Electronic Journal of Qualitative Theory of Differential Equations

.
;Jlkﬁj 2019, No. 84, 1-21; https://doi.org/10.14232/ejqtde.2019.1.84 www.math.u-szeged.hu/ejqtde/

Change in criticality of Hopf bifurcation
in a time-delayed cancer model

Israel Ncube®™ and Kiara M. Martin

Alabama A & M University, Department of Mathematics,
4900 Meridian Street North, Huntsville, AL 35762, U.S.A.

Received 13 June 2019, appeared 14 November 2019
Communicated by Ferenc Hartung

Abstract. The main goal of this work is to conduct a rigorous study of a mathematical
model that was first proposed by Gatach (2003). The model itself is an adaptation of
an earlier model proposed by Kuznetsov et al. (1994), and attempts to describe the in-
teraction that exists between immunogenic tumour cells and the immune system. The
particular adaptation due to Gatach (2003) consists of replacing the Michaelis-Menten
function of Kuznetsov et al. (1994) by a Lotka—Volterra form instead, and incorporat-
ing a single discrete time delay in the latter to account for the biophysical fact that
the immune system takes finite, non-zero time to mount a response to the presence of
immunogenic tumour cells in the body. In this work, we perform a linear stability anal-
ysis of the model’s three equilibria, and formulate a local Hopf bifurcation theorem for
one of the two endemic equilibria. Furthermore, using centre manifold reduction and
normal form theory, we characterise the criticality of the Hopf bifurcation. Our theoret-
ical results are supported by some sample numerical plots of the Poincaré-Lyapunov
constant in an appropriate parameter space. In a sense, our work in this article comple-
ments and significantly extends the work initiated by Gatach (2003).

Keywords: delay differential equations, cancer, tumour, equilibria, Hopf bifurcation,
criticality.
2010 Mathematics Subject Classification: 34K13, 34K18, 34K19, 34K20, 34K60.

1 Introduction

It is well-known [1,2,10-15,17,18] that when immunogenic tumours and other foreign enti-
ties appear in the body, the body’s immune system mounts an appropriate response aimed
at eliminating them. The immune response to the appearance of an immunogenic tumour
is typically cell-mediated [1]. Cytotoxic T lymphocytes (CTL) and natural killer cells (NK)
are known to play a leading role in the immune response [1,17,18]. The interaction between
the immune system and tumour cells in vivo is presently poorly understood. Nonetheless,
a great number of mathematical models whose goal it is to emulate this interaction between
the immune system and immunogenic tumour cells have been developed over the years (see
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[1,10-15,17,18] and references contained therein). In our view, the impact of the seminal
work of Kuznetsov et al. [1] partially lies in the fact that they were able to estimate some
biophysically important model parameters that could otherwise not be measured in vivo.
Consequently, their model shows a comparatively high degree of fidelity with existing ex-
perimental data. The model studied by [1] is premised on the idea of cell-mediated immune
response to a growing tumour cell population [1], and incorporates infiltration of tumour cells
by cytotoxic effector cells (e.g. CTL or NK cells) and the possibility of effector cell inactivation
[1]. Much of the analysis in [1] relies on mathematical machinery from numerical bifurcation
theory in classical dynamics, and the primary goal is to elucidate the why and the wherefore
of tumour dormancy and the paradoxical phenomenon of sneaking through [1,17,18]. It is impor-
tant to point out at the onset that Kuznetsov et al. [1] assume in their study that the immune
response elicited by the presence of immunogenic tumour cells is instantaneous, which, of
course, is contrary to biophysical reality. There is a vast body of mathematical models in the
literature (see [10-15] and references contained therein) that do make the same assumption
of instantaneous immune response, which, of course, is the metaphorical Achilles” heel of
all such models. Ghosh and collaborators [12-15] study developments and refinements of
the cancer model posited by [1]. They employ ideas from optimal control theory to devise
strategies for eliminating the cancer [15] in the non-delayed model of [1]. In [14], the authors
investigate the effects of anti-cancer drugs used in tandem with chemotherapy on the dynam-
ics of a non-delayed mathematical model of cancer. Ghosh et al. [13] considered the question
of whether tumour growth is impacted by time delayed interactions between cancerous cells
and the microenvironment in which they are embedded. They incorporated two discrete time
delays in the cancer model studied, one describing the time-delayed interactions that occur
between tumour cells and immune cells [13], whilst the other one describes the time-delayed
immune response to the presence of tumour or non-self cells. It is important to note that
the stability of equilibria in models with two discrete time delays has been extensively, and
exhaustively, studied in the literature [23-26]. For instance, it is now well-known that the
presence of two time delays can destabilise equilibria, induce stability switching, and lead to
the emergence of codimension two bifurcation points [23,26]. Khajanchi et al. [12] looked at
the effects of discrete time delay in a chaotic mathematical model of cancer, and studied the
ensuing Hopf bifurcation problem with the time delay used as the bifurcation parameter.

The Kuznetsov et al. [1] mathematical model is described by the following system of two
coupled nonlinear ordinary differential equations.

i (1.1)

{%=U+F(x,y)—ﬂxy—5x,
77 = ay(1—By) —xy,

where x and y denote the rescaled dimensionless densities of effector cells (ECs) and tumour
cells (TCs), respectively; and 7 in this case denotes rescaled time. The function F(x,y) is
given by F(x,y) := pxy/(y +y), a Michaelis-Menten type function, and describes the rate at
which cytotoxic ECs congregate in the neighbourhood of an immunogenic TC [1]. The seven
dimensionless parameters o, p, 17, 14, 5, &, and B appearing in (1.1) are described and estimated
in [1] as adumbrated in Table 1.1.

