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Abstract. This paper is concerned with the existence of solutions for a kind of nonho-
mogeneous critical p-Kirchhoff type problem driven by an integro-differential operator
LI’Q. In particular, we investigate the equation:

‘U(x) — U(y)|p ) P _ q—2 pi—2 : n
M (//]Rz" =[P dxdy | Lyo(x) = ug(x)|v|T v + |v] v+uf(x) inR",

where g(x) > 0, and f(x) may change sign, # > 0 is a real parameter, 0 < s < 1 <
p < oo, dimension n > ps, 1 < q < p < pi, pi = 2L is the critical exponent of
the fractional Sobolev space W;Zp (R™). By exploiting Ekeland’s variational principle,
we show the existence of non-trivial solutions. The main feature and difficulty of this
paper is the fact that M may be zero and lack of compactness at critical level LPs (R").

Our conclusions improve the related results on this topic.

Keywords: fractional p-Kirchhoff problems, non-homogeneous, critical nonlinearity,
Ekeland’s variational principle.
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1 Introduction and main results

In this paper, we study the existence of solutions of the following the fractional p-Kirchhoff
type equation involving a critical nonlinearity:

(//R |U|x_y’n+p)s| dxdy) £ho(x) = ug(x) ol 20 + [0 20+ uf(x) inR", (11)

where n > ps, p > 1and s € (0,1), pi =

n : " LR +
7—pss M 1s a positive parameter, M : Ry — R;

is a continuous function, where g(x) > 0, and f(x) may change sign on R", and L} is the
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non-local p-fractional type operator defined as follows:

p _ : o -2 - o n
Lip(x) =2im [ 1)~ ()" Fp(x) ~ 9)K(x ~y)dy forall xR

along any ¢ € C°(R"), where B,(x) denotes the open ball in R” of radius ¢ > 0 at the centre
x € R" and K : R"\{0} — (0,00) is a measurable function which satisfies the following
properties:

{@K € LY(R"), where ((x) = min{|x|,1}; 1.2)

there exists xo > 0 such that K(x) > xo|x|~"*?®)  for any x € R"\{0}.

When K is a standard type (i.e. K(x) = |x|~("*P?)). In this case, the problem (1.1) becomes

0 s — g : n
w( ff, S iy ) (-850 = g(lolt 2o+ ol Zo () inRY, (19

where (—A)3 is a fractional p-Laplace operator defined by
- p—2 —
(- AYio(x) =2 lm o) =o(0) P 2(0(0) —o(w) ;.
e=0" JR"\B (x) |x —y|*tps

for x € R". For more details about the fractional p-Laplacian, we refer to [6,7,12,21,25,26]
and the references therein. Moreover, if f(x) = 0, then the problem (1.3) reduces to

v(x “ 5,
<//]RZn [of x—y ‘nﬂ)s' dxdy) (—A)v = pug(x,v) + lv/>%0 in R". (1.4)

In [27], Zhang et al. obtained infinitely many solutions for the problem (1.4) by using Kajikiya’s
new version of the symmetric mountain pass lemma.

In recent years, fractional and nonlocal problems have received extensive attention, espe-
cially involving critical nonlinear terms. For instance, in bounded domains, we refer to [11,18];
in the whole space, see [13]. It is worth pointing out that the interest in nonlocal fractional
problems is beyond the curiosity of mathematics. Indeed, there is much literature on nonlocal
operators and their applications, here we list only a few, see for example [14,16,19,28,29] and
the references therein. For the basic nature of Sobolev spaces, we recommend readers to read
the literature [15,17].

Recently, in [10], Fiscella et al. proposed a stationary Kirchhoff variational equation and
investigated a model given by the following formulation:

lo(x) —v(y) .
(//R y,ms S s dxdy ) (=00 = pg(x,v) + [o* P inQ, 15
u=0 in R"\Q),

where M = a + bt for all t € R, here a > 0, b > 0. Kirchhoff problems like (1.5) are said to
be non-degenerate if 2 > 0 and b > 0, while it is named degenerate if 2 = 0 and b > 0. For the
two separate cases, we also refer to [3,20] about non-degenerate Kirchhoff type problems and
to [9,22] about degenerate Kirchhoff type problems for the recent advances in this direction.
For non-homogeneous cases, in [23] Xiang et al. showed the multiplicity of solutions for
the nonhomogeneous fractional p-Kirchhoff equations involving concave-convex nonlineari-
ties by using the mountain pass theorem and Ekeland’s variational principle. Taking the same
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approach as in [23], Chen et al. [4] studied the multiplicity of solutions for a kind of Dirichlet
boundary value problem in bounded domain. Furthermore, Pucci et al. in [21] investigated
the existence of multiple solutions for the nonhomogeneous fractional p-Laplacian equations
of Schrédinger—Kirchhoff type in R".

