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Abstract. The notion of Lyapunov regularity for a dynamics with discrete time defined
by a bounded sequence of matrices can be characterized in many ways, highlighting
different aspects of this important property introduced by Lyapunov. In strong contrast
to the case of bounded sequences, not all these properties are equivalent to regularity
for unbounded sequences. We first show that certain properties remain equivalent for
unbounded sequences of matrices. We then show that unlike for bounded sequences
and, more generally, tempered sequences, certain properties related to the existence of
limits for the Lyapunov exponents on the diagonal are no longer equivalent to regularity
for unbounded sequences.
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1 Introduction

1.1 Main theme

In this paper we consider the notion of Lyapunov regularity for a dynamics with discrete time
defined by a sequence of matrices that may be unbounded. More precisely, we consider a
sequence of invertible g x g matrices (A,),en with real entries and the associated dynamics

Xp+1 = Anxy, forn €N, (1.1)

on RY. Let

(1.2)

A,_1---A1 ifn>1,
Ay =
Id ifn=1.

Assuming that the Lyapunov exponent

A(v) = limsup % log||Axv||

n—o0
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is finite for all nonzero vectors v € RY, the sequence (A, ),eN is said to be Lyapunov reqular if
.1 1
hrrlr_lglf . log|det A, | = ; A(v;) (1.3)

for some basis vy, . .., v, for R7. We emphasize that the sequence need not be bounded or even
tempered. We recall that a sequence (A;),en is said to be tempered if

1
limsup —log ||A4|| <0, (1.4)
n—soeo N
where as usual I ||
v
[Anll = sup T

veRI\ {0} el

Our main aim is to show that whereas various characterizations of Lyapunov regularity
for bounded sequences extend to unbounded sequences, various others related to the trian-
gularization of the sequence do not. We recall that to make a triangularization of a sequence
of g x g matrices (Ay)nen corresponds to find a sequence of invertible g x g matrices (Vy)neN
satisfying

.1 1 1
lim — logi| Vi | = lim - log|V; "] = 0 (15)
such that the matrices
By =V, LAV,

are upper-triangular for each n € IN. Any sequence (V,),en satisfying (1.5) is called a Lya-
punov coordinate change (see Section 3 for some of its properties). In the latter case of the
triangularization of a sequence of matrices, we provide a gradation of successively weaker
properties that are all equivalent for bounded sequences, by providing explicit examples of
sequences of matrices for which each two of these successively weaker properties are not
both satisfied (thus showing that the properties are not equivalent). This recommends caution
when using Lyapunov regularity in the study of the stability of a nonlinear dynamics obtained
from perturbing a linear dynamics defined by an unbounded sequence since not all the usual
characterizations of regularity remain equivalent for unbounded sequences.

1.2 Lyapunov regularity

Before proceeding, we describe briefly why the theory of Lyapunov regularity plays an impor-
tant role in the stability theory of differential equations and dynamical systems (we refer the
reader to [5] for a detailed description). It is easy to verify (for example using the variation of
parameters formula, for continuous time, or a corresponding formula for discrete time) that
the uniform exponential stability of a linear dynamics as in (1.1) persists under sufficiently
small nonlinear perturbations, that is, perturbations of the form

Xn+1 = Anxy +fn (xn)

with the maps f, sufficiently small in some appropriate sense. In general this is no longer true
when the exponential stability is not uniform, that is, when the time that it takes for the iter-
ation of the dynamics to reach a given neighborhood of zero with exponential decay depends
on the initial time. The notion of Lyapunov regularity was introduced by Lyapunov [12] and
then studied by many others (see for example the books [1,5,9,11] and the references therein)
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as a means to give quantitative conditions, also involving the Lyapunov exponents, under
which the nonuniform exponential stability of a linear dynamics persists under sufficiently
small perturbations. This amounts to introduce certain regularity coefficients such that when
they are sufficiently small the exponential stability persists. For example, the Lyapunov regu-
larity coefficient of a sequence of g x q matrices A = (Ay)nen is the number

L .o 1
o(A) = mmi;/\(vi) - hmglfalog|detﬂn|,

where the minimum is taken over all bases vy, ..., v, for R7. One can show that the sequence
A is Lyapunov regular if and only if 0(A) = 0 (see [4] for a detailed exposition of the theory).

A major breakthrough in the theory of Lyapunov regularity occurred when Oseledets [13]
showed that in the context of ergodic theory any regularity coefficient vanishes almost ev-
erywhere (more precisely, it vanishes for almost all trajectories of a measure-preserving flow
under a certain integrability assumption). This eventually led to an exponential development
of the area, initially with seminal work of Pesin [14,15]. We refer the reader to the book [6] for
a sufficiently detailed description of the theory, nowadays referred to as nonuniform hyper-
bolicity theory or Pesin theory. The first nontrivial consequence of the persistence of nonuni-
form exponential stability can be considered the construction of stable and unstable invariant
manifolds by Pesin in [14]. It turns out that the notion of nonuniform hyperbolicity can be
deduced from the existence of nonzero Lyapunov exponents using the regularity coefficient to
show that the nonuniformity can be made arbitrarily small along almost all trajectories (since
the regularity coefficient vanishes almost everywhere). From this point of view, Lyapunov
regularity can be considered a principal technical device in the study of nonuniform hyper-
bolicity. This specific topic is not pursued in our paper and so we refrain from introducing
the notions and results explicitly, referring instead the reader to the former references.

In our paper, Lyapunov regularity is the main topic from beginning to end. In particu-
lar, we consider various properties that are equivalent to Lyapunov regularity for bounded
sequences and we establish their equivalence for arbitrary sequences (see Theorem 3.3). For
example, we show that for a sequence of invertible g x g matrices (A,),en Whose Lyapunov
exponent takes only finite values on R7 \ {0}, the following properties are equivalent:

1. (An)nen is Lyapunov regular;

2. there exist a Lyapunov coordinate change (V,).en (see (1.5)) and a diagonal g x g ma-
trix D such that

V. 1AV, =D forallneN;

3. there exists a basis vy, ..., v, for R? such that the limit
lim - log||4,v]
ngrolo n 08|l /ni

exists fori =1,...,q and

lim 1logé(f[nv]-, span{A,vj41, ..., Anvg}) =0 (1.6)

n—oo 11

forj=1,...,9—1
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We recall that the angle Z(v, E) between a vector v € R7 and a subspace E C RY is defined by
Z(v,E) =inf{Z(v,w) :w € E} € [0,7/2].

Property 2 says that the sequence (A;),eN can be transformed into a constant diagonal se-
quence via a Lyapunov coordinate change. Property 3 says that the values A(v;) of the Lya-
punov exponent are limits (which in fact implies that A(v) is a limit for any v), while (1.6)
implies that any two sequences A,v; and A,v; with i # j approach at most with subexpo-
nential speed when n — co. To a certain extent, the proofs of the equivalence between these
and other properties are obtained by modifying existing arguments for bounded sequences,
although we give a clean streamlined argument. At the end of Section 3 we provide a detailed
list of references for the existing proofs of the relations between various properties that are
equivalent to Lyapunov regularity for bounded sequences (either for discrete or continuous
time).

1.3 Triangular reduction

In the second part of the paper we discuss how the reduction of a sequence of matrices to a
sequence of upper-triangular matrices via a Lyapunov coordinate change relates to Lyapunov
regularity. It turns out that unlike in the case of bounded sequences and, more generally,
tempered sequences, some of these properties are no longer equivalent.