The model due to Gatach [2] is an adaptation of (1.1), and is given by

{x/(t) = o+ Wx(t—1)y(t — 1) — ox, (1.2)

y'(t) =ay(l—By) —xy,
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’ Parameter ‘ Estimated value ‘

o 0.1181
0 1.131

7 20.19

u 0.00311
5 0.3743

o 1.636

B 20x1073

Table 1.1: Estimates of the Kuznetsov et al. [1] model parameter values.

where T > 0 is a discrete time delay representing the time it takes for the immune system
to respond to the presence of TCs, t is rescaled time (what is denoted by 7 in (1.1)), and the
parameter W € IR describes the aggregation of ECs in the neighbourhood of an immunogenic
TC [2]. In fact, Gatach [2] defines the parameter W as
0—m i _7
W::T, where 8,m € R, n =1.101 x 10™“. (1.3)

The definition of W given in (1.3) implies that sgn(W) = sgn(6 — m). It is also assumed that
x(0) = xo and y(0) = yo for 6 € [—7,0], where xo and yo are non-negative continuous initial
functions. It is important to note that Galach [2] assumed the function F(x,y) of the form
F(x,y) := Wxy, instead of the Michaelis-Menten function adopted by Kuznetsov et al. [1].
In addition, Gatach [2] introduced a single discrete time delay T > 0 in the function F(x,y),
to capture the fact that it takes non-zero time for ECs to congregate in the neighbourhood of
an immunogenic TC. The remaining parameters ¢, 5, «, and B are positive and are as defined
in [1].

Let (¥,) denote a generic equilibrium of (1.2). The equilibria of (1.2) are obtained by
solving the system of algebraic equations

{0:(7+Wx-y—5x, (1.4)

0=ay(l1-py)—%-y.

The cancer-free equilibrium (0/6,0) always exists [2]. If ¢ := a®(B5 — W)? + 4apWo > 0,
then, additionally, two endemic (chronic) equilibria exist [2], namely: (X4,V +) and (Xx_,7_),

where _
— —x(B6—W)—
{x+ = 4(7‘5 ZW) \/al (15)
= . (B W)+VP :
Yo '= —apw -
and -
T = —HBW)+v§
W (1.6)
= . &+ W)—V§
Y= ""oapw -

The current paper will accomplish the following.

1. Give a complete characterisation of the linear stability of the three equilibria of (1.2). It
is worth noting that Gatach [2] attempted to study the linear stability of the cancer-free
equilibrium of (1.2), but the corresponding characteristic equation derived in the ensuing
analysis is erroneous, and so the results obtained are compromised (see [2, Lemma 9,
page 401]).
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2. Give a complete account of the local Hopf bifurcation of the endemic equilibria, in-
cluding characterisation of its criticality via centre manifold reduction and normal form
theory. This aspect of the problem was not visited by Gatach [2], save for the comment
that “. .. the analysis of stability for the remaining steady states is much more complicated...” in
[2, page 402]. Furthermore, Gatach [2] did note that oscillations appear in the solutions
to (1.2), a phenomenon that is non-existent as far as solutions of (1.1) are concerned.
In fact, Gatach [2] was able to perform some numerical simulations of solutions of (1.2)
and (1.1), with some parameters fixed, and was able to exhibit oscillatory solutions of
the former, in particular. However, no mention of Hopf bifurcation is made, and there is
no discussion about the stability of bifurcated oscillatory solutions.

Thus, in a nutshell, the primary objective of the present work is to correct, extend, and com-
plement the analysis of the system (1.2) initiated by Gatach [2].

2 Linear stability of equilibria

This section focusses on the complete characterisation of the linear stability of the three equi-
libria of (1.2).

2.1 The cancer-free equilibrium (¢/J,0)

We begin our study by analysing the linear stability of the cancer-free equilibrium, (¢/9,0).
To facilitate the analysis to come, we perform the following change-of-variables. Let y(t) =
y(t) — 0 and X(t) = x(t) — 0 /4. Thus, the system (1.2) transforms to

¥(t) = Wx(t — 1) - j(t — 1) + %yt — 7) — 6x(t) := Hy ,
7(6) = (= %) 5() — apiP(t) = F(t) - §(t) := Ha

It is important to note that the trivial equilibrium (0,0) of the transformed system (2.1) is

equivalent to the cancer-free equilibrium of (1.2). This observation has critical implications on

the analysis to come. For mathematical convenience, we adopt the following notation from
[3]: x|, :=X(t — 1) and y|, := y(t — 7). We obtain from (2.1) the matrices

gTHf 3?\1 wy(t—1) wx(t—1)+% 0 %
OH, oH = =l 0 /| (2:2)
(0,0) (0,0)

9x[  9yl, 0 0
aHl 8H1 < <
55 o -0 -0

("’a@ fﬁ) :<—9a—”—gwﬁy—f> :< 0 agv>- 23)
ox  dy (0,0) 0 (0,0) 4

From (2.2) and (2.3), we have that the linearisation of (2.1) about (0, 0) is
¥ (t) = —6x(t) + Ryt — 1),
(1) = (« =) 7(t).

