 6 — % and &« > 2, we have g4 > 4 and hence, there exists some § > 0 such that
||u|| > é. Furthermore,

(G (), ) = 2al|ul*+ 4bljull* — g2 [ K(x)|Plul? =6 [ K(x)lul®

= (20 — qa)|[u]l® + (40 — qb)||ul|* — (6—61)/K(x)|ul6
< (20— qa)||ul?
< —(ga —2a)é* < 0.

Set ¢ = (ga — 2a)é?, this finishes the proof. O
Lemma 3.2. The functional I is coercive and bounded from below on A.

Proof. For u € A, it follows from Lemma 3.1 and 6 — 2 < g < 6 that
1) = Sl + Full =2 [ KGolePlul = [ K3l
= (55 e+ (G- )t (5 - 5) S Kl
> (5-2) lul?
> (5-4)# >0

Thus, the coercivity and lower boundedness of I hold. The proof of Lemma 3.2 is completed.
O

Lemma 3.3. Given u € A, there exist p, > 0 and a continuous function g,, : By, (0) — R defined
forw € H, w € By, (0) such that

8.0 =1, g (w)(u—w) €A
and
(20 +4b[Jull?) [ K(x)VuTp—qh [ K@)l lult2ugp 6 [ K(x)lul*ug

(85,(0),¢) =
' allull? +3b]ul|* = A(g = 1) [ Kx)lxlFlul? =5 [ K(x)Juf

Proof. Fix u € A and define F : R* x H — R as below
F(t,w) = at|ju — w|? + bt3||u — w]|[* — A7 /K(x)|x|ﬁ|u ~w]f— tS/K(x)|u —wl®.
Since u € A, we have F(1,0) = 0. Moreover, using Lemma 3.1, we also have for 6 — 2 < g < 6
Fi(1,0) = al[ul[® +3blu|* — A(g — 1) /K(X)IXI’SIqu - 5/1<(X)|M|6

— (2= ) Jull? +bd — ) [ul]* ~ (6 — ) [ K()|ul’
<a@—q)|ul?
<a2—q)8 <0.
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Using the implicit function theorem for F at the point (1,0), we can conclude that there exists
py > 0 satisfying for w € H, ||w| < py, the equation F(t,w) = 0 has a unique continuous
solution t = g, (w) > 0 with g,,(0) = 1. Since F(g,,(w), w) = 0 for w € H, ||w| < pu, we get

agp, (w)|[u — w|> + bg3, (w) [[u — w|[* — Agh, " (w)|[u —w||] - g5, (w) [[u - w]|§

_ allge, (w) (u — w) | + bl|gp, (w) (u — w)]|* ;

— Mg, (w) (1 = w)]|§ — lIgp, (w) (u —w)|§
8o, (W)

=0,

that is,
g (w)(u—w) €A, forallwe H, ||w|| < pu.

Furthermore, we have forall ¢ € H, r > 0
F(1,0 +r$) — F(1,0)
= aflu— g+ bllu— g =\ [ K(x)lxlPlu—rglt = [ K(x)lu—rg
—allul = blull* + A [ KE)|xPluli + [ K(x)Jul

— —a [ K(x) (2rVuvg - V9P

—b

2/1<(x)|w|2/1<(x) (2rVuVe — P2[V[?) - (/K(x) (2rVqu>—r2|ng|2)>2]
A [ K0l (Ju = rgl? = ful?) = [ Ko (Ju = rpl® = Jul°)

and consequently

<Pw/ ‘P> |t:1,w:0
_ i F(LO+r9) — F(1,0)

r—0 r

_ —(2a+4b||u||2)/K(x)Vqub+qA/K(x)|x|5|u\q_2u<p+6/K(x)\u|4ugb.

Thus,

(85, (0),¢) = — <FZ£<P>

) (20 +4b[Jull) [ K(x)Vu¢ =g [ K)lPlult2ug =6 [ K(x)lul'ug
allul + 36w}t~ Alg ~1) [ K()lxlPlul? =5 [ K(olul®

t=1,w=0

This completes the proof of Lemma 3.3. O

Lemma 3.4. For any u € H\ {0}, there exists a unique t(u) > 0 satisfying t(u)u € A and
I(t(u)u) = maxsso I(tu).

