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Abstract. In this paper we consider a model describing the motion of a class of microp-
olar fluids with shear-dependent viscosities in a smooth domain Q C R2. Under the
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using the iterative method.
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1 Introduction and main result

The objective of the present work is to study the existence and uniqueness of strong solutions
of a system associated to the steady equations for the motion of incompressible micropo-
lar fluids with shear dependent viscosities in a bounded domain () C RR? having a smooth
boundary. More precisely, we will study the following system

(u-V)u—div [(1+ |Du|)P2Du] +Vy = wy,rotw + f,  inQ,
divu =0, in Q), (1.1)
(u-V)w—mAw — ppVdivw + p,w = p,rotu + g, in O,

together with the boundary conditions
”’aQ =0, w‘aﬂ =0, (12)

where Du = %(Vu +Vul), p € (1,2) . The vector-valued functions u = (uy,us, u3), w =
(w1, w,, w3) and the scalar function 7 denote respectively, the velocity, the angular velocity of
rotation of particles and the pressure of the fluid. The vector-valued functions f and g denote
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respectively, the external sources of linear and angular momentum. The positive constants
and p; are the spin viscosities, y, is the vortex viscosity. For simplicity, in this paper, we take
p1=p2 =1

The micropolar fluid model, firstly introduced by Eringen in [7], is a substantial general-
ization of the classic Navier-Stokes equations in the sense that the microstructure of the fluid
particles is taken into account. Physically, micropolar fluids represent fluids consisting of rigid
randomly oriented (or spherical) particles suspended in a viscous medium, see e.g. [4,7,17].
We note that micropolar fluids enables us to consider some physical phenomena that can not
be treated by the classical Navier-Stokes equations for the viscous incompressible fluids such
as suspensions, lubricants, blood motion in animals and liquid crystals.

If the exponent index p = 2, then (1.1)—(1.2) reduces the the classical micropolar fluid sys-
tem and there are many results on the existence and uniqueness of solutions for it. For exam-
ple, the existence of weak solutions in any connected open set S C IR¥ (cf. [24], in any bounded
domain Q) C R?) and strong solutions in any bounded domain Q0 C IR¥ established by Galdi
and Rionero [13], and Yamaguchi [27], respectively. For the same problem, Lukaszewicz [16]
proved the existence and uniqueness of strong solutions in 1989, and, in 1990, established the
global existence of weak solutions for arbitrary initial data (u, wg) € L2 x L? (see [17]). Using
a spectral Galerkin method, Rojas-Medar [23] proved the local existence and uniqueness of
strong solutions. Ortega-Torres and Rojas-Medar proved the global existence of a strong so-
lution by assuming small initial data, (see [20]). Linearization and successive approximations
have been considered in [3,21] to give sufficient conditions on the kinematics pressure in order
to obtain regularity and uniqueness of the weak solutions to the micropolar fluid equations.
Recently, Loayza and Rojas-Medar [18] investigated regularity criteria for weak solutions of
the micropolar fluid equations in a bounded three-dimensional domain. For more details, one
can also refer [9-11,15,17,26] and the reference cited therein.

The case of the exponent p # 2 (i.e. the non-Newtonian micropolar fluid or called the
micropolar fluid with shear dependent viscosities) is less studied. Aratjo et al. [1] proved the
existence of weak solutions by using Galerkin and compactness arguments. Uniqueness and
periodicity of solutions are also considered. In [2], the author studied the long time behavior of
the two-dimensional flow for non-Newtonian micropolar fluids in bounded smooth domains,
in the sense of pullback attractors. They proved the existence and upper semicontinuity of the
pullback attractors with respect to the viscosity coefficient of the model.

In the present work, as we said previously, we are interested in the flow of micropolar
fluids with shear-dependent viscosities in a smooth domain (2 C R2. Under the conditions
that the external sources f,g and the vortex viscosity y, are small in a suitable sense, we
proved the existence and uniqueness of regularized solutions for the problem by using the
iterative method.

Throughout the paper, as usual, we denote by V = {v € C{°(Q)); divv = 0} and the spaces

V,(Q) := the completion of V in the W'7-norm,
for g = 2 we simply write V(Q)). We also denote by (C"™7(Q)), || - ||cm ), m nonnegative integer
and y € (0,1), the Holder space with order m. By W—1(Q), ¢ = q%l, the strong dual of
Wy (Q) with norm || - || _1,,.

Next, we introduce the notions of solutions to (1.1)—(1.2).

Definition 1.1. Assume that f € L2(Q), g € L?>(Q)). We say that (u, w) is a pair of C}7(Q)) x
W12(Q)-solution of problem (1.1)-(1.2). If u € CY7(Q), for some v € (0,1), divu = 0,
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ulan = 0, w € W,*(Q) and it satisfies the following integral identity for Vo € V,(Q) and
YV € CF(Q)
/(u-V)uq)dx-|—/(1+|Du\)p_2DuD(pdx:/ yyrotw(pdx-i-/ fodx, (1.3)
0 0 0 0
Vywydx+ [ Vovyd+ [ diveodivyde+ [ pwpd
/Q(u )ZUl[Jx—i—Q w1/;x—|—01vwlv1/)x Qyunpx
- r t d / d . 1.4
/erom,bx—kaglpx (1.4)

Remark 1.2. We observe that if u satisfies (1.3) then we can apply the theorem of de Rham
(see [25, Lemma 2.2.1]) to find a pressure 7 at least in L?(Q)) such that the pair (u,7) satisfies
the following integral identity for V¢ € C5°(Q)

/Q(u.v)uq;dx+/0(1+|Du|)P‘2DuD(pdx—/017V-qodx:/errotw(pder/qu’dx-

The validity of the reverse implication is obvious.In the sequel we shall refer to (u, w) or
(u,1,w) as solution of system (1.1)—(1.2) without distinction.