We first describe the type of problems in which we are interested. Let (Ay)sen be a
tempered sequence of g X g upper-triangular matrices (see (1.4)). Denoting the entries of A, by
ai]-(n), it follows for example from Theorem 1.3.12 in [6] that if the limits

n—1

1
¢ := lim — 1og11]11aii<l)\ (1.7)
exist and are finite for i = 1,...,q, then the sequence is Lyapunov regular (in which case the
numbers cy, ..., c, are the values of the Lyapunov exponent on R? \ {0}, counted with their
multiplicities but possibly not ordered). On the other hand, we show in Theorem 4.1 that the
existence and finiteness of the limits in (1.7) is a necessary condition for Lyapunov regularity,
even if the sequence is not tempered (see (1.9) for an example of a nontempered sequence of
upper-triangular matrices illustrating that the condition is not sufficient). In fact, Theorem 4.1
considers also the more general case when the sequence of matrices (A, )en is transformed
into a sequence of upper-triangular matrices via a Lyapunov coordinate change.

In strong contrast, the fact that a nontempered sequence (A,),en can be reduced via a
Lyapunov coordinate change to a sequence of upper-triangular matrices B, = (b;j(n))1<i<j<q
such that the limits o

di := lim 1logl_[\bii(l)\ (1.8)
1=1

n—oo 1

exist and are finite fori = 1, ..., g, is not sufficient for the Lyapunov regularity of the sequence
(Ay)nen- For example, take
1 21
NS as
for n > 1. Then, by (1.2), we have
1 2mt—1
An—<0 1 > forn > 1.
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Clearly, the limits in (1.7) exist for this sequence. Moreover, the values of the associated
Lyapunov exponent are A] = 0 and A} = log2. On the other hand, since detA, = 1, we have

2
0= nh_r)glo % log|det A, | # min;)\(vi) = A + A5 =log?2,
where the minimum is taken over all bases v;, 5 for R?, and so the sequence (A, ),eN is not
Lyapunov regular (see (1.3)).
In fact we provide even more detailed information on the relation between the Lyapunov
regularity of a sequence of matrices and its reduction to a sequence of upper-triangular ma-
trices via a Lyapunov coordinate change. Namely, consider the following classes of matrices:

1. let 81 be the set of all sequences of invertible g X g matrices that are Lyapunov regular;

2. let 83 be the set of all sequences of invertible g x g matrices (Ay)n,en such that after a
reduction to a sequence of upper-triangular matrices via a Lyapunov coordinate change
the limits in (1.8) exist and are finite fori =1,...,q;

3. let 8y be the set of all sequences of invertible g x g matrices (An)yen € 83 such that,
up to a permutation, the vector (dy,...,d;) given by (1.8) is the same for any Lyapunov
coordinate change.

We show in Theorem 4.2 that
81 C 8 C83CL, (1.10)

where £ is the set of all sequences of invertible g X g matrices whose Lyapunov exponent takes
only finite values on R7 \ {0}. We also show that these inclusions are proper, by giving explicit
examples. On the other hand, for tempered sequences of matrices the first two inclusions
in (1.10) become equalities. More precisely, if T is the set of all tempered sequences of g X g
matrices, then

SINT=8NT=8NT. (1.11)

Indeed, for example by Theorem 1.3.12 in [6], if (B,)nen is a tempered sequence of upper-
triangular matrices and the limits d; in (1.8) exist and are finite for i = 1,...,4, then the
sequence is Lyapunov regular. Hence, by Proposition 3.1 below, for tempered sequences we
have §3NT C 8 N T and so it follows from (1.10) that property (1.11) holds for tempered
sequences.

Our arguments are inspired by work of Barabanov and Konyukh in [3] where they estab-
lished earlier corresponding results for continuous time. To the possible extent we follow their
approach.

2 Gramians and volumes

In this section we collect a few notions and basic results on Gramians and volumes that are
used in the remainder of the paper. We refer the reader to the books [10,16] for details.

We recall that the Gramian (or the Gram determinant) G = G(vy, ..., vp) of a set of vectors
v1,...,0p € RT is the determinant of the matrix of inner products GZ-]- = (v;, ZJ]'>, using the
standard inner product on R?. One can show that the Gramian G coincides with the square
of the p-volume I'(vy,...,v;,) determined by the vectors v, ..., v, that is,

G(vi,...,vp) = F(vl,...,vp)z.
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In particular, the Gramian has the following properties:

1. G(vy,...,vp) > 0 for any vectors vy, ...,v, € R,

2. G(vy,...,vp) = 0if and only if vy,...,v, are linearly dependent;
3. G(v) = [[o* and G(v,w) = [|[v]*||w]]* — (v, w)*.

By properties 1 and 3 we obtain as a particular case the Cauchy-Schwarz inequality |(v, w)| <
lo|l - ||w|| (with equality if and only if v and w are colinear, in view of property 2). Moreover,
we have the inequalities

G(Ul,. . .,Z)p) S G(Ul,.. .,Ui)G(Ui+1,. . .,Up)

and so also
r(vlr v /UP) < F(vlf ce /vi)r(vi-l-lr s /UP)/

fori =1,...,p — 1. In fact, these inequalities follow from a more general result in Proposi-
tion 2.1 below.
We also recall that the angle between two subspaces E, F C R7 is defined by

Z(E, F) = arccos(uy,v1) € [0,71/2],
where u1 € E and vy € F are unit vectors such that
(ur,v1) = max{(u,v) :u € E,v € F, |lu|| = ||v|| =1}.
Now let k = dimE, | = dim F and p = min{k,[}. Set 6; = Z(E, F). The principal angles
6<0, < <0,
between E and F are defined recursively by
6; = arccos(u;,v;) € [0,71/2],
where u; € E and v; € F are unit vectors such that
(u;,v;) = max{(u,0) :u € ENG},v € FNH, |[u| = ||o|| =1},

with
G; =span{uy,...,u;—1} and H; =span{vy,...,v;_1}.

Proposition 2.1 ([2]). For any subspaces
E =span{uy,...,ux}y and F =span{vy,..., v}
we have

P
G(uy, ..., ug,v1,...,v) = G(uy, ..., ux)G(vy,...,01) 1_[sir12 0;,
i=1

where 01 < 0 < -+ - < 0, are the principal angles between E and F.
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When | = 1, there exists a single principal angle between E and F (which in fact is the angle
between the two spaces). Hence, writing E = span{uj, ..., u;} and F = span{v} we have

G(uy,. .., ug,v) = G(uy, ..., u)G(v) sin® 6y

or, equivalently,
T(uy, ..., ug,0) =T(uy,..., u)|vl sin £(v, E). (2.1)

Moreover, it follows from Proposition 2.1 that given v4,...,vx € R7and i € [1,k) "IN, we
have

k
G(vl,...,vk) S G(Ul,...,UZ')G(UZ'+1,...,Uk) S HG(U])
j=1

In particular, taking k = g and v; = ¢; fori = 1,...,q, where ey, ..., ¢; is the canonical basis
for R7, we obtain Hadamard’s inequality
9
det A| < [ ]|l Ae 22)
i=1

(using the 2-norm on RY). This inequality can be seen as a consequence of the fact that |det A|
gives the volume of the parallelepiped determined by the vectors Aey, ..., Ae;. For complete-
ness we give an elementary derivation. Let U be the orthogonal matrix whose columns are
obtained applying the Gram—Schmidt process to the basis Aey, ..., Ae;. Then

span{Aey, ..., Ae;} = span{Uey,..., Uej}

for each j < g and writing Ae; = 25:1 w;jUe;, we obtain (Ae;, Ue;) = w;; because U is orthogo-
nal. Hence,
i
AEj = Z<A€j, Uei>Uei
i=1
and so also

j j
[ Aej||* = ) [(Aej, Uei)[* =) |asjl*. (2.3)
i=1 i=1
Now let B be the upper-triangular matrix with entries b;; = a;; fori < j. Then A = UB and
since U is orthogonal, we obtain
|det A|> = det(A*A) = det(B*U*UB)
= det(B*B) = |det B|?

q q
= [ Jlail* < Tl Aell?
i=1 i=1

using (2.3) in the last inequality.

