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Abstract. We study a local regularity condition for a suitable weak solution of the
magnetohydrodynamics equations in a half space R3. More precisely, we prove that a
suitable weak solution is Holder continuous near boundary provided that the quantity

limsupL [l 2 g+
NG L2(Byy)

0 Lo (t—12,t)

is sufficiently small near the boundary. Furthermore, we briefly add some global regu-
larity criteria of weak solutions to this system.
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1 Introduction

We study the regularity problem for a suitable weak solution (1,5, 77) : Qr — R3 x R3 x R
of the three-dimensional incompressible 3D magnetohydrodynamic (MHD) equations

up—ADu+(u-Vju—(b-V)b+Vr=0
by —Ab+(u-V)b—(b-V)u=0
divu=0 and divb =0,

u(x,0) =uo(x), b(x,0) = by(x)

in Qr:=R3 x [0, T). (1.1)

2
Here, u is the fluid flow vector, b is the magnetic vector and 7 = p + % is the total pressure.

We consider the initial value problem of (1.1), which requires initial conditions

u(x,0) =up(x) and b(x,0)=by(x), x € RE. (1.2)
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We assume that the initial data ug(x), bo(x) € L?*(R3) hold the incompressibility, i.e.
divug(x) = 0 and div bg(x) = 0, respectively. The boundary conditions of u and b are
given as slip and slip conditions, respectively, namely

u-v=0, (Vxu)xv=0, and b-v=0, (Vxb)xv=0, on alRi, (1.3)

where v = (0,0, —1) is the outward unit normal vector along boundary BIRi. Suitable weak
solutions mean solutions that solve MHD equations in the sense of distribution and satisfy
the local energy inequality (see Definition 2.1 in section 2 for details).

Let x = (x1,x2,0) € dR3.. For a point z = (x,t) € dR3 x (0, T), we denote

By, i={yeR::|y—x|<r}, B :={y€By :ys>0}
Q.= By, x (t —1%,1), Qf, :={(yt) € Qzr : y3 > 0}, r <t

We say that solutions u and b are regular at z € R3 x (0, T) if u and b are Holder continuous
for some Qer r > 0. Otherwise, it is said that u and b are singular at z.

For the existence of weak solutions for 3D MHD equations, it is well known that it is
globally in time and moreover, in the two-dimensional case, it become regular in [4]. On the
other hand, the existence of weak solution for MHD equations with boundary condition (1.3)
in dimension three is proved in [13] and it is shown in [16] that if weak solutions become
regular under some conditions. However, in dimension three, a regularity question remains
open not yet as in Navier-Stokes equations.

We review some of known results in this direction related to our concerns, in particular,
we focus on the boundary regularity.

In [21], authors proved that a suitable weak solution (u,b) to the 3D MHD equations
become regular near a boundary point z if the following condition is satisfied: There exists
€ > 0 such that for 1 < %+% <2, 1<g<coand (p,q) # (oo,1),

< €.
Li(t—r2,t)

timsup 751 ]y g
r—0 ’
(cf. [11,19,20] for the dimension three or [7] for the dimension four). Recently, the author in
[12] proved a suitable weak solution (1, b) are Holder continuous near the boundary, provided,
on a parabolic cylinder, the scaled Lgf—norm of the velocity with % + % <2 2<g<ocois
sufficiently small near a boundary point x = (x7,x2,0). Here we highlight that additional
condition are imposed on only velocity vector field.

The motivation of our study is to establish new local regularity condition to 3D MHD
equations in the bounded domains with slip boundary conditions (1.3). The local regular-
ity problem with Dirichlet boundary conditions is proved in [11, Theorem 1.1]. Its proof is
also applied to the problem with the slip boundary condition (1.3) for a fluid vector field.
Considering the slip boundary condition (1.3), to estimate the local pressure quantity, we use
Calderén-Zygmund estimate with the reflection method. For this, we give a definition of a
suitable weak solution for the magnetohydrodynamic equation with the slip boundary condi-
tion (1.3) in [12, Appendix]. Moreover, It is known that for a suitable weak solution the set of
singular points in space-time has one-dimensional parabolic Hausdorff measure zero (see e.g.
[18] or [19]).

