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Abstract. In this paper, we prove that for a class of rigid systems the Composition Con-
jecture is correct. We show that the Moments Condition is the sufficient and necessary
conditions for these rigid systems to have a center at origin point. By the obtained con-
clusions we can derive all the focal values of these higher order polynomial differential
systems and their expressions are more succinct and beautiful.
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1 Introduction

Consider the planar differential system

{x/ = —y+plxy), 1)

Y =x+q(xy)

where p, g are analytic functions starting with second order terms.
If p and g are polynomials of degree n and yp — xq = 0, the system (1.1) in polar coordi-

nates becomes
dr

n—2
ar _ 2 , i
70 r Z;:)AZ(Q);’, (1.2)

where A;(0) (i =0,1,2,...,n — 2) are 27-periodic functions. Therefore, the system (1.1) has
a center at (0,0) if and only if all solutions r(0) of equation (1.2) near the solution r = 0 are
periodic. In such case it is said that equation (1.2) has a center at r = 0 [15,20].
If p and g are homogeneous polynomials of degree 1, via the Cherkas [9] transformation
equation (1.2) becomes the Abel equation
P~ P(AO) + Aa(0)p), 13)
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where A;(0) (i = 1,2) are 27t-periodic functions. Thus, finding the center conditions for (1.1)
is equivalent to studying when the Abel equation (1.3) has a center at p = 0. This problem has
been investigated in [5, 8,10, 14,20] among other works.

The problem of determining necessary and sufficient conditions on p and g for system (1.1)
to have a center at the origin is known as the center-focus problem. Due to the Hilbert” basis
theorem we know that when p and g are polynomials of a given degree this set of conditions
is finite. To get the necessary and sufficient conditions is very complexity, up to now only for
a very few families of polynomial system (1.1) the center conditions are known. The problem
is solved for quadratic system and some families of cubic systems and systems in the form
of the linear center perturbed by homogeneous quartic and quintic nonlinearities, see e.g.
[1,4,9-16,22] and references given there.

Alwash and Lloyd [6,7] give the following simple sufficient condition for the Abel equation
to have a center.

Theorem 1.1 ([6,7]). If there exists a differentiable function u of period 27t such that

~ v

Ar(0) = ' (0) A1 (u(9)),  Ax(6) = u'(0) Ax(u(9))

for some continuous functions Ay and A, then the Abel differential equation (1.3) has a center at the
origin.

The following statement presents a generalization of Theorem 1.1.

Theorem 1.2 ([2,22]). If there exists a differentiable function u of period 27t such that
Ai(0) =u'Aj(w), (i=1,2,...,n—-2)

for some continuous functions A; (i = 1,2,...,n — 2), then the differential equation (1.2) has a center
atr = 0.

The condition in Theorem 1.1 (or Theorem 1.2) is called the Composition Condition.
When an Abel equation (or (1.2) ) has a center because its coefficients satisfy the composi-
tion condition we will say that this equation has a CC-center. In [7,18] it was shown that this
condition is not necessary to have a center.

The Composition Conjecture is that the composition condition in Theorem 1.1 (or The-
orem 1.2) is not only the sufficient but also necessary condition for a center. This conjec-
ture first appeared in [6] with classes of coefficients which are polynomial functions in ¢, or
trigonometric polynomials. A counterexample was presented in [7,13] to demonstrate that
the conjecture is not true. To find the restrictive conditions under which the composition
conjecture is true, this is an open problem which has attracted during the last years a wide
interest [2-8,10,12,14,17,18,21,22]. The authors in paper [11] give the sufficient and necessary
conditions for the r = 0 of the Abel equation (1.3) to be a CC-center.

The condition .

T Ayt As@)yde =0 (k> 0)
Iy

is called Moments Condition [10]. In [18] an example of a polynomial Abel equation satisfy-
ing the moments condition and not satisfying the composition condition is given. Later on, in
[17] a full algebraic characterization of the moments condition in the polynomial case is done.
In [10] prove that a natural trigonometric analogous to it does not hold.
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In [21], it was proved that for the rigid system

{x/ = —y+xP,

(1.4)
y =x+yP

with P = P; + Py, Py is a homogeneous polynomial of degree m and which is an arbitrary
natural number greater than 1, the composition conjecture is true, i.e., its origin point is a
center and a CC-center, and shown that for its corresponding 27r-periodic equation

ddTZ = r(P1(cos,sin0)r 4 Py (cos 6, sin 0)r™),

r = 0 is a center if and only if it satisfies the moments conditions:

27 0 k
/ </ Py (cos T, sin T)dT) P, (cos6,sin0)df = 0, (k=0,1,2,...,m).
0 0

In [1] the authors used the methods of the normal form theory to prove that the rigid
system (1.4) has a center if and only if it is reversible. In [19], the author has calculated by
computer and obtained the center condition for system (1.4) with P = P, 4 P, m is a finite
number that does not exceed 5.

In this paper, we will study the rigid system
¥ = =y +x(Pu(x,y) + Pu(x,y) + Pania(x,y)), (15)

y' =x+y(Pi(x,y) + Pu(x,y) + Poams1(x,y)),

where Pi(x,y) is a homogeneous polynomial in x,y of degree k and P; # 0, m is an arbitrary
positive integer greater than 1, and give the necessary and sufficient conditions for the origin
of (1.5) to be a center. We prove that under some restrictions conditions the composition
conjecture is true for its corresponding periodic differential equation

dr

0= 7(Py(cos 8,sin 0)r + Py,(cos 6, sin 8)r™ + Py 1(cos 6, sin 6)r¥" 1), (1.6)

By this, we can derive all the focal values of system (1.5) and they contain exactly [7;—} +m+2
relations. As m is an arbitrary number, in general, even with the help of computers, it is
difficult to get the center conditions. However, in this paper, we have obtained these results
only by using the mathematical analysis technique. We firmly believe that the method of
this paper can be used to solve the center-focus problem of more high-order polynomial
differential systems.