3 Criteria for Lyapunov regularity

In this section we describe several criteria for the Lyapunov regularity of a sequence of invert-
ible g x q matrices with finite values of the Lyapunov exponent on R7\ {0}. We emphasize
that the sequence need not be bounded or even tempered. All matrices are assumed to have
real entries.
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3.1 Basic notions

Without loss of generality we shall always consider the 2-norm ||-|| on R7 and for each q x g
matrix A we consider its operator norm

Av
HAH = Ssup HHUHH
vERI\{0}

We define the Lyapunov exponent A: R7 — [—o0, +0c0] of a sequence of invertible g4 X g matrices
A = (An)nen by

1
A(v) = Ag(v) = limsup — log||A,v||, (3.1)
n—oo N
where
Ap1--- Ay if 1,
I (3.2)
Id ifn=1
(with the convention that log0 = —oc0). We denote by £ the set of all sequences of invertible

g X q matrices whose Lyapunov exponent A takes only finite values on IR7\ {0}. By the theory
of Lyapunov exponents (see [5]), for each A € £ the Lyapunov exponent A can take at most g
values on R7\ {0}, say

AM<o < )Lp

for some integer p < g, and the sets
Ei={veR:A(v) <A}

are linear subspaces. We denote by
M< <A (3.3)

the values of A counted with their multiplicities, that is, /\} = Ajforj=dimE;,_;+1,...,dimE;
and i = 1,...,p, with the convention that Ey = {0}. A basis vy,...,7,; for R is said to be
normal (with respect to the sequence A) if for eachi =1, ..., p there exists a basis for E; composed
of vectors in {vy,...,v,}. Finally, a sequence of matrices A € £ is said to be Lyapunov regular
if there exists a basis vy, ..., v; for R such that

oo 1 d
llﬂglfalogmetﬂﬂ = ;/\(Ui). (34)

Equivalently, a sequence A € £ is Lyapunov regular if (3.4) holds for some normal basis
v1,...,0q for R7 (see [5]). Moreover, by (2.2) we have

q
|det(A, V)| < T [llAq0ill
i=1
for the matrix V with columns vy,...,v,, and so

1 9
limsup —log|det A,| < ) A(v;).
msup. logldetAy| < ) A)
Hence, it follows from (3.4) that a sequence A € £ is Lyapunov regular if and only if

.1 d
}gr;o;logmetﬂnl = ;A(vi)
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for some basis vy,...,v; for R (that is, if and only if the limit exists and is equal to the
right-hand side).

Given a sequence of invertible g x g matrices (A,),en, We consider the new sequence
Cn = (A%)7!, for n € N, where A} denotes the transpose of A,. In a similar manner to that
in (3.2), we define

o (Ax_ )7L (A7 ifn>1,
e":<‘A”>1:{Iolnl T it

The Lyapunov exponent y4 = Ac of the sequence C = (Cy,),en is given by
) 1
pa(w) = limsup — log||Chw]|.
n—oo N

Moreover, in a similar manner to that in (3.3), we denote by

!/ /

the values of y 4 counted with their multiplicities.
A sequence of invertible g x g matrices (V,),en is called a Lyapunov coordinate change if
condition (1.5) holds, that is, if

o1 .1 _
,}g{}oﬁlogHV”H = J%EIOgHVn Y =o.

For the matrices B,, = Vn_lenVn, for n € IN, we have A,V = V,B,, with A, as in (3.2) and
where

. B,_1---B; ifn>1,
" ifn=1.

Hence, it follows readily from (1.5) that

1
Aa(Viv) = limsup — log|| A, V1v||
n—oco N
1 (3.5)
= limsup — log||B,v| = Ag(v)
n—oo N
for any v € R7. This shows that any Lyapunov coordinate change preserves the values of the
Lyapunov exponent. In fact it also preserves Lyapunov regularity.

Proposition 3.1. If the sequences A = (Ap)uen and B = (By)nen are in L and are related by
By =V, | AV, for each n € N, for some Lyapunov coordinate change (Vy)ne, then o(A) = o(B).
In particular, A is Lyapunov regular if and only if B is Lyapunov regular.

Proof. Note that B, = V1A, V; and so
1 1
oc(B) = min; Ag(v;) — liyrlgglf - log|det B, |

d 1
= minizzl/\A(Vlvi) - lirrlgg}f . log|det A,|,

with the minimum taken over all basis vy, ..., 7, for R?. Since any basis for R7 can be written
in the form Vyvy,..., Viv, for some basis vy, ..., v, for R7, we conclude that (B) = c(A). O
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Now let ey, ..., e; be the canonical basis for IRY.
Proposition 3.2. For a Lyapunov coordinate change (Vy,),eN we have
lim 1log|detVn| =0 and lim 1log||Vnez-H =0, fori=1,...,q
n—oo 1 n—eo
(that is, the limits exist and are zero).

Proof. For the first statement, by (2.2) we have

q q
det Vi | < [TIVaeall < [TIVall = [Vl (36)
i=1 i=1
Together with (1.5), this implies that
. 1
lim sup — log|det V,,| < 0. (3.7)
n—oo N

In a similar manner, we have |det(V, 1)| < ||V,;!||7 and so again by (1.5) we obtain

1
lim sup . log|det(V, 1)| < 0.

n—oo

Hence,

oo 1 L 1 .
hrrlgglfglogmet V| = —hmsupalog|det(Vn )| >0,

n—00

with together with (3.7) yields the first statement in the proposition. For the second statement
we first observe that

9
Y IVaeil|? > cl|Viei]|
i=1

[Vall = ¢

for some positive constant c (since all norms on a finite-dimensional space are equivalent).
Thus, by (1.5) we obtain

lim sup % log|| Viei|| < 0. (3.8)

n—o0

On the other hand, proceeding as in (3.6) one can write

q
(det Vio| < [ TlIVaeill = [Vaeil T Tl Vaeill < [[Vaeill - [[Val72.
i=1 j#i

Hence, by (1.5) and the first statement in the proposition, we obtain
Y
liminf log||Vye;|| > 0. (3.9)

The second statement follows now readily from (3.8) and (3.9). O
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Criteria for Lyapunov regularity

The following result describes several criteria for Lyapunov regularity. The emphasis is on
sequences of matrices that need not be bounded, although their Lyapunov exponent takes
only finite values on R7 \ {0}. To the possible extent, the proofs are obtained by modifying
existing arguments for bounded sequences, although we give a clean streamlined argument.

Theorem 3.3. For a sequence of invertible q x q matrices (Ay)neN € £, the following properties are
equivalent:

1.
2.

(An)nen is Lyapunoo regular;

(Cu)new = (A7) nen € Land Ay =~y fork=1,....4q;

. there exist a Lyapunov coordinate change (Vy,)neN and a diagonal q X q matrix D such that

V. L AV, =D foralln € N;

. given a normal basis vy, . .., v, for RY, we have
o1
Av:) = lim —log||.Ax0i| (3.10)
fori=1,...,qand
.1 B

r}groloalog Yin =10 (3.11)

forj=1,...,q9 —1, where
Yin = £(Anvj, span{A,vj;1,..., Anvg}); (3.12)

. there exists a basis vy, ..., v, for R such that properties (3.10) and (3.11) hold for i = 1,...,q

andj=1,...,9—-1

Proof. We separate the proof into several steps.

Step1: 3 =2
Property 3 says that
V, L AV, = diag(ds, ..., dy), (3.13)
for some Lyapunov coordinate change (Vi) nen and some numbers dy, .. ., dq in R. Hence,
V, A1 = diag(d{ ', dpY) (3.14)

and so

9
i=1

which by Proposition 3.2 yields the identity

.1 d
nlgrolozlog|detfln] = glog\di].

Moreover,

AnVie;=d! Wee; andso |[|A,Viei| = |di|" || Vel
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Again it follows from Proposition 3.2 that
1
Aa(Vie) = r}gr(}oﬁlogHAnVleiH = log|d,|. (3.15)

Now we consider the sequence of matrices C, = (A})~!, for n € N. Let U, = (V;)~!
It follows from (3.13) and (3.14) that

u

n+1C U, = diag(d; ,...,dq’l)

and so
u,'e,U; = diag(d; ”H,...,dq_"ﬂ).