Proof. The proof is similar to [24, Lemma 4.1], and is omitted here. O

3/2
._ ab$® | B3s5 | (b*S*+4aS)
Lemma3.5. c. <c1:="F + 5 +———
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Proof. Let ¢(x) € C5°(IR®) be a cut-off function satisfying ¢(x) = 1 in B, (0), ¢(x) = 0 outside
By,(0) and 0 < ¢ < 1. Define

ue(x) = K12¢(x) <1> 1/2,

e+ |x|?
and set )
ue(x
ve(x) = )
)= Tl
According to [2], we have that
ol = [ K(x)|Voef = 5+0(/?) +0(e?) 62
and .
]| = /K(x)]ug|6 — 3245+ 0(1), with A = /(1+yx|2)3 (3.3)
Then, we obtain the following estimate
/6
el = <s’3/2A0 +o(1))q = AY%e /410 (e*<q*6>/4) . (3.4)

In addition, we also have

x)|x|PK(x)~12¢7(x
/K(x)|x|ﬁ|ug|‘7: /B2 (O)K( ) |x[PK(x) =197 (x)

(e + |x[2)9/2

B a(
sof, e
Ba, (0) (€ + | x|?) ‘7/2

:c</ |x|P +/ !xlﬁ(so"(x)—l)>
By, (0) (€ + | x[?)1/2 By (0) (e +[x[?)1/2

B B (1 _
e LN N - OIS
By, ve(0) (1 + |x]2) By(0) (&4 |x]?)1

1) 4o,

=0 (e

whenever 77 < g < 6. This and (3.4) imply that for ;>°. < g < 6 and ¢ small enough, we
have

K(x)|x|Pul
[ K@) xlProcs = LK

eI

o<£ 3+ %)+O( ) (35)

T AV®ea/4 O (e-(a-6)/4)
=0 (sg_%Jr%) +0 (e”’“) .

By Lemma 3.4 and the definition of c,, it is easy to see that Lemma 3.5 follows if we can show
that 22
abS®  b*S®  (b?S* 4+ 4aS)
I(t .
supl(toe) < ==+ 7+ 24
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To this goal, let

g(t) = I(tve) = St°[[ve|” + 7 ||ve]|* — *fq/K(x)lx! ol——, t>0
2 1 q 6
and ; ]
a t
gi(t) = §t2||UeH2 + 1t4|\ve|l4 ~ % t>0.

Note that ||v¢|l¢ = 1. Thus, by Lemma 3.4, we know that ¢(f) has a unique maximum point
te := t(ve) > 0. We claim that t, > Cp > 0 for some positive constant Cy and any ¢ > 0.
Otherwise, there is some sequence ¢, — 0 satisfying t., — 0 and g(t¢,) = sup,.,[(tve,).
Then, by Lemma 2.1 and the continuity of I, we conclude that

0<6<cy<limlI(te,ve,) =0
n—00

which is a contradiction. Hence, the claim holds.
By (3.2), we also have that

3/2
ablloc]|® | Bllvel[* | (D*[loel® +4alloc]?)

supg1(f) = + +
e 1 24 24 (3.6)
abS®  b3S6  (b?S*+ 4a5)3/2 1/2
=2 + o + o +0(e"?).

Obviously, we have 6 — % > 2%( provided a > 2. Furthermore, by using (3.5) and (3.6), we
obtain for 6 — 2 < g < 6 and ¢ small enough

sup I(tve) = I(teve)

t>0
A
= g1(t) = TH [ K|l
q
A
< supgi(t) ~ 2Cf [ K(x)JxlPo!
£>0 q
abS®  b3S®  (b2S* + 4aS)3/? 1 B_q.3 g
< /2y _ E-1+3 g
=74 T 24 +0() —0 (1) 1o (el)
_ abS® N b3S6 N (b?S* + 4aS)3/2
4 24 24 ‘
This completes the proof. O

Lemma 3.6. Let {u,} C Abea (PS)., sequence for I with c, < c1, where ¢y is given in Lemma 3.5.
Then {u,} has a convergent subsequence.

Proof. Let {u,} C Abea (PS)., sequence for I, namely
lim I(uy) =c. and lim I'(u,) = 0. (3.7)

n—oo n—oo

Firstly, we show that ||u,|| is bounded. By (3.7), we have that for g > 4

o+ 101 | = 1) = (1"t )

= Gunt= (2-3) [l - (5-1) K@l
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which implies that ||u,| is bounded. Up to a subsequence (still denoted by {u,}), we may
assume that

U, = u, inH,
Uy — u, in Li(R3), 2 <7 <6,

U, — uy a.e. onR3

and
||u,1||2 — 2,

Since u, € A, it then follows from Lemma 3.1 that /2 > 0.
Secondly, we prove that u. # 0. If not, we have u, = 0 and so [ K(x)|x|f|u,|7 = 0(1). On
the other hand, by (3.7) and the boundedness of {u,}, we have