In the following we denote P = fOHP(COSH, sin6)de; Ck = ﬁlk), (0<k<n)Ck=o,if
k<Oorn<0;),;=0Iifk<O.

2 Several lemmas

In order to prove the main result, first of all, we give the following lemmas.

Lemma 2.1 ([21]). If P; # 0 and for an arbitrary positive integer m,

2T .
/ Pj(cos0,sin )Py, (cos0,sinh)dd = 0 (i=0,1,2,...,m),
0
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then

m .
Py =P Y jAD
j=1

where A, (j=1,2,...,m) are real numbers.

Lemma 2.2. Suppose that Py, satisfies (2.1) and

hy=Pu, hp=2P, Y. Pih;+ P,Coh . Pf, (k=1,2,3,...)
i+j=k—-1

Then
S D IpIp kN g
=) Py PPy = h P Y b,
=0 =0

where fzk]- (j=0,1,2,...,k—1) are real numbers,

M= LM =k )C (=012 k1),

m+k Z h m+k 27

N)
||
;\N\..

||
.M»

i

0m+](k ]+1) mtj=2

]

Proof. By (2.1) we get
] m—1 .
0 .
j=1

. 0 m .
PP :/ Py At = ) prtk AP”"
o= 1]._21] " k+m Z [

where A; (j=1,2,...,m) are real numbers.
By (2.2) and (2.7) and (2.8) we get i)y = Py,
hg = Py = h)P,, = hoP}" + Z/\P],hO_l o = Amhd = A

j=1

Wy = 2Piho + P,,Chi 1 Py,

hy = 2h3P, Py, + (Cl,.q — 2hQ) P\ P,y = WP, By + hiPy Py = iy P"HY 4 Zhu !

j=1

where fll]- (j=1,2,...,m) are real numbers,

» m? +m+ 2
h(l)ZZhOI hl Cm+1 hl Cm 1/ hlz <h0+h11+ >Am:m+1

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

)\Tﬂ/

this means that the relations (2.3)—(2.6) are valid for k = 0, 1. Now suppose that these identifies

are valid for integer k, next we will prove they are correct for integer k + 1.
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Indeed, by (2.2)—-(2.5) and (2.7) and (2.8) we have

pk-+
Mep1 = 2P ) Pilj+ PuChl o Y
z+] k

k—
= 2P, ZP fPmeZh + PuClt 1 PFT,
j=0 i=]

solving this equation we get

k+1

m+k
phH1- P A
Wi = Z hk+1 ]P]P = T PP+ Y Iy P,

j=1
where fzkH]- (j=1,2,...,m+ k) are real numbers,

. k+1
hk+1 A Z _|_] kJrl’

] . k k
= o I 6= 01200 B = Gl -
i=j

By Lemma 3.2 of [21], we get

h]

1 = (k= ]+2) m+j—27 hﬁ% Cl

m+k—1°
By mathematical induction, the present lemma holds.

Similarly, we can prove the following lemma.

Lemma 2.3. If
(3,2 =2P E P{(;]- + Pyt C%ZLLAP{{,
i+j=k—1
then
k -
o
S =), 0Py P Payia,
j=0
where
2(51 (k—j+1)C] i (=012,

]1]

k-1
2m+-1 ] _ k 0 _
5 = ot — Y 0 =Cor1, 0 =1

Lemma 2.4. If the conditions of Lemma 2.2 are satisfied and

/ 1

ap = Py Z (hlh] + ZPiDC]) + 2P Z hia]' + PmC%H-l Z
i+j—k—1 it jmk—1—m i+j=k

+ P Z Cm-i—lcrrs-i-zz 2P1hjhl+Pm Z Cm+1C,’Z+31

i+j+1=k—m i+j=k—m

5
L
Y s
j=0
O
(2.9)
(2.10)
Lk—1),
cm-l pip.
m+i—1-1"%) (2.11)

Pllx],



6 Z. Zhou and Y. Yan

then
2m+k—1

a =P Y &P, (k=0,1,2,...), (2.12)
j=2

where &y, (j=2,3,...,2m+k — 1) are real numbers and

m+1 .,
Ry = ——Ay,
Ny = 5
1 A k—1 . .
iy = 2m+k<i+'2k hihj+2;aj+2‘ ;); i hitj + mAuCh Y Col b (2.13)
j=k—1 j=0 i+j=k—1-m i+j=k
+Anm Y. Ch +1Cm+l Zhhl—i—A C! +1Cm+l 1 ]>, (k=1,2,...).
i+j+l=k—m i+j=k—m
Proof. Solving equation aj = C},_; Puho, by Lemma 2.2 we get
1 — — 2m—1 .
2Cm+1h0Pm = &P + ) &o,P].
j=2

where &p; are real numbers, &g = 1C;1 H/\Z . Thus, the relation (2.12) is valid for k = 0.
Suppose that the conclusion of the present lemma is correct for integer k — 1, next we will
show that they are held for integer k.