We now assume the ansatz ¥(t) = c1e, §(t) = cpe’, where ¢, c; € R and A € C. Substituting
this into (2.4) yields the matrix equation

A'f‘g —Wa,—At C1 . 0
( 0 /\—ézx%—‘g)(@)_(())’ @5)

2.1)

and

(2.4)
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which admits non-trivial solutions ¢y, c; # 0 if, and only if,

A+6 —e T
6 =
det( 0 /\—w+‘§> 0. (2.6)

Equation (2.6) leads to the characteristic equation
- o
(/\+(5)</\—1x+5>:0, (2.7)

which differs from the one erroneously obtained in [2], where a characteristic quasi-polynomial
was obtained instead. As has been shown here, the characteristic equation corresponding
to the cancer-free equilibrium is a quadratic polynomial, which is quite straightforward to
analyse. We arrive at our first delay-independent stability result.

Theorem 2.1. A necessary and sufficient condition for the local asymptotic stability of the cancer-free
equilibrium is that 0 /5 > . That is, the density of effector cells must surpass the threshold a.

Proof. The roots of the characteristic equation (2.7) are Ay = —6 < 0 and A, = a — (¢/9). It is
clear that A, < 0 if, and only if, o/ 6 > a. The result follows. ]

Our Theorem 2.1 contradicts the results of [2, Lemma 9]. The stability of the cancer-free
equilibrium is independent of the immune response time delay, as we have established here.

2.2 The endemic equilibria (¥,y, ) and (¥—,y_)

Endemic equilibria represent a state of affairs in which the body always has a certain fixed
non-zero density of both effector cells and tumour cells. They are essentially chronic disease
steady states. Our analysis here will focus entirely on the endemic equilibrium (¥.,7, ).
Analysis of the equilibrium (x_,¥_) is identical to that of (x,,¥, ). To begin, let X(t) = x(t) —
X, and y(t) = y(t) — y,. Thus, the nonlinear system (1.2) is transformed to the equivalent
system

X(t)= (0 +Wxy 7, — %) + Wy X(t — 7) + WX y(t — T) — 6X(t) + WX(t — T)y(t — 1)

=: Gl,
(1) = [a (1-287,) =] 9(t) -7, %(H) — api?(t) — X(D)F(t) — apy’ (1) + (2 = %4) 7,
=: Gz.
(2.8)
Consequently, the linearisation of (2.8) about the equilibrium (0, 0) is given by
{f’(t) = —O0X(H) + W7, X(t — T) + wE, gt — T), 29)
y(t) = =7, x(0) + o (1-2py. ) — %] y(t) -
The corresponding characteristic equation is the quasi-polynomial
AA) =A%+ (Y1 +0) A+ 1 + (Y3 — Ao — Pagp) e " =0, (2.10)

where
Y1 = —a+2apy, +X,
Pr:=W (1 +y+) , (2.11)
l/)3 = Wy+7+ .
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Lemma 2.2. If 51 + 3 — P12 = 0, then A = 0 is always a root of (2.10), VT > 0.
Proof. The result follows by noting from (2.10) that A(0) = 51 + 13 — P13,. O
Theorem 2.3. If 611 + 13 — p14pp < 0, then the endemic equilibrium (X1, 7, ) is unstable.

Proof. We note from (2.10) that A(0) = §¢; + P53 — P13, < 0, by hypothesis. The continuity of
A(A) and the Intermediate Value Theorem yield lim,_, ;o A(A) = 4-o0. Thus, the characteristic
equation (2.10) has at least one positive real root, and the endemic equilibrium (x,,y, ) is
unstable. This completes the proof. O

If T = 0, then (2.10) reduces to the polynomial
AA) = A2+ (Y1 — P2+ O)A+ (31 + 3 — Y19p2) = 0. (2.12)

Theorem 2.4. When T = 0, the endemic equilibrium (X,y . ) is locally asymptotically stable if, and
only if, 1 — Py + 8 > 0 and 51 + 3 — P11y, > 0.

Proof. The proof is a consequence of a direct application of the Routh-Hurwitz criterion. [

Let A = iw, w € R*. Then the characteristic equation (2.10) yields

Aiw) = — w? +i(P1 +8)w + 61 + (3 — Pra) cos(wT) — i (Y3 — Y1Py) sin(wT)

. . (2.13)
— iwy cos(wT) — wips sin(wt) = 0
if, and only if,
wips sin(wT) + (P19 — P3) cos(wT) = 5Py — W?, (2.14)
(3 — P1iP2) sin(wT) + wips cos(wT) = (Y1 +90) w .
Solving the system (2.14) for cos(wT) and sin(wT) yields
i) = 2 Tovine)
_ @PPEige—ys)’ (2.15)
cos(wt) = S Pa+0y3hn — 1 Yo +w?ips
W3+ (Prpa—ys)”
Squaring and adding the expressions in (2.15) gives the polynomial in w:
D(w) := §ew® + Gaw* + Erw® + G0 =0, (2.16)
where
Go =43,
=2
Cai= 893 + 29105 — ¥ — 24y + 43,
=2
G 1= 207993 + Y193 — 29142 — 20 Yrpaips o)

— 2030 + A1 3gs + 6 93 + $Rud — 293y3
Go = O i3 — wiyd — 28 Yy + 49iydys
+ 8 YI93 — 6YT93Y3 + Aoy — ¢

Theorem 2.5. If (o < O, then the polynomial (2.16) has at least one positive real root.
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Proof. 1t is evident from (2.16) that ®(0) = go, and that lim,— 4 ®(w) = +o0. Thus, there
exists an w* € (0, +o00) such that ®(w™*) = 0. The result follows. O