(1) = {1'(1tn), ) = alltn |+ bluta [ = A [ KCLlPlanl? — [ K10
and thus from (1.5),
allwn |2+ blual[* = [ K)lual® +0(1) < §7 | +0(1). 9

Letting n — oo in (3.8), we have

3 \/ﬁ
2o b8+ bZS +4aS%

Consequently,
Ci = Jgrc}o I(uy)

~ i [+ b 4_)‘/ b q_1/ 6
= Jim, [l gl =5 KGOl = & [ Kl

T a 2 E 4 _ 6_‘7/ Bly 14
= Jim, [l + g5l = A= Kol

_a,, by
—3t+121
>

in contradiction to the assumption ¢, < c1.
Finally, we claim that |u,||?> — ||u.|>. Indeed, if to the contrary, it follows from Fatou
Lemma that
2> % (3.9)

Since I'(u,) — 0, we also have for all v € H
0(1) = (a+bllus|?) /K(x)Vuan—/\/K(x)]x\ﬁ\un\q’zunv— /K(x)]un|4unv.
Then, passing to the limit as n — oo, we get

0= (a+b?) /K(x)Vu*VU—/\/K(x)|x\/3\u*|‘7_2u*v— /K(x)|u*|4u*v.
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Taking v = u, in the above equation, we obtain
0= (a+b2) |Ju? - /\/K(x)]x\ﬁ‘u*‘q _ /K(x)]u*]6.

This together with (3.9) imply that (I'(u.),u.) < 0. By Lemma 3.4, then it is easy to see that
there exists to € (0,1) such that (I'(tou.), tou.) = 0. Therefore,

c. <supl(tu,)
>0

= I(tou*)

1

a2, (101 q/ Bl |9 16/ 6
= Gl (5= 7 ) [ K + 3566 [ kel

PR 1_1/ Bly. |9 1/ 6
<l () K@U+ [ K

o fa, ., (1 1 / ; 1/ .
< 4 -z g4 =
<timint |l P+ (=) [ K@l -+ 5 [ K0
o 1,
= llrIITl}g)lf [I(un) - 1(1 (un),un>]

:C*

a contradiction. Hence, ||u,|| — ||u«|. This and the weak convergence of {u,} in H implies
that u, — u, in H, and Lemma 3.6 is proved. O

Lemma 3.7. For any A > 0, there exists a sequence {u,} C A such that:
uy >0, I(uy) —ce and 1'(u,) — 0.

Proof. In view of Lemma 3.2, we can apply Ekeland variational principle to construct a mini-
mizing sequence {u,} C A satisfying the following properties:

(i) I(un) = cx,
(i) I(z) > I(un) — L|luy —z| forall z € A.

Since I(|u|) = I(u), we can assume that u, > 0 on R®. Let 0 < p < p, = pu,, $n = Su,, Where
pu, and g,, are defined according to Lemma 3.3. Let v, = pu with ||u|| = 1. Fix n and let
zp = gn(vp) (1 — vp). Since z, € A, by the property (ii), one gets

1
1) = 100) = =125 =
It then follows from the definition of Fréchet derivative that
1
(I'(un), zp — tn) +0(||zp — unll) > _EHZP — .

Thus,
(I'(n), —0p + (gn(vp) — 1) (un — vp)) = _%HZP — || +0(l|zo — unl)
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which implies

1
_P<I/(”n)r”> + (gn(vp) - 1) <I/(un)/”n - Up> > _EHZp — un| + O(HZp — ]]).
Therefore,

Jzp w0z —wol) | gu@p) =1
P P P

(I'(uy),u) < % Un), Un — TVp). (3.10)

From ||u|| = 1, Lemma 3.3 and the boundedness of {u,}, it follows that

lim |8n(vp) — 1] — lim |8n(0 +P”) - gn(O)]

p—0 1Y p—0 0
= (8(0),u)
< llgx (0) ]
< (.
Note that
1zp = unll = llgn(vp) (un — vp) — (tn —vp) — vp||

= || (gn(vp) - 1) (tn — Up) - Z’p”
< |gn(vp) — 1] [lun — vp” + HUpH
= ’gn(vp> — 1[G +p.