Indeed, by Lemma 2.2 and (2.11) we get

k-1
o) = plpfm+k1< Yo hihi+2Y ai+2 Y R+ AWCLChy Y Cl ok
i+j j=0 i+j=k—1-m i+j=k

+AnCh Y CECE I R+ AWC Y ChaCilg 1A]) +o
i+j+l=k—m i+j=k—m

which implies that the identities (2.12) and (2.13) are valid. By mathematical induction, the
present lemma holds. O

Lemma 2.5. Suppose that hy and 6y are the solutions of equations (2.2) and (2.9) respectively, and

‘B;(:ZPl Z (Plﬁ]+h5)+Pm m+1 Z Cm+1 1P1(5

i+j=k—1 i+j=k
+ Poni1Chmyn Y, Com P, (k=0,1,2,...,m+1) (2.14)
i+j=k
Then
k prtk— e A s S < o
=) ( ﬁ] ]P]P2m+1+ﬁ ]P P P)+ Y, Y ,Bkap PP2m+1), (2.15)
j=0 j=0 i=0

where Briis (i=0,1,2,...,j) are real numbers,

ﬁ] = 2m+] 1Cm+k—]'+1i/\lk*jl (] - O/ 11 2/ ... /k); (216)

VT ==+ 1B, B = Chaho,  (1=0,1,2,..,k=1), (2.17)
k k-1

p= Z(C2m+2C2m+] Cém—l—] 1 Conrjr) i = Y (k= + 1)5m+] (2.18)

j=0 j=0
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Proof. By (2.14) we get
Bo = Cr1n+1pm50 + P2m+1C%m+2h0/

using Lemma 2.2 and Lemma 2.3 we get

ho = WP, So = 6 Pany1, 1 = 80 = 1,

thus
Bo = Cov1Pud0 Pos1 + Pons1Capry 2h) P,
Bo = Cri100PuPoni1 + (Chyy ol — Chyii 1) Py P 1
- m— 1 . —
= BoP" Poywir + BE D Poyir + Y, (BojoP] Pamsr + Boo Pl Pomi1),
j=0
where Bo;o, Booj (j =0,1,2,. — 1) are real numbers,

By = A Cl+1‘50 AnCryi1, B = Am(Copiah — Cpi180) = AmCoyyq-

Therefore, the conclusion of the present lemma is correct for k = 0. Now we suppose that

(ﬁ] P ]P]sz+1 +ﬁn+]Pn ]Pm+]P2m+1)+ : (n=0,12... k=1).

™=

Pn=

j=0

By this and (2.14) we get

j — T — S
Be=28 ¥ L (BE BBy + BB R )
i+j=k—11=0

+2r Y By Zalpm+k PPy +mAwClyy Y CL 1251P’< 'PIPyyi1
i+j=k-1 1=0 i+j=k

pk+m ~1 2m 1,
+ Po 1 I Copn Y Gomyihi+-
i+j=k

solving this equation we get

k - [— m+k—1 J
B =Y (BiP B Por + By TP P Pya) + Y. Y (BijiP) P Pai),
j=0 j=0 i=0
where By, (i =0,1,2,...,]) are real numbers,
j 1 iy S ke
B, = P (2 ZO hi6, | . +2 Z Bl + mAuCy, 1C2m+] 1Cm+kj+l>, (2.19)
1= =]
(j=0,1,2,...,k—1)
Br=A C3n+1C§m+k ” (2.20)
m+] m+] - o
y Zﬁ (i=0,12,...,k—1), (2.21)
i=j
z1+k C2m+2 Z C2m+z ﬁk Z(;B] +:Bm+])' (222)

i+j=k j=



8 Z. Zhou and Y. Yan

In order to prove the relations (2.16)—(2.18) are valid, first of all, we use mathematical
induction to show that

k
Zzhj+7\mmc$+k+1 = (m+k+1)hp (k=0,1,2,...). (2.23)
=0

Indeed, by (2.6) we get ho = Ay, 1y = Ay (2 + m+1C;1n 1) thus

this means that the relation (2.23) is valid for k = 0. Suppose that the identity (2.23) is valid
for positive integer k, next we will show that

k+1
2Y hj+ AumC oy = (m+k+2)hi . (2.24)
j=0

Indeed, from the inductive hypothesis and (2.6) we have

k+1
2 Z hi = (m+k+1)h — AumChyy g + 20y
=0

k+1

m
= Am(m+k+3) _Z(:) Tﬂ(k +2— ])C{nﬂ 2 = AmmCryyiy-
j=
By this and cl, = C] 11 + Cm 1, we get
X k41 k2 .
(m 4k +2)hyn —Zz(;hj = (m+k+2)An ;]Tﬂ(k+3 )Cotj—2
]= J=
k+1 m j
— Am(m+k+3) ;}Tﬂ(k+2 D) Copja T AmmC g
]:
k+1
= A Y Ct o+ AumCpf 5 4+ AumCii g
=0
= o k+1 k+2
= Amm ;) Cm+j—2 +AmmCy g = mARCy .