The organization of the present paper is as follows. In Section 2, we introduce some
notation and state our main theorems. Section 3 is devoted to prove the main theorem. In
Section 4, we briefly add some global regularity criteria of weak solutions to this system.
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2 Main results: local boundary regularity

In this section, we introduce some scaling invariant functionals and a suitable weak solution.

We first start with some notations used in the paper. Let () be a domain in R3 and I be a
finite time interval. For 1 < g < oo, we denote the usual Sobolev spaces by Wr(Q) = {u €
L1(Q) : D*u € L7(Q),0 < |a] < k}. As usual, Wg’q(Q) is the completion of C°(Q)) in the
Wk4(Q)) norm. We also denote by W54 (Q)) the dual space of Wg’q(Q), where ¢ and g’ are
Holder conjugates. We write the average of f on E as f; f, thatis f. f = [ f/|E|. For a
function f(x,t), we denote

1F iz = Wligazan = |1z [, -
For vector fields u, v we write (1;0;);—1,3 as u ® v. We denote by C = C(a,f3,...) a generic
constant, which may change from line to line.

We introduce scaling invariant quantities near boundary. Let z = (x,t) € dR3 x I and we
set

1/ 1
Au(r) == sup f/ u(y,s)2dy,  Eu(r) ::/Q+ IV u(y,s)[2dyds,

t7r2§s<tr BY, r
1 1
Ay(r) = f/ by, s)2dy, E ::7/ Vb(y, s)|2dyds,
p(7) t_f’z‘;&tr B;,‘ (v,9)|°dy b(7) r.%I (y,8)|"dyds
1
Mulr) = | | Ity Payes (9):(s) = f%gus)dy

Next we recall a suitable weak solution for the 3D MHD equations.

Definition 2.1. A triple of (u,b, ) is a suitable weak solution to (1.1)-(1.3) if the following
conditions are satisfied.

(a) The functions u,b: Qr — R3and 7: Qr — R satisfy
u,be L°(LLA(BY,)) NLA(LWY3(B,)),  meLi(LL3(B],)).

(b) (u,b, ) solves the MHD equations in Q7 in the sense of distributions and u and b satisfy
the boundary conditions (1.3) in the sense of traces.

(c) u,b and 7 satisfy the local energy inequality

2 2 t N (2 |2 / /
/B+ (|u(x, )2+ b(x, )| )4)(x,t)dx+2/to /B;r(‘Vu(x,t)‘ + | Vb (x, )P p(x, ) dxat

T , t
= / /B+ (!u\2+Ib\z)(8t¢+Acp)dxdt/+/ /B (Jul? + |b]* + 271) u - Vpdxdt
to x,r to :,r,,
t
- z/ / (b-u)(b- V)dxdt'.
to J B,
forall t € I = (0,T) and for all nonnegative function ¢ € C3’(R® x R).

Following the argument in [2,7], we denote Q;/ , by Q," and let ¢ be a cutoff function, which
vanishes outside of Q" and equals 1 in Qy, and satisfies | V¢&| < Cop~1, and | &, |AZ| < Cop 2.
2
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%2

_ o
Define the backward heat kernel as I'(x,t) = ﬁe 4*-0 . Note that I' + AT = 0 Taking
4m(ri—t)2
the test function ¢ = I'C in the local energy inequality, we obtain

t
/Br+(|u(x,t)|2 +b(x, ) P (x, tdx +z/t0 /Br(ywt(x, )2 + [Vb(x, )2 p(x, ') dxdt
< /t/ (Ju? + |b?)(TAZ + T9:& + 2VTVE)dxdt
to J B

t t
+ / / (Ju + b2 +27) u - Vepdxdt' — 2/ /+(b ) (b- V)dxdt. 2.1)
to JBS to J B/
By straightforward computations, it is easy to verify that

T(x,t) >Cylr 3,
V| |VT| &+ |VE|T < Cor ™,
ITAE| + |T0;¢| +2|VEVTI| < Cor.