Furthermore, for fixed #, since (I'(u,), u,) = 0 and (u, — v,) — u, as p — 0, by letting p — 0
in (3.10) we can deduce that

which shows that I'(u,) — 0. This finishes the proof of Lemma 3.7. O
With the previous preparations, we are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.7, we see that there exists a minimizing sequence {u,} C A
satisfying u, > 0, I(u,) — ¢, and I'(u,) — 0 for any A > 0. It then follows from Lemma 3.6
that u, — u, I(u.) = ¢« and u, > 0 is a weak solution of (1.1). By standard elliptic regularity
argument and the strong maximum principle we have that 1, > 0. This and the definition of
¢, imply that u, is a positive ground state solution of (1.1) and the proof is complete. ]

4 Positive solution for2 < g < 4

In this section, we apply Mountain Pass Theorem to obtain the existence of a positive solution
for problem (1.1) when 2 < g < 4.
Define
¢y = inf I(y(t 4.1
Inf max (7 (1)) (4.1)
where
I:={yeC([0,1],H): v(0) =0and I (y(1)) < 0}.



12 X. Qian and W. Chao

Lemma 4.1. Assume 2 < q < 4. Then there exists A, > 0 satisfying for all A € (0, )

4
5* < Cl - DO/\47q
_4

_q9 _
where ¢1 given in Lemma 3.5 and Dy = 4%7(3—;) N [@Sq q/2] =,

69
Proof. We first recall that

L 1 1/2
ue(x) = K12¢(x) (€+ |x|2) ) (4.2)
According to [5], we have that
2 _ 2 _ 172 . _ |x[?
ue|2 = /K(x)\Vugl — e 124, 4 0(1), with A; = /(1+|x\2)3 4.3)
Let b .
a
h(t) = S [luell + S8 |uel|* — *t6/1<(x)|ue|6, t>0
2 4 6
By (3.3), (4.3) and the fact A1A51/3 = S (see [1]), we have that for ¢ > 0 small enough
3/2
sty Il | Pl | (2l + dale 2l
>0 uelle 24wl 24 |ue]|g?
_ab (A1 + O(gl/z))3 bj (A + 0(51/2>)6
4 Ag+O(2) 24 (A + O(3/2))
3/2
1 [bz (A1 +0(e2))* + 4a (A, + O(e/2)) (Ao + o(e3/2))] (4.4)
+ -
24 (Ap +0(e¥2))’
3/2
2 44 g —4/3 -1/3
WAIAT  BPASA? (b ARASA 4 40 A A ) s .
= 4 + o1 + 7 +0(e"")+0(e77)
abS®  b3S%  (b?S* + 4aS)3/? 1/2
= + 7 + 7 +0(e"”).
By the definition of ¢; and Dy, we may choose small A; such that for all A € (0,A;),
¢1 — DoA™ > 0. (4.5)
Clearly, lim; .o+ h(t) = 0 and hence, there exists t; > 0 satisfying for all A € (0, A1)
sup I(fug) < ¢ — DoAT1. (4.6)
0<t<t
We consider the case t > t; next. Let ¢ < 2, then
K(x)|x|PK(x)~972¢(x
[ K Pufs > [ KERERE T
B, (0) (e+|x[?)
AP / x|
> A P S L U
2o®((1-2)774) [, o s e
q « 1 / B
> ex 1—= 4) ——+ X 4.7
= p(( 2)’7 / ) (292)172 BW(O)| | &7
_ _ ﬂ o 4r /17 248
P ((1 2) T /4> T arcl

— (Z;T;;jz exp <<1 — g) 17“/4) )
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By using (4.4) and (4.7), we have for all ¢ = /\4%7 €(0,7)and t >
1
H(tme) = (t) = A /K(x)yx\ﬁuz

q
< sup h(t) —Atql/K(x)\x]/Suz

t>0

abS®  b3S%  (b2S* 4 4aS)3/? 1
< /2 4.8
< tort 1 +O(e'?) (4.8)

A o (1-2) )

4 t 4y tp—a q
c1+O(AF7) Aq(3+ﬁ)2q/2exp<<1 2)77 /4).
From q € (2,4), we have ﬁ > 2. Thus, there exists A, > 0 sufficient small such that for all

Ae(0,1,)
4 t] 4myPth-a

O AL s e ((1- g) 1"/4) < ~DoA ™. (4.9)

Let A, = min{Ay, Ay, y#~9/8} and ¢ = A‘%ﬁ, then by (4.6), (4.8) and (4.9), we have that for all
A e (0,A)

sup I(tue) < c1 — DOA‘%%
£>0

This completes the proof of Lemma 4.1. O

Lemma 4.2. Let {ii,} C H bea (PS), sequence for I with ¢ < ¢; — Do)\‘%‘i, where cy is defined as in
Lemma 3.5. Then {ii, } has a convergent subsequence.