Theorem 2.5 implies that the characteristic equation (2.10) possesses a pair of pure imagi-
nary roots A = +iw*. For convenience, let us suppose that z := w? in the polynomial (2.16).
Then, (2.16) is expressible in the form

D(z) 1= 62> + E42* + 2z + & =0. (2.18)
Theorem 2.6. If {y > 0 and &G > O, then the polynomial (2.18) has no positive real roots.
Proof. We note from (2.18) that
D' (z) = 382> +284z+ & =0 (2.19)

if, and only if,

_ —C4 4 (/85 — 3206 | 220

Z
* 36

If &8¢ > 0, then &7 — 3828 < ¢7. This implies that /&% — 3% < &3, and so —¢4 +

\/(ﬁ — 30286 < 0. Consequently, it follows that z, < 0 and z_ < 0. We conclude that the

polynomial (2.18) has no positive real roots. ®(0) = o > 0 = (2.16) has no positive real
roots. The result follows. O

We now attempt to characterise the local asymptotic stability of the endemic equilibrium
(@,y +). We do so by recourse to Rouché’s Theorem [16, p. 247, Theorem 9.17.3].

Theorem 2.7. If 1 > 0 and |12 — P3| < 641, then the characteristic equation (2.10) has no roots
with positive real part.

Proof. A complete proof is given in the Appendix. O

Finally, a comment on the endemic equilibrium (¥_,7_). It is straightforward to establish
that the characteristic equation associated with this equilibrium is of the form

AA) := A2+ (P, + 6)A + 09, + (b3 — Ay — ¥y Py)e M =0, (2.21)

where
Py = —a+2apy_+2% +2By_,
P, =w(l+7y_), (2.22)
Py i=2wX_ - Y_
The similarity between (2.10) and (2.21) is clear. Thus, the stability analysis of the equilibrium
(¥_,y_) carries through in a manner analogous to that of (x,%, ). The only difference is the
definition of the parameters given in (2.22) and in (2.11).
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3 Hopf bifurcation of (x,7 )

We now formulate a local Hopf bifurcation theorem for the endemic equilibrium (x,,v, ),
with T as the bifurcation parameter. Let A = A(7), and differentiate (2.10) with respect to T to
get

dA _ 7)‘ (3 — Ao — 1) e 7 (3.1)
AT 20+ Pr+ 0 — e AT — T (Y3 — Ay — Y1) e AT ’
which leads to
Re (d)t > _ X = naxe (3.2)
AT ) Zie X+ x

where _
X1:=0+ P2 — yrcos(wT) — T(P3 — P112) cos(wT) + Twips sin(wT) ,

X2 = 2w + Py sin(wt) + (Y3 — P1¢2) sin(wT) + TwYs cos(wT) ,
1 = WPy cos(wT) + w(iPs — Prir) sin(wT) ,
12 := WPy sin(wt) — w(Ps3 — P11P2) cos(wT)

Thus, we see from (3.2) that the usual transversality condition is satisfied if, and only if,

(3.3)

w (bwipr — 2wiP19hy + wips + 2wip3) cos(wT)
75 w (31/)11/}2 + 2(4]21/72 + ll)llp% — El[]g — lI)zl/J3) sin(wr) . (34)
Therefore, by continuity, Re (A(7)) becomes positive when 7> 1° and the equilibrium (x4, 7, )

becomes unstable. A simple root Hopf bifurcation occurs as the time delay T passes through
the critical value t°, with

U S léwét/»z +0y3ys — s + wé%] 65
. 2 2 2 . .
wys + (P12 — ¢3)

Let A(T) = 57(7) +iw(7) be the root of (2.10) such that 77 (t°) = 0 and w (7°) = wy. We obtain
from equation (2.15) that

' < 2 I 2 ,
v= 1 cos! [‘Swolpzjilplwz ‘S%%t“’m] AT =012, (36
o wythy + (Y192 — ¢3)

wo
We arrive at the following result.
Theorem 3.1. Suppose that

(a) Theorem 2.4 and condition (3.4) hold, and that equation (2.16) has no positive real roots (at least
for 0 < T < T, where T > 7). If either

(b) ¢o <O, or

(c) &0 >0, 8286 < 0, and 2(3 — £5)1/ &3 — 38286 < 98284ls — 27C0Ce — 285

is satisfied, then the equilibrium (X, ) of (1.2) with characteristic equation (2.10) is locally asymp-
totically stable when T < 70 and unstable when ™° < T < min {?, 7! } where

o 1 4 [56051#’2 + 6pTn — 013 + Wiy
: S 5 (3.7)
w§p3 + (P12 — 3)
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and
1 Swlpyr + 62y — 6 z 2
hi= — cos™! wOI’DZj 21/J11P2 LALE +sz¢3 + il . (3.8)
@ wythy + (Y192 — ¢3) wo
When T = 1°, a simple root Hopf bifurcation occurs. That is, a family of periodic solutions bifurcates
from (X1, ) as T passes through the critical value T°.