Thus the identity (2.24) is correct. By mathematical induction, the identity (2.23) is valid.
Now, we prove that the relation (2.16) is correct. Indeed, by (2.19) and (2.20) we get

ﬁo Am Cm+1 C,Lﬂfzo,

and
Bl = i 1 (/19 +2B0 + AumCirs1Cpy 1)
- :_ ] Clio(2+mCpy1) = C%1+2f11'

and

ﬁl A CZmCm—l—l C%mciﬂ-lflo'
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Thus, the identity (2.16) is correct for k = 0, 1. Suppose that (2.16) is valid for natural numbers
less than or equal to k, next we will prove that (2.16) holds for k + 1.
In fact, by (2.19) and (2.23) and Lemma 2.4 we get

k—j k
. 1 [ k—j
j o j ] 1 j+1
k1 — k—lj <2 i§:0 hiék_i 2122:_13 MAuC +1C2m+] 1Cm+k—j+2>

1 ] 1 7]‘ A ] )
m_|_k—_|_1_]'C2m+j—1Ck+mfj+2 (2 X;)hi + Ammc%#ﬂ—l—j) Coj 1Ck+m—j+2hkfj+1~
=

So, by mathematical induction the identity (2.16) is correct.

Now we prove that the identity (2.17) is correct.

As By = Am, by (2.21) we get ' = 2, thus, the relation (2.17) is correct for k = 1.
Suppose that

m+1

= k-, (1=012,...,k-2),
by this and (2.21) we get
m+] o m+j 2 = m+] o mtj
25 le—]+1 = (k—j+1)B;

Therefore, the identity (2.17) is valid.
Substituting (2.16) and (2.17) into (2.22) implies that the identity (2.18) holds.
In summary, the conclusions of the present lemma is correct. O

Lemma 2.6. If A, > 0.and m > 2, then
mtk>0,  (k=0,1,2,...,m+1). (2.25)

Proof. As Ay, > 0, by (2.6) we get
k
Z k j+1)C ij2 =0, (k=0,1,2,...,m+1).

Using (2.17) we get
581 = C;1n+1h0 = AmC;H—l > 0.
By this and using (2.18) we have

bom — by 4 Cruy1Clynhio — 288 = CLiny + CLCl,inlio > 0.

Thus the inequality (2.25) is valid for k = 0 and k = 1. Now we suppose that inequality (2.25)
holds for natural numbers less than k, i.e., [3§+m >0,(i=0,1,2,...,k—1). Next we will show
that g™ > 0.

Indeed, by (2.18) we get
1 Y j-1 j i ; S i
5= Z C2m+2C2m+jfl + C2m+j—1cm+2+j—k)hkflfj - ;}(k - ]):Bj
]:

k k=2

= Z C2m+2C2m+] 2 + C2m+] 2cm+1+] k)hk_j - Z(k _]')‘B;VH_]‘
j=1 '
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By this and (2.18) we get

k k—2
1 +
IIEJFm Cm+1 khk + E(C%erZCémﬂ 1 + C2m+] 1Cm+1+] k)hk*]' - Zo(k - );Bm / zﬁk T
j= j=
= j+-m 1 1 1 .
= Z(k )ﬁ] +Cpip1- e+ (Chppn + Chso kCam—2)hx1
j=0
+Z< C2m+2C2m+] 2C2m ]+1+ ]C +1+j— kC2m+] 2C2m 1 ]> hk —jr (2-26)

as B >0 (i =0,1,2,...,k—2)and f; > 0 (i = 0,1,2,...,m+1) and m > 2, then
ﬁﬁ*m > 0 holds. Thus, by mathematical induction, the present lemma is valid. The proof is
complete. O

Lemma 2.7. Suppose that hy and &y are the solutions of equations (2.2) and (2.9) respectively, ay and
By are the solutions of equations (2.11) and (2.14) respectively and

Bl = Cpri1PuBo + PuCry1Cihodo + Pami1(Copohd + Capino), (2.27)
B = 2P (hoBo + a0do + B1) + PuChy s ( Yo ol 1P1,B] +Cy Y, Crz zplh 51)
i+j=1 i+j+I=1
+ P ( Z C%m-i—ZC%zﬂl 1P1'hjhl + C%m+2 Z C%Z:—HP{“]' + C%m—i—Z(SO) : (2'28)
i+j+1=1 i+j=1
Then
B1 = BIPY" Poyyr + B P P Py yq + BT PP Poa + - -+, (2.29)

o = nglzmHPZmH + B3P Py Py 1 + Eﬁnp{nﬂpinpzmﬂ
+ By PP oy + B PLPY Py + B3 P Paysn + g P o, (230)

where

0 A2 5 5 A
,31 = 3G, +1C2m+1l P = A (Cm+1) ’ %m = G, +1C2m+1/
2 2
1
P = o
Bl = A2m(3m® +5m +4), By =A%, (m®+3m® +4m +4), B = 2"
Bt = amAZ (m* + m +1).

AnChpir (4m° +4m® + 6m +4), By = ApmCy i 1Chyin, (2.31)

Proof. By Lemmas 2.2-2.5, and substituting (2.3) and (2.10) and (2.12) and (2.15) into the
equations (2.27) and (2.28) and solving them we get (2.29) and (2.30) and in which

- )L -
Bl = 5 Chy1 (B +mAw), Bl = AnCpi1BE
Am
:Ai(m+1)(3m+2)— Cpu1 (BY + mAu +2B7).

- 1 . . - PN .
B2 =51 (2h058+2«xo+2/3? + A CoChy1 (B +mBY) + AmmC,yCpy i (b1 +hod) +Cyy 1))
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B = 2 Chia (B + Chod)),
~g1+1 - /\mcrlnﬂﬁTHI
B = (0] + ChChyaBY + ChynBY + 287, B = 23",
53" = Gy (Dol + Co 1) + Chyyya(B1 + Cypa0) — S — B — B — By — B3"

By Lemma 2.2-2.5 and simple calculation we can obtain the present conclusions. O

3 Main theorem

Consider 27r-periodic equation

d
d—; = r(Py(cos 8,sin8)r + P,,(cos §,sin 6)r™ 4 Py, 1(cos B, sin §)r?™ 1), (3.1)
where Py (cos 6,sin 6) is homogeneous polynomial in cos 6, sin 6 of degree k and P; # 0. In the

case of m = 1 [21] I have studied its center-focus problem and proved that for this equation
the composition conjecture is correct. In the following we only consider integer m > 1.