Our aim is to prove the following theorems.

Theorem 1.3. Assume that p € (1,2),q > 2,and let vy =1 — 2. Let Q) be a domain of class C2, and
letbe f € L1(Q)),g € L*(Q). If || fllq < 61, |Igll2 < 62, pir < 63 where 61, 6, 83 are positive constants
small in a suitable sense (see (3.2), (3.13), (3.16)), then there exist a unique C7(Q) x WL2(Q)-
solution (u,1,w) of problem (1.1)—(1.2) such that

uecCh7(Q), necC®(Q), weWw*(Q), Yy < 70,
and

[ullcrr + 7l cor + llwll22 < 2(coll fllg + collgll2),
where ¢y, co are positive constants.

Theorem 1.4. In addition to the assumptions of Theorem 1.3, if ¢ > 4 and ||f||,, |82, pr are suffi-
ciently small (see (4.4)), then there exists a solution (u,n,w) of problem (1.1)—(1.2) such that

ue W2(Q)NCY(Q), 7eW?nC(Q), weW?(Q), Vr<m

The present work is organized as follows: in Section 2 we state preliminaries results that
will be used later in the paper. Section 3 is dedicated to give the proof of Theorem 1.3. More
precisely, in Section 3.1 we construct approximate solutions to the original nonlinear problem
by iterate scheme, then derive the uniform estimate for such approximate solutions. The
results are used in Section 3.2 to prove the convergence of the solutions. The existence and
uniqueness results are proved in Section 3.3 and Section 3.4 respectively. Finally, in Section 4,
we prove the regularity result (Theorem 1.4).

2 Preliminary lemmas

In this section, we recall the following useful results.
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Lemma 2.1 ([22]). For any q > 1, there exists a constant ¢y such that
o]l + IVolly < c1||Dolly, for each v € Vy(Q)).
Hence the two quantities above are equivalent norms in V,;(Q}).

Lemma 2.2 ([19]). If a distribution g is such that Vg € W= (Q)), then g € L1(Q) and
Il < CIV8l-1a,

where LZ =[L9/R.

Lemma 2.3 ([5]). For any given real numbers &,y > 0and 1 < p < 2 the following inequality holds
true:

1 1

(1_|_€)2—p o (1_|_;,])2—p < (2_p)‘§_77|

Lemma 2.4 ([8]). For an arbitrary tensor D, define S(D) = (1+ |D|)P~2D, 1 < p < 2. Then there
exist a constant C such that, for any pair of tensors Dy and D,,

|D; — Dy

(S(D1) = S(D2)) - (Py = D) > g1y

3 The proof of Theorem 1.3

As already stated, in order to prove Theorem 1.3 we use the method of successive approxima-
tions.

3.1 Approximating linear problems

We construct approximate solutions, inductively, as follows:

1

(i) first define u™! = w™' =0, and

(ii) assuming that (umfl, wmfl) was defined for m > 1, let u™, w™ be the unique solution to

the following boundary problems:

—div [(1 + |[Du™Y)P2Du™] + Vi = yyrotw™ 1+ f — (w1 - V)u""!, inQ,
divu™ =0, in Q),
—Aw" — Vdivw™ = p,rotu” ! — w1t + g — (w1 V)w" T, in (),

um‘aQ = 0, wm‘ag =0.

(3.1)

The following result holds true.

Proposition 3.1. Assume that p € (1,2), q > 2 and let o = 1 — % Let Q) be a domain of class C?,

and let be f € L1(Q), g € L*(Q). Then, for any m € IN there exists a weak solution (u™, ™, w™) of
problem (3.1) such that

u" € CY(Q), M e CON(Q), w" e W22(Q).
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Moreover, if f and g satisfy the assumption

[Céopr + (C + 1)copr — 1]2

4(C~0 + CO) ’ (3-2)

llfllg + collgll2 <

where y, is properly small satisfying (3.13), then
[ | crro + 11" llcono + [w™ |22 < 2(0l[ fllq + collgll2),  uniformly inm € N. (3.3)

Proof. Setting I, = ||t || ;10 + ||7™ || cono + ||w™ ||22. Let be m = 0, first of all, we consider the
following boundary-value problem

—Aw® — Vdiva® = g in(),
w50 =0,

where g € L?(Q)). According to the theory of elliptic equation, we can find a solution w° €
W22(Q) and get

1’22 < collgll- (34)
Then we consider the following boundary-value problem
—%Auo + V' =f, in Q,

divu® =0, in Q, (3.5)
a0 =0,

where f € L2(Q). We can find a solution (#%,7°) € C170(Q)) x C%10(Q)) (see [6, Theorem 3.2])
and

11l 1o + 7% cora < €Clla®ll2 + 11 £llg) = cClla®ll2 + 11 £llq), (3.6)

where ¢ > 1. By writing the definition of weak solution of (3.5); with the test function ¢

By Lemma 2.1 and the Holder inequality, we have

1
| 1Du P = |Du | > < 1|3,
0 ]

/quodx < IFllNll2 < 1l £llgllln2,
which obviously implies ||u°||1, < ¢?||f]|;- So we can get from (3.4) and (3.6) that

Io = [l crao + 117°llcomo + llw°ll22 < (1 + 1) [ £llg + collgl2- (37)

Let be m > 1, assuming that (4™, 7™, w™) € C110(Q)) x CO1(Q)) x W?2(Q}) is a solution of
(3.1). Firstly, we consider the following boundary-value problem

