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Abstract. This work deals with the null controllability of an initial boundary value
problem for a parabolic-elliptic coupled system with nonlinear terms of local and non-
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1 Introduction and main results

Let Q) be a bounded domain of RN (N > 1), with boundary I' = 9Q) of class CZ. Wefix T >0
and we denote by Q the cylinder Q = Q x (0, T), with lateral boundary X =T x (0,T). We
also consider a non-empty (small) open set O C (); as usual, 1p denotes the characteristic
function of O.

Throughout this paper, C (and sometimes Cy, K, K, . . . ) denotes various positive constants.

The inner product and norm in L?(Q) will be denoted, respectively, by (-,-) and || - ||. On
the other hand, || - || will stand for the norm in L®(Q). We will also denote 0 = (0,...,0) €
R".

We will be concerned with the null consider the following parabolic-elliptic coupled non-
linear systems

ye— P </Qy dx,/Qz dx,/QVy dx,/Q Vz dx) Ay+F(y,z) =vlp in Q,

—B2 </Qy dx,/Qz dx,/QVy dx,/QVz dx> Az+ f(y,z) =0 in Q, (1.1)
y(x,t) =0, z(x,t) =0 on %,
(y(x,0) = yo(x) in O
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and

v — pB1 (/dex,/dex,/QVydx,/QVzdx)Ay+F(y,z):0 in Q,

— dx,/zdx,/V dx,/ Vzdx>A2+ ,z) = wl i ;

B> (/Qy 0 o VY 0 fy,z) o inQ (1.2)
y(x,t) =0, z(x,t) =0 on %,

(¥(x,0) = yo(x) in O

where v is the control for the parabolic equation in (1.1), w is the control for the elliptic
equation in (1.2) and (v, z) is the state for both systems.

Here 1p is the characteristic function of O and yp = yo(x) is the initial state; the non-
linearities B1 = B1(7,s, 11, ..., I, u1, ..., un), B2 = Ba(t,s,11,..., I, u1,...,uy), F = F(r,s) and
f = f(r,s) are C! functions (defined in R x R x R" x R" and R x R, resp.) that possess
bounded derivatives and satisfy

0<co < Bi(r,s,lu), Ba(r,s,l,u) <c1, ¥Y(r,slu) € RxRxR"xR"

and
F(0,0) = £(0,0) =0, |D2f(0,0)] < cop,

where p; the first eigenvalue of the Dirichlet Laplacian in .

If yo € L*(Q)), v € L?2(O x (0,T)) (resp. w € L*(O x (0,T))) and the functions 1, B2, F and
f satisfy the previous conditions, then (1.1) (resp. (1.2)) possesses exactly one weak solution
(y,z) with

y e L2(0,T; H}(Q)), vy € L?(0,T;H (), z¢€ L%0,T;D(—A)).

In this paper we will analyze some controllability properties of (1.1) and (1.2).

Definition 1.1. It will be said that (1.1) (resp. (1.2)) is locally null-controllable at time T if there
exists € > 0 such that for any given yo € H}(Q), with

1vollgyqy <€

there exist controls v € L?(O x (0,T)) (resp. controls w € L*(O x (0,T))) such that the
associated states (y,z) satisfy

y(x,T)=0 in Q, limsup]|z(-,t)|| =0. (1.3)

t—T-

The analysis of systems of the kind (1.1) and (1.2) can be justified by several applications.
Let us indicate two of them:

* Reaction-diffusion systems with origin in physics, chemistry, biology, etc. where two
scalar “populations” interact and the natural time scale of the growth rate is much
smaller for one of them than for the other one. Precise examples can be found in the
study of prey-predator interaction, chemical heating, tumor growth therapy, etc.

¢ Semiconductor modeling, where one of the state variables is (for example) the density
of holes and the other one is the electrical potential of the device; see for instance [17].
Other problems with this motivation will be analyzed with more detail by the authors
in the next future.
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The nonlocal terms in (1.1) and (1.2) have important physical motivations, for an example:
in the case of migration of populations, for instance the bacteria in a container, the diffusion
coefficients may depend on the total amount of individuals.

Let us recall other two examples of real-world models where the nonlocal terms appear
naturally:

¢ In the context of reaction-diffusion systems, it is also frequent to find terms of this kind;
the particular case

BUpy( 1)), (q,2(- 1))

where (s, r) is a positive continuous function and ! and m are continuous linear forms
on L?(Q), has been investigated for instance by Chang and Chipot [3]. We refer to this
paper for more details.

* Let us also mention that, in the context of hyperbolic systems, terms of the form

B (/Q |Vy(x.t) | dx, /Q (Vz(x.t) |30 dx)

appear in the Kirchhoff equation, which arises in nonlinear vibration theory; see for
instance [22].

The control of PDEs equations and systems has been the subject of a lot of papers the
last years. In particular, important progress has been made recently in the controllability
analysis of semi-linear parabolic equations. We refer to the works [5,6,8,9,12-14,24,25] and
the references therein. Consequently, it is natural to try to extend the known results to systems
of the kind (1.1) and (1.2).

Note that if B; and B, are constants, we get, as a particular case, the results of [11]
and when By = B1( [qy dx, [,z dx) and B2 = B2 ([ Y dx, [z dx), we have the parabolic-
parabolic system of [5].

Moreover, with the techniques of [5] based on Lemma 3.2 from the same article, it is not
possible to solve the parabolic-parabolic system with

51‘:;5]‘(/dex,/QZdX,/QVydx,/QVzdx>, j=12.

Thus, we have a real improvement over the parabolic-elliptic works of [11] and the work [5]
(even though the latter is a parabolic-parabolic system).
The main results are the following.

Theorem 1.2. Under the previous assumptions on F, f, B, j = 1,2, if we assume that D1£(0,0) # 0,
then the nonlinear system (1.1) is locally null-controllable at any time T > 0. In other words, there
exists € > 0 such that, whenever yo € HY(Q) and

1vollgyq) < e
there exists controls v € L2(O x (0,T)) and associated states (y, z) satisfying (1.3).

Theorem 1.3. Under the previous assumptions on F, f, Bi.j=12, if we assume that D,F(0,0) # 0,
then the nonlinear system (1.2) is locally null-controllable at any time T > 0, i.e there exists € > 0
such that, whenever yo € HL(Q) and

1yollgya) <e

there exists controls w € L2(O x (0, T)) and associated states (y, z) satisfying (1.3).
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The main difficulties found in the proof are that: (a) nonlinear terms appear in the main
part ofthe partial derivative operators: (b) only one scalar control is used in the system (or
in the parabolic equation or in the elliptic one). We will employ a technique relying on the
so called Liusternik’s Inverse Mapping Theorem in Hilbert spaces, see [1]. The arguments are
inspired by the works of Fursikov and Imanuvilov [13] and Imanuvilov and Yamamoto [16]
and rely on some estimates already used by these authors for other similar problems.

More precisely, in a first step, we will first consider similar linearized systems at zero

yi — B1(0,0,0,0)Ay +ay + bz =vlp+h in Q,
—B2(0,0,0,0)Az 4 cy +dz = k in Q, 14
y=0,z=0 on %,
y(x,0) = yo(x) in O
and
yr — B1(0,0,0,0)Ay + ay + bz = h in Q,
—B2(0,0,0,0)Az +cy +dz=wlp+k in Q,
(1.5)
y=0,z=0 on X,
y(x,0) = yo(x) in (),

where the coefficients a,b,c,d are obtained from the partial derivatives of F and f at (0,0)
and, in particular, ¢ # 0 in (1.4) and b # 0 in (1.5). The adjoint of (1.4) and (1.5) is given by

— @ — ﬁﬂ0,0,ﬁ,ﬁ)A(p +ap+cp =G in Q,

—B2(0,0,0,0)Ap 4 b + dip = Go in Q, 16)
p=09=0 on %, '
¢(x,T) = or(x) in Q.