Theorem 3.1. Suppose that (5%1}5 + ﬁz“rk #0(0 <k <m—1)and m+k is an odd number,

Sam i+ Bt B3 £ 0. Then r = 0 is a center of (3.1), if and only if

27, 27 _2ii1
PiPd0 =0, (i=0,1,2,...,m), / PP Py dd =0, (j=0,1,2,...,m). (3.2)
0

Moreover, this center is a CC-center. Where the expressions of 5£ and ,81 and E{( are given in Lemma 2.3,
Lemma 2.5 and Lemma 2.7, respectively.

Proof.
Necessity:

Let r(0, ¢) be the solution of (3.1) such that 7(0,c¢) = ¢ (0 < ¢ < 1). We write
r(0,c) =c)_ an(6)c",
n=0
where 40(0) = 1 and 4,(0) = 0 for n > 1. The origin of (3.1) is a center if and only if
r(0+2m,c) =r(0,c),ie.,ao(2m) =1, a,27) =0(n=1,2,3,...) [5,6].

Substituting (6, ¢) into (3.1) we obtain

m+1

2
Y a,(0)c" = cPy(6) (Z an(G)c”> + " Py, (Z%)a,&@)c”)

0o 2m+2
-Hm“mmam(zmwxﬂ . (33)
n=0

Equating the corresponding coefficients of ¢" of (3.3) yields

ay(0) =0, ap(0) =1,
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=P ) aua, ax(0) =0, (k=1,2,...,m—1),
i+j=k—1

solving these equations we get

a=1 @ =P (k=12,...,m—1).

Q=P Y, aiaj+Py ) iy .. i, Amk(0) =0, (k=0,1,2,...

i+j=m+k—1 i+t =k

by these equations we have
Aok =P+, (k=0,1,2,...,m—1),

where
i+j=k—1

by Lemma 2.2, we get
k . —k ._.7
he=)Y P PPy,  (k=0,1,2,...,m—1),
j=0
in which
he=(k—=j+1)C, 5  (=012..,k=1),  h=Chy
Using (3.3) we have
) <sz12m—1 +2 Y P{h]-> + Py (CH, P + Cp 1 o),
i+j=m—1

solving this equation we get
Aoam = p12m+hm+“0/
where

P m 1
WP, wg=
. 2

M

hm: p}%’l’

]

,m—1),

(3.4)

(3.5)

As Ck ., 1 #0 (k =012,...,m), thus, by (34) and (3.5) from a,.x(27) = 0, (k =

0,1,2,...,m) follow that

2
pPkp,do =0,  (k=0,1,2,...,m).
0

By Lemma 2.1 we get

m
Py =Py irDP,
i=1
therefore,

m—1 _
Py = AwP{"+ Y NP}, PIP,, =
i=1

m)\m I sm+j
7.—’_ o . 7
m+ Z;er] 1

(3.6)

(3.7)

(3.8)
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where A; (i = 1,2,...,m) are real numbers. By this we obtain
o k-1 o . . k
he = PP+ Y by BT, Iy = A Z " —n,  (k=012,...,m), (39
— =

where ﬁkj (j=1,2,...,k—1) are real numbers.

2m—1
. 5 X B . m+1
wo =& Pi" + ) AP, &o= "5 —An, (3.10)
=2

where &; (j = 2,3,...,2m — 1) are real numbers.
Denote

[ee]

f=Y a(0)c" = g+ "h+ac®™ + 5P + g,
i=0

where

8= Z _{Cif h= Zhici/ &= Z“ici/ 0= Z(Sici, B = Zﬁici.
i i=0 i=0 i=0 i=0

Thus,
f* = g% +2ghc™ + (h* + 2ga)c™™ + 2g6c*™ !
+ 2hac®™ +2(gB + ha) ™ a? A 4 2(hB + wd) T 4, (3.11)
fm+1 — gm+1 4 Cl P gmhc =+ (C2+ gm 1h2 4 Cl gle)CZm 4 C;+1gméc2m+l
+ (Cria8" 1% 4 Chyyy Cug™ T ha) M 4 i (7B + Crug™ T h8) M
+( m+1gm 3h4+Cm+1 mgm thoc—f—CZJr gm 1 2)C4m 4, (3.12)
f2m+2 — g2m+2 + C%erngerthm 4 (C%m+2g2mh2 + C%m+2g2m+llx)C2m
+ C%m+2582m+lc2m+1 4 (313)
where
ZCW . (m=123,...), (3.14)
¢ =Y (i+1)P, gmr=Y ol Pl (3.15)
i=0 i=0