{—Aw”“rl — Vdivw"™ ™! =y, rotu™ — pw™ + g — (u™-V)w™,  inQ,

wm+1 !ao — 0/
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where g € L2(Q). Since the assumption implies that
(" - V)™ |2 < [[u" |2 Ve [l2 < {[u™]] crao |20™ |22,

then p, rotu™ — p,w™ + g — (u™ - V)w™ belongs to L2(Q). According to the theory of elliptic
equation, we can find a solution w”*! € W22(Q) and

I 22 < colllprrotu™ |12 + ™ (|2 + [Igll2 + | (™ - V)w™ |2

(3.8)
< co(Cpirl[u"[| 1o + pirl[w™ |22 + g ll2 + [[4™ ]| 1o [[0™[[22)-

Secondly, we consider the boundary-value problem

—div[(1+ |Du™|)P2Du" ] + V™t = g, rotw™ + f — (u™ - V)u™, inQ,
divu™tl =0, inQ, (3.9
u" o =0,

where f € L7(Q)). Since the assumption implies that

|y rotw™|| < Cpiy|| Vo™ ||g < Cot||w™ |2,
@ V) lg < oo [Va [l < " 1

then p, rotw™ + f — (u™ - V)u™ belongs to L7(Q)). Then we can get a solution (a1, 5" +1) €
Cl1(Q)) x C07(Q)) (see [6, Theorem 3.2]) such that

H”mHHclﬂo + H’?mHHCOWO
< (" Mz + llprrotw™ | + || fllg + | (™ - V)u™ ) (3.10)
< c(T+ (™l cing)" - ("™ 12 + Crirllw™ |22 + [ Fllg + 1o |20 ).

where the exponent r is a real number greater than 2.
By writing the definition of weak solution of (3.9); with the test function ¢ replaced by
u"™ ! we get

/ (1+ |Du™|)P~2| Du™ 1 2dx = / 1, rot w™u"™dx +/ fu™ dx — / (u™ - V)u"u" .
0 Q 0 Q
Since 1 < p < 2, by Lemma 2.1 and the Holder inequality, there follows
/ (1+ [Du" P2 D™ 2dx > (1+ | Du™ o) D™ 113
0

1 .
=z (1 [ )2 " T,
1

/yrrotwmum+ldx+/ fudex—/ (u™ - V)u"u" dx
) o) o)

< [y rotw™ [ol[u™ o+ [ Flla ™l + | (™ - ) |2 "2

< Cprllw™ L2l vz + 1 gl + ™ oy ™ 12,

which implies

™ 12 < et (1+ [ g )77 (Chrllwo™ 22 + | fllg + ™ [E0)- (3.11)
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Combining (3.8), (3.10) and (3.11), we obtain
Lur = ([ | cung + (177" H| con + [[20™ |22
< (T4 ) (14 [l c1no) 2P (Cptrl[w0™ 22+ [ Fllg + 8™ [ Easo)
+ co(Cprllu™ | 1o + prllw™ (122 + [I8ll2 + 8™ || 1o [w0™ ||2,2)
<c(U+e) (1 + L) 2P (Cpe L + | fllg + 1) + co [(C+ Vpar L + 18ll2 + I

We shall prove the boundedness of the sequence {I,,} by a fixed point argument. Setting,
forany t >0

P(t) = c(L+ )1+ )2 P(Cupt + (| fllg + ) + col(C+ Dprt + [[gll2 + 2] — t.
We look for a root of ¢(t). Let us observe that if 0 < t < 1, then
P(t) < e+ )22 (Cprt + || fllg + £2) + col(C+ Dpart + lIgll2 + 7] — ¢
= [c(1+ )22 7P +co| 2 + [Ce(1+¢)2" 2 Pu, + (C+ 1)copy — 1]t
+ e+ )22 fllg + collgl2-

(3.12)

Define

h(t)

[c(1+ )2 277 + co] # + [Ce(1+ )27 Ppy + (C+ 1)copy — 1]t
+ (142 fllg + collgll2,
we note that if

1
Ce(14c3)2+27 P+ (C+1)co”

then the function h(t) has two positive roots s; < s, if and only if the discriminant A > 0,
namely

i < (3.13)

[Ce(1+¢2)2" 27 Pu, + (C+ 1)copr — 1)?

c(1 4 c?)2r+2—p +c <
(1424l + el e

7

and we have that
1—Ce(1+¢2)2+2Pu, — (C+ 1)coptr — VA
2[c(1+ ¢)2r27P + ¢
Since ¢ > 1 and consequently 2[c(1 + ¢2)2""277 4+ ¢g] > 1. Since ¥(0) > 0 and (t) < h(t),
when t € [0, 1], there exists t1, with 0 < t; < s such that ¢(t;) =0, i.e.
c(1+e)(1+0)"P(Cprtr + [Iflg + 1) + eol(C+Dprtr + gl + 4] =t = 0.
Since t; > 0, it follows that c(1+ c?)||f]ls + collgll — t1 < 0, recalling (3.7), we get t; >

c(1+c2)||fllg + collgll2 > Io. If we suppose that I,, < t;, by inequality (3.12) and the fact that
¢(t1) = 0 we obtain
Insa < (L et) (14 L) P [Cptr L+ || fllg + L) + o [(CH+ Dl + (18] + I3
< c(1+e)(1+ 1) 2P (Cpptr + || fllg + 1) + co[(C+ Dty + [Igl2 + £]
=9(h)+HhH
= ty,

0<s = < 1.

which proves our claim. Therefore
In <t <s1 <c(1+)237P||fllg +2c0]lgll <1, Vm e N.
Let ¢ = (14 ¢3)2""27F, we can get L, < 2(ol|fllq + collgll2)- O
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3.2 Convergence of approximate solutions

For any j € N, set PIt! = wt! —y/, O/t = /1 —yi, RI*! = wit! — wi. Taking m = j and
j + 1, respectively, in the weak formula of (3.1); , then subtracting one from the other, we can
get for Vo € C5°(Q)