In order to adequately describe the criticality of the Hopf bifurcation characterised in
Theorem 3.1, we must first project the system (2.8) onto the centre manifold, which is tangent
to the centre space at the origin. An in-depth analytic algorithm for carrying out this task
is described in [7, 8], for instance. It is important to note that the centre manifold is locally
invariant, and is attractive to the flow of (2.8). The nonlinear system (2.8) is expressible as an
abstract functional differential equation in the form [21,22]

dxi(0) _ {d‘;é‘”, —Tt<6<0, 59)

LXt+f(Xt), 0 :0,
where x;(8) := x(t+6), =t < 6 <0, C := C([~7,0],R?), L : C — R? is a linear operator,

and f € C'(C,R?), r > 1. By recourse to the Riesz representation theorem [20, Theorem 4.4-1,
p. 227], the linear operator L can be represented by a Riemann-Stieltjes integral [21,22]

0
L= [ [@n(0)l¢(), (3.10)

where 77 : [—7,0] — R is a function of bounded variation. Now, in relation to the system (2.8),
we have that

. o+ Wx, -y, — X + Wy X(t—1) + Wx y(t —7) — 6%(t)
bt ( [“ (1 - :By+) - Z,By+ - f_,_} 9(5 - y+5€(t) +a (1 - ;Ber) y+ - y-&-er > ’ (3'11)
£(x(t),x(t — T), &, B, W, 7, 5) = ( —a;\%t((ogr—)%io_)% o ) (3.12)
and
(W (QA+7,)80+T)—055(0) Wx,6(0+ 1)
10 = 9.900) iy wae) ) OB

where J(x) is the Dirac distribution centred at the point x = 0. In the case of a simple Hopf
bifurcation, the elements needed to write the finite-dimensional system of ordinary differential
equations on the centre manifold are given by [7]

o) = (0,00, 5=('g 5 ) a=(2)=(I) e

—iw

where

P1(0) := < 1 >ei“’9 and ¢ (0) := < 1 >ei“’9. (3.15)

The bilinear form associated with the linear part of (3.9) is given by [21]

0 0
(9) = $(0)9(0) — [ [y —0)lan(@)lp()dcas. (316)
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Using the bilinear form (3.16) leads to the matrix

cay [ (D1 p1) (91, ¢2)
@, @) = ( <¢;¢1> <¢§/<P2> >

SW(A+%+7,)co (a)r) 2+ Wt (14+%4 +7, ) cos(wT)
- (zx—2oc[%y+—x+— -7.)]  +iWT (1474 +7,)sin(wrt)
- | . (3.17)
24+ Wt (1474 +7,)cos(wt) 2+ [W(1+x++yt) os(wT)
—iWT (1+%1 47, ) sin(wT) - (oc—Zocﬁy+ -6—-7,)]
The basis for the adjoint linear problem, ¥(s),s € [0, T}, is described by [7]
F(s) = (®*(s), @(0)) '@ (s),

and thus

_ 1
¥(0) = (@°(0), @(6) '@ (0) = o (1012 ), 619)
R I

where

1 = i :=2dg + &d; +drx1 — dix2 + i ({dr — 2d; —drx2 — dix1),
N1 = Moo :=drx1 +dix2 +2dr + &dr +i (drxa — dix1 + §dr — 2d;),

1 _
&= 5 (W(Q+%, +7,)cos(wT) +a—2afy, —%y —6—7,],

x1:= —2—-Wt (1+x4 +7,)cos(wt), (3.19)
X2 =Wt (1+%;4 +7,)sin(wT),

1
dp = — = [—4wa + 4wy + 4wy, —4éw — 4Ww cos(wT)
+8apwy, —4Wwx cos(wT) —4Wwy, cos(wT)],
and
: 1 2 250 2022 2 2 = o2
dg = — 2 [4WTCU cos(wt) — 4o By, + 4a” Y7 +4apy +2W X,y cos”(wT)
+ 2WaX . cos(wT) + 2Way, cos(wT) — 2Wx b cos(wT) — 4WX, T,
— 2W¥, 8 cos(wt) + 2W T w’x 4 + WP W’ 4+ W2 T?w?x,
+2W2 T2, + WP + 80 + 72+ o + T2 — 2WRE cos(wT)
— 2W¥’ cos(wT) — 2ay, — 2W4 cos(wT) + 2X4 7, + 20y, — 2a%, 520
— 206 4+ 2W?Y, cos®(wT) + 2Wa cos(wT) + W?x3 cos*(wT)
+ W22 cos®(wT) 4 264 + 2W?x, cos*(wT) — 2WX cos(wT)
— 2Wy, cos(wT) + 4WTw*X 4 cos(wT) + 4WTw?y . cos(wT)
— 4Wa By, cos(wT) — 4AWapy> cos(wT) + 4apx Y, +4apy, o

+ W2 cos?(wT) + 2W272w27+y+ — 4sz,[ﬁ+y+] .
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The centre manifold system of ordinary differential equations is given by [7, 8]
Z/(t) = Bz(t) + ¥ (0)f [@(0)z(t) + ua(0)Z*(t) + us(0)2°(t) + - - -], (3.21)

where z2(t) = z(t)z' (t), 2°(t) = z(t)z" (t)z(t), and the matrices u;(0),j =2,3,..., are coef-
ficients of the higher order terms in the expansion, and these higher order terms are needed
in order to carry out the local Hopf bifurcation analysis precisely because the lowest order
nonlinear terms in the right hand side of (2.8) are at most quadratic. We denote the matrices
as

| u211(0) u2(0) u213(0) _( usn(0) uz2(0)
u2() "(uii(e) i (6) um(e)) and - u3(6) "<um(9) i (6) ) (322

and note further that

Z 23+ 2123
2= | 2z and z°:= < ] Z > . (3.23)
Z% z122 + 23
Let us denote
x(8) = ®@(0)z(t) + ux(0)Z*(t) + w3 (0)2°(t) + - - -, (3.24)

which can be expanded to the form

5(0) = 91(0)21(1) + ga(@)za(e) + 12015 T )