Following well known ideas, the null controllability of (1.4) and (1.5) (for appropriate h
and k) will obtained below as a consequence of suitable Carleman estimates for the solutions
to (1.6). Then, in a second step, we will rewrite the null controllability property of (1.1) and
(1.2) as an equation for (y, z) in a well chosen space of “admissible” state-control triplets:

H(y,z,v) =(0,0,0), (y,zv)€Y; (resp. H(y,z,w) = (0,0,10))

see the precise definitions of Y and H at the beginning of Section 3. In fact, the choice of Y is
nontrivial, motivates some preliminary estimates of the null controls ans associated solutions
to (1.4) and (1.5) and deserves some additional work. We will apply Liusternik’s Theorem to
(1.6) and we deduce the (local) desired result from a similar (global) property for the linear
system (1.4) and (1.5).

This paper is organized as follows. In Section 2, we prove some technical results and we
establish the null controllability of (1.4) and (1.5). Section 3 deals with the proofs of Theorems
1.2 and 1.3. Finally, some additional comments and questions are presented in Section 4.
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2 Carleman estimates and the null controllability of (1.4) and (1.5)
We will first consider the general linear backwards in time system

—@1 — B1(0,0,0,0)Ap +ap+cy =0 in Q,

—B2(0,0,0,0)A9 + by +dip = 0 in Q, 21)
p=0,9v=0 on %, '
p(x,T) = ¢r(x) in O

where @7 € L?(Q)) and we assume that |d| < copu;.

We will need some (well known) results from Fursikov and Immanuvilov [13]; see also
[10]. Also, it will be convenient to introduce a new non-empty open set Oy, with Oy € O. We
will need the following fundamental result, due to Fursikov and Imanuvilov [13]:

Lemma 2.1. There exists a function ag € C>(Q) satisfying:

ap(x) >0 VxeQ, ap(x)=0 VxeoQ,
|Vao(x)] >0 VxeQ\ .

Let us introduce the functions

RA _ LAwp(x)
a(x ) =

B(t):=HT —t), ¢(xt):= B(t)

where R > ||ag||r~ + In(4) and A > 0.
Also, let us set
w(t) := mina(x,t), o (t) := maxa(x,t),

xeQ) xeQ)
¢(t) :==ming(x,t),  ¢*(t) := maxa(x, ).
xeQ) xeQ)

Then the following Carleman estimates hold.

Proposition 2.2. Assume that |d| < copq holds. There exist positive constants Ay, so and Co such
that, for any s > so and A > Ag and any @7 € L*(QY), the associated solution to (2.1) satisfies

L (607 (e +180P) +22(60) Vol +1*(s9) o] v

(2.2)
<C // o250 2+// o254 (54)3 2) dxdt
o(JLe vl [[ e ool
and
Je 7 [0 IAp + 22(50) [V P+ A4 (59)° ] e
(2.3)
<C // —2sa| |2 // ~250 )4 ()3 2) dxdt.
<co(flextole [ e E A o) dr
Furthermore, Co and Ay only depend on Q) and O and sg can be chosen of the form
so = oo(T + T?), (2.4)

where oy only depends on Q), O, |a|, |b|, |c| and |d|.
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This result is proved in [13]. In fact, similar Carleman inequalities are established there for
more general linear parabolic equations. The explicit dependence in time of the constants is
not given in [13]. We refer to [10], where the above formula for s is obtained.

For further purpose, we introduce the following notation:

12:9) = [[ e [(s9)™ 11+ 189 +22(59) Vgl +*(5)l "] ixt

and

Is,29) = [[ e [(s9) M |ApP+A2(59) [VP+A* (5)° ] it
Q
21 Some Carleman inequalities for the solutions to (1.6)

Now, from Proposition 2.2 it is deduced a Carleman estimate for the solutions to (1.6) under
particular hypotheses on the coefficients.

Proposition 2.3. Let us assume that G1, Gy € L2(Q) and the coefficients in (1.6) satisfy
a,bc,d € R, c¢#0, |d| <coms.

There exist positive constants Ay, so and Cy such that, for any s > sgand A > Ag and any ¢t € L2(Q),
the associated solution to (1.4) satisfies

I(s,A;9) + I(s, A;9) < Cy ( //Q e [AY(5¢)°|Gi[2 + |Gof?] dxdt)

& (2.5)
+ Cl <//OX(O’T) e—4sa+25a*A8(s(‘b*)7|(P|2dxdt> ‘
Furthermore, Cy and Ag only depend on (3 and O and sq can be chosen of the form
s1=01(T+T?), (2.6)

where oy only depends on O, O, B;(0,0,0,0), |al, |b], |c| and |d|.

Proof. 1t will be sufficient to show that there exist Ag, sp and C; such that, for any small € > 0,
any s > sp and A > A, one has:

I(s,A; ) + I(s,A;9) < Cel(s, A; ) + Cel(s, A ) + ¢ceS(s,A; Gy, Ga, @), (2.7)

where S(s, A; G1, Gy, @) is the right-hand side in (2.5).
We start from (2.2) and (2.3) for ¢ and for ¢ separately. After addition, by taking oy
sufficiently large and s > o1 (T + T?) and A > A, we easily obtain:

I(s, A5 9) + I(s, A ) gc(//QeZS“ [X4(5¢)°(G1 + Gol?] dxdt>
—2s00 44 3 2 2
O ([ N0 (g + 92
<cC ( //Q e [AY(59)°|Gi[2 + |Gof?] dxdt) 2.8)
—4sa+2sa* 4 8 *\7| 12
+C <//(90X(O,T)e TN (s9*) | @] dxdt)

—2s0 44 3 2
+C <//OOX(O,T)e A4(s¢)?| ) dxdt)
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Let us now introduce a function ¢ € D(O) satisfying 0 < ¢ <1and ¢ =1 in Op. Then

*2506)\4 3 Zd dt
Woeiom X0 1P
< [ e (sg) eyl
Ox(0,T)

- //Ox(o,T) Y (_i(q’f +Ag+a(x,t)p - GQ) dxdt
- //OX(O,T) _23“A4(s¢)35( %) gy dx

- //m(o,n _25“A4(s4>)3‘:( %)y Ag dudt

~Mowon e 20359 S a1y g

—2506/\4 BC(x) G d dt
+ //mmﬁ (s)==2 Gy
=: My + My + M3 + M.

(2.9)

Let us compute and estimate the M,;. First,
25026 (%)
2sx )\4 4 dxdt
= Jouan T NP
—2504 €<x) 4.3
——=A dxdt 2.10
*//Mo,n NP dx (2.10)
+// ’ZS“‘:( )A4(s¢) Prg dxdt.
Ox(0,T)
Using that |a;| < C¢? and |¢;| < C¢? for some C > 0, we get:
Moc [ ety gl dxdrt [[ e (sg) g gl dudt
Ve [ el dxdt [ e sy ol

< el(s,\00) + C // =250 ) 46507 | 012 dxdt '
el(s, ;) + Ce .O><(O,T)e s7¢" || dx (2.11)

—2s00 44 3
* //OX(O,T) € A (S(P) |’~Pt‘ |(P| dxdt.

The last integral in this inequality can be bounded as follows:

IL. o & SN 9Pl gl dxat
< Jloromy© A0 il g d
= [ e ON st O Doy 0 ) o
<c| Te—m<f>A4<s¢*<t>>3||qof<-,t>|| o Dllz(o) d
= [ 50 ) Ao )] A 59 gl ) o

<el(s,A; ) + Ce // e 2028 (5p%)7| | 2dxdt.
0x(0,T)

(2.12)
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Thus, the following is found:

My < el(s, A; 9) + el (s, A; ) + Ce //O BN (50 | 2dxdt. (2.13)
x(0,T)

Secondly, we see that

=— //O o) A (ezsp‘)x4(s¢)3§(:)1,b) @ dxdt
< c//ox o250 A6(s4>) 9| + A3 (s9)| V| + A (sp)® ympy} @ dxdt (2.14)

< el(s,A;9) + C // e 2%\ (s¢)7 | @|*dxdt.
Ox(0,T)

Here, we have used the identity

A <€_ZS“¢3€(:)¢> =A ( ‘25“<p3€( )> ¥ +2V ( —25"‘4;35(:)) Vi +e—25"‘<p3§(Cx)A¢

and the estimates

‘A ( ’25”‘4)36 ) ‘ < Ce ®*)\%s%¢° and )V < ’25"‘4936 ) ‘ < Ce B Aspt.

