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1. Introduction

Consider the second-order Hamiltonian systems with impulsive effects

i(t) = VF(tu(t), ae. tel0,T),
w(0) — u(T) = (0) — w(T) = 0, (1.1)
AW (ty) =l (t]) —ai(ty) = L (ui(ty),i = 1,2,., Njj = 1,2, ...,m.

where T > 0,tg = 0 < t; < ty < ... <ty < typg1 = Thu(t) = (ul(t),u?@),....,uN (), Li; : R — R(i =

1,2,...,N;j=1,2,...,m.) are continuous and and F : [0,T] x RN — R satisfies the following assumption:

(A) F(t,z) is measurable in t for every x € RN and continuously differentiable in x for a.e. t € [0,T], and
there exist a € C(RT,RT) and b € L*([0,T],R*) such that

[E(t,2)| < a(lz))b(t),  [VE( )] < al|z])b(t)
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for all x € RN and a.e. t €[0,T).

For the sake of convenience, in the sequel, we define A = {1,2,..., N}, B={1,2,...,m}.

When I;; = 0, (1.1) reduces to the second order Hamiltonian system, it has been proved that problem
(1.1) has at least one solution by the least action principle and the minimax methods (see [2, 7-9, 11, 12,
15-18, 20-22, 25, 26]). Many solvability conditions are given, such as the coercive condition (see [2]), the
periodicity condition (see [20]); the convexity condition (see [7]); the subadditive condition (see [15]); the
bounded condition (see [8]).

When the nonlinearity VF(t,z) is bounded sublinearly, that is, there exist f,g € L'([0,T], RT) and
a € [0,1) such that

IVE(t @) < f(0)]2]* +9(t) (1.2)

for all x € RN and a.e. t € [0,T], Tang [17] also proved the existence of solutions for problem (1.1) when

I;; = 0 under the condition

T
Jim |x|_20‘/ F(t, 2)dt — +oo, (1.3)
=+ oo 0
or
T
‘ ‘hm |x|72a/ F(t,x)dt — —o0, (1.4)
z|—+o00 0

which generalizes Mawhin-Willem’s results under bounded condition (see [8]).
When a = 1, condition (1.2) reduces to the linearly bounded gradient condition, in this case, Zhao and

Wu [21, 22] also proved the existence of solutions for problem (1.1) under the condition

/0 F(t)dt < 1T—2 (1.5)

and (1.3) or (1.4) with o = 1.

For I,; # 0,i € A,j € B, problem (1.1) is an impulsive differential problem. Impulsive differential
equations arising from the real world describe the dynamics of processes in which sudden, discontinuous
jumps occur. For the background, theory and applications of impulsive differential equations, we refer the
readers to the monographs and some recent contributions as [1, 3, 4, 13, 20]. Some classical tools such as
fixed point theorems in cones [1, 5, 19], the method of lower and upper solutions [3, 23] have been widely
used to study impulsive differential equations.

Recently, the Dirichlet and periodic boundary conditions problems with impulses in the derivative are
studied by variational method. For some general and recent works on the theory of critical point theory and
variational methods, we refer the readers to [10, 14, 19, 27, 28]. It is a novel approach to apply variational
methods to the impulsive boundary value problem (IBVP for short).

In the recent paper [28], based upon the conditions (1.3) and (1.4), Zhou and Li studied the existence
of solutions for (1.1). However, there exists F' neither satisfies (1.3) nor (1.4) in [28].

Let

2nt
F(t,z) = sin <%> |27/ 4 (0.6T — t)]z[*/2.

. [ 27t aa , 1°
Sin (T)‘—’—E) |ZC| +€—2

for all z € RY and ¢ € [0, 7], where € > 0. The above shows (1.2) holds with o = 3/4 and

f =1 (sin (%)’H) g = Z_j

It is easy to see that

VE( )| < T

27t 3 7
sin (%) ’ [/ + SJ0.67 — tl|e/* < (
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However, F'(t,x) neither satisfies (1.3) nor (1.4). In fact,
2o [T o [T 2t 7/4 2 2
2|~ “/ F(t,z)dt = |z|~/ / [sin (T) |z|T/* 4+ (0.6T — t)|«]|*/? | dt = 0.1T2.
0 0

The above example shows that it is valuable to improve (1.3) and (1.4) for the problem (1.1).