U1 (Q)Z% + u222(9)2122 + M223(9)Z%

( uz11(0) (23 + z123) + u312(0) (2322 + 23) > N
uzn1(0) (2 +2123) + usn(0) (2722 +23)

(3.25)

Using the expansion (3.25) and the second part of (3.9) yields
$1(0)21(t) + ¢2(0)z;(t)
(Zuzu 0)z1(£)z (¢
221 (0)z1 (£)zy (¢

n uz11(0) (323 )
u31(0) (32 )+uz2(0) (221

(

(

_ =% (0)+ WY, X )+Wx+ yt(—7) ( WX (—=T)yt
~7, %(0)+[2(1-267, )7+ |7 (0) - &

z
z

Uz1z

(
1222 (
(
(

+

0)z] (#)z2(t)+1212(0)z
0)z] (t)z2(t)+1222(0)
HzZ3(t)+221 (H)zo (¢
2
2

)
£)z5(t)+2z1 (£)za (¢

:1 +
1 +

t
t

H)zy (t)+z
H)zy (t)+z
(-

)21(1)
)z (8)
(B)z1(
(B)z1(

HORE!
1(6)+21

)
)

Equating coefficients of zj(t), j = 1,2, in (3.26) gives

2uy 1(0)Zl(t) + u212(0)22(t)
1(0) + ( ZuQ;l(O)zl(t) 4 Uz (0)22() >

and
U212(0)z1(t) 4 2up3(0)z(t)
2200+ (o) ot )
21311 (0)z1 (P)z2(t) + 312 (0) (2(£) +322(8) \ _ [ O
+< | % 2 >_( ).(3.28)
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1+ 21911 (0)z1 (t) 4 u212(0)22(#) + 1311 (0) (323 () + 23(¢)) + 2u312(0)z1 ()22 (t) =0,
1+ 21921 (0)z1 (t) + 1222 (0)22(#) + 1301 (0) (323 () + 25(¢)) + 2uz00(0)z1 (¢)z2(t) =0,
1+ 2u212(0)z1 (t) 4 2u213(0)z2 () + 2u311(0)z1 (£)z2 () + uz12(0) (22 () + 323(¢))
1+ 2u900(0)z1 (t) 4 2u203(0)z2 () + 2uz01 (0)z1 (£)z2 () + uz22(0) (22 (¢) + 323(t))

|

Consequently, we obtain the following initial conditions from (3.27) and (3.28).
Next, when 0 = 0, we note that

12

(3.30)

(£) + upp(0)z1(F)za(t) + uj3(0)z
(£) + 1y (0)z1 ()22 (t) + unp3(0)z

usy1(0)z
U, (0)z

iy

= iwe1(0)z1(t) — iwer(6)z2(t)

= ¢1(0)z1(t) + ¢3(0)z2(t)
iw¢1(9)21(t) — iw¢2(9)22(t)

$1(0)z1(t) + ¢2(0)z(t)

Equating coefficients of corresponding terms in (3.32) yields the following uncoupled system

Substituting (3.30) into (3.31) gives the slightly simplified equation

From the first part of (3.9), we obtain the equation
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of ordinary differential equations

Uy (0) = 2iwu(6)
Up1p(0) =0,
uh5(0) = —2iwun3(6),
Uy (0) = 2iwuy (6),
Uy (6) =0,
U3 (0) = —2iwuxns(6),
Uz (0) = iwuzi (6)
uzn(0) = —iwuzin(6)
Uz (0) = iwuzin(6)
Uz (0) = —iwuszn(6)
which is easily solved to give:
ur11(0) = co11¥?,
uz12(0) = 212,
up13(0) = coze 2,
U1 (0) = come*?,
U (0) = e,
1223(0) = conze 2?,
uz11(0) = cz116“?,
uz12(0) = canpe Y,
u312(0) = cae™?,
—iwd

uz2(0) = cape

4

where ¢>11, ...,
of initial conditions (3.29) in terms of the constants of integration cy11, . ..

14 2c1121(t) + ¢212(0)
14 2c0121(t)
1+ 2091221 (t) + 2021322 (t) + 2c31121

z(t) + C311 (32%“) + Z%(t)) + 2C31221(t>
+ 622222( ) + c321 (32%(15) + Z%(t)) + 2632221( )
()z2(t) + ca1a(25(t) + 323
(t

2(t)
2(t) =
(t
(

) =

13

(3.33)

(3.34)

c32 are yet-to-be-determined constants of integration. We now express the set
,C322 to get:

=0,

7

(3.35)

1+ 2C22221( ) + 2C22322( ) + 2C321Zl ) ( ) =+ C320 (Zl( ) -+ 322 t)) =

We solve the system (3.35) for the constants of integration c1, . ..