/ (1+ | Dul|)P 2D Dodx = / (1+ |Dui~1|)P 2Dy Dgdx
Q QO
tRigd —/Pf-v pd
+/Q]/trro pdx Q( Y pdx

— [ (W' VPedx+ | QT div pdx.
( ¢ ¢
@) @)

Next, by subtracting [,(1+ |Du/|)P~>*Du/Dgdx from both sides of the above equality, we
could obtain

/(1+|Duj|)p_2DPj+1D(pdx: /[(1+|Duf—1\)f’—2—(1+|Duf|)P—2]DufD<pdx
0 0
+/ ‘urrotRj(pdx—/ (P - V)i pdx (3.14)
0 0

—/ (ujfl-V)Pj(pdx—i—/ Q1 div pdx.
0 o

This identity, by a continuity argument, still holds with ¢ € V(Q), in which case the last term
of (3.14) vanishes. Here, we recall that #/~! = w/~! = 0 for j = 0 and then PY =Y RO = wh.

Similarly, by taking m = j and j + 1, respectively, in the weak formula of (3.1);, then
subtracting one from the other, we can get for V¢ € H}(Q)

div RIM divipdx + [ VRIIVydx = [ pprotPlydx— [, Rigd
/le 1V1,Dx—l—Q pdx ero Pdx Qy Pdx

_/Q(pf.v)wjl/)dx_/ﬂ(uf”-V)lepdx.

Proposition 3.2. Assume that all the assumptions of Proposition 3.1 are satisfied and let {u™}, {n™}
and {w™} be the corresponding sequence. Then, if

~ 2—
(1+260][ fllq + 2collgll2) """
2= p+2d +Car+0) - 26l flly +2c0llgll2) + Cler + Ve | <1,

(3.15)

(3.16)

with ¢ and co given by Proposition 3.1, the series Y, P™ converges to a function P in W'2(Q)), the
series ¥,, Q™ converges to a function Q in L*(Q)), the series ¥_,, R™ converges to a function R in
WL2(Q).

Proof. First, let us verify that the following estimates hold:
(a)
IDP![l2 + IR 12 < (260] fllg + 2collg]l2) - (1 + 260l fllg + 2c0llgl12)*7
[@=p+ea+C)2alfllg+2¢llgll) + Cur(1+c1)];
(b) if, for j > 1, it holds that
IDP/|2 + [|R |12

(2= p+ 1+ )26l flly + 2¢0lgll2) + Cpr(1 + 1)
(2= p+222 + Ce1 + C) 260l flly + 2collgllz) + Cler + Dpr

j
{a+260] fllg+2¢ollgl2)* 7 [(2— p+263+Cer+C) a0 fllg+2<ollgll2) +Cler+ 1)}

< (2¢0l fllg + 2collgll2) -
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then

IDP7 o+ | R 12 (3.17)
(2—p+c1+C)(2allfllg +2¢ollgll2) + Cpr(1 4 1)
(2 —p + ZC% + CC1 + C) (2C~0||f||q + 2C0||g||2) + C(Cl + 1)]/lr

< (260 fllg + 2¢olIg]l2)
A 2allfly + 20082 [ p+26-+ Cen +-O@al £l + 2l +Cler+ D]}
By the above arguments, setting j = 0 and testing with P! in (3.14), we get
/0(1+ypu0|)v*2mpl|2dx
= /Q[l — (1 + |Du®)P 2| DU’ DP dx + /Q p, rotw’Pldx — /Q(uo - V)u’Pldx.
Since p < 2, then
[+ 1D RADP i 2 (14 D) 2DPYE 2 (14 [ )P PP,

by using the Holder inequality, Lemma 2.3 and Lemma 2.1 we get

‘ / [1— 1+ |Du))P 2 Du’DP dx —|—/ py rotw’Pldx — / (u® - V)u'Pldx
0 0 0

< (2= p)IDU |2 D ||| DPY|l2 + ||ty rot w® |12 [P [2 + | (u” - V)u 2| P2
< (2= PN IDP |2 + Cerpel|a® |1 2| DP 12 + 1 | [y [ DPY 2,

hence
IDP < (14 [ 27 - [@ = p) )20y + Cenprllae®lnz + ealla® ] (338)
Nextly, setting j = 0 and testing with R' in (3.15), we get
/ | div R |?dx + / |VR!?dx = / py rotu’ Rldx — / ww'Rldx — / (u° - V)wR'dx,
Q Q Q Q Q
by the Holder inequality and Lemma 2.1 we get

/ |divR1|2dx+/ [VR'[?dx > C||R"[[3,,
o) Q '

and
’/ y,rotuORldx—/ y,wORldx—/ (u® - V)w’Rdx
0 0 0
< [y rot ||| R |2 + ||y [|2 | RM |2 + || (#° - )22 || R[]
< Cptel| [l ca IR |12 4 pr 1w 2,2]| R |12 4 [1° | cag [120° 12,2 | R 1,2,
hence

IR 12 < Cprllnl|cing + Chirllw® 22 + Cll | i [20°|22- (3.19)
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Combining (3.18) (3.19) and by using estimate (3.3), we obtain

IDPY 2+ |RY12 < (14 |6 cine)* P - [2—p+ Cl)||uo||é1,,0 + Cerpir||w®||1,2]
+ Cpr[[#°| cang + Cpr [ |2.2 + Cll#” | cao [ @]} 2,2
< (14260l fllg +2c0llgll2)* 7 - [(2 = p + e + C) (20| f1l4 + 2¢0lIgl2)
+ Cur(1+c1)] 260 £llg + 2c0llgl2)-