Using (3.3) and (3.11)—(3.15), for 0 < k < m — 1, we have

Birk = P ((2’” +1+R)P" 12 Y P+ ) (hibj+2Piay) +2 ) p{&)
i+j=m-+k i+j=k i+j=k-1

+ P (Cglm+k+1pf1+k+l +Chi1 Y CZ; 1P1hj>
i+j=k+1

+Pu ) <C2+1Cm+z 2P Y hihy, +ChLClTE 113'10¢]>+Pz,ﬂﬂc:zwkﬂza,
i+j=k—m+1 i1 +ix=j
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solving this equation we get
Qops1ik = PR Ll a4+ O, (k=0,1,2,...,m—1), (3.16)
where h,,, 1 is the solution of equation (2.2), in which m + k 4- 1 taking the place of k, é is

the solution of equation (2.9), ay 1 is the solution of equation (2.11), in which k + 1 taking the
place of k. Thus, by Lemma 2.2, Lemma 2.3 and Lemma 2.4 we get

m+k+1 | m+k+1 _ ¢
Bkl = 2 Wt P TPIP, = hyyg P 4 (3.17)
where
j 2 m+k i j
hm+k+1 ﬂl—i—k——i—l—]Zhl (m+k ])Cm+] 27 (120,1,2,...,m+k>,

i=j

m+k ! m+k+1

k1 o B m
h%ikil Dmkel T Z hm+k+1 Cglerk 1/ hm+k+1 = Am ;) Tﬂhm+k+1~
]:
Qi1 = Ry PP 4 (3.18)
2 &
A hihi +2Y &
T omtk+1 = E) i
2 1 1 A
+ C#C%H-l Cr’Z—H Zh hl +C Cm+1 Z C:Z—H N ]> .
[S—
=Y &P PPy, (3.19)
=0
. 2 k-1 . J .
G = ey Z (k=j+1)C, 1 (=012, k=1),

k-1 .

2m—+1 ] _ k

(5 C2m+k+1 2 5k - C2m+k71'
=0

By (3.17) and (3.18) we see that h,, 1 and &y, are polynomials on P; of degree 2m +
k41, so they are 27-periodic functions. As 6 = Ck +k—1 # 0, so from (3.16) we see that if
Aym+1+k(27) = 0 then

27T
/ PEPy,41d6 =0, (k=0,1,2,...,m—1). (3.20)
0
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Using (3.3) and (3.11)—(3.15), for 0 < k < m — 2, we have

Byiin = PL(Bm+k+ )PP 42 Y Pihi+ Y (hihj+2Pia))
i+j=2m+k i+j=m+k

+2 Y P42 Y haj+2 Y. (PiB;+hid)))
i+j=m-+k—1 i+j=k i+j=k-1

m p2m—+k+1 1 m—1 piy,. 2 m—2  pit,.
+ P <C3m+k+1pl +Cun X G Pili+Cu ). CuiiaPibh
i+j=m+k+1 i+j+I=k+1

1 m—1 pi 1 m—1 pi
+Cha Z i P10+ Chpq Z Contio1P19j
i+j=k+1 i+j=k
2m+1  pm+k 1 2m i
+ Pons1 (Cop i PP+ Qo ) ComiPiy),
it+j=k

solving this equation we get

__ p3m+k+1
= Pl

A3 k+1 + hompk1 + Xpgk1 + Ok + Brs (3.21)

where hy,, 1141 is the solution of equation (2.2), in which 2m + k + 1 taking the place of k, 6, &
is the solution of equation (2.9), in which m + k taking place of k, «,, 1 is the solution of
equation (2.11), in which m + k + 1 taking the place of k, B is the solution of the equation
(2.14). Thus, by Lemma 2.2, Lemma 2.3 and Lemma 2.4 and Lemma 2.5 we get

2m+k+1 -
S2m+k+1—f 5j A 5
owsksr = Y, Whpea P PPy = fgpga P (3.22)
j=0
where
j 2 2m+k j o\ )
h2m+k+1:m ; hl:(2m+k+2—])cm+]_2, (120,1,2,...,2m+k),
2m4k+1 Lk j 2m+k+1
m+k+1 _ ~m _ m-—+k+
h2m+k+1 — “3m+k+1 T E h2m+k+1 - C3m+k—1'
]:
. 2m+k+1 m j
homyki1 = A ——h :
m m ];O m +] 2m—+k+1
Cmtk+1 = 5‘111+k+11313m+k+1 ey, (3.23)
A2 A m—+k . | P
A m A A m—
0Cm+k+1 = m Z hzh] + 2 E 0Cj + 2 Z I’Zifx]' + CmCm+l 2 Cm+i72h].hl
i+j=m-+k i=0 i+j—k i+j+=k+1

+ C#C#H < Z Cn"iil&f + Z CZﬂ‘llﬁj) > .

i+j=k+1 i+j=m+k+1

5m+k = 5in+kpl ]P{PZm-H/ (3.24)
=0

]
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j 2 m+k—1 i ;
5m+k m+k ] Z 5 m+k—]+]‘)c2m+] 17 (]:0111211m+k_1)/
i=j

m+k—1 .
k 2m+1 Y k 0 _
Otk = Camiisr — 2 % =G =1
Z BLB P Py + BT P Py - (3.25)

=

where

. 1 - i 1 k—j
IB;C = m ( E k 1—j +2 Z ﬁ] +mAnC +1C2m+] 1Cm+]k—j+1) /
j=1(012...,k-2),

_ 1
= ———(2hod ] + 2B + mAnCh 1 CoaCanli o)

m—+1
:Bk A Cm+1C2m+k 17
m+] Zﬁmﬂ (j=012,....,k—1),
k 0 k = m+
Z1+ C2m+2 Z C2m+z - ,Bk Z(,B] + ‘B ]).
i+j=k j=

By (3.22) and (3.23) we see that hp,, 1 x11 and a,, 11 are polynomials on P; of degree 3m +k+1,
so they are 27tr—periodic functions, by (3.21) and (3.24) and (3.25) we see that if a3, ,1.x(277) =
0, then

27
(Ot + B /O Prtkpy, 1do =0,  (k=0,1,2,...,m—2).