Finally, it is immediate that
M3 < el(s,A; ) + Ce // e 2\ (s¢)3 | @|*dxdt, (2.15)
Ox(0,T)

and
My < €l(s,A; ) + Ce // 2024 (5613 Gy [2dxdt. (2.16)
0

From (2.8), (2.9) and (2.13)—(2.16), we directly obtain (2.7) for all small ¢ > 0. This ends the
proof. O
Now, we will assume that b is a non-zero constant:

beR, b#0,|d <cop. (2.17)

Proposition 2.4. Assume that (2.17) holds. There exist positive constants Ay, s and Cy such that, for
any s > sy and A > Ay and any @7 € L2(Q)), the associated solution to (1.6) satisfies

I(s,A; @) + I(s, A ) < Cy (//Q e 2u [A4(s¢)3|G1|2 + |G2|2] dxdt>

—2s00 98 71412
+ G (//OX(O,T)e A°(sp) |y] dxdt).

Furthermore, Co and A, only depend on Q) and O and s, can be chosen of the form

(2.18)

Sy = 0’2(T + Tz)/

where oy only depends on Q, O, B;(0,0,0,0), |al, |b], |c| and |d|.
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Proof. We start again from (2.8). Recalling that { € D(0), 0 < ¢ <1and ¢ =1 in O, we see
that

—2504/\4 3 Zd dt
//OOX(O,T)e (s¢)°|p|?dx

—2s0 4 4 3 2
< o€ A s el Pt
—2ZSK 1
_ //(’)x(o,T)e #AN(s59) 8 (x) g (-b(A¢+d(x,t)¢—G2)> dxdt

- _//O 071 6_25“2\4(54))3@(;)4&1/] dxdt (2.19)

— —2s0 4 4 3@
//m(o,T)e A (s) 5 d(x, t)ey dxdt
3

' - (x)
+ﬂ 25“)L4 Go dxdt
oxon© (5¢)°>,= ¢ Gadx
= M} + M} + M;,

As in the proof of Proposition 2.3, it is not difficult to compute and estimate the M!.
Indeed,

M':—// A(—ZsaA4 38(x) ) dxdt
1 Ox(0T) e (s¢) p 9 ) pax

<c [ e AS(sp)lol+ A (s9) Vol + A (sp)° Agl] Il dxdt  (220)

0x(0,T)
<el(s,A; 9) +C, // e 2% \8(s¢)” || *dudt.
0x(0,T)
On the other hand,
Mj < el(s, A; ) + Ce //O ( )e’zs“)\4(s¢)3|tp|2dxdt. (2.21)
x(0,T

and
M} < el(s, A; ¢) + Ce // e~ 2 \4 ()3 | Gy [2dxdt. (2.22)
Q

From (2.8), (2.19) and (2.20)-(2.22), we find that

I(s,A; ) + I(s, A ) < Cel(s, A @) + C// ( )e’zs“/\4(s¢)3|lp|2dxdt,
Ox(0,T

for all small ¢ > 0. O
We will also need some Carleman inequalities for the solutions to (1.4) and (1.5) with
weights not vanishing at zero. To this end, let m be a function satisfying
T2
m e C*([0,T]), m(t) > 3 in [0,T/2], m(t) =t(T—t) in[T/2,T],
let us set A > 0, R > ||lagl[~ + In(4) and

eMuo(x) A(x)
ey A gy

O(x,t) := with A(x) = e — eM0¥)  and,
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o~

A :=min A(x), A* := max A(x),
x€Q) xeQ)
0(t) :=minf(x,t),  60°(t) :== max6(x,t),
xeQ) xeQ)

and let us introduce the notation
T(s,7; @) = //Qe—ZSA[(se)—l(|¢t|2+ [AQ2) + A%(50)| Vg + A%(s6)° g | et

and

(s, A ) = // e[ (s0) 71| Ap|? + A2(s0) [V p[2+A% (56)° p 2| d.
Q
One has the following.

Proposition 2.5. Let the assumptions of Proposition 2.3 be satisfied. There exist positive constants A,
s3 such that, for any s > s3 and A > A3, there exists C3(s, A) with the following property: for and any
@1 € L2(Q) and any 7 € L?(Q), the associated solution to (1.4) satisfies

T(s,A;9) +T(s,A; ) < Ca(s,A) <//Q e B4 [0%1G1* + |G| dxdt>

. (2.23)
+ C3(S,)\) <//(,)X(O . e(—4sA+25A*)/m(0*)7’€D|2dxdt> ]

Furthermore, s3 and A3 only depend on Q, O, B;(0,0,0,0), |a|, |b|, |c| and |d| and Cs(s, \) only
depend on these data, s and A.

Proof. We can decompose all the integrals in T'(s, A; ¢) and I'(s, A; ) in the form:

U= Dorim™ Losirrany
Q Qx(0,T/2) Qx(T/2,T)

_Let us gather together all the integrals in Q x (0, T/2) (resp., Q x (T/2,T)) inI'1 (s, A; ¢) and
I'1(s,A; ) (resp., Ia(s, A; @) and TI'a(s, A; ). Then,

I(s,A;9) =T1(s,A;9) +Ta(s, A @)
f(s, A o) = Iy (s,A;9) + fz(s, A @).

Let us start again from the Carleman inequality in Proposition 2.3, with s > sp and A > Aj.
We obviously have

Ia(s, A @) —I—fz(s,/\; 9) <G // e 25 [/\4(54))3]G1|2 + ]Gzlz} dxdt
Q

o (2.24)
—|—C1 // ef4szx+25ac )\8(547*)7‘([)’2 dxdt
Ox(0,T)

Now, let us come back to the energy estimate for ¢ and ¢. We have the following for all
te (0,T/2):

1d 38 0.0
— 539112+ B1(0,0,0,0) [ Vgl + £2(0,0,0,0) |V

< C(llol + 19l + 1G1l1* + 1G2]1?).-

(2.25)
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Knowing that [|y(-, t) Hé&(ﬂ) < M([lg(-, 1) H%z(g) + HGZH%Z(Q)), we obtain from (2.25),

1d 2 2 53 2 it 2
- =—— -M 0,0,0,0 0,0,0,0
511912 = Milg|> + £1(0,0,3,0) | Vgl + £2(0,0,5, )| Vg 226
< C(llgl*> + 1G> + [ G2l?)-
From (2.26), it is easy to deduce that
I (loP+IVeP) dxat
Qx(0,T/2) (2.27)

< c// Ik dxdt+C// (1G] + |Ga|?) dxt.
Qx(T/43T/4) Qx(0,3T/4)

Using only the first equation of the adjoint-state (1.6), a second-order energy estimate can
also be deduced for ¢:

L4 g 4 0000

2 2 2 2.28
2 dt [a@ll* < C(ll¢lI* + 1G1l?), (2.28)

for all t € (0, T/2). This leads to the following:

// Ag[? dxdt < c// IV g|? dxdt + c// Gu[? dxdt.  (2.29)
Qx(0,T/2) Qx(T/43T/4) Qx(03T/4)
Finally, from the PDEs in (1.6), the inequalities (2.27) and (2.29) yield:
| 2 dxdt
//QX(O,T/Z) uf” dx

<c/f (IpP + V) dxdt +C [ 1GI[? dx.
Qx(T/4,3T/4) Qx(0,3T/4)

From (2.27)~(2.30) and knowing that [[Ay(.,t)[[7: ) < Cll@(, )2 q) + 1G22 (), we
deduce that

(2.30)