Inspired by the above papers, we will study the existence of solutions for nonhomogeneous
fractional p -Kirchhoff problems involving critical nonlinearities and weight terms. As far as
we know, there are no works on the the problem (1.1). Thus, our conclusions are new on this
topic. To this purpose, we first suppose that

(M;) There exists 6 € (1 ), such that

7 n—ps ps

— t
GM(t)ze/O M(s)ds > M(t)t, VteRS;

(M) for every o > 0 there exists m = m(c) > 0 such that M(t) > m for all t > o;
(M3) there exists ag such that M (t) > aot?~! for all t € [0,1].

At present, the assumptions about Kirchhoff functions M are diverse; we refer the interested
reader to [5,10] and references therein. Here we do not require Kirchhoff functions to satisfy
any monotonicity, and our paper covers the degenerate case.

Next, concerning the positive weight ¢ : R" — R, we assume that

(1) g € LD(R") N L, (RY), f € L¥(R"), with g = ;2%

(Zp) 1<qg<p<bp<pi.

Before we present the main results, we give some notations. The function space W¢” (IR")
denotes the closure of CP(IR"), and Wy” (R") is a Banach space which can be endowed with

the norm, defined as
1
p
)PK(x —
9l = ([ 1060 = PR3 = )ty )
for all ¢ € C°(R").

Now we define weak solutions for the problem (1.1):

Definition 1.1. We say that u € W”(R") is a weak solution to the problem (1.1), if

//]Rz” v(x) — o(y) [P (o(x) — o(y)) (P(x) — P(y)K(x — y)dxdy
_”/ )" (x)‘f’(x)d“r/w [0(x) | 20(x)p(x)dx + 1 | f(x)P(x)dx

Ril

for any ¢ € Xo.
The main results of this paper are as follows.

Theorem 1.2. Set K: R" \ {0} — (0, 00) be a function fulfilling (1.2) and if (M;1)—-(Ms) and (Z;)-
(Z2) hold. Then, there exist po, T > 0 such that for any p € (0, po), the problem (1.1) has at least one
non-trivial solution with negative energy in Wy" (R") when | f||z < .



4 J. Zuo, T. An, G. Ye and Z. Qiao

Theorem 1.3. Assume that all conditions in Theorem 1.2 are fulfilled. Then, there exist y,, T, > 0
such that for any u € (0, ), the problem (1.1) has at least one non-trivial non-negative solution with
negative energy in Wy" (R"), provided that f > 0 a.e. in R" and | f||; < 7.

Remark 1.4. The main novelty of our paper is that we discuss the problem (1.1) containing a
critical nonlinearity, which is not considered in previous references, such as [23]. To overcome
this difficulty about lack of compactness at critical level L?: (R"), we fix parameter x under a
suitable threshold strongly depending on conditions (M) and (M3).

Finally, we give a simple example to show a direct application of our main results.

Example 1.5. Let n > 1 and 6 > 1. We consider the following the problem

0—-1
(Hb(//m P =20y )(—A>%v<x>:ug<x>vq1+vﬁﬂ+yf<x> in R",

where 4, b are non-negative constants with a +b > 0, g and f satisfy

*

g(x) = (14 [x]>) 2 sq, for all x € R",

and
1

f(x)=(1+|x*)7¢, forall x € R".

23
Obviously, ¢ € LZ-7(R") N L® (R") and f € L¢(IR"). Thus, they satisfy conditions (Z;) and
Y 8 loc y Yy

(Z3). It is clearly that (M3) hold, and for each o > 0
M) =a+bt' 1 >a+bo" " =m(0) >0 forallt>o,

and

t
= / M(s)ds > %M(t)t forall t > 0.
0

Therefore, (M;) and (M;) hold. Then, Theorem 1.3 implies that the above problem admits
one non-trivial non-negative solutions in Wy’ (R").

The framework of this paper is as follows. Section 2 introduces the necessary definitions
and properties of space W¢" (R"). In Section 3, we give the proofs of the main results.

2 Variational framework

In this section, we first recall the basic variational frameworks and main lemmas for the the
problem (1.1). Let L7(IR", ) be the weighted Lebesgue space, endowed with the norm

ollf ¢ = /]Rng(x)Iv(x)de.