If m + k is an even integer, then P{”H‘PM“ is an odd polynomial function in cos 6, sinf, so

fOZH Py*** Py, 1d6 = 0. When m + k is an odd integer, by the hypothesis, 57"% + B't* + 0, then

27
/ prtkpy, 1d0 =0,  (k=0,1,2,...,m—2). (3.26)
0

For 0 < k <2, using (3.3) and (3.11)—(3.15) we get

Ak = P1 ((4m vkt Y Pl Y (mkhi+2Pia)+2 Y Plg;
i+j=3m+k—1 i+j=2m+k—1 i+j=2m-+k—2

+2 Z hiﬂc]' +2 Z (P{ﬁ] + hﬁj) + Z aiij =+ 2 Z (l’l,‘,B]' + aci(Sj))

i+j=m+k—1 i+j=m+k—2 i+j=k—1 i+j=k—2

+ P ( kT g Y. Crn;—l-zl 1P1h +Chin Y. Cr"r:+12 zplhjhl
i+j=2m+k i+j+l=m+k
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1 m—1 i, . 1 m—1 N 3 m—3 .
+ Cm+1 Z CeriflPllx] + Cm+1 Z Cm+z 1P15] + Cm+1 Z Cm+z 3Plh]hrhS
i+j=m+k i+j=m+k—1 i+j+r+s=k

+C;1+1C%1 Z C;’Zﬁ 2P1hj“l+cz1+1 Z CZ11+11 1P1'[3j+C,1n+1C%1 Z C$+f 2P1hj‘sl)
i+j+1=k i+j=k— i+j+=k-1

2m+1 52m+k—1 1 2 om—1  pi
+ Poyi1 <C4m+kp + Com2 Z sz+kP 1hj + Z Com+2Comyi1 P 1h]'hl
i+j=m+k—1 i+j+I=k-1

1 2m i 1 2m i
+ G Z ComviPiaj + Copin Z C2m+iP15j> ,
i+j=k—1 i+j—k—2

solving this equation we get

Agmrk = PP 4 Bk + @k + &k + Spmik1 + Bkt + Bro (k=0,1,2), (3.27)

where
3m+k - 2P1 Z pih] + Pmcérlnm+kpfm+k’
i+j=3m-+k—1
by Lemma 2.2 we obtain
3m+k 3m+k ik 4m+k—1
h3m+k Z hg +k ]P]P - h3m+kp e + 2 h3m+k] 17 (3‘28)

=

in which fz3m+kj (j=1,2,...,4m+k — 1) are real numbers,

j 2 3m+k—1 i
Wy T — Y, h= Bm+k—j+1)C i (=012,...3m+k-1),
i=j
stk . 3m+k—1 j sk . 3m+k m j
m m m
han ik = Clmak1 — E Wik = Camik—or h3mik = Am Z;] T +jh3m+k'
]:

Wp =P Y (mhj+2Pja)+2P Y hiaj+PuChy Y, Coll o DPik
i+j=2m+k—1 i+j=mtk—1 i-+j=2m-+k

+ P, Cm+1 E CZ;Jrzz Zplhfhl + Pmcrln+1 E Cm+z 1P1lx]’
i+j+l=m+k i+j=m-+k

by Lemma 2.4 we have
' dm+k—1
1m+ 5/
Xom+k = a2m+kp + Z 0‘2m+k]P1/
j=0

where &, 4 (j =0,1,2,...,2m+k — 1) are real numbers, &, is expressed by (2.13) with
taking the place of k by 2m + k.

i+j=k—1 i+j+r+s=k z+]+l k
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substituting (2.3) and (2.12) into it and solving this equation we get &, = &kpfwrk +--,

. 1 U R
b= Yo adj A+ mAnCo Y O hihyhs + mAWChL 1 Ch Y CIE Ry
M+ T ij4rrs=k i+j 1=k
Thus,
omsk + 8k = (Bomik + AP+, (k=0,1,2). (329)
ko1 =2P1 Y. Pij+ Pryr Cir i PP,
i+j=2m+k—2

by Lemma 2.3 we obtain

amik=1 2m+k -5
Oomik—1= 2 I ]P]PZm-H/ (3.30)

j _ j 2m4k—1 2mtk—1
k-1 = (2m+k ])C2m+] 17 O2mik—1 = Camrk—2-

Buik1=2P1 Y. (PiBj+ hid))
i+j=m+k—2

+ Py Cm+1 Z CZ_Hl 1P1(5j + p2m+1C%m+2 Z C2m+zplh ’
i+j=m+k—1 i+j=m+k—1

by Lemma 2.5, we get

m+k—1 _— _
] 2 k—1— i 5 k—j—1+5 i
Biko1 = }; B P IDI Py 4+ B P ID Py e, (331)

) I R v S —
Pm = Zﬁ{nplm ]P{P2m+1+,5$+]l’lm ]leﬂPZmH_g_...,
j=0
Bmi1 = ZIBmH ]P]P2m+1+ﬁm+]1p ]P ]Pm+1+"',

where ﬁm+k 1(G7=0,1,2,...,m+k — 1) are expressed by (2.16)—(2.18).

