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Abstract. In this paper, we study existence of nontrivial solutions for a fourth-order
semilinear A, -Laplace equation in RN

A%ru — Au+Ab(x)u = f(x,u), xeRN, uc S%(]RN),

where A > 0 is a parameter and A, is the subelliptic operator of the type
: 2 J 2
Ay = Ziaxj ('yjaxj) , Oy 1= a—xj, Y= (L7200 UN), A =Dy (Ay).
j:

Under some suitable assumptions on b(x) and f(x,¢), we obtain the existence of non-
trivial solution for A large enough.
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1 Introduction

In the last decades, the biharmonic elliptic equations
Au— Au+Ab(x)u = f(x,u), x€RN, uc H*(RN), (1.1)

has been studied by many authors see [12,19,20,26-30] and the references therein. The bi-
harmonic equations can be used to describe some phenomena appearing in physics and engi-
neering. For example, the problem of nonlinear oscillation in a suspension bridge [10,14,15]
and the problem of the static deflection of an elastic plate in a fluid [1]. In the last decades,
the existence and multiplicity of nontrivial solutions for biharmonic equations have begun to
receive much attention.
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In this paper, we consider the biharmonic equation as follows:
AZu— A+ Ab(x)u = f(x,u), x€RN, ueS(RV), (1.2)

where A, is a subelliptic operator of the form
- 2 N N 2
A, = Zax/. (yjax].) ;=2 n) RY = RY, AL = A (A,).
j=1

The A, -operator was considered by B. Franchi and E. Lanconelli in [6], and recently reconsid-
ered in [9] under the additional assumption that the operator is homogeneous of degree two
with respect to a group dilation in RN. The A,-operator contains many degenerate elliptic
operators such as the Grushin-type operator

Gy 1= Ax + [x[*Ay, >0,
where (x,y) denotes the point of RM x RM2 (see [7,21,23]), and the operator of the form
sz,[% = A, + Ay =+ |x|2a’y|2ﬁAZ, (x,y,z) c ]RN1 % ]RNz % IRNS,

where «, f are nonnegative real numbers (see [22,24]).
We assume that the potential b(x) satisfies the following conditions:

(B1) b: RN — R is a nonnegative continuous function on RY, there exists a constant Cy > 0
such that the set {b < Cp} := {x € RN : b(x) < Cy} has finite positive Lebesgue measure
for N > 4;

(B2) O = int{x € RN : b(x) = 0} is nonempty and has smooth boundary with Q = {x €
RN : b(x) = 0}.

Under the hypotheses (B1), (B2), Ab(x) is called the steep potential well whose depth is
controlled by the parameter A. Such potential is first suggested by Bartsch-Wang [3] in the
scalar Schrodinger equations. Later, the steep potential well is introduced to the study of
some other types of nonlinear differential equations by some researchers, such as Kirchhoff
type equations [16], Schrodinger-Poisson systems [8,18,31] and also biharmonic equations
[13,17,25].

Next, we can state the main theorem of the paper.

Theorem 1.1. Suppose that N > 4 and conditions (By), (By) hold. In addition, we assume that a
continuous function f(x,&) = a(x)g(¢) satisfies:

(g1) g(&) =o([¢]) as & — 0;
(82) &(8) = o([¢]) as & — oo;

(a1) 0 < a(x) € L'Y(RN) N L®(RY) and Cy := ||| jo(grn) maXg4o \%ﬁ\ < 1+1C§;

. 2)\ T
(B) Vol{b < Gy} < (FOGHE)) Y,
3
where Vol(+) denotes the Lebesgue measure of a set in RN and where C, is the best constant in (2.2)
below.
Then there exists a constant Ao > 0 such that the problem (1.2) has only the trivial solution for all
A > A.
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Theorem 1.2. Suppose that N > 4 and conditions (By), (Ba) hold. In addition, we assume that the
function f(x,¢) satisfies:

(F1) f € C(RN x R,R), and there exist a constant p € (2,2]) and two functions f1(x), fa(x) €
L (RY) satisfying || fi'[| o (gn) < O, ! and fo(x) > 0 on Q) such that

f(x,8)

élrgf}+ |€|p_1 = fi(x) and lim ACAY = fo(x) wuniformly in x € RY;

—1
¢ |21

where fi" := max{ fi,0}, ®, is given in (2.5) below;

(Fy) there exists are constants 1 < ¢ < 2,u > 2 and a nonnegative function f3 € Lﬁ(]RN ) such
that

HE(x,§) = f(x,8) < fo(x) |&]" forallx e RN and § € R,
where F(x,&) = fogf(x, T)dT.