In the present paper, motivated by the above papers [15, 21, 22, 28], we study the existence of solutions
for problem (1.1) under the condition (1.2). We will use the saddle point theorem in critical theory to
generalize some results in [28]. In fact, we will establish some new existence criteria to guarantee that
system (1.1) has at least one solutions under more relaxed assumptions on F'(t, ), which are independent
from (1.3) and more general than (1.4) in [17] and [28], to our best knowledge, it seems not to have been

considered in the literature.

2. Preliminaries

In this section, we recall some basic facts which will be used in the proofs of our main results. In order
to apply the critical point theory, we construct a variational structure. With this variational structure, we
can reduce the problem of finding solutions of (1.1) to that of seeking the critical points of a corresponding
functional.

Let H} be the Sobolev space
Hp ={u:[0,T] —» RY | uis absolutely continuous, u(0) = u(T), @ € L*([0,T],R")},

it is a Hilbert space with the inner product

T T
< u,v >/0 (u(t),v(t))dtJr/O (u(t),v(t))dt, ¥V u,v € Hy,

the corresponding norm is defined by

[ull g2 = </0 [Ja(t))® + [u(t)]?] dt)

1
2

for u € Hi.
Let us recall that

W=

T
||ul|z2z = (/o |u(t)|2dt> and  ||uljeo = max] |u(t)].

tel0,T
Definition 2.1.128)  We say that a function u € H3 is a weak solution of problem (1.1) if the identity

/ (at), o(e)dt + 33 Lyl ()0’ (1)) = — / (VE(t, u(t)), o(t))dt

0 j=1i=1

holds for any v € Hr.

The corresponding functional ¢ on H1 given by

1 /T 5 T m ) )
plu) = 5/0 % (t)] dt+/0 F(t,u(t))dtJrZ. /0 L (t)dt

j=11:=1

= P(u) + o(u) (2.1)
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where

T T m ' (t5)
blu) = %/O |u(t)|2dt+/0 Ftau()dt and o= [ Lt

It follows from assumption (A) that ¢ € C'(H7}.,R). By the continuity of I;;,i € A,j € B, one has that
¢ € C1(HL,R). Thus, ¢ € C'(H*,R). For any v € H}, we have

T m _ _ T
< ga’(u),v>/0 (u(t),o(t))dwZZIM(UZ(@W(@))+/0 (VE(t, u(t)),v(t))dt. (2.2)

j=11:=1

By Definition 2.1, the weak solutions of problem (1.1) correspond to the critical points of .

To prove our main results, we need the following definition and lemma.

Definition 2.2.[8l Let X be a real Banach space and I € C'(X,R). I is said to satisfy the (PS) condition
on X if any sequence {z,,} C X for which I(z,,) is bounded and I’(x,) — 0 as n — oo possesses a convergent

subsequence in X.
Lemma 2.1.8)  Foru e H}, let u = %fOTu(t)dt and u(t) = u(t) — @. Then one has

T

T
]2, < T lu(t)|*dt  (Sobolev's inequality), (2.3)
0
and
T2 (T
a)|3. < ﬁ/ lu(t)|*dt  (Writinger's inequality). (2.4)
™ Jo

3. Main results and Proofs

Theorem 3.1. Suppose that (A) and (1.2) hold, and the following conditions are satisfied:

(I1) There exist a;;,bi; > 0 and B;; € (0,1),v € [0,a) such that

L (8)] < agj + by [t]P, foreveryt e Rji€ A,j € B; 3.1
j J J

(I2) For anyic A,j € B,

(F1)

T
llflris—&g |:L,|—20¢ /OT F(t, :C)dt < —% (/O f(t)dt) . (33)

Then problem (1.1) has at least one weak solution in H.

Theorem 3.2. Suppose that (A), (1.5), (I2) hold, and the following conditions are satisfied:

(F2) There exist f,g € L*([0,T], RT) such that

IVE(t, z)] < f(t)]]+ 9(t) (3-4)
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for all x € RY and a.e. t € [0,T);

(I3) There exist a;;,bi; > 0 and B;; € (0,1),v € (0,1) such that

|1 (t)] < aij + bis|t|"P5,  for every t € R,i € A,j € B; (3.5)

2

lim sup |z| 2 F(t,z)d — d . 3.6
imsup o2 [ ()it < CETTD (/ 7) t) (3.6)

Then problem (1.1) has at least one weak solution in H.