€223 = €311 = €312 = C321 = C322 = C13 = 1,
—325’ + zlzg — z%zz + 323 + 22% —z1+23
€211 = €221 = 2,2 ’
2]
22129 + 25 + 325 + 225 + 1
C212 = C222 = — ’
21
—323 42125 — 2320+ 323 + 225 —z1+ 2
C1 = €211 = 772 p
Z]
27123 + 23 + 325 + 2z + 1
C22 = C212 = — o ’
1

, C322, thus:

(3.36)
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where c23, €311, €312, C321, €322, €213 are free variables all set to 1, without loss of generality. Now,
substituting (3.36) into (3.34) gives us

ug(0) = (

3 2_ 2 3 2
—3z] + 2125 — 2120 + 325 + 225 — 21 + zz> 200
7

222
27125 + 25+ 325 + 225+ 1
0) = — ,
u12(6) < )
u213(9) —_ e—2iw6 ,
i (6) = <—3Z% + 2125 — 2225 —1—232% +222 —z1 + zz> it
2z7
1o (8) = — 2z1zp + z% + 32% +2z;+1 (3.37)
22(0) = 7 ,
M223(9) — e*ZiaJB ,
uz11(0) = e“?,
uzp(0) = e °,
uzp (0) = e,
u322(9) — efiwf)
We note from (3.14) that
[ z1(t)e 0 4z (t)em P

From (3.22) and (3.23), we have that

(t) + M212(9)Zl(t)22(t) + M213(9)Z

_{ w2 (0)z 2(1)
wy(0)2*(t) = ( (t) + u0(0)z1 (H)za(t) + M223(9)Z§(t) )

Unn1 (9)2

= N= N

3 (=323 + 2123 — 2225 + 323 + 225 — 21 + z;) 2P (3.39)
_ (22,12,2 + Z% + 32% + 225 + 1) Zy + Z%E—Ziwe

3 (=323 + 2123 — 222p + 323 + 225 — z1 + z;) ¥?
— (22120 + 23 + 325 + 225 + 1) 2 + z5e 20

and
0) (23 + z123) + uz12(0) (2322 + 23)
0)23(1) = u311 ( 1 143 1 2
us ()2 (1) ( uz1(0) (23 + 2123) + U3 (0) (2322 + 23)
(3.40)
| (B +z123) €9 + (2225 + 23) e7i?
\(Z +z123) €90 + (2225 + 23) e i?

The expressions (3.12), (3.38), (3.39), and (3.40) lead to the following approximation of the
nonlinearity f:

f(@(0)z+w(0)z® +uz()2° +---) = ( 2 ) +oe, (3.41)
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where
. . 1 .
fii=W [zle“‘” + 26" + 2 (=323 4+ 2123 — 2320 + 323 + 225 — 21 + 2) e 2T
— (2z1204+ 23 +3z1 + 220+ 1)z + z3e2iT

+ (z‘i’ + zlz%) eTiwT 4 (z%zz + z%) ei“’T]

(3.42)
. . 1 .
X [zle_“‘” + 2T+ 5 (=323 + 2125 — 2520 + 323 + 225 — 21 + 2p) € 2T
— (221220 +2F +323 + 220 + 1) 2 + 7362t
+ (23 +z123) e T + (zfz0 + 23) ei“”} ,
and
1
foi= —ap {zl +t2+; (=323 + 2123 — 2320 + 323 + 223 — 21 + 20)
2
— (22122 + z% + 32% + 22> + 1) Zy + z%]
1
_ [zl +2+5 (=323 + 2123 — z3zp + 323 + 223 — 21 + 22)
(3.43)

— (22122 + z% + 32% + 225 + 1) Zo + z%}

1
X [zl +2+5 (=323 + 2123 — 23zp + 323 + 223 — 21 + 22)

— (22122 + Z% + 32% + 2z + 1) Zy + z%} .

Now, substituting (3.14), (3.38), (3.12), (3.42), and (3.43) into (3.21), and setting z; := x + iy
and z; = Z1 := x — iy, gives us the dynamical system defined on the centre manifold:

{x’ = —wy + Fun®® 4+ Fux®y + Funxy® + Fony®, (3.44)

Y = wx + F11x° + Fax?y + Fanxy? + Fany?,

where the real coefficients F1111, F1112, P1]22, F1222, P2111, F2112, F2122, F2222 are extracted using the
symbolic computation algebra package MAPLE, and are too lengthy to include here. To
characterise the criticality of the Hopf bifurcation described in Theorem 3.1, we consider the
so-called Poincaré-Lyapunov constant given by the formula [9,19]

5. b+ Fuoo + Fouip + 3o -
8

The MAPLE worksheet used to extract these coefficients, calculate, and sketch the Poincaré-
Lyapunov constant (3.45) as a function of the time delay 7 is given in the Appendix. As
is well-known [7,9], if a < 0, then the Hopf bifurcation is supercritical — giving rise to a
stable limit cycle. On the other hand, if 2 > 0, then the Hopf bifurcation is subcritical,
and generates an unstable limit cycle. Figure 3.1 gives a sketch of a graph of the Poincaré-
Lyapunov constant (3.45) parameterised by the immune response time delay 7, with the rest
of the model parameters held constant.

(3.45)
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Figure 3.1: Change in criticality of Hopf bifurcation of the endemic equilib-
rium (¥,¥, ) as depicted by a graph of the Poincaré-Lyapunov constant (3.45)
parametrised by the immune response time delay 7. The rest of the model
parameters are fixed as follows [1]: B = 0.002, 6 = 0.3743, ¢ = 0.1181,
W= (0-m)/n 0 =342x10"", &« = 2636, m = 3422 x 107>, w = 2.25,

and n = 1.101 x 1077,

Appendix

We begin by giving a full proof of Theorem 2.7.

Proof. In (2.10), let hy(A) := A% + (¥ 4 8)A 4 61 and ha(A) := (3 — Ao — P11pp)e 7. Con-

sider the contour C in the complex plane given by C := C; U C, where

Ci: A=Ref, —ZT<0<
Co: A=iy, -R<y<R, RER".