I'; (S, A; q)) + f1 (S, A; ¢)

<c// 2L 1A + Vol + o) dxdt c// Gol? dxdt
<c [l ool 4807+ 1Vor 4o asarc [ jGaP a5
<c// 2 4 1Vol?) dudt c// G2 + |Go?) dxdt,
o Qx(T/4,3T/4)(|(P| Vol") dxdt + Qx(o,3T/4)(| 1P +1Gf) dx
whence
T'i(s, A ) + fl(s, A )
< C(s,\) | I(s, 7 ) + (s, A; // G2 szdt]
<) |6 ip)+Tean) + [ (G + (G d 23
< C(s,) // ~45AT2A (947 | 2 4 dt+// G2+ |Ga? ddt)
<o) (], e HE O R dsaet [ (G (G dr
Combining (2.24) with these inequalities, we obtain at once (2.23). O

We also have the following estimate for the solutions of (1.5).
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Proposition 2.6. Let the assumptions of Proposition 2.4 be satisfied. There exist positive constants Ay,
Sa such that, for any s > sq and A > Ay, there exists Cy(s, A) with the following property: for and any
o1 € L*(Q)) and any Y1 € L?(Q), the associated solution to (1.5) satisfies

T(s,7; @) + (s, A; ) < Ca(s, A) (//QeZSA [6%]G1 2 + | Ga?] dxdt>

+ Cu(s, M) (//(')x(o " e_25A97|¢|2dxdt> :

Furthermore, s4 and A4 only depend on Q, O, B;(0,0,0,0), |a|, |b|, |c| and |d| and Cy(s, \) only
depend on these data, s and A.

(2.33)

Proof. As in the proof of Proposition 2.5, we decompose all the integrals in I'(s, A; ¢) and

><( ’ / ) X( / 7 )

I'(s,A;9) =T1(s,A;9) + (s, A @)

T(s,A;9) =T1(s,A;9) +Ta(s, A; ).

where

From the Carleman inequality in Proposition 2.4, with s > s, and A > A,, we have

La(s,2i9) +Ta(s,2i9) < Cu [[ &7 [A(59)°(Ga? + |Gal?] dl
Q

o (2.34)
T C1 // ef4soc+2soc A8<S(])*)7’q}‘2 dxdt.
Ox(0,T)
Using the same ideas from Proposition 2.5, we easily deduce that
I (gl + VgP?) dudt
Qx(0,T/2) (2.35)
gc// Pl dxdt+C// (1G1? + |Gal?) dudt
Qx(T/4,3T/4) Ox(0,3T/4)
and
/ / |Ag|? dxdt
Qx(0,T/2) (2.36)
< c// IV o|? dxdt + c// G |? duxdt.
Qx(T/43T/4) Qx(0,3T/4)
From the PDEs in (1.6), the inequalities (2.35) and (2.36) yield:
/ / | |* dxdt
Qx(0,T/2) (2.37)

<c/f (1o + [V oP) dxdt +C [ G2 dudt.
Qx(T/4,3T/4) Qx(0,3T/4)
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Then, from Proposition 2.4 and (2.35)—(2.37), we have

Ti(s,A; ) +Ta(s, A )
<<l S |VeP) dxdt C// G1[? +|Ga?) dxdt
—  Jax T/43T/4(’q0| +Vel") dxdt + (03T/0) (IG1]* + |G2[*) dx

2.38
SC(S,A)[@MD)HSW [ (GE+IGP )dxdt} (2.38)
(0,3T/4)
C(s, M) (// AT axar+ [ (|G (Gl )dxdt).
Ox(0,T) (0,3T/4)
Combining (2.34) with the inequality (2.38), we obtain (2.33). O

In the sequel, when A = A3 and s = s3, we set

0= esA, 00 := 9—3/ZesA,
pi= e(sA)/26(252—5A*)/2m9—3/4(9*)—7/4’ 0, = e(zsﬁ—sA*)/m(Q*)q/;

Then, we deduce from (2.23) that the solution to (1.4) satisfies:

T(s,A;9) +T(s,A;¢p) <K (// e BA[0%1G1* + |Go|?] dxdt + // ( )p*2|(p\2dxdt> . (2.39)
Q Ox(0,T

For the case where A = A4 and s = s4, we set

—-3/2 sA —5/2 sA —7/2 sA
= §73/254 0—5/2¢54, = 977/2e54,

p:=e, 0o : 0= O :

whence we obtain from (2.33) that the solution to (1.5) satisfies:
I(s,A;¢) +T(s,A; ) <K (// e BA[0%1G1 > + |Go|?] dxdt + //0 ( )p*2]¢?!2dxdt> . (2.40)
Q x(0,T

2.2 The null controllability of the linearized systems (1.4) and (1.5)

As a consequence of Proposition 2.5, we obtain the null controllability of (1.4) for “small”
right-hand sides / and k:

Proposition 2.7. Assume that ¢ # 0 and the functions h and k satisfy
//Q 0203 (| + |K[2) dxdt < +oo.

Then (1.4) is null-controllable at any time T > 0. More precisely, for any yo € L*(Q)) and any T > 0,
there exist controls v € L?(O x (0, T)) and associated states (y,z) satisfying

// pi\v\z dxdt < 400, // (p%\y\z +p2\z|2) dxdt < +oo, (2.41)
Ox(0,T) Q

whence, in particular,

y(x,T)=0 inQ, limsup ||z(-,t)|| = 0. (2.42)
t—=T-
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Proof. Here we will use well known ideas from the work by Fursikov and Imanuvilov [13].

For each n > 1, let us introduce the functions

L A(T_t) i O(T_t) . sAu o —-3/2
S =y Y =y e v

and

(2sA—sA*)/m (9*)—7/2 1, mO B
n, inQ-—0

Qs = Px My =€ -my,, where m, = {

and the functional J, : L2(Q) x L?(Q) x L>(O x (0,T)) — R, with

1
B2 0) = 5 [ [8alyl+ 2P + o) it
Let us consider the following extremal problem:

Minimize J,(y, z,v),
Subject to v € L2(O x (0,T)), (y,z,v) satisfies (1.4).

This problem has a unique solution (v, z,, v,). Furthermore, in view of Lagrange’s Princi-

ple, there exists (pu, gn) such that (y,,z,), (pn, gn) and v, satisfy:

Ynr — B1(0,0, 0, 6)Ayn +ay, +bz, =v,lp+h  in Q,

—B2(0,0,0,0)Az, + cyy +dz, = k in Q, 043)
yn:O/ZHIO on 2, ’
Yn(x,0) = yo(x) in Q,
—pnt — B1(0,0,0,0)Ap, + apn + cqn = —p5,yn  in Q,
—B2(0,0,0,0)Aq, + bpn + dgu = —ppzn in Q, (2.44)
pn=0,4,=0 on %, '
pu(x,T) =0 in Q,
pn=—p30n inOx(0,T). (2.45)
Multiplying the PDEs in (2.45) by vy, and z,, and integrating in Q, we get:
0= // [—Pn,t — B1(0,0, 6, 6)Apn +ap, + cqn + p%,n]/n} Yy dxdt
¢ S (2.46)
+ [ [=B2(0.0,8,8)80, + bps -+ dgy -+ iz 2 dl.
Integrating by parts, we see that
I @Balyil + gilzul?) dxa
— // [yn,t — B1(0,0, 0, 6)Ayn + ay, + bzn] pn dxdt
© (2.47)

+ //Q [—ﬁz(O, 0,0, 5)Azn +cyn + dzn} Gn dxdt

+/Qpn(x,0)yo(x) dx.
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From (2.47), taking into account (2.45) and the two PDEs from (2.43), and recalling the
definition of J,, we find that

1 1
Jn(Yn, Zn, 0n) = 5 /Q(pnh + quk) dxdt + 5 /Q pn(x,0)yo(x) dx.