Throughout this paper, for the sake of convenience, we denote

T T

= i, b= bij. 3.8
0= axy e b= e by (3.8)

Let 61, d2, 3, 07, 05, 05 denote the positive number and fix
T M,
24

1 1
51+52+53<§, 5’1+5;+5g<5+ (3.9)

Let
(1+41)

G(61,09,03) =
(1, 25 3) (%_51_52—53),

when 41, d2, d3 are small enough, it is easy to see that G(d1, d2,03) is monotone increasing for every variable.

Furthermore, we have

: Clontente) =2 3.10
(61,62,53)i%+10+10+) (61,02, 03) 5.10)

Let

(1+ 22 4+ 67)

1 T M, / / 7\’
(5_ 24 _51_52_53)

H(dY,05,03) =

when 61, 6%, 8; are small enough, noting that M; < L (see (1.5) and (3.7)), it is easy to see that H (4}, 83, 84)
is monotone increasing for every variable. Furthermore, we have

244+ TM,

U ! U
H(51552753> - 12—TM1

(3.11)

lim
(63, 03, 65)—(0F, 0F, 0%)
Now, we can prove our results.

Proof of Theorem 3.1. First, we prove that ¢ satisfies the (PS) condition. Suppose that {u,} C Hx is
a (PS) sequence of ¢, that is {¢(uy,)} is bounded and ¢'(u,) — 0 as n — oo . By (F1), we can choose an
a; > T/12 such that

T
3
1imsup|x|_20‘/ F(t,z)dt < —§a1M12. (3.12)
0

|z|—+o00
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It follows from (1.2) and Lemma 2.1 that

T
(F(t,un(t)) — F(t,ay,))dt

(VE(t, Ty + $Tin(t)), n(t))dsdt

0 0
/OT/Olf(tHﬁnJrsﬂn( B[ Jiin (¢ |dsdt+/ / 1) i (0)| dsdt

<

T
< / FO) (Tl + i ()] i (¢ >|dt+/0 o) i (1))t

T T

< (@l finlloo + i) / FE + [[in]loc / o(t)dt
= M1|ﬂn|a||ﬂn”oo+Ml|mn”go+l+M2”ﬁn”oo

1 . a _ oa . R
<l M2 a2 4 M|+ My o

20,1 2

(a41)/2 1/2

T al T T
< L .n2 _M2 —n2a - M na+1 + M ,n
< ga il + MR+ (55 [l =) Malfinll e

1 ) a1 o o (a+1)/2 . 7\ /2
< gl + i+ (5) Mlili +(55) Ml

which means that

/0 (VE(t,un(t)), an(t))dt

1 a
< (5 + 61) llin |22 + §M12|an|2a + Ms, (3.13)

where M3 is a positive constant dependent of the arbitrary positive number §; which satisfies (3.9).

By (I1) and Lemma 2.1, we have

N
DO L (i (8t (¢)

j=11i=1

Z aij + bijluy, (£)]779) |y, (1)]

NE

<.
Il
-
.
Il
N

(aij + bij |, (1) + @, (£)]779) |y, (1)

M
M-

j=11:=1
m N
< amNiinlloo +5 07 2"+ [l | 20) a0
j=11i=1
T 1/2 m N )
< o (5) il 4033l
j=1i=1
- 2 - ﬁz 2 51]
303 2000, Z 43S g
j=1i=1 Jj=1i=1
T 1/2 m N
< amN<E) ||un||L2+bZZ@j|an|m
j=11:i=1
. YBij+1
m N =5 m N [ T ) 2
+b i / | *dt +2b —/ et ,
g; - By) i ? gg 1z ), linl
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which means that
SO L (ug ()il (8)| < Solin|F 2 + bmN [T + My (3.14)
j=1i=1

for all u,, where M, is a positive constant dependent of the arbitrary positive number do which satisfies
(3.9).
Since lim,,— o ¢’ (z,) = 0, we have by (3.13) and (3.14)

ltnll = (@' (un), in)l

4|72 +/0 (VE(t,un (1)) @n(8))dt + Y g (ul, (), ()

j=11i=1

Y

1 . a _ 2a . _
(5 — 51) |t |22 — ?11\412|un|2 — 0o |tn||2s — b N |, |*T — My. (3.15)

On the other hand, by (2.4), we have

(4n2 4+ T72)"/°

Un | <
)l <

linll 2 < d3]ldnllF2 + Ms, (3.16)
where My is a positive constant dependent of the arbitrary positive number §s which satisfies (3.9).
It follows from (3.9), (3.15) and (3.16) that there exists Mg > 0 dependent of d1, 02, d3 such that

ale
2 (3 — 01— 0 — 03)

b N
G-d-6-)

|2 < [ ** +

|t |2 + M. (3.17)

Combining with (I2), (3.13) and (3.17), we have

1 ) T - T -
pu) = glinle+ [ Fun(e) = Fea)der [P+ o)
0 0
a T
< (1+51)Hun||%2+?1M12|ﬁn|20‘+/ F(t,a,)dt + M3
0
< (1+51)G1M12

2(% — 61— 62— 3)
bmN
G55

for some positive constant M dependent of d1, 2 and d3.