We arrive at (a).
Let us pass to estimate (b). Assume that the hypothesis in (b) holds. As for (a), by setting
j>1and ¢ = PI*! € V(Q) in (3.14), we get

/Q<1+ Dul|)P2| DPI Pdx
= /Q [(1+ |Dw/H)P2 — (1+ |Duj|)P_2]Dupoj+1dx
+/thrrotR7Pf“dx—/Q(pf.v)ufpfﬂdx_/ﬂ(ujfl,V)Pjpjﬂdx
Since p < 2, we get
/0(1 + [Du )P DPI Pdx > (1+ || Do) 2| DPIT 2
> (1+ [[/]] g P2 DPTHS,

then the Holder inequality , Lemma 2.3 and Lemma 2.1 yield that

‘ / [(1+|Dw/1)P~2 — (1 + | D/ | )P 2| DW/DP M dx
(@)

< (2= p)IDP/||2| DW ||| | DPT*
< (2= p)IDP[l21#[|cuno [IDPT 2,

'/ ,urrotRij“dx—/ (Pj-V)uij“dx—/ (w1 V)PP dx
0 o) 0

< | vt RI [ | PP o + (| (P - )l o[ PP o + (| (- W) P || P4
< Carpte | R 12| DPP [+ G PPl cuno | DPFH -
+ il | o [ DPY |2 | DPTH 2,

hence

IDP 2 < (14 [[#/]] 1 )27 - [(2 — P IDP[2][w[| 1
‘ ‘ ‘ , , (3.20)
+ Cerptyl|[R 12 + I DP||2 ]| | o + 317 [ cang ||DP]||2} :
Then setting j > 1 and testing with R/*1 in (3.15), we get
/ |diva+1|2dx—|—/ |VRj+1]2dx:/ yrrotPij“dx—/ 1, R/Rdx
0 0 o 0

[ (P V)wRMdx — [ (! V)RR dx,
Q Q
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by using the Holder inequality and Lemma 2.1 we get

/ | div R 2dx + / VR Pdx > C|R2,,
o) o) '

and
’/ VrrOtPjRdex_/ l/‘erRHldx—/ (Pj-V)ijj+1dx—/(uffl.v)R]'Rdex
Q O 0 0
< 1ty vt P[] RI* [ + [0, Rl [ R |2 + P ]| Vo | RIF
+ ||(uJ—1 . V)R]HzHRJHHZ
< Cerpir| [ DP[|2| R |12+ i[RI [[1 2| R 1,2+ Con | DP[fa]|w/ 2,2 ]| R 12
+ 0 oo 1R 1,2l | RFF 1 2,
hence

IR 1,2 < Cerpy | DP! |2+ Cpar||[RY[[1,2 + Cen| DP 2] [l2.2 + Cljw/ | can [| R 1,0 (3.21)
Combining (3.20) and (3.21) and appealing to (3.3), we get

IDPT 2+ [ R 1

< L+ W]l c1n0)* 7 - [2 = P IDP 2]l || g + Cerpe|[R 1,2 + T DP |12t 1
+ e[| i | DP||2] + Cerpty [ DP |2 + Cpiy | RV |12 + Cen | DP ||| w22
+Cll i IR 1.2
< [(1 + H”chL'ro)z_p((z - P)HuchWo + C%H”chL’ro + C%Iqu‘lllclva) + Cerpy
+Cerl|w!|22] - [DP!|l2 + [Cerptr (14 |0/l c120)* P + Cptr + Clld | ] - (1R |12
< (14 26|l fllg + 2¢olgl12)* P [(2 — p + 263 + Cer + C) a0l flly + 2collgl2) + Cler + L]
-(IDP[l2 + [[R]1,2),

which gives (3.17) via the hypothesis in (b). Therefore, by induction, (3.17) holds for any given
jeN.

By the assumption (3.16), the series Zj(||DPjH2 + ||R/||12) converges. Since ) |DP/||,
and }; [|[R/||12 are positive series, both }_; [DP/[|> and }; [|[R/||12 converge. Therefore, by the
completeness of W'2(Q)) there follows the convergence of the series ) Pi(x) and ) R/(x) in
the norm || - || to a function P(x) € W'2(Q) and R(x) € W'?(Q) respectively.

By (3.14) the following identity holds in the distributional sense

VO =V [(1+ D )P PDP = V- {[(1+ D7) 72 = (1+ Do )P Dur'}
4+, rot R — (P - V)l — (w1 - V)Pl
In order to get estimates on the L2-norm of Q/*!, by Lemma 2.2 it is sufficient to estimate the

W~12norm of the right-hand side of the previous equations. The first term can be estimated
as follows

IV 11+ D/ [)P2DPH 1o < [|(1+ [ Do )P 2DPIH |2 < | DPFH .
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For the second one, we have

IV {1+ DW= )P = (1 + D )P 2D} ||,
<||[Q+ |Du/~1)P~2 — (1+ \Duj|)p_2]DujH2
< (2-p)|DP/ || D |
< 2= p)IDP/||2[#/]| c1o-

Finally, using Lemma 2.1

sy rot R — (P - V)l — (/- V)P _q,
< ||y rot RN — (P - V) — (/=1 - V)P ||,
<l 1Ot R+ [ (P W)l + || (1 - V)P
< CVrHRjHl,Z + ClHDPjHZHujHCMO + C1]|uj71Hc1ﬁO H'DPjﬂz.

Combining all these above and taking into account estimates (3.17) and (3.3), straightforward
calculations lead to

1Q7* |2 < CIVQ* |12
< ClIDP* 2 + (2 = p)IDP |2t/ || ciag + Cptrl | R [[1,2 + 1| DP 2]/ [ iz
+etl|w e [ DP 2]
< C[(2 —p+20+ 2C%)(2C~0Hf”q +2¢0/|gll2) + Cler + 1)Vr]
(14 260[|fllg +2c0llg]12)> 77 - (IDP/]|2 + | R/ [11.2).