Br=2P ), (hij+wéj)+ Cori1Pn Z CZ;+11 1P151‘
i+j—k—2 i+

+PuCLCL Y. C"2,Din 51+P2m+1< Y. ChupConii Pibhy
i+j+1=k—1 i+j+1=k—1

FChe T Galotcha T GhA) 6012
i-+j=k—1 i-+j—k—2
from this and Lemma 2.7 we get
Bo =0,
B1 = BYP{" Poyyi1 + By DY P Payyir + BT P2 Poyyq + - - -, (3.32)
Bz = PIPT" 1 Doyt + BA DI P Poyii1 + By P P P
+ By PP P+ B Y P+ o P 4 (333)
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By (3.28) and (3.29) we see that h3,, ., and &y, + & are polynomials on P; of degree
4m + k, so they are 27t-periodic functions. By (2.31) and (3.28) and (3.31) and (3.32) and (3.33)
and (3.20) and (3.26) we see that from a4, (277) = 0 implies

(6211 4 gam-1) / P21y, 1d6 = 0, (3.34)

by the hypothesis, 65"~ 1 + pZ"! £ 0, thus, from (3.34) we get

27T
/0 P21py, . 1df = 0. (3.35)
From a4y,,12(271) = 0 follows
(Oomtt + Bary' + B3 ) / P2 1Py, 1d0 = 0, (3.36)

as Gt 4 prAl 4+ Bt o4 0, from (3.36) we get

2
/ pmipy, 1 = 0. (3.37)
0

In summary, by (3.6) and (3.20) and (3.26) and (3.35) and (3.37), the condition (3.2) is
necessary for the origin to be a center of equation (3.1).

Sufficiency.

Now, we show that the condition (3.2) is also sufficient center condition.
By Lemma 2.1 and (3.2) we have

2m .
Pm_PlszPf ! Powi1 = Py Y iP]
=1 =0

where /\]-, p;j are real numbers. Thus by Theorem 1.2, the r = 0 is a center of (3.1), moreover
this center is CC-center, i.e, under condition of present theorem the composition conjecture is
valid for equation (3.1).

In summary, Theorem 3.1 has been proved. O

Remark 3.2. By Theorem 3.1, we can derive all the focal quantity formulas of system (1.5)

with arbitrary m and they contain exactly [;;17] + m + 2 relations (3.2) and they are more concise
and beautiful than the results calculated by computer.

Corollary 3.3. If m > 1 and A, > 0, then the r = 0 is a center of (3.1), if and only if the Moments
Conditions:

2w, ) 27 2it1 )
PiP,d6 =0, (i=0,1,2,...,m), / BY M P16 =0, (j=0,12,...,m).
0

are satisfied.

Proof. By Lemma 2.3 we see 65 > 0, from Lemma 2.6 follows that /3m+k > 0, using Lemma 2.7

we have 3" > 0, so, S+ B £0(0 <k <m—1)and 5%7’;11% + Bamil 4+ BT £ 0, by

Theorem3.1 the conclusion of the present corollary is true. O
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Consider equation
' = r(Pyr + Por® + Psr), (3.38)

where P, =} ; +j=k Pij cos fsin’ 0, (k=1,2,5) and P; # 0 and pij are real numbers.
In (2.6) taking m = 2, we get
8 A 29

g = Ay, = 5/\2, hy = K)\z,

by [21], A, = 2;15;]%1 (if propom # 0) or Ay = ﬁ (if p3, — p3; # 0). In Lemma 2.3, taking
m =2, k =3, k =5 we obtain

65 =20, &2 =56.
In (2.26) taking m = 2, k = 1,2,3, we get

52 117 452 ~
Bi =3y, Bi= 3 M Bs = — M B = = M B3 = 56A3.
Theorem 3.1 implies the following corollary.

Corollary 3.4 ([23]). If (5+ $72)(14 4+ 121, + 14A2) # 0, then the r = 0 is a center of (3.38) if
and only if,

2w . 27 oii1
/ P¥pde =0, (i=0,1), / Py Psd0 =0, (j=0,1,2), (3.39)
0 0

where Ay = 2;173;,%1 (if propor # 0) or Ay = 2(% (if P%g - pél #0).

Plo—Por)
Remark 3.5. By Corollary 3.4 follows that if (5+ £15)(14 + 121, + 14A3) # 0, then system
{x’ = =y + x(Livjm1 Pi¥'y + Litja Py + Ligjs pijx'y),
Y = x+y(Lipj=1 PiX'V + Ligjm PiiX'y + Ligjs pijx'y)
has a center at (0,0), if and only if its five focal values are equal to zero, i.e.,

p20 + po2 = 0,
2 2 _
p20(po1 — P1o) — P1ip1opor =0,
po1(5pso + p32 + p1a) — p1o(5pos + pas + pa1) =0,
plo(p23 + 10pos) — 3pTopor (2p1a + paz) + 3p10pa: (P23 + 2pa1) — piy (a2 + 10pso) =0,
PsoPo1 — Pa1PorPo + Pa2PorPio — P23PorPio + PuapoiPlo — Posplo = O

Taking p1o = po1 = 1, poo = =2, p11 = 0, po2 = 2, pso = pos = 4, psn = p1a = b,
p23 = p32 = ¢, Ap = 1, the above conditions are satisfied, from Remark 3.5 we get the following
example.

Example 3.6. Differential system

X' = —y+x(x +y—2x%* +2y% + ax® + bxty + cx3y? + cx®y® + bay* + ayd),
Y = x+y(x+y—2x* + 24> + ax® + bxty + cx3y? + cx®y® + bxy* + ay®)

has a CC-center at (0,0). Here a,b, ¢ are arbitrary numbers.
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