T
a
+ 5 M+ |an|*2a/ F(t,an)dt] |Gy, |2
0

+ || * + M7 (3.18)

We claim that {|@,|} is bounded. In fact, if {|@,|} is unbounded, we may assume that, going to a

subsequence if necessary, |i,| — +o00, n — +oo. It follows from (F1), (3.9), (3.10), (3.12) and (3.18) that
o(up) — —00, N — 0.

which contradicts the boundedness of {¢(u,)} (see (PS) condition). Hence {|@y|} is bounded. Then, it
follows from (3.16), (3.17) and the boundedness of {|u,|} that {u,} is bounded in H, going if necessary

to a subsequence, we can assume that
Up — ug in Hi., (3.19)
by Proposition 1.2 in [8], we have

U, —ug in C([0,T],RN). (3.20)
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It follows from (2.2) that

<<Pl(un) - Sﬁl(uo)vun — ug)

_ / i (£) — (t)[2dt
0
T

+ (VF(ta un(t)) - VF(ta ’U/O(t))a un(t) - ’U/O(t))dt

S~

N
N (T (g, () — T (u' (£))) (g (1) — u' (1)) (3.21)

=1 i=1

NE

<
Il

From (3.19)-(3.21), (A) and the continuity of I;;, it follows that u,, — w in H}.. Thus, ¢ satisfies the (PS)

condition.

Let H} = {u € H}. | w=0}. Then H} = H} &RV,
In order to use the saddle point theorem ([12], Theorem 4.6), we only need to verify the following

conditions:

(A1) o(x) — —o0 as |z| — oo in RV,

(A2) @(u) — +oo as |lul| — oo in Hi.

In fact, by (F1), we get
T
/ F(t,z)dt — —oc0 as |z| — oo in RY. (3.22)
0
From (I2) and (3.22), we have
T
p(z) = / F(t,z)dt + ¢(x) — —oo as |z| — oo in RY.
0

Thus, (A1) is verified.
Next, for all u € f[}, by (1.2) and Sobolev’s inequality, we have

/ U1 () — Pt 0)ae
0

/oT /Ol(VF(t’ su(t)), u(t))dsdt

IN

/ FOlu(t)e+dt + / o) u(t)|dt
0 0

M|ullsS + Mzl

7\ (et1)/2 " 7\ /2
(55) s+ (55) " Malilee (3.23)

A

IN
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It derives from (I1) that

6(w)] = |ZZ/0” Lo

j=11i=1
m
< S5 [ st
j=11:=1 0
m N
< amNufloo+bY Y [full2Fu
j=1 i=1
YBij+1
T 1/2 m N T\ * . w/iig-+1
< amN <E) u||L2+b;;<ﬁ) il 22 (3.24)
It follows from (2.3), (3.23) and (3.24) that
1 ) T T
1o 7 (et1)/2 T\ /2 T
> a2, — (= Myl — (= My || F(t,0)dt
> gl - () il - (55)  Melidee + [P0
YBij+1
T 1/2 ) m N T D) ) vBij+1
—amN (E) ||u|Lz—bZZ<E> i .2 2 (3.25)
j=1i=1

for all u € H}. By (2.4), |Ju|| — oo in H if and only if ||i]| > — co. So we obtain op(u) — +oo as |ju| — oo
in H} from (3.25), i.e. (Ag) is verified. The proof of Theorem 3.1 is complete.