The Banach space L(R",g) = (L1(R",g), || - |l4,¢) is uniformly convex according to Proposi-
tion A.6 of [1]. Moreover, it follows from Lemma 2.1 of [3] that the embedding W" (R") —
L7(R", g) is compact, so we have

||qu,g < CgHvHs,p forallv € W;’p(IR”), (2.1
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1
and Cq = 5 Igll4, > 0, where S = S(n, p,s) is the best fractional critical Sobolev constant,
given by

(il

S — (2.2)

ve W’ (RM)\ {0} ||Z)||U7S ).

Obviously, from the above expression of S and (1.2), we can get the fractional Sobolev embed-
ding inequality that we know well:

1
HUHLP;(]R") < S 7||v|lsp forallve WP (R"). (2.3)

Similar to [24], we can also get that (W (R"), ||v||sp) is a uniformly convex Banach space.
Hence, it is a reflexive Banach space. For v € Wy" (R"), we define

_ 1y I
)P _ q
(v) <//IRZ y)|PK(x y)dxdy) 7 Jxe g(x)|v|Tdx
pl \v]psalx—y/ f(x)vdx.

Clearly, by assumptions (1.2) and (Z;)—(Z,), the energy functional Z,, : Wg"(R") — R as-
sociated with the problem (1.1) is well defined. Obviously, the functional Z, is of class
CY(WEP(R™)) and

/

(T@), 1) = M(olLy) [[ | 1o(x) =o()P2(0(x) = 0(y)) (u(x) — u(y)K(x — y)dxdy
—y/ x)|o|T” zvudx—/ |v|”§_zvudx—y/ f(x)udx,
n ]Rﬂ
for all v,u € W¢"(R"), see for example ([3]:lemmas 4.2 ) with slight changes. Thus, the critical
points of functional 7, are weak solutions of the problem (1.1).
3 Proof of main results

In this section, we prove the main results of this article. For convenience, we use | - ||; to
represent the norm of Lebesgue space L7(IR").

Lemma 3.1. If (My)-(M>) and (Z1)—(Z3) hold. Then, there exist p,« = a(p), T, u1 > O, such that
T,(v) > a for any p € (0, po) with ||v||s, = p and || f|| < 1o, for all u € (0, u1).

Proof. From (M), we get
M(t) > M) forall t € [0,1]. (3.1)

According to the Holder inequality and (2.3), we have

[, 8@ eldx| <

Ps
pi—1q

oll?, < S Flgllg, l[0lld, forallv € WP (R"), (3.2)

where g1 =

= [ollh: < s~ IIUH (3.3)

‘/ |o|P+ dx
Rﬂ
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and

_1 0 9)
] [ fGeyodx| < Iifllelol: < 577 flllollsy < elloliZy + CelFIP (34)

for all v € W;’p(]R”), where ¢ = pfél. e > 0, C¢ > 0. Hence, from (3.1)—~(3.4), we get for all
v € WP (R") with ||o]|sp < 1

Tu(0) > Mrfl)llvllf,% — 1S H gl ol — 5 o0 — wellolty — wCell 1P
> 20 gt s gl ol — 5 ey w12, @5)
with 0 < ey < /\Z—(pl), (pd) = pg—fl. Set
h(z) = y57%|\g||qlz‘7_p9 + Sf%zp:_pe for all z > 0. (3.6)
It suffices to prove that h(zp) < /\7217(]91) for some zp = ||v||s, > 0. Obverse that /1(z) — oo as

z — 0". Then, h has a minimum at zo > 0. To obtain zg, we get

"
’ Ps

_1 _p0— — % *_ph—
h(z)=puS 7(q—p0)gllgz? P14+ v (pr — po)zFFo- L.

Let 1 (zo) = 0, we have

1

_1a ps—a

S77(ph — gt

ZO g (‘u lp(;kp q)gql) g ‘upglqugsiq E (0/ 1]/
S 7 (ps — po)

where Sy = 5_%(]09 — q)Hqul/S_p?s(p;‘ —pb) and u < Sy Furthermore, h(zp) < M) heans

2p
that

4 . ) Ly B TP A(]
h(zo) =S 7 (p0 — q)l|gllg, (5 — q)(pt — pO) e S5 < 2; ) (3.7)

Then, by (3.5) and (3.7), there exist y1,7,« > 0 such that Z,(v) > a, with u € (0, 1),
p =zo = ||v||sp and | f||z < to for every f € L¢(R"). Thus, the Lemma 3.1 is complete. O

Next, we verify the compactness condition. For the convenience of the reader, we give the
following definition.