Therefore,

q
det G, det U; = det U, H di_”H,
i=1

which by Proposition 3.2 yields the identity
1
11m —log\det Cul = Zlog]d |-

Moreover,
C,lye; = d[”*lunei and so HenuleiH = |di\*”“]|uneiH.

Again by Proposition 3.2 we obtain
.1
pa(Uie;) = lim —log|[Culhe;]| = —log]|di. (3.16)

Since ey, .. ., e, is a normal basis with respect to any constant of sequence of diagonal matrices,
it follows from (3.15) that A} = log|d;| for i = 1,...,q and it follows from (3.16) that p! =
—log|d,—iy1| fori=1,...,q.

Step2:2=1

Property 2 says that the numbers p} > -+ >y}

; are finite and coincide, respectively, with

/ /
_;\qz...z_/\l‘

For any normal basis v, ..., v, for R? with respect to the sequence A = (Ay)nen we have
|det(A, V)| < HHAnle (3.17)

where V' is the matrix whose columns are vy, ...,v;. This follows readily from Hadamard’s
inequality in (2.2). It follows from (3.17) that

limsup — log]detﬂn| < th sup logHAnle

n—co j=] n—o

= Z}\A(’(),‘) = Z/\;
i=1 i=1

(3.18)
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In a similar manner, for any normal basis wy, ..., w,; for R7 with respect to the sequence
(Cy)nen we have

9
—hmmf—log\detﬂﬂ = hmsupflog\dete | < ZVA wi) =Y ui.
i=1

n—oo i=1

Therefore, it follows from property 2 that
o1 L%
hﬂg}fﬁ log|det A,| > — ; Wi = Z Aj
and so, by (3.18),
.1 d
Jggoﬁlog\detﬂﬂ = ZA:
This shows that the sequence A is Lyapunov regular.

Step3:1 =4

Consider a sequence (A;),en satisfying property 1. This corresponds to assume that the
numbers Aj < --- < )\f] satisfy

oo 1 a,
hyrglogfalogmetﬂn] = ;/\i.

We claim that each number /\g is a limit, that is,
|
A= lim - log|[Anvi| (3.19)

for i = 1,...,q and any normal basis vy,...,v; with A(vy) < --- < A(v;). We proceed by
contradiction. Assume that there exists a vector v # 0 for which A(v) is not a limit, that is,

1
lim — log|| A, 2| < A(v)
k—oc0 Ny

along some sequence (1 )ren * +00. Now we consider any normal basis vy, ..., v, such that
v; = v for some j. Then

|det An| < [|Ano| T TllAnoill (3.20)
i#]
and so, by (3.20), we have
q
Y A(v;) < limsup — log|det/lnk|
i=1 k—o0 3
< lim sup - logHAnka +Y Avi)
k—o0 17&]
q
)+ Z/\ v;) = Z v;).
i#j i=1

This contradiction shows that (3.19) holds.
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To establish (3.11) we consider an arbitrary normal basis vy,...,v;. Let V be the matrix
whose columns are the vectors vy, ...,v;. We claim that

q q—1
det(A, V)| = [ JIlAvill T sin vin, (3.21)
i=1 i=1

with the angles 7;, as in (3.12). First observe that
|det(A,V)|* = G(Anv1, . .., Auvy).
By Proposition 2.1 we have
G(Anv1, ..., Anvy) = G(Aw0:) G(Anvis, - .., Anvy) sin? iy

for each i € [1,9) NIN. Indeed, since A,,v; generates a space E of dimension 1, there is a single
principal angle between E and

F = span{Anvi1,..., Anvy},

which is simply the angle between E and F. Proceeding by induction we obtain
2T o 2
|det(A,V)|* = [ [ G(Auvi) [ ] sin® vin,
i=1 i=1

which yields identity (3.21) since G(A,v;) = ||Anv;]|%
Since the basis vy,...,v; is normal and the numbers A(v;) = A] are limits, it follows
from (3.21) that

Avr) = Ji_r)go%log|detﬂn|

q
=1

9 1 q-1 1
=) lim —log|Anvi|| + lim ) = logsin vy,
i—1 n—oo 1 n—oo i1 n

-1 -1
=Y (v li ~log sin v:
B (v) +ggg; —logsin iy
and so
=
r}grolo 1221 . log sin y;, = 0. (3.22)

Given j € {1,...,9 — 1}, we take a sequence (1y)ren * 400 such that
.1 : .1 .
hﬂglf p logsin vy, = kh_>ncf>10 - log sin 7y, -

Since sin y;,, <1, it follows from (3.22) that

= N T
0= nh_r)r.}o L . log siny;, = 111’1;10 ; n—k log sin 7y;y,
<l 'fll iny;, <li 11 invyi, <0
< liminf — ogsinyj, < imsup ogsinyj, <

n—oo

and so

lim llogsin'yjn =0, forj=1,...,9—1.

n—oo 1

Since 2x/7m < sinx < x for x € [0, 7r/2], this implies that

1
lim —logvy;, =0, forj=1,...,q—1

n—oo 11
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Step4: 4 =5

It is immediate that property 4 implies property 5.

Step5:5=3
It follows from property 5 and (3.21) that the limit
-1

1 et
Jlim —log|l Ay ;| + Z:Zl Jim —log sin i

=

1
lim Elog\detﬂnl =

n—00

Il
—_

(i)

Il
.M‘“
>

Il
—_

exists. Hence, by (3.18), the sequence of matrices (A, )en is Lyapunov regular. One can now
apply Theorem 2 in [8] to conclude that property 3 holds. This completes the proof of the
theorem. O

The equivalence between properties 1 and 2 in Theorem 3.3 was obtained in [7, Theorem 9],
following to the possible extent the case of continuous time in Section 1.3 of [5] (the results
are formulated for a smaller class of linear dynamics although the arguments apply to the
more general case considered here). It was shown in [8, Theorem 2] that property 1 implies
property 3 (the converse is immediate). Moreover, it was shown in [6, Theorem 1.3.11] that
properties 1 and 4 are equivalent. It is also simple to show that properties 4 and 5 are also
equivalent. A version of Theorem 3.3 for continuous time was obtained earlier by Barabanov
and Konyukh in [3].

4 Triangular reduction

In this section we discuss how the reduction of a sequence of matrices to a sequence of upper-
triangular matrices via a Lyapunov coordinate change relates to Lyapunov regularity. It turns
out that unlike in the case of bounded sequences and, more generally, tempered sequences,
certain related properties are no longer equivalent. We refer the reader to [3] for corresponding
earlier work of Barabanov and Konyukh in the case of continuous time.

4.1 Necessary condition for regularity

As noted in the introduction, for a tempered sequence of upper-triangular matrices, it follows
for example from Theorem 1.3.12 in [6] that if the limits in (1.7) exist and are finite, then the
sequence is Lyapunov regular. On the other hand, the example of a nontempered sequence of
upper-triangular matrices in (1.9) shows that the existence and finiteness of those limits is not
a sufficient condition for Lyapunov regularity.

The following result shows that the former condition (that is, the requirement that the
limits in (1.7) exist and are finite) is always necessary for Lyapunov regularity, even for non-
tempered sequences. We recall that the values of the Lyapunov exponent A in (3.1), counted
with their multiplicities, are denoted by Ay, ..., A; (see (3.3)).
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Theorem 4.1. For any reduction of a Lyapunov regular sequence (An)neN to a sequence of upper-
triangular matrices B, = (b;j(n))1<i<j<q via a Lyapunov coordinate change (Vy),eN, the limits

1
d; ;== lim llogl—[|bu 4.1)

n—oo 1

exist and are finite, fori =1,...,q, and (dy, ..., dy) is a permutation of (A1, ..., Ag).