Then there exists a constant A1 > 0 such that the problem (1.2) admits at least a nontrivial solution
forall A > Aj.

The paper is organized as follows. In Section 2 for convenience of the readers, we recall
some function spaces, embedding theorems and associated functional settings. We prove our
main results by using Ekeland’s variational principle and Gagliardo-Nirenberg’s inequality in
Section 3.

2 Preliminary results

2.1 Function spaces and embedding theorems

We recall the functional setting in [9]. We consider the operator of the form

Here, the functions 7; : RN — R are assumed to be continuous, different from zero and of
class C! in RN\TT, where

N
I1:= {x = (x1,x2,...,XN) € ]RN:ij :O}.
j=1

Moreover, we assume the following properties:
i) There exists a group of dilations {4 }+~¢ such that
5 RN — RN
(x1,...,xN) —> O (x1,...,xN) = (%1, ..., tNxN),
where 1 = ¢ <& < --- < ¢y, such that ; is éi-homogeneous of degree ¢; — 1, i.e.,

'yj(ét(x)):tgf_l’y]-(x), vxeRN, vt>0, j=1,...,N.
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The number
_ N
N:=) ¢ (2.1)
j=1
is called the homogeneous dimension of RN with respect to {&; }+~0-
ii)
=1 7)) =7 (x,x2,...,x-1), j=2,...,N.
iii) There exists a constant p > 0 such that

ngkaxk'yj(x)gp’yj(x), Vke{1,2,...,j—1}, Vj=2,...,N,
and for every x GEZ_\J = {(x1,...,xn) e RN : x; > 0,Vj =1,2,...,N}.
iv) Equalities v (x) = v; (x*) (j =1,2,...,N) are satisfied for every x € RN, where
X =(x1],..., |xn])  ifx = (x1,x2,...,XN).

Definition 2.1. By S7(RM) we will denote the set of all functions u € L?(RM) such that
YjOx, U € L*(RN) forallj =1,...,N and A u € L?(RY). We define the norm in this space as
follows

1
2
H””sz,(]RN) = (/]RN (!A7u|2 + |V7u\2 + |u|2> dx) ,

where V., u = (710514, Y20x,1, . . ., YNOxylh)-

Let
2
E, = {u € S%(IRN) : /]RN (\A7u| —|—Ab(x)u2> dx < oo}.
For A > 0, the inner product and norm of E, are given by

1
(u,v)g, = /]RN (Ayubyv+ Ab(x)uv) dx, |lullg, = (u,u)g, -

A

Lemma 2.2. The following embeddings are continuous:

i) S2(RN) — LF(RN) forall2 < p <2 := %.
ii) Assume that (By) and (By) hold, for every A > A, the embedding E, — S5 (RN) and E) —
Lp(]RN),p € [2,2]).

Proof. i) We follow the ideas in the case of bounded domains (see the proofs of Theorem 3.3,
Proposition 3.2 in [9] and Lemma 2.2 in [2]). More precisely, we first embed S%(IRN ) into an
anisotropic Sobolev-type space, and then use an embedding theorem for classical anisotropic
Sobolev-type spaces of fractional orders. Because the proof is very similar to the case of
bounded domains [2,9], so we omit it here.

ii) For all u € C°(RY), with slight modification, the proof is similar to the one of Theorems
12.85 and 12.87 in [11], there exists Cp, C3 > 0 such that

1

(/]RN ]V7u|2dx> <C3 (/]RN |AAYu]2 dx) </1RN uzdx) , (2.2)
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N—4

2N N 2
/]RN |u|N—4 dx <GCs /IRN |Ayul|” dx. (2.3)
This shows that

o (120w ) e < g = (1 F) [ (0 ) s 2
RN v —= SZ(RN) —= 2 RN Y : :

From (B;), using Holder’s inequality and (2.2), we obtain

/ ude:/ uzdx+/ u?dx
RN {b>Cy} {b<Co}

= éo b(x)udx + (Vol({b < Co})) (/RN ] %5 dx>

{b>Co}
1
< 7/ b(x)udx + C(Vol({b < CO}))%/ A2 dx,
CO RN RN
where Cj is the best constant in (2.3). Combining the above inequality with (2.4) yields
C% 2 4 2 1 C2 2
I <1 n 2) (1 + C2(Vol({b < CO}))N)/IRN Al dx+ o (147 /RN b(x)uldx.