Using the property of a test function, the local energy inequality (2.1) becomes to

[ Qe O + 10, D), +2/t: [ (9 ) [ Vo)), )t

r 2 1 2 2 p 2 1 3 2
< \T L / / / FyT 1
< Co(p) 3 /B;(‘u(x,t )+ o, #)] dxat’ +Co(2) = /B;(|u| - [u] |B + [u] | 7)) ducdt
(see e.g., [21] or [7, Lemma 3.8])
Note that due to the local energy estimate (2), we do not need to deal with the square
norm of b. For this reason, the analysis become simple and concise.
Now we are ready to state our result.

Theorem 2.2. Let (u,b, 1) be a suitable weak solution of the MHD equations (1.1)—(1.3) according to
Definition 2.1. There exists € > 0 such that for some point z = (x,t) € R3 x (0,T) u is locally in
Liff near z and

< €. (2.2)

. 1
lim sup W H ||”HL2(B;,) L (t—12,4)

r—0

Then, u and b are reqular at z.

3 Proof of Theorem 2.2

Next we prove a local e-regularity condition near boundary for the MHD equations, which is
a key role for our proof (see [9,18]). In fact, the proof in [9,18] also hold for our case due to
the pressure estimate (3.9) below.

Proposition 3.1. Let (u,b, 1) be a suitable weak solution of (1.1)—(1.3). Then there exists a positive
number e, with the following property. Assume that for a point zy = (xo, to) € Qr the inequality

1
limsuprz/Q+ ]u\3+|b\3+|n|% < gy

r—0 z,"

holds. Then z is a regular point of (u,b).
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3.1 Boundary interior estimates

In this section, we prove a local regularity criterion for the 3D MHD equations. For simplicity,
we write ¥(r) := A,(r) + Ap(r) + Eu(r) + Ep(r). Let z = (x,t) € 9R%. x I and from now on,
without loss of generality, we assume x = 0 by translation. We first recall that the local energy
estimate.

u : 1 2 1
II/(2> = C(M“ (r) + Mu(r) + /Q+ ul [b]" dz + /Q+ Ju| !nldz>.

Next lemma is estimates of the scaled integral of cubic term of u and multiple of u and
square of b.

Lemma 3.2. Let z € dR3. x 1. Under the assumption above, for 0 < 4r < p,

M,(r) < C(g)‘l’(p)e, (3.1)
and 1
2 ), lu 16| dz < C(g)‘i’(p)e. (3.2)

Proof. 1t is sufficient to show estimate (3.2) because (3.1) can be proved in the same way as
(3.2). We note first that via Holder’s inequality

1 2 1 1 )
72 /Q;r |U| |b| dxds < 1’17 ||u||Li’,?°(Qz+,r) 1’37 HbHL?%(QZr) . (3.3)

So, we see that
1 3 1 3
HbHL‘}{(BI,) < HbHE%(BXf’) Hb - (b)rHig(BL) + HbH%(B;J) H(b)rHﬁg(B;,)
1 3 6
<C Hb”%(&fv) Hvai%(BIV) + ||b||L§(B;j,) res,

where we used the Poincaré inequality and the following estimate

1
r3/3+ bdx

- (1.,

3 3
4

3
1Ol e s,y =

1
bl 12 s,,)

6 1
dx>8
3 6 i 3
= W ([, x)" = I (
3

3 3 % 3 6
= b0 (7 57) " = 10

Taking L? norm in temporal variable and using Young’s inequality,

L8 (Bx,r) ’ L§(Bx,)

1
lloleaas) 12 sz,)

3
2

6dx> '

1
ST

—r
r3

+
X, r

2 1 2 1 2
161120z = 72 [1bll 2 ) + 72 VIl 22 (02 )

due to the estimate
0 1 3 0
2 -3/8 2 3/8 5 2 -3
[ Il L Al S O L
0 0
S/ r73/2||b||%2(3+)+71/2||Vb||%2,(3+)df+/ Hb\|%2(3+)r’%dt
) x\Px,r x\DPx,r —2 x\DPx,r

2 2 2 _3
< V2Bl g, + IV O 225 ) + 1B 2 s, 72
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Recalling (3.3), we can have

1 1
7 Jo. Il b dxds < ol e gu s Blsz g,
1
< ce((r) mubuLm A 90l )
2
<ce(; 10120 ) + 5 IV s, ) < C¥O)e < CEY¥(p)e.
This completes the proof. ]

For an estimate for the scaled pressure quantity, we need the following pressure represen-
tation. Its proof is similar to that in [1, Theorem 2.1] and we only give a sketch proof.