Consequently,

1/2
Iy 90) < [[lpa O+ [ 07261+ g ) e

1 (2.48)
ol -+ ] o073 + k) ]

Let us now apply the Carleman inequality (2.23) to the solution (py,gq.) to (2.44). The
following holds:

S 070 Upal + laaP?) dt
< Cols ) (], [oo%balonl 4 20k ] dxdroe [ e A Y, 2 )

< Co(s, ) [08 ulynl® + 05|20 ?] dxdt + o 20t on]? dxdt
Q ox(0,T

< Cols,A) ] [g8alynl + 3lzal? 07 ou?) s
< C]n(ynzzn/ Un)/ (2.49)

where we have used that p,, < p, po,n < Cpo and s, = 0« - 1, = 07720 - m,,.

We also have
||Pn('/0)||2 < C]n(ynzzn/ vn)- (2.50)

Indeed, let us multiply only the first PDE in (2.44) by p, and the second one by g, and let
us integrate in (). Therefore, following holds:

gl < [ (b3 + otz dxt 5 [ () dx Cllpal + )
AS 19Dl ) < CUPaC, DI + [1932u(-, D), then

g bl < MilpalP+ M [ (oh,% + pt23) d

and consequently,

d 2hﬂ 2Mt 4 2 4.2
5 (pl?) < 2 [ (0,02 + pia?) dx.

Integrating the last inequality from 0 to ¢, with ¢ € [0,3T /4], we obtain

3T/4
I OV < 1) P 2MeMT2 [0 f (ot i) dst. @51
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From (2.51), we get that

IpaC 0P = e [ a0

3T/4
<c ([ it axs [ /pOHyn+pn 2) i

0
<c// Ayl + 0208 |2 ddt+C// 2|0, [? dxdt
00200 u|ynl* + o205 |zu|*| dx p!v\ X 252)

3T/4
+C /0 (00nYa + pizy) dxt
< C [ [alynl® + 2zl + 02 onf?] dt
< CJn(Yn, 20, 0n)-
Then, from (2.49)—(2.50)

IpaCoO)IP+ [ 0726 (Upal? + ga ) dxtt < Clulyn 2 00). 259)

From (2.48) and (2.53), we see that

I (Vs 2y 0u) < C [nyouz o [ R + KR x|

Therefore, we get the estimates

2 ynl? + 02 |zu[?) duxdt // 2 loal? dxdt < C,
S, @alynl + palenl?) dxatt [ g2, o et <

whence we can extract suitable subsequences (again indexed by n) satisfying

00.Yn — €1 and p,z, — G2 in LZ(Q),

2.54
Qs nUn — X In LZ(Q). ( )

From the definitions of p,, po,» and p.,, and (2.54), we have
¢1=poy, G2=pz and x =p,vlo.
Taking limits in the linear system (2.43), we deduce that

//Q (3ly[? + p2|z2) dxdtgliminf//Q (02 lynl? + 2l2al?) dxdt < C

(2.55)
// 02|v|* dxdt < liminf// 02 |on|* dxdt < C.
0x(0,T) ox(0,T) '

Similarly, we obtain the null controllability of (1.5), as a consequence of Proposition 2.6.

Proposition 2.8. Assume that b # 0 and the functions h and k satisfy

//Q 02073 (|1 + |K[2) dxdt < +oo.
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Then (1.5) is null-controllable at any time T > 0. More precisely, for any yo € L*(Q)) and any T > 0,
there exist controls w € L?(O x (0, T)) and associated states (y,z) satisfying

20,012 20012 1 2152
2\0[2 dxdt < oo, // + 0%|2]2) dxdt < 4o, 256
J/— (OlyP + o) (2.56)
whence, in particular,
y(x,T)=0 in Q, limsup]|z(-,t)|| =0. (2.57)
t—=T-
Proof. Analogous to Proposition 2.7. [

2.3 Some additional estimates

The state found in Proposition 2.7 satisfies some additional properties, that will be needed
below, in Section 4. They have been first deduced in [15] and [16] in similar contexts. For
clarity and completeness, their proofs will be recalled here.

Let us be more precise.

Proposition 2.9. Let the hypotheses in Proposition 2.7 be satisfied and let v and (y,z) satisfy (1.4)
and (2.41). Then one has

// (IVyl? + |Vz[?) dudt
<c//22 2122 duxdt c// 2102 dxdt ,
< Q(ﬁoly\ + 0%|z|%) dxdt + oxon’ 0] dx (2.58)

+Cllyolli +€ ] b (1 + 1K) dxa

Proof. Let us multiply the first PDE in (1.4) by p?y and the second one pz and let us integrate
in (). We obtain:

/ 0 (y: — B1(0,0,0,0)Ay)y dx = — /052(61]/ +bz —vlp —h)y dx,
/ 0,0,0)Az)z dx = — /Qﬁz(cy +dz —k)z dx.
Notice that
[ Play+ b2y + (cy+d)z] ax| <€ [ 7 (wP+1P),

~2 _ -7 2 _
/Qp yry dx Zdt P*ly|* dx C/ ppily|* dx,

1 1
~2 < = 21,12 L 21,12
/Qp vloydx_zfopo!yl dHZ/Op*!vI dx,

52 (51(0, 0,3, 6)|Vy|2 +B2(0,0, 6,6)|v,z|2) dx (2.59)
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and

/Qﬁz(herkz ) dx < f/ 2)(lyP + 2 dx + = /po (| + |K[?) dx.

Therefore, from (2.47), the following is deduced:

2 G 2 Gt 2
S5 L v [ (810,080 Tyl + $2(0,0,0,) 92 dx
<c [ [ +plpl+ 1) r+ﬁ4p52}<\y12+ 2) dx (2.60)
1 21,12 1 20,12 1/ 201112 2
5 [LedvP dx+ 5 [ g2oP dx+ 5 [ gB(nP+ k) ax
From the definition of the weights p, pp and p, it is immediate that the function into

brackets in the first integral in the right-hand side is bounded by Cp3. As a consequence, one
has

s [ FP axt [ 32(51(0.0,0,0) 9y + B2(0,0,6,0)[V2?) dx

(2.61)
< 2 1 2012 7/ 201112 2
< C [ (@Rl +e21el?) du+ 5 [ g2lof? dx 3 [ oR(P + [kP) dx

Integrating the last estimate in time, we get the desired result. O

Proposition 2.10. Let the hypotheses in Proposition 2.7 be satisfied and let v and (y,z) be the control
and the associated state furnished by this result and let us assume that

Yo € Hy(Q). (2.62)

Then one has,

S £l 8y 8zP) ddt 4 sup [ (Vg2 dx
tefo,T] VO

< C// (03ly|> + 0%|2]?) dxdt+C// p*|v|2 dxdt (2.63)

+c|lyo||H3(Q)+c//Qp0 (I[? + |k ) dxdt.

Proof. Let us multiply only the first PDE in (1.4) by p?y; and let us integrate in Q). The
following holds:

1 2 2 =% 2
Z/QP*’yt| +2dt/ p2p1(0,0,0,0)|Vy|* dx
<C [ 1(e2lIVyP dx+C [ g2lyP dx (2.64

c/i 2 4 c/ 212 dx.
+ Op!vl X+ Qpll x

From the definition of the weight p., it is clear that p. < cp < Cpg < Cp and it is easy to
check that the function into parentheses in the first integral in the right-hand side is bounded



Local null controllability for a parabolic-elliptic system 19

by Cp?. Consequently, one has

1 2 2 G 2
5/ pxlyl*d +§5/ 02B1(0,0,0,0)|Vy|? dx
<c [ PIVyPdr+cC / (3lyl? + p2[217) dx (2.65)

+c/ 2152 4 +c/ (B2 + [k]2) dx.
[ 2ol dx-+C [ gh(hP -+ KP) dx

Integrating in time and recalling (2.62) and (2.58), we get the desired estimate for |y;|?.