Proof. Let {ii,} C H be a (PS). sequence for I, that is

lim I(i,) =c¢ and lim I'(7,) = 0. (4.10)

n—oo n—oo
Firstly, we show that |7, is bounded. By (4.10), we have that

e+ 1oVl = 17 — (@), @)

—a~2b~4_6_q/ Bl |4
= glaull” + llal® = A 61 K(x)[x["[a]|

- b 6—q.—q/2) ~
5l = AL |

which means that ||il,|| is bounded as 2 < q < 4. After passing to a subsequence, we may
assume that

i, — i, inH,
i, — i, in LY (R3), 2<r <6,
i, — 1, a.e.on R3.
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Write v, = 7, — i, and we claim that ||v, || — 0. Otherwise, up to a subsequence (still denoted
by {v,}), we may suppose ||v,| — I with [ > 0. From (4.10), we have that (I'(ii,), ii.) = o(1)
and hence

0 = all |2+ b2 + . |P) )P = A [ Kol = [ Kl @
On the other hand, by (I'(ii,), #i,) = 0(1), we can use Brézis-Lieb lemma to obtain

= a(floal® + 120%) + b(lloull* + 2llon 1712 + ll2.]1*)

(4.12)
A [ K@) P~ [ K)ol = [ K@) +o(1).
Combining (4.11) and (4.12), we obtain
o(1) = al|oul® + blloa|* + bllowl[l.]* /K(X)Ivn!6 (4.13)
and so, from (1.5) it follows that
allon® + blloa|* + blloal[1.]* = /K(X)Ivn\6 +0(1) < 87|oul® +0(1).
Taking the limit as n — oo, we obtain that
2 bS3 + /0256 + 4(a + b|[u.[2)S3 N bs3+\/m_ @14)

2

By (4.11) and Holder’s inequality, we obtain

_ a, .
1(@) = Sl P+ gl =5 [ Kl - ¢ Kl
a, . 2 I 6— 5]/ Bl 211~ (12
- 5 * A * —A— K *q_*l *
SR+ I = A ) Pl = 2|
b 6—q

/2y - b
SN = AT 82 |17 — 22
6

12 69
For A := /\—667 Sq_q/z, define
P(t) = —tt— AH.
( ) 12

By easy calculation, it follows that (¢) achieves its minimum value at t,,;, = (pTA) VO and

3 4L 4
W) == () 204

Thus, we have

_ 4—q q (6 — 5]) —q2| ¥, & boi- 2
¥) =2 ——— | — = *
@) > -4 (b) C 05| st - L

—DoATT — Zzzna*nz.

(4.15)
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Then, we can use (4.13)—(4.15) to obtain
c+o(1) = I(ity)
a, . b, . A _ 1 -
= Sl + gl = 2 [ K@ RPlal ¢ [ K@la
_“~2b~4_/\/ /3~q_1/ 7. |6
= Sl + gl p K xPa? = 2 [ K(x)|i.]
a b b B 1
5ol 5 ol + S llonll2l 2 = 2 [ K(lonl® +o(1)
- a 2 b 4, b 25 12 _ L 6
= 1) + lloulP + 5 Joull* + 2 loa .2 = 2 [ K(x)oul® +o(1)

_ a b b _
= I(i1,) + g\lvnHz + EHWH4 + ganHzHu*Hz +o(1)
L
12
b
> () +c1 + 612||a*\|2 +0(1)

> I(i1,) + gzz N zzzna*nz +o(1)

4
> c1 — DA

4
which is a contradiction with our assumption ¢ < ¢; — DgA*=7. Thus, the claim follows, that
is, i, — il in H. This finishes the proof of Lemma 4.2. O

Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Using Lemma 2.1, we can apply Mountain Pass Theorem to obtain a
sequence {il,} C A satisfying I(ii,) — ¢« and I'(ii,) — 0. It then follows from Lemmas 4.1
and 4.2 that there is A, > 0 such that i, — i, for all A € (0,A,), and i, is a weak solution of
(1.1). Furthermore, if we replace I by the following functional

fy) =2 2 ? 4 _ & / B(y+tVa 1 +16

T = S lull™+ g lull™ = 5 foe KEIPw)T =2 fo K@)
It is easy to see that all the above calculations can be repeated word for word. Then, we can
infer from (I'(ii.),#,) = O that i, = 0. In turn, we obtain #, > 0. By standard elliptic
regularity argument and the strong maximum principle, we also have that i, > 0, that is, i,
is a positive solution of (1.1). This completes the proof. O
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