Then for A > (1+ C3 Vol({b < Co})) Co, we have

N-4
N

C3 4
s < (1+ F) (14 G vol((b < p)F)

This implies that the embedding E), — S,zy(IRN ) is continuous. By using Holder’s inequality,
we obtain

N(,:z) N-4
2N
/N lulf dx < < i dx) ( lu z dx>
R
2N—p N 4 Np-2) p-2)
<l Co Al i
N—p(N 4) N(TZ) (i 2)
< H”Hsz G H”Hsz,(]RN)
< C HuHsz RN)

P
N(p-2) Cz 2 = 5
< (1+ 2) (1+C(vol({b < Cop)¥ ) [lullf,
where p € [2,2]). We get

P
N(p-2) g

@,=C, * <1 + C2> 2 (1 +C2 (Vol({b < co}))%) , (2.5)

and
A= (1+C3Vol({b < Cy})) Co

Thus, for any p € [2,2]) and A > A, there holds
[ Jul? ax < @, ullf,,

which implies that the embedding E)y — L?(RYN) is continuous. O
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Definition 2.3. A function u € Sgy(lRN ) is called a weak solution of the problem (1.2) if u € E,
and

/]RN (AyulAy@ + Voyu - Voo + Ab(x)ug) dx — /wa (x,u(x)) pdx =0, V¢ €E,.

2.2 Mountain Pass Theorem

Definition 2.4. Let X be a real Banach space with its dual space X* and ® € C!(X,R). For
¢ € R we say that & satisfies the (C). condition if for any sequence {x,}’" ; C X with

D(xy) = ¢ and  (1+ [|xu]lx) || (xn)]

X* %OI

then there exists a subsequence {x,, }3, that converges strongly in X. If ® satisfies the (C),
condition for all ¢ > 0 then we say that ® satisfies the Cerami condition.

We will use the following version of the Mountain Pass Theorem.

Lemma 2.5 (see [4,5]). Let X be an infinite dimensional Banach space and let ® € C*(X,R) satisfy
the (C). condition for all c € R, ®(0) = 0, and

(i) There are constants p,x > 0 such that ®(u) > « for all u € X such that ||u||yx = p;
(ii) Thereis an e € X, ||ul|yx > p such that ®(e) < 0.

Then B = infger maxo<;<1 D(0(t)) > a is a critical value of ®, where

T={0eC(0,1,X):0(0)=06(1)=e.

3 Proofs of the main results

Define the Euler-Lagrange functional associated with the problem (1.2) as follows
D (u) = 1/ (|A ul>+|v u|2+Ab(x)u2) dx —/ F (x,u)dx.
2 Ja v v 0 4

By f satisfies (f1), (f2), («1) or (F;), hence its not difficult to prove that the functional & is
of class C! in E,, and that

' (u)(v) = /Q (Ayulyv + Vou - Vyv + Ab(x)uv) dx — /Qf (x,u)vdx

for all v € E). One can also check that the critical points of ® are weak solutions of the
problem (1.2).

3.1 Proof of Theorem 1.1

By condition (g1), for all € > 0, there exists d(¢) > 0, we have
|g(u)| < elu| forall |u| <d(e).
By condition (g2 ), there exists M > 0, we obtain

g(u)| < |u| forall |u| > M.
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Since is a continuous function, ¢ achieves its maximum and minimum on [d(¢), M], so there
exists a positive number C(¢), we have that

]

lg(u)| < C(e) < C(s)—(s) forall 6(¢e) < |u| < M.
Then we obtain that
C(e)
< —_— .
lg(u)] < (1+s+ 5(€)> |u| forallu € R

Hence maxzo %‘ is well defined.

Let u is a nontrivial solution of the problem (1.2), we get

Jully, = [, a()g(wuds,

hence
2 g(u)
I}, < ooy [, |

By Lemma 2.2 and condition (B3), we have

u?dx < Cl/ u?dx.
RN

2 2
[ullg, < llullg, .

which is a contradiction, thus u = 0. The proof of Theorem 1.1 is therefore complete.

3.2 Proof of Theorem 1.2

Lemma 3.1. Assume that conditions (By),(Bz) and (F;) hold. Then for each A > A, there exists
p, B > 0 such that

inf{®(u) : u € Ey, ||ullg, =p} > a.