Hence, using again the bound (3.16), we can state that there exists a function Q(x) € L?(Q)
to which the series }; Q/(x) converges in the L?-norm. O

3.3 Existence results

Set || fllg < 01, |Igll2 < 02, ur < 83, where 81, 62, 63 are small enough to meet the requirements of

Proposition 3.1 and Proposition 3.2, where 63 = min{ o2 ¢ - C(l}m) }. Since the sequences

{u™}, {n™},{w™} constructed in Proposition 3.1 satisfy the following relations

wm=iﬁm+ﬂm wm:i@w+ﬂm wwziwm+wm,
j= j= =

setting u(x) = P(x) +u’(x), (x) = Q(x) +1°(x), w(x) = R(x) + w’(x) with P(x), Q(x)
and R(x) as in Proposition 3.2, the sequences {u™(x)},{#™(x)} and {w™(x)} converge to
the functions u(x),7(x) and w(x) respectively in the W'?, L2 and W'?—norms. On the other
hand, recalling Proposition 3.1, by Arzela-Ascoli theorem, there exists a subsequence {u*"
converging in C7(Q)), hence in W?(Q), to a function . Since all the sequence {u#™} con-
verges to u in W'?(Q)), then u = #i. In the same way one can prove that 7 € C%7(Q)) and
w € W22(Q). Since V - ufn = 0, ub|;q = 0 and w* |y = 0, for any m € N, it follows that
V-u=0,ulyq =0and w|yn = 0.
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Let us prove that

1+ [Dul) 2 DuDpdx + [ (u-V)upds — [ ndivodx — [ i rotwed
/Q(+| ul) uDodx + Q(u Jupdx | ndivedx — | rotweds

= 7%1_%0{/0(1—# \Dum’1|)”’2Dungodx+/Q(u’”’l-V)um’lgodx (3.22)
_/Qﬂmdivq)dx—/errotwm_lq)dx}, for all ¢ € C5°(Q),
and
/Qdivwdivwdan/QVngbdx—k/Q(u-V)wgbdx—/Qy,rotur,bdx—k/ﬂyrwgbdx
= nlzil}}o{/gdivwm divt/)dx+/QVme1/de+/Q(um’1-V)wm’ltpdx (3.23)

- [ prrotu i+ [ g, forally € RO,
0O Q

Firstly, by using the Holder inequality we get

’ / (1+ |Du™ )P~ *Du"Dpdx — / (1+ |Du|)’~*DuDgdx
0 0

— ‘/(1—|—|Dum_1|)p_2(Dum—Du)Dq)dx
Q

+/ [(1+ [Du™1)P~2 — (1 + |Du|)P 2| DuDgdx
@]

< | Du™ — Dul2|| Dgll2 + (2 — p) I Du"~" — Dul|2|| Dul|2[| Do,

/Q(”m_l V)" pdx — /Q(u : V)uq)dx‘

/Q[(um’l —u) - V]u" Lpdx + /Q(u V) ("™ — u) pdx

< "t =l Va2l glleo + ull2 V" Tt = Va2 @lleo,

< [In"™ = yll2ll div ¢ll2,

— m_ ) div od
’/Q(n 17) div dx

m g d—/ div od
’/017 ivods — | ndivedx

’/ ‘u,rotwm_lcpdx—/ yrrotwq)dx’ < pty|| rotw™ ™ — rotw||2||@]|2
0 0
< Cr|[ Voo~ = V2] 9|2,
and such quantities tend to zero as m goes to infinity, thanks to the W'? convergence of

u™, w™, the L? convergence of ™ and the boundedness of the norms || Dul|2, |D¢|l«, | D¢]l2,
Va2, |@lleos [[22]|2, || @]|2. Observing that the right-hand side of (3.22) is equal to [, fodx,

we have that

/()(u.v)u¢dx+/()(1+|Du])P‘2Dquodx—/O;7V-(pdx:/Oyrrotwqoder/Qfﬁl’dxr
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for any ¢ € C5°(Q)).
Secondly, we have

div w" div pd /V’”Vd—/d' di d—/VVd
‘/lew 1V1/Jx—|—0w Pdx lewwq)x lepx

/ (divew™ — divw) div pdx + / (Vw™ — Vw)Vipdx
0 o

< C|[ V" = Vao o[ Vipll2 + [ Veo" = Vol Vi,
m=1 )" lypd —/ V) wipd
|y s — [ (- V)wyax

/Q[(u’”’1 —u) - V]w" Ypdx + /Q(u V) ("t — w)pdx

< " =l Ve Tzl lle + [[ull2]| Ve Tt = Va2 ]]eo,

‘/thrrotum_lypdx—/ﬂyrrotulpdx < pty|| rotu™ 1 — rotu)2||¢|l2
< Cpel V"=t = Vull2 gl2,
e s = [ ropdz] <l = wlal gl

< prllw™ ™ — w22l @]l

Similarly as above, we get

Vywpdx + [ divwdivydx+ | Vovydx+ [ wpdx = [ protupdx+ [ gy,
/Q(u Jwipdx + , dive ivipdx + VW Pdx + Qywlpx L rot updx + lepx

for any ¢ € C°(Q)). By Definition 1.1 and Remark 1.2, we know (u,%, w) is a solution of
problem (1.1)—(1.2).