Definition 3.2. Let Z, € C!(X,R), we say that Z, satisfies the (PS). condition at the level
¢ € R, if any sequence {v;} C X such that

Tu(0;) = ¢, L,(0}) =0 asj— e, (3.8)
possesses a convergent subsequence in X.

Lemma 3.3. If (M;)—(My) and (Z1)—(Zy) hold. Set ¢ < 0. Then, there exists yy such that for any
€ (0, u2), the functional I, fulfills (PS), condition.
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Proof. Considering p, > 0 small enough such that

ps

q
1 1\ rwaf/1 1 pi-a 1
(2= ) T [(3 =) welsta] " = (1= 5 ) sl

e :
< min {(;919 - pl*> (aéS) e , <pl(9 — Pl*> (mS)pél‘aP] , (3.9)
S S

where g < p < pf < pZ, ap comes from (Ms), m = m(1) is defined in (M;) with o = 1, while
S is given in (2.2). Set u € (0, y2) and suppose that {v;}; be a (PS). sequence in Wy’ (R").
Due to the degenerate nature of the equation (1.1), we will discuss it in two cases.

Case 1. inficn |05, = dy > 0. First, we prove that the sequence {v;}; is bounded in
W' (R™). From (M), with o = dJ, there exists m = m(d},) > 0 such that

M(||vj||f,) > m forall j € N. (3.10)

Moreover, it follows from (M), (3.10) and (2.1) that

1 1~ 1 1 1
T, (vj) — —(T,,(v}),v;) = =M (||loj||E,) — = M(||o;[IE) ||o;]I% —(—) vjl|d
n(0)) = o (T vj) = S Mlillsp) = e MUgllsp)liojlisy = | 2 = 2 ) #livjllag
1
(1= = q
( p:)” o /O
1 1 1 1
> (= — — ) m|v||f —<—> Cl{v;||4
(35— 3¢ ) oty = (5 = o ) nctioy
1 _1
- (1= ) 1 Ayl 61
Ps
Therefore, from (3.8) there exists { > 0 and # > 0 such thatas j — o
1 1
e+ 8l + il +01) = (55 = 52 ) mloy 1)
po  Ps

with g < p < pf < p;. It means that {v;}; is bounded in W¢"(R").
Taking into account the above fact and Lemmas 2.1, 2.4 of [3], there exist v € Wli'p (R") and
B = 0 such that, up to a subsequence still relabeled {U]-} jr it follows that

vj =0 in W;’p(]R”), loills,p — Bus
v; =0 inLP(R"), lvj = ollp: = w, (3.13)
vi = v in L1(R",g), vj - v ae in R".

Further, by the above formula and Proposition A.8 of [1], we have
|vj|P: 20, — 0| 20 in L(’”z),(]R”), 0720, = 0|7 v in L7 (R", g). (3.14)

Discussion similar to Lemma 3.1 in reference [27], we can easily obtain that v is a critical point
of the C1(Wy”(R")) functional

~ 1 1 *
1,(0) = S MBR ol — Elolle — o loll — 1 [, fxyoa 615)
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By (3.13), we get

lim | g (x)(|v;(x)7720;(x) — Jo(x) 720 (%)) (vj(x) — v(x))dx = 0. (3.16)

j—oo JR"
Moreover, by again (3.13) and the well-known Brézis and Lieb lemma of [2], we have
[0jll5p = llo; = oI5y + [oll5, +0(1), llojllh: = llv; = oll}: + ol +o(1) (3.17)
as j — oo. In particular, (3.8), (3.13), (3.15), (3.16) and (3.17) imply that as j — oo
o(1) = (Z,(v)) = Z,,(v),0; — )

M
= M(llojllEp) oll5p + MBR)olI5p — (0 0)sp[M[2j11E,) + M(BL)]

p
—Pl/ x) ([95(x)"~20;(x) = |o(x)""20(x)) (v)(x) — v(x))dx
—/IRH(IUJ'(X)I”S_ v(x) = [o(x) [P ~20(x)) (v(x) — v(x))dx
= M(B) (Bl = [IollEp) —
= M(B})lloj —oll5p — lloy

where (v;,0)sp = [[gan [0j(x) — 0;(¥)[P~2(vj(x) — v;(y)) (v(x) — v(y)K(x — y)dxdy. Thus, we
obtain the cruc1a1 formula

s i
Py + HUpr +0<1)
pi To(1),

ps
b (3.18)