Proof. Let (Ay)nen be a Lyapunov regular sequence and let (V;,),en be a Lyapunov coordinate
change such that B, = LAV, is upper-triangular for n € IN. Since B, =V, 14, vy, we
have

n+1

detA, = det B, det V, det(V; 1). (4.2)

Moreover, since (A;)en is Lyapunov regular, it follows from Proposition 3.2 together with
(3.5) and (4.2) that (B,),en is also Lyapunov regular and

1 1 g
nlgrolo—log|det By| = lim flog|detfl,1 Z)\; (4.3)
Now let
= lim sup 1 log 1_[|bZZ = lim sup Z log|bii(1)].
n—oo n—o0
We have

n—1 *
Bnei: (...,Hbii(l),O,...,O> ’
=1

with the term [T/ b;;(1) at the ith position, and so
Ag(e;) = hmsup = log||BneZH > ¢
n—00

fori =1,...,q. Since (B,)uen is Lyapunov regular, its Lyapunov exponent takes only finite
values on R7\ {0} and so ¢; < Ap(e;) < +oofori=1,...,q.

To show that c; is not —oco, we consider the diagonal sequence

D, = diag(bi1(n),...,by(n)).

Then the matrices
_ |Dupa---Dy o ifn>1,
" 1d ifn=1

are given explicitly by
n—1 n—1
D, =diag | [[bu(D),..., [ [bg(D) ] (4.4)
1=1
Now assume that along some sequence (1 )ren ,* +00 we have
.1
Jim - 10g]| Dige| = —o

for some j € {1,...,q}. Since

q
|det Dy | < Tl Dueill,
i=1
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we have

Z)\ = lim flog]detB | = hm flog|detD \

n—oo 1

= lim — log]det Dy, | < th sup — logHanelH
i=1 koo Mk
But the last inequality cannot hold since the right-hand side is —co while the numbers A/ are
finite. This contradiction shows that ¢; > —cc fori=1,...,q.
Now let c’1 <. < c’q be the numbers cy, ..., ¢; written in increasing order. It follows from
the general theory that there exists an upper-triangular matrix (f;;)1<i<j<; with unit diagonal
such that the vectors

w; = e+ fiir1€i1+ -+ figeq, fori=1,...,q,
form a normal basis with respect to the sequence B = (Bn)uen- The numbers ﬁj can be
obtained as follows. Take w; = ¢;. Now we proceed by induction. After having w;1,...,w,
we construct w; as follows. Take numbers f;; for j = i +1,...,q such that Ap(w;) takes the

smallest possible value. Then wy, ..., w, is a normal basis with respect to B. This is a variation
of Lyapunov’s construction of a normal basis (see Section 1.2 in [5]). By (4.4) we have

n—1

Dnei = (0,...,O,Hbﬁ(l),o,...,0> P

=1

with the term [T/~ b;;(!) at the ith position, and so

1
hmsupflogHD wi|| > ¢, fori=1,...,q.

n—oo

Since wy, ..., w;, is a normal basis, the values A; of the Lyapunov exponent of the sequence
(Bn)nen (that are the same as those of (A JneN) satisfy

1
A, = min max { lim sup — 10g||anl1 |, ..., limsup = log|| B,w;|| },
n—oo n—oo n
where the minimum is taken over all collections of numbers i1 < --- < i in the set {1,...,q}.
Since . .
max { lim sup — log||Bhw;, ||, ..., limsup — log|| B w;,|| } > ¢
n—oo N n—oo N

for any such set, we have A} > ¢} fork =1,...,4. In particular,

9 9
Y oA E ¢; = Z ci. (4.5)

i=1
Finally, we show that each number c; is a limit. Since the matrices D,, are diagonal, the
canonical basis is a normal basis with respect to the sequence D = (D;),en and the finite
numbers ¢y, ..., c; are the values of the Lyapunov exponent of this sequence. Therefore,

9

9
Y =) 1msup—10g1—[|bzz )| = limsup — .y ZlogH’b”

i—1 i=1 n—oo n—00 =1
q
= limsup — logH H]b” )| = lim sup log|det Dyl
n—oo i=11=1 n—oo

oo 1 .1 4
> 11rrlr_1>g1fﬁlog\det9n] = 7}1_r>r010£10g|det13n| = ;A;,
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using (4.3) in the last line. It follows from (4.5) that
1 9 q
liminf = log|det D,| =) ¢;i =) Ap(e;)
e i=1 i=1

and so the sequence (D,),en is Lyapunov regular. Hence, it follows from property 4 in
Theorem 3.3 that each number ¢; is a limit. Together with (4.5) this establishes the last property
in the theorem. ]

4.2 Lyapunov regularity and triangularization

Now we provide an even more detailed information on the relation between the Lyapunov
regularity of a sequence of matrices and its reduction to sequences of upper-triangular matri-
ces via Lyapunov coordinate changes.

We first introduce three classes of matrices:

1. 8 is the set of all sequences of invertible g X g matrices that are Lyapunov regular;

2. 83 is the set of all sequences of invertible g x g matrices (A,),eN such that after a re-
duction to a sequence of upper-triangular matrices B, = (b;;(n))1<i<j<4 Via a Lyapunov
coordinate change (V},),en the limits in (4.1), that is,

1 n—1
d; := lim = log [ [|bii(1)|
=1

n—co 1

exist and are finite fori =1,...,q;

3. 8, is the set of all sequences of invertible g x g matrices (A,)nen € 83 such that, up to a
permutation, the vector (dy,...,d,) is the same for any Lyapunov coordinate change.

The following result clarifies the relation between these classes of matrices.
Theorem 4.2. We have 8 C 83 C 83 C L and these inclusions are proper.

Proof. We divide the proof of the theorem into steps.

Step 1: Auxiliary results I

We start with two auxiliary results. We recall that all Gramians are nonnegative and that a
Gramian G(vy, ...,vx) vanishes if and only if the vectors vy, ..., vk are linearly dependent.

Lemma 4.3. If (V,,)nen is a sequence of invertible q x q matrices and B, = VL A,V, is upper-

n+1
triangular for each n € IN, then for the vectors v; = Vye;, fori =1,...,q, we have
2
G(Ayv1, ..., Anvg) n—l G(Vyper, ..., Vyex)
= b (1 4.6
G(Anv1, ..., Anvg_1) 111 ll) G(Vner, ..., Vner-1) (6

fork=1,...,q, where B, = (b;j(n))1<i<j<y-
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Proof of the lemma. We have Vn_lfln Vi = B, and so
.AnVl — Vn‘Bn — (Vnel st Vnel,i)‘Bn

ci(n) cip(n) --- Clq(n)
0 cn(n) -+ cp(n
_ (Vaer - Viey) ; zzé ) 20]:( ) ’
0 0 0 cy(n),

where B, = (cjj(n))1<i<j<q- In particular, we have c;;(n) = 17! bii(1) for each i. Now write
Viei=v;fori=1,...,q. Then

i
'Anvi = Anvlei = Z Cji(n)VnEj, fori= 1, e q.
j=1
Since the Gramian is the determinant of a matrix of inner products and A,v; — c;i(n)Vye; is a
linear combination of the vectors V,eq,..., V,e;_1, one can show that
G(.An’()l, . /-Anvk) = G(C11 (n)Vnel, sz(n)vn€2, ey ckk(n)Vnek) . (4.7)

For completeness we detail the argument. Consider the g X g matrix M with entries m;; =
(Anvj, Ayvj). Multiplying the first column of M by —c12(n)/c11(n) and adding it to the second
column corresponds to replace the entries in this column by

C n
<Anvi,ﬂnvz>+<ﬂnvi,— 12(1)
cll(n)

Similarly, multiplying the first row of M by —ci2(n)/c11(n) and adding it to the second row
corresponds to replace the entries in this row by

Anv1> = <.Anl),', sz(?’l)Vn€2>.