In order to prove the same estimate for |Ay|? and |Az|?, let us multiply the first PDE in
(1.4) by —p2Ay and the second one by —p2Az. After integration in (), we have,

! : 0,0 2 0,0 2 1d/ 2 2
Z/Qf)*(ﬁl(o,o,o,o)lAm +$2(0,0,0,0)|Az]?) dx + - pry, dx
1
<3 [V avc [ fyl +12P) dx .66

+C [ 2ol dx+C [ p2(IhP+ k) dx.
O O

From the definitions of p and p, it is clear that the function between parentheses in the
first integral in the right-hand side is bounded by Cp?. Consequently,

1 . . 1d
> [ 2 (B1(0,0,5,0) AyP + B2(0,0,0,0)|zP) dx + 5 [ gZIyP d
< c/ (IVy? + |Vz| )dx+C/ P2 (Jy2 + |z?) dx (2.67)

+c/ 2152 d +c/ 2(1h)? + |K[2) dx.
[ Elo dxC [ 2P + k) dx

Integrating in time and recalling again (2.62) and (2.58) , we get the desired estimates for
|Ay|? and |Az|?. O

We also have additional estimates for the state found in Proposition 2.8. Their proofs are
similar to those of Propositions 2.9 and 2.10.

Proposition 2.11. Let the hypotheses in Proposition 2.8 be satisfied and let w and (y, z) satisfy (1.5)
and (2.56). Then one has

// (VY + |Vz]?) dxdt
<c//22 2122 daxdt c// 2\ w|? dxdt ,
< Q(po!yl + 0%[z|%) dxdt + oxon” |wl* dx (2.68)

+Cllyol| 20y +C//Qp§ (Jh2 + KP) dxdt

Proposition 2.12. Let the hypotheses in Proposition 2.8 be satisfied and let w and (y, z) be the control
and the associated state furnished by this result and let us assume that

Yo € Hy(Q). (2.69)
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Then one has,

// 0% (lye* + |Ay|* + |Az|?) dxdt + sup | p2|Vy|* dx
tefo,T] VO

< C// (RlyI? + 2|21 dxdt+C// p*]w|2dxdt (2.70)

+Cllyollyiey +C [ o (1 + Ik ) dxi.

3 The null controllability of the nonlinear systems (1.1) and (1.2)

In this Section, we present the proofs of the main results in this paper, namely Theorems 1.2
and 1.3.

3.1 Proof of Theorem 1.2

Let Y, G and Z be the functions spaces:

= {20 0elOx 1), [[  plofdxdt < +eo
{(y Z,0): v (Ox(0,T)) OX(O,T)p o] dx o
y/ z, aiyr aizr yt - ,81(0/0,6, G)Ay, 52(0/0/6/ 6)AZ c LZ(Q)/
// (03ly|> + 0%|z|?) dxdt < +oo,
// 03| |ly: — B1(0,0,0,0)Ay — v1p|? + |B2(0, G,G)Azﬂ dxdt < +oo,

y(-,0) € Ham)},
G= {g € L*(Q) \ //Qp%lgl2 dxdt < +0°}

Z =G x G x H}(Q)

and

We introduce the Hilbertian norms:

2|2 = 2112 1 21212) dodt // 21012 dxdt
w20 = [ @Blyl? + 2P dudt + [ ool dx
+//ng[|yt—ﬁl(o,o,ﬁ,ﬁ)Ay—m@FJr|ﬁ2(o,o,6,6)Az|2} dxdt

+ 1y Ol )

I1gllz = |/ pblgl* dxdt
Q

1(81, 82, 20117 = lI1llE + l182lIE + lz1 15 )

and

Let us consider the mapping H : Y — Z with

H(y,z,v) = (H1, Ha, H3)(y,z,0),
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Hy(y,2,0) = s — 'd,/ d,/Vd,/Vd)A F(y,2) —vlp, (31
1(y,2,0) =y 51</nyﬂzx0 ydx, | Vzdx)Ay+F(yz)—vlo, (1)

Hy(y,z,v) = —B2 </Qy dx,/Qz dx,/Q Vy dx,/Q Vz dx) Az+ f(y,z), (3.2)
Hs(y,z,0) = y(-,0). (3-3)

We will prove that there exist € > 0 such that, if (1, k,y0) € Z and ||(l,k,y0)||z < €, then
the equation

H(y,z,v) = (hkyo), (y,zv)€Y

possesses at least one solution.

In particular, this shows that (1.1) is locally null controllable and, furthermore, the state-
control triplets can be chosen in Y.

We will apply the following version of Liusternik’s Inverse Mapping Theorem in infinite di-
mensional spaces, that can be found for instance in [1]. In the following statement, B,(0) and
Be(&o) are the open balls respectively of radius r and e.

Theorem 3.1. Let Y and Z be Banach spaces and let H : B,(0) C Y — Z be a C! mapping. Let us
assume that the derivative H'(0) : Y — Z is onto and let us set {o = H(0). Then there exist a € > 0,
a mapping W : B¢(Go) C Z — Y and a constant K > 0 satisfying:

{W(z) € B,(0) and H(W(z)) = z, Vz € Be(&),
[W(z)lly <Kl[lz—H(0)[|z, Vz € Be(o)-

Notice that in this theorem, W is the inverse-to-the-right of H.
To show that Theorem 3.1 can be applied in this setting, we will use several lemmas.
First, let us prove that the definition of H is correct.

Lemma 3.2. Let H : Y — Z be the mapping defined by (3.1)—(3.3). Then H is well defined and
continuous.

Proof. For (y,z,v) € Y, let us see that H;(y, z,v) makes sense and belongs to F, for i = 1,2,
and, also, that H3(y, z, v) makes sense and belongs to H}(Q}).
Since F is Lipschitz, for any (y,z,v) € Y, we have:

//Q p%|H1 (y,z,v)]2 dxdt

2
://QP%’yt—ﬁl (/dex,/ﬂz dx,/QVy dx,/QVz dx) Ay+F(y,z)_v1O‘ dxdt
< C// 05y —51(0/0,6,6)Ay—010\2 dxdt
Q

2
c//2 (/ d,/ d,/ d,/ d)— 0,0,0,0)| |Ay[2 dxdt
C [ dlp ( [y [ zdv, [ Gydx, [ Tzdx) = pi0,00,8)] |ayP dx
+C [ pbllyP? + 2P dtt

:A1+A2+A3.

(3.4)

From the definition of the space Y,

Av=C [ o3y~ 1(0,0.0,0)ay —v10f* dudt < (3,2, ),
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and
A5 <C [ pdlyP +0l2P dxdt < Cll(y,z,0) -

Now, let us analyse A. Since f; is C! and globally Lipschitz continuous, one has:

A2<C//p0[</ydx> +</zdx> (/Vydx n>2+<’/QVzdx‘W)z

=h+h+]+] (3.5)

From Proposition 2.10, we know that

// P2|Ay|* dxdt < 400 and sup [ p2|Vy|? dx < 4oo,
Q te[0,T)

where 0 = Eoe(ZSA—SA*)/mmWZ, o = e~ (7/2)M|ao]|eo

Then, in order to prove that H; is well defined, we must have to obtain that Ay < +co. In
this case, from (3.5), we just have to demonstrate that J3 < +oo (the others J; are similar).
In fact,

2
0
// 254 /m <e> (/Vydx ) Ay dxdt
< [ me (] [ vy /AZd dt
_/0 ‘ m(’ va x‘]R" Q|y| g
T
Sm(Q)/ [eZSA*/mm?’ (/ |Vy|? dx)/ |Ay|? dx} dt
0 ) )
T _
Sm(Q)/ [eZSA*/mm%(‘SSAHSA*)/mm_M (/ PVl dx) (/ oz|Ay? dx)] dt,
0 0 )

where m(Q)) is the measure of the set Q.
To achieve our goal, we have to prove that

[ = o2A" /My 3, (—8sA+4sAT) /m y —14 (/ \VyIZ dx) < +o0
o)

and for this objective, we must have

eZsA /mm3€(—85A+4sA )/mm—14 < 400,

that is,
e(6sA*785A)/mm712 <c,

which is true since 6sA* — 8sA < 0.