M(ﬁ;)}g{)‘o loj — allis sp = hm HU] —v

Combining (2.2), (3.13) and (3.18), we have
WP > SM(Bh)w?. (3.19)

If w = 0, thanks to B, > 0 and M admits a unique zero at 0, then (3.18) yields at once that
vj — vin WP (IR"), concluding the proof. Instead, suppose that w > 0. Observing that (3.17),
we can get

MBI (B~ IIo]lEp) = w™,
By (3.19), we obtain that

* PS

(@h)s = MBI (B — [[0llZ,) " = SM(B]). (3.20)

Because we do not know the exact behavior of M, we have to think about both of these
scenarios: either 0 < B, < 1or B, > 1. To do this, we separate the certificate the two subcases
in the first case.

Subcase 1. 0 < B, < 1. It follows from (3.20) and (Ms3) that

s n—ps  p(8=1)(n—ps)
n n

B > (Bl —lollE,)" > SM(BL) ™ > a," SBy

and considering n < ps(f%1 = ps#', it can be seen that

Bl > (a7 5)™ s (3.21)
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Indeed, this limitation ﬁ < s can be derived directly from this fact 1 < 6 < p?;* = nfps.
Making use of (M3), (3.20) and (3.21), we get
n 79
W' = (M) = (S0l )" = (ahs) . (3.22)

Now, using (M) for any j € IN we get

g ottt — (2= 2wt — (2= LY ooy
—prw )= MU = (5= 5 ) bl = (5 = 5 ) o1l
< ) /f )vdx
1 1 1 1
> - v; ,—i—<—*> (1—) / x)v;dx.
<P9 q)”” las*\pe ~ flx)

For this, as j — oo, it follows from (3.8), (3.13), (3.17), (Z;), the Holder inequality and Young

inequality that
1 ] 1
— il = (1= 5 ) u [ Fxpods
1

p
W)ummqu (1—)mkums
1 1 Ps
w—@)w%

2y
pi—q 1
wmm] —(r—w)wﬂwwm. (3.23)

1
q
1
q

N NI

pg) _
Ps
WP +loll};) -

WP+ oll

(
(
elg) -
o) TG )

Finally, according to (3.22) we have

0 rs

P q
1 1 pé—po 1 1\ rig 1 1 pi—q
0>e2 (gg) (ds)" "= (o) " 1(5a) st
o~ o) |0 I 7~ o) Mgl
1
(r—W)Mﬂwmm>a

where the above inequality by (3.9). In this subcase, we get our contradiction concluding the
proof.

Subcase 2. B, > 1. Here, it follows from (3.20) and (M) with 0 = 1, we get

whs > (mS)ﬁ ,

with m = m(1) > 0. Hence, by (3.23), we get

ps

q
1 1 rs 1 1\ i 1 1 5 —q

~(-5)

>0,
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where again the above inequality by (3.9). We get a contradiction which completes for the
proof of the fist case.

Case 2. infjc ||9j||s,» = 0. Thinking about two cases at zero. When 0 is an accumulation point
of the real sequence {||v;[s};, and so there is a subsequence of {v;}; strongly converging
to v = 0. This case can not happen thanks to it means that the trivial solution is a critical
point at level c. When 0 is an isolated point of {v;};, this case can happen, so that there is a
subsequence still denoted by {||v}, [|s,» }x, such that infiep [|0), ||s» = dy > 0 and we can prove
as before. The proof of the second case is complete. O

Proof of Theorem 1.2. Throughout this paper, considering yo = min{, pi2}. Now, we look for
the solution ve,.

Case 1. f % 0. We first show that there exists a ¢» € CO (R"), with |[¢2][s, = 1 such that

Jrn f( x)dx > 0. Indeed, since C§°(IR") is dense in e (R") and |f|¢~2f € e (R"™). Then,
there ex1sts jo > 0 such that

_ 1
i = A2l gy < 51y

Hence, we obtain

[ FOS 0 = =1y = 12 g Wl + [ F x> 5 [ 1) >0,

Obviously, fj, € W' (IR"). Let ¢p = ” fﬁf‘l‘ , we have that [, f(x)¢2(x)dx > 0. Like that
Jo
pt tPs .
Tu(tg2) = S MUItr L) = E= [ g(olgaldr—— [ |galtax—pt [ f(x)gad
q n ps R~ R~
max Mo) .
0<0<1 ytﬂ/ tPs / . /
o T Ty — Pidx — ut d
< == s @lanltax = [ gl pt [ figuds
<0 (3.24)

for small t € (0,1), on account of p, g, pi > 1.