Lemma 3.3. Suppose u,b and 7t is measurable functions and a distribution, respectively, satisfying
(1.1)—(1.3) in the sense of distributions. Then 7t has the following representation: for almost all time
€(0,7T)

—bjj 3 0? 1
= Tyt — b — b —bb*
7r(x, t) -3 ( b b ) + 47_[/ (ayzay] |x _ y|> (ul Uj bl b] )(]// t)dy

in the sense of distributions, where &;; is the Kronecker delta function. Here, u*(y) = u(y) and
b*(y) = b(y) for yz > 0, and

up(y,t) =w(y't), w(yt)=u(y"t), uzyt) =—us(y" 1),
bi(y,t) =bi(y",t),  by(y,t) =ba(y™t), b3y, t) = —bs(y", 1)
forys <0, and y* = (y1,Y2, —y3).
Proof. Set g(x,t) = —[(u-V)ul(x,t) + [(b- V)b](x,t) for x3 > 0. Define g* = (87,83, 83) by

/t 7 f Z 0/
DS S (3.4)
g1(x*, 1), ifx3 <O,

/t 7 f 2 0/
gty = {200 i 35)
o(x*, 1), ifx3 <0,

/t 7 f Z O/
g p) = g i (3.6)
—g3(x*,t), if x3 <O0.

We also consider ¢* as the even-even-odd extension. Since u3z = 0 and bz = 0, it is easy to see
g3 = 0.

By observing 031 = 9d3ugr = ug3z = 0 and d3by1 = dzbpp = bz = 0 on x3 = 0, it follows
that uj € C!(R®), and ¢* € C(R®). Observe that for j = 1,2,3,

g (x,t) = —[(u" - V)ujl(x,t) + [(b" - V)bj](x,t) for x5 <O.

g (x 1) = {

Hence,
(u® )(x H+V-(beb)(x,t), if x3 >0,

(w* @u*)(x,t) + V- (b* @b*)(x,t), if x3 <0. G.7)

V-
%
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Since dsuq = dzupy = uz = 0 and d3b; = d3br, = by = 0 on x3 = 0, it follows that
S (x,t) ==V - (W u)(xt)+ V- (b*®@b")(x,t)
in the sense of distributions. Now we construct (v, q) a solution of the Stokes system in R>:

—Av+Vp=f, divo=0,

i, 3.8
hi—Ah=f, divh=0 inR®x(0,T) (38)

with initial data v(x,0) = uj(x), h(x,0) = bj(x) and infinity conditions v(x,f) — 0 and
h(x,t) — 0 as |x| — oo. Then, g satisfies the Laplace equation g(x,t) = divg*(x,t) in R3 x
(0,T). We try to find g integrable. By integral representation, g is expressed by

3 1
q(xt) = — /Ra =y 8 W)y

—_%(u*u*—b*b*)+3/ B (ufus —bib?)(y, t)d
T M T T g ey \ayeay, -yl ) T A

Lastly, it remains to check u = v, b = h and 71 = g + ¢ for a constant ¢ in R% x (0, T). Thus,
the proof of this parts is almost same to that the arguments in [1, Theorem 2.1]. This complete
the proof. O

Lemma 3.3 implies that
2 2
17wy < € (Ilamy) + 1BlEmy),  1<p <o (39)
Following in [21, Lemma 3.3], we also obtain the following pressure estimate.