Finally, passing to the limit in the following estimate and by the lower semi-continuity of
the norms, we get

Ko

k k k k
[l + llcor + llwllap < flu =™ flcrs + [l l[crr + Ml = 17" llcon + 7™ [l cor + [ [l22

< 2(cllfllg + collgll2)-
3.4 Uniqueness results

Assume that (u1,w) and (up, wy) are two solutions of problem (1.1)-(1.2). Let # = u; —
uy, W = wi — wy. Using Definition 1.1, we bring (u1, w1 ), (42, wy) into (1.3) and subtract one
from the other, then test with ¢ = i1 = u; — ux € V,;(Q), we get

/Q [S(Duy) — S(Duy)] - (Puy — Duy)dx = /er rot witdx + /Q(ﬁ - V) iauydx.

Using the Holder inequality, we can write

P
] ' |Daf? : o)
D :/ (14 [Dwi| + |Dua]) T d
1Dl Q<(1+]Du1|—|—ﬂ?u2|)2p (14 |Dwi| + [Duzl) x

< (/ [Daf dx)s [/ (1+ |Duy| + |Du y)f’dx]zzp
= \Ja (1+ |Duy| + |Duy|)?-» Q ! > '
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Hence, recalling Lemma 2.4, we obtain

2-p
Z

Diil?
Dil? </ |
1Pally < o T D] + Dl

< C(/Q (S(Duy) — S(Duy)) - (Duy — Duz)dx> . <1 + ||’D”1||$7_p n ||,Du2’|§_p>

dx [/ (14 |Dw| + \Du2|)vdx]
QO

< C(/Qplrrotﬁ)ﬁdx—}- /Q(ﬁ . V)ﬁuldx) . (1 + ||Du1Hp + HDuZHP)-

Using Holder’s and Sobolev’s inequality, we have

‘/ y,rotwadx+/ (i1 - V)itupdx
Q Q

< lprrotal| 2 [lall 2 +ClIVau . ll7]%
3p—2 2=p 2p—-2 —p
< Cprll @l 2l Datll + Cllanl| 1o | Dl
So we get
IDall, < C(prll@llz + [#allcin DN p) - (14 [Dually + [ Dualp).- (3.24)

Inserting (u1, w1), (w2, w) into (1.4) and subtract one from the other, then test with ¢ =
W = w; — wy € W2(Q), we get

/ |divw|2dx+/ |Vw|dx = / yrrotﬁwdx—/ yr\wyzdx—/(ﬁ-V)wlwdx
Q Q O Q Q
—/ (up - V)wwdx.
o)

Since

/ ydivade/ (Ve |dx > C|@|Py

Q Q ’
and

‘/ ‘u,rotﬁwdx—/ ‘ur|w|2dx—/(ﬁ-V)wlwdx—/(uz-V)zbﬁ)dx‘

Q Q Q Q
Sl\ﬂrrotﬁl\p\!wl\%+ﬂr||ﬁ)!|§+IIﬁII%IIlell%IIwIIooJrHquooHlelz\WHz
<Cps||Ditlpl|@ll1,2 + pr|@3 5 + ClIDitl| |1 [l22]|@[112 + |2l 10 217 2,

we get
1@z < Cprl|Ditl]p + Cpirl| @2 + Cl| Pt p[|wr [|2.2 + Cllual| i [[@]12. - (3.25)
Combining (3.24) and (3.25), we finally obtain

[Dally + @l < [Clurllcn (1 + 1Dl + [Dually) + Cpir + Cllawn|22] - [ Dl
+ [Cpr(1+ [Py + [ Daally) + Cpty + Cllarz | cano] - [0]l12
< CQa|| fllg +2e0llgll2 + pr) - (1+ 460 £y + deogll2) - (1Dl + [[o])12):

So if 26| fl4 + 2co||g||2 + pr is sufficiently small, the uniqueness follows.



16 H. Yang and C. ]. Wang

4 Proof of Theorem 1.4

Throughout the proof we assume that || f|[; < 61, [|g]l2 < 02, pr < J3, in this way all the
hypotheses of Theorem 3.1 are satisfied and we can find the sequences {u"}, {n™}, {w™},
as in Proposition 3.2, converging to the solution (u,7,w). In order to get D?u € L?(Q) we
proceed by induction on m. Firstly, we have (see [5, Theorem 3.2])

16022 + [[7°Ml12 < @ (|12 + |1 F12)-

Since ||u°|l12 < 2| fll2, there follows ||u®|l22 + |7°]12 < é1(1 + c2)| fll2, it implies that

D>, < (1 + c2)||f]. We assume that D*u™ € L*(Q)) and we go forward with the
step m + 1. Let us consider the following boundary-value problem

—div[(1+ ]s(!DumD)p*ZDu;"H] + Vit =y, rotw™ + f — (u™ - V)u™, inQ,
divut! =0, inQ, (4.1)

u" 50 =0,

where ], denotes the Friedrichs mollifier. Since p, rotw™ + f — (u™ - V)u™ € L1(Q)), then, as

in (3.10), there exists a solution (u"*1, 1) € CL70(Q)) x C%10(Q)) and satisfies

HuZHchlﬁo + ||’7£n+l||c°ﬂo

<c(1+ (D™ Ml cono)" - (12 112 + [l vot @™ [l + || fllg + [ (™ - V)™ [|g).-

Since

2—
e Ml < e (1+ 1e(IDu" )l cono)™ " - (Crllew™ 22 + [ £llg + 1™ 1)
(D™ )| cor < [ID#™ [ cong < [[™[| 120,

there follows
loe"Hl 1o + 178l con
<e(1+) (1+ [l cn) 7 (Carellw™ oz + £ llg + 0" [20s,)
< c(1+ &) (1+ 26| fllg + 2¢ollgll2)" " - [Cpur (2601 £l + 200 8]]2)
+1£llg + 22l £l + 2collgll2)?]-

Further, by Theorem 3.2 in [5], we have (u"*1,77"*1) € W22(Q)) x W'2(Q)). Next, we concen-
trate on deriving the corresponding estimates which are uniform in e.