Case 2. f = 0. It is clearly that (3.24) still holds with [|¢,||s, = 1 for small enough t € (0,1),
because of 1 < g < p < p%. Therefore, for any open ball Bg C W" (IR"), we know

—oo < ¢ = inf Z,(v) <O0. (3.25)
vEBR
Hence,
c=inf Z,(v) <0 and inf Z,(v) >0, (3.26)
vEB, v€IB,

where p > 0 is given lemma 3.1. Set ¢; | 0 such that

0<eg; <v££ Tu(v )—;ngI( v). (3.27)

So, by Ekeland’s variational principle in [8], there exists {v;}; C Ep such that

c < Iy(v]-) < c+gj (3.28)
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and
Zu(vj) < Iy(v) +¢jl|vj —vllsp forallve By, v # v;. (3.29)

In that way, by (3.27)—(3.29), we have that

Ty(vj) <c+eg < vlngpI u(v) +eg < vgalg Z,(v), (3.30)

so that v; € B,. At present, considering the functional T : Ep — R expressed by
T(v) = Zu(v) +¢jllo; — v||sp forall v € B,.

Like that, (3.29) implies that T(v;) < T(v) for all v € B,, with v # v; and thus v; is a strict
local minimum of T. Furthermore,

T (v + tu) — T(v;)

; >0 forsmallt > 0and forall u € By.

Hence,
7, (v]- + tu) — Iy(v]-)
t

+gjl[v]lsp > 0.
Passing to the limit as t — 07, we get

(I;(Uj),u> +¢jl|vllsp >0 forall u € By.

In the above inequality, replacing u with —u, we have

_(I;(v]-),w +gjl[vllsp >0 forall u € By.

Thus, || Z (v])|| PRy S €
To sum up, there exist a sequence {v;}; C B, such that Z,(v;) — ¢ < 0 and I;,(v]') — 0

in (W (R")) as j — co. According to lemma 3.3, {v;}; has a convergent subsequence in
W (R™), still denoted by {v;};, such that v; — v in Wi” (IR"). Thus, ve is a solution of (1.1),
with Z,(ve) < 0. The proof of Theorem 1.2 is completed. O

Next, we explore the existence of the non-trivial non-negative solution. For this purpose,
first, some notations need to be introduced. Set I;r : WP (R") — R be defined by

1 T 1 *
T (v) = pM(angp) - Z [ gl 1dx - P/R o [P dx — y/wf(x)vdx,

for all v € Wp/(R"), where vt = max{v,0}. We claim that for u € W¢"(R"), we have
ut € WP (R"), where u* = max{u,0} = sz Indeed, we know

ol @) = K= y)axay = [[

//]Rzn y)|PK(x —y)dxdy.

Thus, ut € Wi/ (R"). Similarly, u~ = max{—u,0} is also in W’ (R").

u(x)] = [u(y)| +u(x) — u(y) |
2

K(x —y)dxdy
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Like that, Z,| is well defined on Wy"(R") and of class C' (W’ (R")) and

(T () ,9) = Mol / / )P 2(0(x) = 0(y) (p(x) = $(y)K(x — y)dxdy
—p [ g@o* (@)1 20t (Kg()dx — [ [0 (x)] 20 (x)g(x)dx
—H Wf(X)(P(X) X. (3.31)

Observed that all critical points of Z; are non-negative. Indeed, if v is a critical point of Z,},,
thus from (3.31), we obtain

(T (@), ~07) = M(]lell) / / )P 2(0(x) — o(y))(—o” (1) +0” (y)K(x - y)dxdy
+V/ x)] 720t dx+/ x)|Ps 20" (x)o~ (x)dx
p Rnf(x)v‘(x> =0, (332

We note that
// o™ (x) — v~ (y)|PK(x — y)dxdy
<[], 00 = o) " 2(0(x) = o(1)(—v™ () + 0" (1)K (x — y)dxdy.

By (3.32), u > 0and f > 0 a.e. in R", we get

//]Rz,z [0™(x) — v~ (y)|PK(x — y)dxdy < 0.

It means that v~ = 0 a.e. in R”. Therefore, v > 0 a.e. in R".

Proof of Theorem 1.3. We replace Z,, with Z, in the Theorem 1.2 and make use of the similar ar-
guments as in Theorem 1.2, we get that the problem (1.1) admits one non-trivial non-negative
solutions in Wy (IR"). O
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