_Clz(ﬂ)

C11 (Tl)

Now we apply successively these two operations to the matrix M, after which we apply
successively similar operations to the remaining columns and rows. Namely, fori = 3,...,9
(in this order) we multiply each kth column with k < i by —cy;(n)/ci(n) and we add it to the
ith column. Then, for i = 3,...,q (again in this order) we multiply each kth row with k < i
by —cki/ (1) and we add it to the ith row. After all these operations we obtain the matrix of
inner products

(Anvo, Ayvi) + < -Anvlz-AnUi> = (e (n)Vyper, Ayvi).

(cii(n)Vnei, cjj(n)Vnej).
Since none of the former operations changes the determinant, we obtain identity (4.7). There-
fore,

2

k n-1

G(Anvl, ‘o ,Anvk) = <H H b”<l)) G(Vnel, ey Vnek>- (48)
i=11=1

Identity (4.6) follows now immediately from (4.8). O

Lemma 4.4. A sequence of invertible q x q matrices (Vy,)eN is a Lyapunov coordinate change if and

only if the sequence of matrices A, = V, 41V, ! is Lyapunov regular and all values of its Lyapunov
exponent on R7\ {0} are zero. In this case we have

1
lim —log G(Vyeq,..., Vuer) =0, fork=1,...,q. (4.9)

n—co 1
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Proof of the lemma. Assume that (V},),en is a Lyapunov coordinate change. Then the matrices
Ay = VyqV, ! satisfy anrllAnVn = Id and by Theorem 3.3 (see property 3), the sequence
(An)nen is Lyapunov regular. Moreover, the values of its Lyapunov exponent on R7 \ {0} are
zero (because the constant diagonal matrix D is the identity matrix).

In the other direction, if the sequence of matrices A, = V,, 11V, ! is Lyapunov regular and
all values of its Lyapunov exponent on R7 \ {0} are zero, then it follows from Theorem 3.3
that there exists a Lyapunov coordinate change (Uy)nen such that U,:ilAnUn = D is a fixed
diagonal matrix for n € IN, with entries 1 in the main diagonal. Therefore,

An =V, =u, D" U
Since (Uy)nen is a Lyapunov coordinate change, the same is true for the sequence
V, = U, D" U vy

Now we establish the last statement in the lemma. It follows from Theorem 1.3.11 in [6]
that for k = 1, ..., g the limit

1
lim —log G(Vyey, ..., Vuer)

n—oo 11

exists and is equal to a sum of values of the Lyapunov exponent of the sequence A, = anrl1 V.

Since all these values are zero, property (4.9) holds. O

Step 2: Auxiliary results II

Now we use the former results to show that the limits in (1.7) can be obtained considering
smaller classes of Lyapunov coordinate changes. This will be crucial later on in the proof of
the theorem.

Let & be the set of all Lyapunov coordinate changes (V;),en such that

V, AV, = By

is upper-triangular for all # € IN. On the other hand, given a normal basis vy, ...,v,; for R
with respect to the sequence (A, ),en, let U, be the orthogonal matrix whose columns are
obtained applying the Gram-Schmidt process to the basis A, v, .. - Anvy. Then

ufl

n1Antn = Gy (4.10)

is upper-triangular for all n € IN (see [7, Theorem 7]) and so the set I of all such sequences of
orthogonal matrices (U, ),cN satisfies F C €. We write

B, = (bz‘j(n))lgigqu and C, = (Cij(”))lgigqu.

Finally, let

QV: (bl’lhq)/ EV: (bl,...,Eq),

where
1 n—1 . 1 n—1
b; = liminf — log H]bii(l)], b; = limsup — log H\bii(l)\,
n—oo M 11 nseo N 1
and let
cu= (Q1/---/§q), cy = (Elz---/fq)/
where

n—1 n—1

.1 — L 1
¢ = 11’£gg1fﬁ logg|cu(l)|, ¢; = limsup — log [ [lcii(1)]- (4.11)

n—oo 1=1
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Lemma 4.5. For a sequence of invertible q x q matrices A = (Ap)nen € £ we have
{(by,by): Ve &} ={(cycu):UeTF}

Proof of the lemma. Since I C &, we have
{(by,bv): Ve &} D {(cycu):UeTF}

For the reverse inclusion, take (V;),en € € and let vy, ..., v, be the columns of the matrix V;.
By Lemmas 4.3 and 4.4 we obtain

G(Anvl,...,Anvi) 1
li —1 =21l —1 4.12
meup 1 log 5 105 2imup g ) 4
and )
P 1 G(‘A 01, - /‘Anvi> o . 1 i
11152}){)&” log G Anor, . Antr 1) —lelggfﬁloggw”(lﬂ. (4.13)

Now observe that there exists an upper-triangular matrix B with unit diagonal such that
the columns uy,...,u,; of V1B form a normal basis with respect to A. Let U, be the matrix
whose columns are obtained applying the Gram—Schmidt process to the basis A, uy, ..., Ay
Then (Uy,)nen € F (see [7, Theorem 7]). Moreover, let w; = Uje; be the columns of Uy, for
i=1,...,9. Again by Lemmas 4.3 and 4.4 we obtain

1 G(Anwy, ..., Agw;) 1 -1
li 1 =21l —1 414
i o Gy~ 2imsup g [Tl ) @1
and
G(Awwy, ..., Auw;)
111gg1fn log G Anwr, . Anr 1) 2l1ﬂg}fflogn|c” (4.15)

On the other hand, using the properties of the Gramian, one can show that
G(Anwl, . ,Anwi) = piG(Anul, . ,Anui) = piG(Anvl, e ,Anvi)

for some constants p; independent of n, for i = 1,...,4. This follows as in the proof of

Lemma 4.3. Indeed, note that
i-1

U =0; + Z bi]'U]',
j=1

denoting by b;; the entries of B. Since A, u; — A,v; is a linear combination of the vectors b;;A,v;

with j < i, we obtain
G(.Anul, e ,Anul) - G(Anvl, o e ,Anvi).

Similarly, since
i-1

Z Cijij = Cijlhi + Z CijUj

j=1

for some constants c;; with ¢;; # 0, it follows as before that

G(Anwl, N ,Anwi) = G(cll.Anul, e ,cﬁAnui)

i
= H\cj]-|2G(Anu1, . ,Anu,-).
j=1
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This shows that '
1
pi = le;l™
j=1

Hence, it follows from (4.12) and (4.13):r0gether with (4.14) and (4.15) that for these particular
sequences we have ¢;; = by, and ¢y = by. Therefore,

{(by,by): Ve &} C{(cycu):Ue€ET}
and the lemma is proved. O

Now we turn to the proof of the statement in the theorem. We consider each inclusion
separately.

Step 3:81 C 8

This inclusion is the content of Theorem 4.1. To show that it is strict, for each n > 1 let

n
A, = diag ((g 61> ,qu_2> ,

where Id,_» denotes the (g —2) x (g — 2) identity matrix. Then

n—1 o n—1
Ay = diag ((e . (m ?e > ,qu2> . (4.16)

Clearly, the values of the Lyapunov exponent are limits and are equal to 1 (with multiplicity 2)
and 0 (with multiplicity g4 — 2). The sum of these values is 2 while

lim 1log]detﬂn| =1
n—oo 1
and so A ¢ 81. It remains to show that A € §,.

In view of Lemma 4.5, it suffices to show that the limits d; in (4.1) exist, are finite, and
that up to a permutation the vector (d, .. .,dq) is the same, considering instead of general
upper-triangular matrices B, only those upper-triangular matrices C, as in (4.10) obtained
from a normal basis vy, ..., v, or, without loss of generality, from a normal orthonormal basis
ui, ..., uq (it is easy to verify that when the limits in (4.1) exist for some matrices C, they also
exist for any particular matrices obtained from a normal orthonormal basis). More precisely,
when computing the numbers d;, instead of considering B, we can consider the matrices
u, 14,U,, where U, is the orthogonal matrix whose columns are obtained applying the Gram—
Schmidt process to the basis Ay, ..., Ayiy. Moreover, in view of Lemma 4.4 we may simply
consider the matrices A, U;, where Uy is the matrix with columns ug, ..., u,.