Proof of Theorem 3.2. Firstly, we prove that ¢ satisfies the (PS) condition. Suppose that {u,} C H
is a (PS) sequence of ¢, that is {¢(u,)} is bounded and ¢’'(u,) — 0 as n — oo. By (F3) and (1.5), we can

choose an as > % such that

18&2 2

—_— 2
12 —TM; (3.26)

T
lim sup |x|72a/ F(t,z)dt < —
0

|z|—+o0
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It follows from (F2) and Lemma 2.1 that

A(F@mﬁ»—F@mmﬁ

/T /I(VF(t’“" + st(t)), Uy (t))dsdt
o Jo

IN

T 1 T 1

/0 / F(8) (] + sliin (£)]) [ ()| dsdt + / / o(t) [in (8)| dsdt
T - 1 _ _ T _

= [ 10 (0l + 10 @l des [ g0l a

IN

- _ 1 ~ 5 T _ T
(10l il + 5 112 ) [ 00+l [ ateri

_ My _
= Ml + 5t linl + Mo

1 a _ My . -
a3 + 5 M |an]? + == [|anl3 + Ma|dn]|oo
2a2 2 2

IN

T TM)\ . as T\'"*
(51 + 30 ) Ml + gt 4 (35) Ml

2 12
(1 TM,; T

1/2
. a2 _ .
) Vialls + Eadia+ () Mol

Rl 12

2 24

which means that

/O(VF(t,un(t)),an(t))dt

1 T M a
< (5 + 71 + 6’1) lla]|2 2 + §2Ml2|an|2 + M, (3.27)

where M} is a positive constant dependent of the arbitrary positive number 6] which satisfies (3.9).
By (1.5), (2.2) and (3.27), we have

lnll = (@' (un), in)l

|72 +/O (VE(twn(t)), Gn(8))dt + 0 g (ug, (£)), (1)

j=1i=1
1 TM . as _
> (50081 ol - at?lan
—05 |72 — bmN |an[* — Mj, (3.28)

where M} is a positive constant dependent of the arbitrary positive number 85 which satisfies (3.9).
On the other hand, by (2.4), we have

(4n2 4+ T72)"/°

Un | <
il < =

linll 2 < 83]ldnllZ2 + Ms, (3.29)
where MY is a positive constant dependent of the arbitrary positive number 85 which satisfies (3.9).
It follows from (3.28) and (3.29) that there exists M§ > 0 dependent of 87,05 and §% such that

bmN

(3 -5 — 01— — %)

a2M12

2(3 - 5 — 01— 9 — &)

|| + |, |2 4 M. (3.30)

|2 <
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In a way similar to the proof of Theorem 3.1, we have

(F(t un(t)) — F(t, un))dt

VF t,Up + SUn(t)), Uy (t))dsdt

T M,
< +5’ HunHLer M1|un|2+M3. (3.31)
2 24
By (I2) and (3.31), we have
1 T T
o(un) = 5|Iitn||i2 +/ [F(t,un(t)) — F(t, )] dt+/ F(t,u,)dt + ¢(u)
0 0
TM T
< (1+ 241 +6’1) |\an|\§2+a—;M§|an|2+/o F(t,uy,)dt + M;
14+ B+ 6))ag M3 M?
< 1( TAZ‘ ,1)a2/ 1/ a2 L / F(t,t,)dt| |t,]?
2(5_ 24 _51_52_53)
bmN 9 ,
+ W2+ M 3.32
R o

for some positive constant M7 dependent of ¢/, §5 and d5.
We claim that {|@y|} is bounded. In fact, if {|i@,|} is unbounded, we may assume that, going to a
subsequence if necessary, |4, | — +00, n — +o0.

It follows from (F'3), (1.5), (3.26) and (3.32) that
p(un) — —00, n — o0,

which contradicts the boundedness of {p(u,)} (see (PS) condition). Hence {|u,|} is bounded. Arguing then
as in the proof in Theorem 3.1, we conclude that the (PS) condition is satisfied.

Similar to the proof of Theorem 3.1, we only need to verify (A1) and (Ag). It is easy to verify (A1) by
(3.6). In what follows, we verify that (As) also holds . For all u € H}, by (3.4) and Sobolev’s inequality,

we have

T[F(t,u(t)) — F(t,0)]dt

(VFE(t, su(t)), u(t))dsdt

0 0
1T 2 ’
5/0 F@®)|u(®)] dt—l—/o g(®)[u(t)|dt

M,
< 2 + Mol

TM . T\Y?
< Gplith(35) Malile. (3.3

IN

Similar to the proof in (3.24), by (I3), we have

YBij+1
YBij+1

T 1/2 m N T 5
ol < am (35) il 030 (35) T dalt (3:3)

j=11i=1
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It follows from (2.1), (3.5) and (3.34) that

1 T T
o = glillte+ [ 1Fu) - Fe.0la+ [P0 o
12 - TM, . 7\ /2 . T
= TIIUH%Z - (E) Mal|al| 2 +/O F(t,0)dt
YBij+1
T 1/2 . m N T 2 . YBij+1
—amN (E) il =b> > <E) ]| > (3.35)
j=11i=1

for all uw € H}. By Wirtinger’s inequality (see (2.4)), |lu|| — oo in H} if and only if ||a| ;> — oo. So we
obtain op(u) — +oo as ||ul| — oo in H} from (1.5) and (3.35), i.e. (Ay) is verified. The proof of Theorem

3.2 is complete.