Then Hi(y, z,v) is well defined.

That H, is well defined can be proved in a very similar way. That Hj is also well defined
is obvious.

Furthermore, that the three mappings H; are continuous is very easy to prove using similar
arguments. O

Lemma 3.3. The mapping H : Y — Z is continuously differentiable.
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Proof. Let us first prove that H is G-differentiable at any (y,z,v) € Y and let us compute the
G-derivative H'(y,z,v).

Thus, let us fix (y,z,v) € Y and let us take (y/,z/,7’) € Y and o > 0. d For simplicity, we
will use the notation

Bir := Bj </ (y+ay)dx/(z+az)dx/(Vy—HTVy)dx,/Q(Vz—HTVz’) dx>,j:1,2

Bj = (/ydx/zdx/Vydx/Vzdx) j=12

7= B; ’7d,/ ”d,/V"d,/V”d>, =12
ﬁﬁ]</ﬂyx02x0yx02x ]

Bi,j := DiB; (/()ydx,/ﬂzdx,/ﬂVydx,/@Vzdx), j=12 andi=1,2,...,2n+2,

'ZJ. := D;B; (/ y" dx,/ Z dx,/QVy’] dx,/QVz’7 dx), j=12,andi=1,2,...,2n+2,

E,:=F(y+oy,z+0Z), F:=F(y,z), F':=Fy"z"),
Fj:=DjF(y,z), F :=DjF(y"2"), j=12

—~n

and similar abridged symbols for f.

We have
L ((02,0) +0(/,2,0) — Hu(y,2,0)]
— Py — (17[/31“ — Pi]Ay + }T[Fa —F|-71p.
Also
L[Ha((y,2,0) + (4,2, 0')) ~ Faly,2,0)] == —Paoe’ — ~[Bar — Pl Az +  [fo ]

Let us introduce the linear mapping DH € L(Y, Z), with

DH = (DHy, DH,, DH3), (3.6)

DHy(y',7Z,v") =y, — B1Ay — Ay ([31,1/0 y' dx—l—Bz,l/Q Z' dx+v11 -/QVy’ dx—+21 '/QVZ/ dx)

+ F1y + Fo2' — v'1p, (3.7)
DHy(y',Z/,v') = — BaAZ' — Az (,812/ v dx+322/ Z dx+v1, / Vy' dx+v2, / \%4 dx>

+fy' + £, (3.8)
DH;(y,Z',7") =v'(-,0), (3.9)

where 7, j = (ﬁ3],...,Bn+2J) €ER"j=12 and 7, = (Bn+3,jf“"ﬁzn+2,j) ER",j=1,2.
For all (v/,2/,v') € Y, one has

1
E[Hl((y,v) +0o(y,v")) — Hi(y,v)] = DHy(y/,v') strongly in G (3.10)

as o — 0.
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Indeed, we have:

1

S(Hi((y,z0) +0(y,2,0') = Hi(y,z,0)) - DHi(y', 2, V')

G

< H(ﬁw_E)Ay/ c
1 . . .
+H |:U[,Bla —B1] - <51,1/Qy/ dx + 52,1/02/5195 + 711 '/va/dx + 721 '/szl dxﬂ AyHG

1 o _
+||5 1 =B = By + B2 _

:Bl—i—Bz—i—Bg,.

Arguing as in the proof of (3.5) and using Proposition 2.10, we obtain the following result,
as a consequence of Lebesgue’s Theorem:

B%:// 0% (Bre — B1)" 1AV P dxdt — 0 as o — 0.
Q

Once again, arguing as in the proof of (3.5) and using Proposition 2.10, one has from
Lebesgue’s Theorem that

1 .
B; = //QP% L[ﬁla—ﬁﬂ
2
— (ﬁm/ay’dx—kﬁm/Qz’dx+71,1-/()Vy’dx#—vz,l-/QVz’dx)] |Ay|* dxdt
2
=[] & | = Bu) [ drt (D2 ~Boy) [ 7 x| Iyl d

2
+ //Q 03 [(D3[3T —Y11) - /Q V' dx + (Dsfi — 721) - /Q A4 dx] |Ay|* dxdt,
— 0,

as ¢ — 0, where the D;p] are the partial derivatives of 1 at some intermediate points, in
particular D185, D,f% € R and D33, D4} € R™.
For Bs, the argument is very similar. Indeed, we have

1 o B 2
B2 — // o2 [U[Fg ~F - (Fly’+Fzz’)] dxdt
Q

= //Q p% [(DlF* — F1)]/ + (DZF* —?2)2/]2 dxdt

_ //ng[\pm —F 2y + | DoF* —F2|2yz'12} dxdt,
where the D;F* also stand for the partial derivatives of F at some intermediate points. As
F € C}(R x R), then, arguing as the proof of (3.5) and using Proposition 2.10 and Lebesgue’s
Theorem, once more we also find that B3 — 0.

Taking into account the behaviour of B, B, and B3, we deduce that (3.10) is true.
In a similar way, it can be shown that

%[Hz((y, z,0)+0(y,Z,v")) — Ha(y,z,v)] = DHa(y',2',v") strongly in G.
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Consequently

lirr(l) %(H((y, z,0) +o(y,Z,v")) —H(y,z,v)) = DH(y,Z/,7') strongly in G,
o—

whence we have that H is Gdteaux differentiable at any (y,z,v) € Y with a Gateaux derivative
given by DH.

As usual, let us denote by H'(y,z,v) the linear mapping defined by (3.6)~(3.9). Now, we
shall prove that the mapping (y,z,v) — H'(y,z,v) is continuous from Y to £(Y, Z). In other
words, we will show that , whenever (y7,z",v") — (y,z,v) in Y, one has

|[(DH(y",2",v") — DH(y,z,v)) (v, 2,z < & ||/, 2, ?")||y for some e, — 0.  (3.11)
Then, we have just to prove that

|(DH1(y",2",v") — DH1(y,2,0))(y,2,7")|lc < & l(y,2,7")||y forsomee, — 0. (3.12)

In effect,

(DH; (y",2",0") — DHi(y,z,0))(y, 2, 7) lc

2
< C//QP% [( ’17,1 /Q]/ dX> Ay — (,31/1/0]/ dx) Ay} dxdt
- r 2
c// 2 <’7 / ’d)A”—( / /d)A] dxdt
+ QPO_ P24 oz ax) By Bax Lz ax Ay ax
B 2
+C / / o2 <ﬂ1- / vy dx> Ay — (71,1- / vy dx> Ay} dxdt
Q L TJQ Q
r 2
+C//Q 06 _<’Yg,1 '/QVZI dx) Ay" — <’Yz,1 /Q vz dx) Ay} dxdt
+C [ o31BT By Play P dxat
+C ([ o3IE ~FaPly' P dxdt +C [ phlE] —FalPl2/? dx
Q Q

=E +E+E+E;+Es+ Eg+ Ey,

where 7717’]. = (53,]-/---/ Z+2,j) €R",j=1,2 and 'ygl]. = ( :]1+3,]'""’132n+2,j) eR",j=1,2.

Now, we will check that each E; can be bounded as in (3.11). For instance, we have

2
Ei = C//Q 05181, — By, |? </Qy' dx> |Ay|? dxdt
2
+C ([ o3lBlP (/ y dx) Ay — Ay[? dx.
Q Q

The first and second integrals in the right-hand side can be bounded as follows:

2
2087, —Bul? ( [ v dx) |Ay[? dxdt
[ abtpt =Bl ([ v ax) gl ax

<c( [ eavPIBl = Bul dxat) 102,015,
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2
//QP%WMZ </Q Y dX> |Ay"T — Ay|? dxdt

<c( [ etaw =y asat) 1w, 2,0

Taking into account the adopted procedure in (3.5) and using Proposition 2.10, conse-
quently, using Lebesgue’s Theorem together with the fact that 1 € C}(R x R x R" x R")
give us the desired estimate for E;.