Lemma 3.4. For 0 < 4r < p, we have

= (Onl21gs) () < C(B) (I = (s sz g0 (0) + 16 = Byl (0))

3
r\ 2
+C[ - 7T — (70) |21 A+ . (3.10)
(5) 17 = e lzgge, )
Under the hypothesis (2.2) and Lemma 3.2, we note first that for 4r < p
1 2 p
— < —~ . .
M, (1) + - /Q jul b2z < Ce(2)¥(p) (3.11)

Next, due to the pressure estimate (3.10), we obtain
1 1 1
72 o 1 V2 < gl 7 el

< ce(8) ¥+ ce(5) = (mhlzyg o) (612)

Proof of Theorem 2.2. Following [11] or [21], we prove Theorem 2.2. Combining estimates (3.11)
and (3.12), we have via the local energy inequality

‘I’(E) < Ce(g)‘l’(p) + Ce<;> = ()ell 210z (P) (3.13)
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Set P(p) = ||t — ()| 121(Qt) (p). Let €3 be a small positive number, which will be specified
later. Now via estimates ’(3.10) and (3.13) we consider

3

v r p r C P v C T\’ p
(2) € <2) <Cle e3)<r) () (e+es) <p> ().
We choose €3 and ¢ such that

0 < €3 < min i 0 < € < min i ﬂi
3 8C [’ 8" 8C8C |’

where €* is the number introduced in Proposition 3.1. Take r = 6p with 0 < § < ;. We then
obtain

wwmwﬁww§§+%@wmfﬁm)

Usual method of iteration implies that there exists a sufficiently small o > 0 such that for all
r<rp

T@+Qﬂﬂ§§.

This completes the proof. ]

4 Comment

4.1 Global boundary regularity criteria of weak solutions

In this section, comparison to the previous section, we see some global boundary regularity
criteria of weak solutions to the equations (1.1)-(1.3). And we add a related model which is
applied for out analysis.

It is well known the regularity criteria for weak solutions to the 3D MHD equations with
respect to the velocity vector [8,10] or the total pressure [3,17,23] (also comparison to [5]
and [6]).

Theorem 4.1. For the initial data in H*(R3.), s > 3, if the velocity vector u, the magnetic vector b
and the total pressure 71, associated with smooth solutions of the equations (1.1)—(1.3) satisfy one of the
following conditions:

1. u € L¥5(0,T; L'(R3)), with 3 < r < oo,
2. Vu e L#3(0,T; L' (R%)), with 3 < r < oo,
3. e L73(0,T; L' (R)), with 3 < r < o,
4. Ve Ly3(0,T; L' (R2)), with 1 < r < oo,
then (u,b) can be extended smoothly beyond t = T.
Remark 4.2. Note that these quantities in Theorem 4.1 are scale invariant.

Remark 4.3. It is used Lemma 3.3 for the proof of Theorem 4.1. For the regularity criteria for
the total pressure (or regularity criteria for the velocity vector), the proof is almost same to
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that in [3] (or [22]). Indeed, we note first that in case R3, the slip boundary conditions are
rewritten in terms of components of vectors as

Ul,xy = U x; = U3 = 0, b1,x3 = b2,x3 = b3 =0 on {X3 = 0}. (4.1)

Thus, the boundary term which is appeared by the integration by parts, vanishes due to the
boundary condition (4.1) and n = (0,0, —1) on {x3 = 0} (see e.g. [10]). And owing to Lemma
3.3, we deal with pressure terms appropriately according to the argument in [3] or [22]. For
these reasons, we omit the detailed proof.

4.2 Viscoelastic model with damping

The authors of [14] introduced the viscoelastic model with damping:
up— Au+ (u-V)u+ VP = V(FF*)
Fy — uAF+ (u-V)F = VuF

divu =0,
u(x,0) = up(x),

in Qr:=R3>x [0, T), (4.2)

for a parameter p > 0. Here, u = u(x,t) € R represents the fluid’s velocity, P = P(x,t) € R
represents the fluid’s pressure, and F = F(x,t) € R® x R? represents the local deformation

tensor of the fluid. We denote (V - F); = ? for a matrix F, in the (i, j)-th entries, where we
%j

use the Einstein summation convention.
Thanks to Hynd’s local analysis result of a suitable weak solution to this system [15],
Theorem 2.2 holds replacing b by F := F; in the proof of Theorem 2.2.
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