A normal basis uy, ..., u,; with respect to A has q — 2 vectors that are in

E = span{es, ..., e;} (4.17)

and vectors x; = (cli, een, Cfi)*’ fori =1,2, where c§ are constants such that 6 = C%C% — C%C% # 0.
For simplicity of the notation, we shall write

uj(n) =Auu; and x;(n) = A,x;.
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In particular,
xi(n) = ((c} +ch(n—1))e" 1, ch, ... ,c;)*.

Without loss of generality, we assume that #; = x; and u,, = x; for some I < m. Since c"1
and ¢}, cannot be zero simultaneously, there exists D > 1 such that

D7 te" < ||x;(n)|| < Dne", forne€N,i=1,2. (4.18)

Before proceeding we establish two auxiliary results.

Lemma 4.6. There exists C > 0 such that
wy = ZL(x2(n),x1(n)) < Ce™", forn € N. (4.19)
Proof of the lemma. The triangle inequality for a trihedral angle says that
(u,v) < L(u,w)+ £(w,v) (4.20)

for any vectors u,v,w € R7\ {0} (this follows readily from considering the space spanned
by u,v,w, and using the triangle inequality for a spherical triangle). Hence, letting «;(n) =
Z(xi(n),e1) we obtain

ay < Z(x1(x),e1) + Z(x2(n),e1) = ar(n) + azx(n), (4.21)
for n € IN. On the other hand,

iln).en) (¢ +ch(n — 1)) !
[[x:(n) ] \/(‘711 + cé(n —1))2e2(n=1) 4 Zzzz(c};)z

9 (ci)2)1/2
sina;(n) = y/1—cos?a;(n) = W

By (4.18), there exists K > 0 such that

coswa;(n) =

and so

sina;(n) < Ke ™, forneN,i=1,2.

Since x/ sinx — 1 when x — 0, this implies that there exists K" > 0 such that a;(n) < K'e™"
for all n € N and i = 1,2. Hence, it follows from (4.21) that property (4.19) holds. O

Furthermore, since «;(n) = Z(x;(n),e1) — 0 when n — oo and e; L E with E as in (4.17),
there exists K; > 0 such that

Z(x1(n), W) > £(x1(n), E) > K4 (4.22)

for any n € IN and any subspace W # {0} of E.
Now let W(n) be the space generated by the set

{ur(n), ..., ug(n) } \ {um(n)}.
Lemma 4.7. There exists Ky > 0 such that

Bn = Z(x2(n),W(n)) > Kon 2", forn € N. (4.23)
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Proof of the lemma. Consider the vector

*

w(n) = (—c3, (cf +c3(n—1))e"1,0,...,0)

that is orthogonal to W(n). Since dim W (n) = g — 1 for all n € IN, we have

B = g — Yn, where v, = Z(xp(n), w(n)).

Moreover, since (xz(n), w(n)) = 0"~ with 6 = clc — cic3, we obtain

in = ’9‘671*1
SN = - Tl

Clearly, ||w(n)|| < Kszne" for some constant K3 > 0. Hence, by (4.18), there exists K4 > 0 such
that
sin B, > Kin2e™, forneN,

thus yielding property (4.23). O

Given a finite set R C {vy,...,7v,}, we denote by Vr(n) the vector space spanned by the
vectors A,v with v € R and by I'r(n) the square root of the Gramian of the vectors A,v with
v € R. We use the former lemmas to estimate the Gramians I'r(n) for some subsets of the
basis. Then identity (4.6) together with Lemma 4.4 will allow us to compute the limits d;
in (4.1). Let

R = {u1, ... uh \ {ug, um}

(recall that u; = x1 and u,, = x3). Moreover, let
Sk =RyU{x1} and Ty = RyU{xy,x2} (4.24)
fork=1,...,q. Note that W(n) = Vg (n).
Lemma 4.8. There exist D1, Dy > 0 such that foreachk = 1,...,q and n € IN we have
D;le" < T, (n) < Dyne" (4.25)

and
Dz’ln’zen <TIr(n) < Don?e". (4.26)

Proof of the lemma. Since Ry C E (see (4.17)), we have I'g, (1) = T'g, (1) for all n and it follows
from (4.22) that
Z(x1(n), Vg, (n)) > K;, forn € N. (4.27)

On the other hand, by (2.1) we have
[s,(n) = g, (n)\/ G(x1(n)) sin £ (x1(n), V&, (1))
= Ir, (D][x1(n) || sin Z(x1(n), Vr, (1)),
and so in view of (4.18) and (4.27) there exists D; > 1 such that

D;le" <Ts (n) < Dine", forn € N. (4.28)
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Similarly, by (2.1) we have

I, (n) = s, (n)[[x2(n)]| sin Z(x2(n), Vs, (1))

Since Vs, (n) C W(n) and x1(n) € W(n), it follows readily from the definitions of a, and B,
in (4.19) and (4.23) that

Z(x2(n), Vs, (n)) > B and Z(x2(n), Vs, (n)) < ay.
Again by (4.19) and (4.23) this implies that
Kon~2e™" < Z(x2(n), Vs, (n)) < Ce™™"
for n € IN. Hence, by (4.18) and (4.28) there exists D, > 1 such that
Dz’ln’Ze” <Tp(n) < Dyn?e", forn € N.
This completes the proof of the lemma. O

Now let

Tr(n) = \/G(Anul,...,flnuk), fork=1,...,q.
For k < I we have uy,...,u; € E (see (4.17)) and so it follows from the form of the matrix A,
in (4.16) that A, u; = u; for i < k. Therefore,
Fk(n) = G(ul,...,uk) :Fk(l).
On the other hand, it follows from the definition of Sy and Tj in (4.24) that
I'e(n) =Ts, (n), fork=1,...,m—1,
and
I'e(n) =Tt (n), fork=m,...,q.
Summing up, we have
Te(1) ifk=1,...,1—1,
Iy(n) = Ts,(n) ifk=1,...,m—1,
I'r(n) ifk=m,...,q.
In particular, by (4.25) and (4.26) we obtain
D;l'e" <Ty(n) < Dine"

fork=1,...,m—1and
D;ln_zen <Ti(n) < Don’e"

for k = m,...,q, which readily implies that

Ti(n) {0 ifk 1,

lim 1lo =
n—eon © T_q(n) 1 ifk=1

Hence, it follows from Lemma 4.3 that
_ N = 0 ifk+#1,
¢ =7¢ = lim —log [ [lei(l)| = { 4
1=1

1 ifk=1

n—sco 1

fori=1,...,q (see (4.11)). As detailed in the beginning of Step 3, in view of Lemma 4.5 this
readily implies that A € 8.
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Step 4: $; C 83

This inclusion is clear from the definitions of the sets 8, and 83. To show that it is strict, for
n>1let
1 0g—2 €' — e 1
An = 0;72 qu—Z 0;72 ’
0 052 1

where 05—, denotes the (g — 2)-vector (0,...,0) and 0;_, denotes its transpose. Then

1 0,2 e 1-1
.An = 0;72 qu_z 0*72 . (4:.29)
0 0., 1

Clearly, the values of the Lyapunov exponent are 1 (with multiplicity 1) and 0 (with multi-
plicity g —1). We will show that for any reduction by a Lyapunov coordinate change to a
sequence of upper-triangular matrices B, the limits

1 .
d ::nggoﬁloggwﬁ(lﬂ, fori=1,...,q,

exist and are finite, but consist of either q zeros or g — 2 zeros, 1 and —1. Moreover, we will
show that both possibilities occur, and so A ¢ 8,. It remains to show that A € 8.

As in Step 3, in view of Lemma 4.5, it suffices to show that the limits d; in (4.1) exist, are
finite, and that up to a permutation the vector (dy,...,d;) is the same, considering instead
of general upper-triangular matrices B, only those upper-triangular matrices C, as in (4.10)
obtained from a normal basis vy,...,v;. Moreover, in view of Lemma 4.4 we may simply
consider the matrices A, V;, where V; is the matrix with columns vy, ..., v,.