Proof. For any ¢ > 0, it follows from the condition (F;) that there exists C; > 0 and p € (2,2])
such that

fx,8) < (HffHLoo(]RN) + £> E+CEP ! forall & € R (3.1)

and

1A oy +
2

3
F(x,¢&) < &+ (;:Cp for all ¢ € R.

From Lemma 2.2, we have for all u € E,,

+ . +e
/ F(x,u)dx§ Hfl HL (RN) / uzdx+(:s/ updx
RN 2 RN p JRN

_ <Hf1+HL°°(]RN)+8> ©2
- 2

C.O
2 ey p
[ullg, + > [ullg, - (3.2)
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Hence
Dd(u) = Ly + L Vo ul>dx — F(x,u)d
(u) 5 ]|, E/N’ Ju|7dx /N x,u)dx

1, 2
> 2 lullg, — [ Flx,u)dx

1 Hﬁﬂ’ o RNy T €) O2 C.Q
zuuué;( s ) Jullg, — =2 [,
1 C.0
=5 [1= (1A o+ €) ©2] Nullg, = =2 full},

So, fixing € € (0,0, — || A, || L°°(]RN)) and letting ||u||g, = p > 0 small enough, it is easy to see
that there exists a > 0 such that this lemma holds. O

Lemma 3.2. Assume that conditions (By), (By) and (Fy) hold. Let p > 0 be as in Lemma 3.1. Then
there exists e € E) with |le||g, > p such that ®(e) <0 for A > 0.

Proof. Since f, > 0 on (), we can choose a nonnegative function ¢ € E, such that
. f2(x)p? (x)dx > 0. (3.3)
From (3.3), the condition (F;) and Fatou’s lemma, we get

. D(tg) . 1 2 1 2 F(x,tp)
im 00—t (s 101, + s [ IVagPax [ FE ) grax

t—00 tP (t4;)}7
[ F)
= o Ty

1
< _’”R[v F(x)¢P (x)dx < 0.

Let t — 400 we have ®(t¢) — —oo. The proof of Lemma 3.2 is therefore complete. O

Lemma 3.3. Assume that the assumptions of Theorem 1.2 hold. Then there exists a constant A > 0
such that ® satisfies the (C).-condition in E, for all c € R,A > A;.

Proof. Let {u,} be a sequence in E, such that

— 0.

®P(uy) — ¢ and <1+ HunHEA> | (1) E:

We first show that {u,} is bounded in E,. Indeed, for n large enough, by the condition (F,),
we have

41> (i) :lcp'(un)(un)

) ) .
= ‘uZ‘u HunHé/\ + ‘MZ;{/]RN |V7un’2 dx + /]RN <‘uf(x,un)un — F(x,un)> dx

14
Il 2, g, ©5

H
Since 1 < ¢ < 2, hence {u,} is bounded in E, for every A > A.

p—2 2
> |Junllg, —

1
n el -
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Because of the above result, without loss of generality, we can suppose that

Uy — U in E,,

Uy — Up strongly in Lfoc(]RN), for2 <p <2,

Uy, — Ug a.e. in IRN,

and ®'(u9) = 0. Now we prove that u,, — ug strongly in E,. Let v, = u,, — up. Then v, — 0 in
E, hence {v,} is bounded in E,. By the condition (B,), we get

/ v2dx = v%dx—k/ v2dx
RN {b>Co} {b<Co}

1
< Ab(x)v2dx + v2dx
< 36 fo A ey

1 2
< G [on |5, +o(1). (3:4)
Using (3.4), together with Holder’s inequality and Lemma 2.2, for any A > A, we obtain

14

2 —p p—2

72 T2
/N|u|de§ (/N|u‘2dx> 2] -2 </N‘u|23dx)z* 2
R R JR

1 St z e
242 '*Y 21
< (5e ol ) (c% (15000 ax) ) +o(1)
2 (p-2) 2y
5 1 272
<6 (56)7 ol +o) 65
Set
A(p-2) 2y
T 1 22
M=G"" (=] .
AT ACy

By the condition (F;) and (3.4) and (3.5), we get
2 2
o(1) = @' (o) (0n) = oully, + [ 1Vs0u dx = [ | f(x,00)0udx
> ||vn|\]25A _S/IRN vidx — C; /IRN |on|F dx
2 € 2
< llonll, = 5, onlle, = CeIla [onllg, +o(1). (3.6)

Since ITy — 0 as A — oo, by (3.6), there exists A; > A such that for A > Ay,

v, — 0 strongly in E.

This completes the proof. O
Proof of Theorem 1.2. Combining Lemmas 3.1-3.3, we deduce that the problem (1.2) has a non-
trivial weak solution. O
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