Similarly, we obtain the same conclusion for the other E;. This shows that (3.11) is satisfied
and ends the proof. O

Lemma 3.4. Let H be the mapping defined by (3.1)—(3.3). Then H'(0,0,0) € L(Y, Z) is onto.

Proof. First notice that
H'(0,0,0)(y/,2',0") = (K1, Kz, K3),

where

Ki(y,Z,v") = y; — B1(0,0,0,0) Ay’ + Ay’ + AxZ' —'1,,
K (y',Z',v") = —B2(0,0, 0,0)Az' + By’ + ByZ,
Ky, Z,v') =y'(-,0)

for all (y/,2/,v") € Y. Here the coefficients A; and B; are given by
Ai = DZ'F(O,O) and Bi = Dif(0,0) for i= 1, 2.

Consequently H'(0,0,0) is onto if and only if for each (h,k, o) € Z, there exists (y,z,v) €
Y satisfying

yi — B1(0,0,0,0)Ay + Ajy + Az =vlp +h, inQ,
—B2(0,0,0,0)Az' + Byy' + Byz' =k, in Q,
y=z=0, on Y,
y(x,0) = yo(x), in ()

By hypothesis, B; # 0. Hence the existence of (y,z,v) with these properties is ensured by
Proposition 2.7. This shows that H'(0,0,0) is surjective and this ends the proof. O

Thus, the proof of Theorem 1.2 is a consequence of Lemmas 3.2, 3.3 and 3.4.

3.2 Proof of Theorem 1.3

Here, we have similar results and proofs to Subsection 3.1 to establish the local null controlla-
bility of (1.3) .
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In this case, let Y, G and Z be the following functions spaces:
¥ - {(y,z,w) el 0x 1), [ pHoP dut < +o,
Ox(0,T)
Yy, z, ai]/z aizi Y — ﬁl(olol 616)Ay1 ,32(010/ GIG)AZ € LZ(Q)/
J] @3l + 1) ddt < o,
//Q 03[y — B1(0,0,0,0)Ay> + | - $2(0,0,0,0)Az — wlo|?] dxdt < +oo,
y(-,0) € H(Q)},
G= {g € LZ(Q)‘ /Qp%]glz dxdt < —|—oo}
and
Z =G x G x H}(Q).
We introduce the Hilbertian norms:
I 2w = [ @yl +p* =) it + [ g2l du
+//on lye — B ( 0,0,6,6)Ay|2+ \ — 2(0,0,6,5)Az—w10\2} dxdt

+ 1y 0l 2 )

Il =[] oblst? dxa

1(81, 82, 20117 = lI1llE + lI82lIE + llz1 171 )

and

Let us consider the mapping H : Y — Z with
I:j(y/ Z, w) = (Hll FIZ/ H:’)) (y/ z, w)/

H(y,z,w) = y; — p1 (/Qy dx,/Qz clx,/Q Vy dx,/Q Vz dx) Ay+F(y,z), (3.13)
H(y,z,w) = —B2 (/Qy dx,/Qz dx,/Q Vy dx,/Q Vz dx) Az+ f(y,z) —wlo, (3.14)
Hs(y,z,w) = y(-,0). (3.15)

Once again, we will apply Liusternik’s Inverse Mapping Theorem in infinite dimensional
spaces to the mapping H, given by (3.13)—(3.15), to show that (1.2) is locally null controllable,
where the state-control triplets can be chosen in Y.

For this end, we will use the following lemmas, which their proofs are similar than Sub-
section 3.1.

Lemma 3.5. Let H : Y — Z be the mapping defined by (3.13)(3.15). Then H is well defined and
continuous.

Lemma 3.6. The mapping H : Y — Z is continuously differentiable.
Lemma 3.7. Let H be the mapping defined by (3.13)~(3.15). Then H'(0,0,0) € L(Y, Z) is onto.

In view of Lemmas 3.5, 3.6 and 3.7, we can apply Liusternik’s Theorem to the mapping
H:Y — Z and (1.2) is locally null controllable, with (y,z,w) € Y.
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4 Additional comments and open questions

As a first comment, an interesting question is concerned with global null controllability to

(1.1) and (1.2), which does not seem to be simple. Perhaps, this kind of result relies on a

global inverse mapping theorem, see [7], but much more refined estimates are necessary.
Other important topics arise from our current research:

e In the system (1.1) and (1.2), we can replace the local nonlinearities F(y,z) and f(y,z)
by F(y,z,Vy,Vz) and f(y,z, Vy, Vz), in order to analyze whether it is possible to prove
results about null controllability.

e When F(y,z) and f(y, z) are weakly superlinear nonlinearities, that is,

’/181:)\52\]9 d)\’—i—‘/ (As, Ap) d)\‘

lim =0
[ (s,p)[|—+00 72 (14 |s|+|p]) ’

]/‘ (As, Ap) dAy+)/" (As,Ap) A

lim =0
H(S,p)H*H»OO In 3/2 1+‘ “HPD 7

F(0,0) = £(0,0) =0,

then we deduce that D;F(0,0) = D;f(0,0) = 0, for i = 1,2. Then, the linearized system
given by H'(0,0,0) studied in Propositions 2.7 and 2.8 has no coupling, that is, c = 0 and
b = 0, respectively. Thus, it is not possible to solve (1.4) and (1.5) with only one control.
What would be possible when F(y,z) and f(y,z) are weakly superlinear nonlinearities,
and it is an open problem, is to obtain the local exact controllability to the trajectories at
time T for the problems (1.1) and (1.2).

¢ Open questions concerning the exact controllability to the trajectories:

It is said that (1.1) (resp. (1.2)) is locally exactly controllable to the trajectories at time T
if, for any solution (¥, Z) corresponding to the control o (resp. @), there exists € > 0 such
that, if

1Yo =y(, 0oy <€

there exists controls v € L2(O x (0, T)) (resp. w € L?(O x (0,T))) such that the associ-
ated states (y, z) satisfy

y(x,T) =y(x,T), limsup]|z(-,t)| =limsup |z(-,¢t)| in O. (4.1)

t—T- t—T-

The analysis of this property for (1.1) and (1.2) and other similar systems will be the
objective of a forthcoming paper.

¢ It would be very nice to obtain some local null boundary controllability results for the
systems (1.1) and (1.2), that is, instead of applying a distributed control in the interior of
the domain (), one could consider the question of solving the controllability problems
with the control acting on a portion <y of the boundary I' := d() of the domain. However,
these facts can not be directly deduced for systems with a reduced number of controls,



Local null controllability for a parabolic-elliptic system 29

see [2]. In other words, the boundary controllability of

v — B (/dex,/gzdx,/QVydx,/QVzdx>Ay+F(y,z):0 in Q,

—B2 </Qy dx,/Qz alx,/Q Vy dx,/Q Vz dx) Az+ f(y,z) =0 in Q, (4.2)
y(x,t) =0vl,, z(x,t) =0 on %,
y(x,0) = yo(x) o0

and
— d,/ d,/ d,/ d>A +F(y,z) =0 in Q,
vy — PB1 (/y x, | zdx Vy dx Vzdx | Ay (y,2) i

—B2 (/Qy dx,/Qz dx,/QVy dx,/QVz dx) Az+ f(y,z) =0 in Q, (4.3)
y(x,t) =0, z(x,t) = wl, on 3,
(y(x,0) = yo(x) in O

are very interesting unknown issues.

¢ The controllability of hyperbolic-elliptic systems of (1.1) and (1.2) is also an open prob-
lem. Notice that the linearized systems (1.4) and (1.5), for the hyperbolic-elliptic case,
can be solved with boundary controls following the works of Lasiecka-Miara [20] and
Miara-Miinch [23]. The greatest difficulty is to extend the works [20] and [23] to the
nonlinear case, because they are not solved in spaces with weights, which prevents us
from using Liusternik’s Theorem. The application of fixed point theorems would be an
interesting problem to study.
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