We start with an auxiliary result. We shall write ¢, ~ 1, if there exist C1,C; > 0 such that

Cl(Pn S lljn S C2§0n

for all n € IN. Let
F = span{ey,...,e; 1} (4.30)

and
Xp = An(c1,...,c)" = (c1+ cq(e”’1 —1),c,.. .,cq)*, (4.31)

with c1,...,¢5-1 € Rand ¢; # 0.

Lemma 4.9. If V,W C F are vector spaces such that ey ¢ V and e; € W, then there exists a constant
Dy > 0 such that
L(xy, V) > Dy and Z(x,,W)=~e " (4.32)

Proof of the lemma. We have

(xn,€1) c1+cg(e" ! 1)

Feall et epent = 1))+ T, 2

cos Z(xy,e1) =

and
(T, )

Jarae—npe e

sin Z(xy,e1) =
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Since
(c1+c(e 1 =1))* + écf _ Cgez(nfl)an
for some sequence a, — 1 when n — co, we obtain
Llmer) e (4.33)

By (4.20) we have
Z(er,v) < Z(xn,e1) + Z(xn,0)

for all v € V and so

L(ey,v) = 3254(61,0) < ZL(xp,e1) + L(xy, V).

This implies that there exists ¢ > 0 such that
L(xy, V) > L(e, V) — L(xp,e1) > L(eg, V) — e ". (4.34)
Since Z(e1, V) # 0, one can take p € IN such that
L(ey,v) —ée " > %A(el,v), for n > p.
Therefore, by (4.34), we obtain

L(xp,0) > min{lnrq1<irpll(xm,V), %4(61,7))} =: Dy > 0. (4.35)

Moreover, since Z(x,, W) < Z(x,,e1), it follows from (4.33) that there exists C; > 0 such
that
L(xy, W) < Cie™", forn e IN.

Finally, since Z(x,, W) > Z(x,, F) with F as in (4.30), it follows from (4.33) and (4.35) with
V =span{ey,...,e; 1}
that Z(x,, F) > Cpe™" for some C; > 0. This establishes property (4.32). O

Note that any normal basis with respect to A is of the form vy, ..., v,, with all vectors but
one in the space F in (4.30). Assume that v; is equal to the vector x; = (cy,...,¢4)" in (4.31).
Note that x; ¢ F since ¢; # 0. Let V;_; = span{vy,...,v;_1} and

Vi = span{v1,...,0/_1,0141,. .., Uk}

for k > 1 + 1. Moreover, let

T(n) = /G(Awor, .., Auvy)
for k <!l and

Ty(n) = /G (A1, .., A0 1, AnOr, . Anty)
fork >1+1.
Lemma 4.10. If e; € V;_q, then

.1 Ty(n) _ _
nlglgo . log e (n) 0, fork=1,...,q (4.36)
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Proof of the lemma. For k = 1,...,1 — 1, the volume T (n) is independent of n since the same
is true for A,v; for i # I (then v; € F and so it follows from the form for A, in (4.29) that
Ay,v; = v; for all n). Therefore,

I(n) =Tx(1) fork=1,...,1—1. (4.37)
On the other hand, by (2.1) we have

Iy(n) =T (n)||xa || sin Z(xn, Vi-1). (4.38)

Moreover, by (4.31) we have ||x,|| =~ " and it follows from (4.32) that
sinZ(x,, Vj_1) = e "
(because e; € V)_q). Hence, there exist constants c¢,d > 0 such that
ce" < ||xy|| < de", ce" <sinl(xy, Vi_q) <de”",
and so it follows from (4.38) that
*T)1(1) < Ty(n) < Ty_q(1)d? (4.39)

forall n € N, thatis, I';(n) ~ 1.
In a similar manner, by (2.1) we have

Tx(n) = Ti(n) x| sin Z(xn, Vi)

fork > 1+ 1. Asin (4.37), for i # | we have v; € F and so it follows from (4.29) that A, v; = v;,
which implies that I', (n) = I’ (1). Since [|x,|| ~ " and
n

sin Z(x,, Vi) =~ e~

(in view of (4.32), because e; € V), it follows as in (4.39) that Ty (n) ~ 1.
Summing up, we showed that I'y(n) = I'x(1) for k < I and that I'y(n) ~ 1 for k > I. Hence,
there exist constants ¢,d > 0 such that

c<Ti(n)<d, fornelN,k=1,...,q.
This readily yields property (4.36). O
Now we consider the complimentary case.
Lemma 4.11. If e; € V)_4, then there exists m > | such that

0 ifk #land k # m,

.1 Te(n) o
lim —log T ) 1 ifk=1, (4.40)
-1 ifk=m

fork=1,...,q.
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Proof of the lemma. First note that there exists m > [ 4+ 1 such thate; € V;, and ey ¢ Vj;—1. Asin
the proof of Lemma 4.10, we have I'y(n) ~ 1 for k < I and by (2.1) we obtain

r < {1l if1=1,
n) =
: Ty (n)]| x| sin Z (o, Vi1)  if 1> 1.

By (4.31) we obtain ||x,|| ~ ¢" and so it follows from (4.32) that I;(n) ~ ¢". Indeed, for I =1
we have I'j(n) = ||x,| ~ €". For I > 1, by (4.37) we have I';_;(n) = I';_1(1). Moreover,

ce < ||xn|| < de" (4.41)
for some constants ¢,d > 0 and since e; € V;_y, it follows from (4.32) that

D‘/l—l S Z('xﬂl ‘/171) S

NI

Hence,

I-1(1)cDy, " <T(n) < r1—1(1)%dden

and so I'j(n) ~ e".
Finally, we have

Ti(n) = Ti(n)||x,] sin £(xn, Vi), fork >1+1.
Since e; € V,,;, bute; € V,,_1, it follows from (4.32) that

1 if k <m,
L(xy, Vi) =
(o Vi) {aﬂ if k > m.
On the other hand, we have I', (n) = I',(1) for k > 1 4+ 1 and so it follows from (4.41) that
Iy(n)~e", forl+1<k<m-1

and that I'y(n) ~ 1 for k > m. Summing up, we have

nm)z{l ifk & [I,m),

e" ifkel,m)

and so
1 ifk#1and k #m,
Iv(n) ), ..
~qe ifk=1,
Ti_1(n) o
e " ifk=m.
This readily yields property (4.40). O

Proceeding as in Step 3, it follows from Lemma 4.3 together with properties (4.36) and
(4.40) that A € 83.
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Step 5: 53 C £

Assume that (A;),en € 83. Given a vector v # 0, let vy, ...,v, be a basis for R7 with v; = v.
Moreover, let V, be the matrix whose columns are obtained applying the Gram-Schmidt
process to the basis A0y, ..., A,0;5. Then B, = anrllAn Vy, is upper-triangular for all n € IN.
We have Vie; = v/||v|| and so

A0 _

Bl — el = v, s vie

n—1
= [|Buer|l = [ TIo11 (D]
1=1
Hence,
1 n—1
)\A(’U) = lim *IOgH‘bu(l)‘ < +o00,

n—oo 11 =1

which shows that 83 C £.
To show that the inclusion is strict, for n > 1 let

A, — <ensinn—(n—1)sin(n—1) Oq—l ) ‘

A, = e(nfl)*sin(nfl) Oq,1 ‘
071 Id; 4
Clearly, the values of the Lyapunov exponents are finite. Moreover, they are equal to 1 (with

multiplicity 1) and 0 (with multiplicity 4 — 1). In particular, A € £. On the other hand (A, is
triangular itself, so (U, ),en = Id is a Lyapunov coordinate change) the limit

Then

n—1

1 - 1 .
im — — Timm — (n—1)sin(n—1)
Jim, o, tog [ Tlen ()] = Jim - toge
T (n—1)sin(n —1)

n—oo n

does not exist and so the sequence A = (A,)nen & 83. This concludes the proof of the
theorem. O
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