Multiply (4.1); by Au"*! and integrate on Q, = {x € Q : dist(x,9Q) > 5}, for some
e <1, We get

(4.2)

1 _
5 [ (4 1D aup P
Q,

— /Q 2-p)(1+ ]s(]Dum|))’%3Du£’”le (AuZ‘+1 ® VIe(|Du™|))dx + /Q Vi A dx
Ul 1

5
— / 1y rot w™ Audx — / FAu"dx + / (u™ - V)u"Aul'dx = Y H;.
Oy Qy 0y i=1

Since

IVI(IDu"™ )20, = [J(VIDu") |20, < [[VIPu"[|20

0’/
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there follows

[Hi| < 1Duf e, |80 20, | V(| Du" ) ||2,

< [l o |82 2.0, [ VD2 |2,
By using the divergence theorem

ol = | [t o] < gyl
U

W22 (a0, W 2220,)"
Since 19 =1 — %, q > 4, there follows 7 > 3, then H;ﬂ“”w%z(am) < Clin | cono (see [14]).
| Aul 1 nwa%z(aQW) < Auf o0, + IV - Au o0, = [[Au |50, (see [12, Chapter IIT]).
Hence
|Ha| < Cllp"™ Hlcono 188 12,0,

Moreover,

|Hs| < [[pr rotw™ [l2[|Auf™ |20, < Cprllo™ 2]l Aug™ |20,

[ Hal < [Ifll2ll8uf 20, < [ £llqllduf 20,

Hs| < [[ (" - V)" |2 aug o0, < [[u™([31s | 80 20,
and

-2 -2
e ) o ] > (1 P o) 0 i,

U
> (14 ™[l crno) P2l A 3., -

The above estimates, recalling (4.2), imply that Au"™ € L?(Q),) and
180 2.0, < 200+ [0l )77 - [ILfllg + 2 i [ VIDU"[[l20, + Cllpe™ lcon
+ Cprllww™ |22 + [[1™ |1 ]
< Ce(1+cd)(1+260] fllg + 2c0llgll2)™72 - (VI Du"|[[2.0, + C)
- [Crr(260]Ifllg + 2c0llgll2) + 1 £llq + (2601 fllg + 2c0llg12)°].

Since the previous estimate holds for any 7 > 0, we can replace ||Aul"t! |20, with [|[Au"*1|2q.
By the boundedness of Au"*! in L?(Q)), uniformly in ¢, we deduce the existence of a subse-
quence weekly converging in L?(Q)).
On the other hand, for any fixed m € IN, ! tends to ™! in W'2(Q) as ¢ — 0. By using
m+1 m+1 and testing with u"+1 — /" +1

the definition of weak solution for '™ and u ul'™*, we get
@+ 1D )" 2 Du (Du — Du
_ / (1+ [Du™)P 2Dy (Du L — Dy dx,
O

hence
/ (1+ [Du"])P 2D+t — D+ Pz
Q

- /Q |(1+ Je(IDu™ )" ™2 — (1 + [ Du™|)" 7| Du Y (Du" 1 — Dl ) dx.
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Since
DD = D ] > (14 [P )2 (Dw T~ D) B

> (14 [[u" ]| )P (Du™ ™ — Du 1|13,

' L1+ (D)2 = (14 [Du ) D (D — D)
< @ P)J(IDu"]) — D] Dul* [ DU — D,
< (@ P)I(Du") — D" a1 oy [ DT — a2,
there follows
D =Dy < 2= p) - (L a2 D) = D™ o+ o,

we can get Du"*! € [2(Q) as e — 0.

By using the strong convergence of ! to u™ 1 in W?(Q)), we also deduce that the limit
point of the subsequence of Au*1 in L?(Q)) is Au™"!. Since || D*u™"1|| < C||Au""1||5, setting
B =1+ 26| fllg + 2col|g ]2, we get

| D2 |y < CB4-20 [Cpr(B — 1) + | flly + (B — 1) | D%

+CB"™ 27 [Cpr(B—1) + || fllg + (B — 1)?]. *3)
Set
®(z) = CB 2 [Cpy(B—1) + | fllg + (B~ 1)%]z
+CB™™ 27 [Cpur(B—1) + || fllg + (B — 1)?].
If
CB 2 [Cur(B—1) + | flls + (B—-1)%] < 1, (4.4)

then there exists zg > 0 such that ®(zy) = zo. Let i = min{m € N : ||D?>u™||, < zo}. Assume
that /1 = 4-o0. Since ®(z) < z for any z > zy, then, using (4.3) we get

ID*u™ 2 < (| D*u™||2) < |[D*u™2.

Therefore ||D*u™||2 < ||[D*u°|2 < & (14 ¢3)||f]l2, for every m € IN. On the other hand, if
1M < o0, since ®(z) is increasing, for any m > 11, we have

ID*u™ |2 < @(||D*u™||2) < P(20) = 2o
Hence, by induction, | D?u™ ||, < zo for any m > . Finally
ID*u™ ||z < max{ci(1+ c7)]| fll2, 2o}

By the uniform boundedness of the L?>—norm of D?*u™, using the strong convergence in
W12(Q) of u™ to the solution u of problem (1.1), we deduce that if the condition (4.4),
Ifllg < 01, lgll2 < 02, pr < &3 are satisfied, then u € W22(Q)), w € W?2(Q). By (1.1),
we have that Vi = y,rotw + f — (u- V)u + div[(1 + |Du|)?~2Du] in the distribution sense.
Observing that the right-hand side of the previous identity belongs to L?(Q)), we obtain that

Vi € L2(Q).
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