4. Examples

In this section, we give some examples to illustrate our results.

Example 4.1. Let T"=0.0003, m = 5, t; = 0.0002, consider the second-order Hamiltonian systems with

impulsive effects

i(t) = VF(t,u(t)), ae. tel0,T],
u(0) — u(0.0003) = (0) — @(0.0003) = 0, (4.1)
A44(0.0002) = 4%(0.0002%) — 4¢(0.00027) = ;1 (4*(0.0002)),i = 1,2, ..., N;j = 1,2,3,4,5.

Let
27t 1
F(t,z) = sin (%) |27/ 4 (0.4T — ))2[*2 + (h(t), ), 1 = —t7, (4.2)

where h € L([0, T],RN),v = B;; = % It is easy to see that

7 27t 3
IVF(t,z)] < = l|sin [ — )| |[z[*/* + 2|0.4T — t||z[/2 + |h()]
4 T 2
7. (2nt 3y T3
< 3 (Sm (T)‘ +5) |z */ + 5+ h()]

for all z € RY and a.e. t € [0,T], where € > 0. The above shows (1.2) holds with o = 3/4 and

f(t)=£(

sin (%) ’ + s) . og(t) = Z—j + |h(t)]. (4.3)

However, F'(t,x) neither satisfies (1.3) nor (1.4). In fact,

T T
|z|720‘/ F(t,z)dt = |x|73/2/ {Sin <%> |27/ + (04T — t)|z>/? + (h(2), z)] dt
0 0

T
= 0177+ (/ h(t)dt, |x|_3/2z> .
0
2 2
sin (22| 2) ae| =20 (2
in{ = 5 =T \=t¢) -
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On the other hand, we have




We can choose ¢ sufficient small such that

T 3 2 T 2
4973 (2 T
li —2a F(t,z)dt = —0.1T?% < — z = t)dt
imsup 2 [ Pt = 01 < o (2c) =3 (/0 i« )

This shows that (F1) holds. By Theorem 3.1, problem (1.1) has at least one solution.

Example 4.2. Let T'=1,m = 3,t; = 0.5, consider the second-order Hamiltonian systems with impulsive

effects
i(t) = VF(t,u(t)), ae. te0,T],
u(0) — u(1) = w(0) —a(1) =0, (4.4)
A4(0.5) = 0(0.5%) — 4f(0.57) = I;;(u*(0.5)),i = 1,2,...,N;5=1,2,3.

Let

F(t,z) = (04T — t)|z|? + t|z)3/% + (h(t),x), Ix = —t3, (4.5)
where h € L([0,T],RY), v = 3;; = % It is easy to see that
3t 1
IVE®)| < 20047 = t|la + Fla]'/* + |h(2)]
T2
< 2(|04T —t| +¢) |z| + % + |h(t)]

for all z € RY and a.e. ¢ € [0, 7], where € > 0. The above shows (3.4) holds with

F(#) = 2([04T —t] + &), g(t):g—;+|h(t)|. (4.6)
Observe that
92 T -2 T 2 3/2
2| /OF(t,z)dt = | /0 (047 — )2 + a2 + (h(t) )] d

T
= —0.17%+0.5722|7Y/% + </ h(t)dt, |$|2$> :
0
On the other hand, we have

T T
/ F(t)dt = 2/ (10.4T — t| 4 &) dt = 0.52T2 + 2¢T,
0 0

2
T
( / f(t)dt) = (0.52T% 4 2¢T)? = 0.2704T* + 2.08T> + 4£*T2.
0

We choose € > 0 sufficient small such that
T 12
/ ft)dt = 0.52T% + 2T < —
O T

and

T
limsup|:c|72/ F(t,z)dt = —0.1T?
0

|| =400
3T T
FICETaTn ( / f(t)dt>

These show that (F3) holds. By Theorem 3.2, problem (1.1) has at least one solution.

2

A
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