On the segment C;, we have that
hz()\) = ]’l2 (Reie)

_ (1,03 — R — ¢1¢2> o TRe"
— p—TRcos0 [(3 — 2R cos 6 — P11h2) cos(TR sin @) — R sin f sin(TR sin 0)
— i {2Rsin 6 cos(TRsin0) + (13 — 2R cos O — 1 ¢P2) sin(TRsin )} | .

Consequently, we obtain

|h2(A)| = E‘TRCOSG\/E’J%’#’% + YRR2 4 2 — 20 yotps + 2(P18Pr — ) haR cos
<l + 93P + g — 9

Analogously, on the segment C;, we have that

hi(A) = Qr +iQy,
where

Qr := R?cos(28) + R(o +J) cos O + oy ,
Q := R*sin(20) 4+ R(y, + 6) sinf .

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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Hence, we obtain

(M) =/ Qk + QF (351)

> VRS- /(R +892) (1] + R) + [91] (92 + R)

From the inequalities (3.48) and (3.51), it is clear that for R sufficiently large, |h1(A)| > |[ha(A)]
on the contour segment C; of C.
We now turn our attention to the segment C, of the contour C. We obtain

h1(A) = hi(iy)

! _ 3.52
= Gp1— ) + iy +3) 52
Thus, we have that
)] =yt + (& + 922+ g3 653)
> Sy
Similarly, we see that
ha(A) = ha(iy) (3.54)
= [(¢3 — ¥1p2) cos(yT) — yypo sin(y)] — i [(Y3 — Y1p2) sin(yT) + yy2 cos(y7)] ,
and
(M| = /9393 + 4292 — 29129 + 93
= J¥303 — 2p1ays — 932) + 43 6.55)
< \/V’%Ehg — 2P1¢ohs + ¢3
= |12 — s .

Therefore, if follows from (3.53) and (3.55) that if |12 — P3| < Sy, then |hy(A)] > |ha(A)]
on the segment C; of the contour C. In addition, we do see that if {9, # 3 or ¢ # O,
then neither /1 (A) nor hy(A) vanishes anywhere on C. Thus, by Rouché’s Theorem [16, p. 247,
Theorem 9.17.3], if |12 — ¢3| < 8¢y and R is sufficiently large, then hy(A) and A(A) =
hi(A) + ha(A) have the same number of zeroes inside C. In the limit R — +oco, h1(A) and
A()) have the same number of zeroes with Re(A) > 0. But h1(A) = A2 + (1 + 6)A + 0y has

exactly two zeroes at Ay := w <0and A_ := w < 0. This completes
the proof. O

We now give a sample MAPLE worksheet that was employed in the calculation and plot-
ting of the Poincaré-Lyapunov constant shown in (3.45), and depicted in Figure 3.1.

>E11:=expand (evalc (W (zl*exp(-I*omega*tau)+z2xexp (I*xomega*tau)+(1/2x(-3*z1~3-21"2%z2
+21%2272+3%2273+2%2272-21+22) ) *exp (- (2*I) *omega*xtau) - (3*z1~2+2xz1
*22+2272+2%22+1) ¥22+22" 2*%exp ((2*I) *omegaxtau) + (z1~3+z1%z2"2)
xexp (-I*xomegaxtau)+(z1~2*z2+22"3) *exp (I*omega*tau))
* (z1lxexp (-I*omega*tau) +z2*exp (I*omega*tau) +(1/2% (-3*xz1~3-z1"2%z2
+21%2272+3%2273+2%22°2-21+22) ) *exp (- (2+I) *omega*tau) - (z1~2+2*z1*z2
+3%2272+2%22+1) *z2+22"~ 2%exp ((2*I) xomega*tau) + (z1~3+z1%z2"2)



18 I. Ncube and K. M. Martin

*exp (-Ixomegaxtau)+(z1~2*z2+z2"~3) xexp (I*omegaxtau)))):
> E12 := expand(-alphaxbetax(z1+z2+1/2%(-3*%21"3-21"2%22+z1%22"2+3%22"3+2%22°2-21+22)
- (217242421 %22+3%227 2+2%22+1) *22+2272) "2- (z21+22+1/2% (-3%2173-21"2%z2
+21%2272+3%z273+2%2272-21+22) - (3*z172+2%z1%22+2272+2%2z2+1) *22+22"2)
*(z1+(1/2) *z2% (-3%2z173-21"2%22+21%22"2+3%22"3+2%22"2-21+22) - (z1"2
+2%z1%Z2+3%Z272+2%22+1) *z2+2272) ) :
>d_R := -(2*W~2*x*cos(omega*tau) ~2+W~2*y~2xcos (omega*tau) ~2-2xW*x*cos (omega*tau)
-2xWxy*cos (omega*tau) -2*alphaxy+4*xWtau*xx*omega~2*cos (omega*tau)
+4xWxtauxy*omega~2*cos (omega*xtau) -4*Wxalphaxbeta*y*cos (omega*xtau) -4*xWkxy~2
xalphaxbeta*cos (omega*tau) +2*x*y+2*delta*y-2*alpha*x-2*xalphaxdelta+2*x*delta
-4xWxx*alpha*beta*y*cos (omegaxtau) +2xWxalpha*cos (omega*xtau) +W~2%x"2
xcos (omega*xtau) ~2+2*W~2xy*cos (omega*tau) ~2-2*Wxx~2xcos (omega*tau) - 2*Wky~2
xcos (omega*tau) +W™2xtau~2*xomega~2-2xW+delta*cos (omega*tau) -4*xalpha~2*betaxy
+4xalpha~2*beta~2*y~2+4*alpha*betaxy~2+delta~2+x"2+W~2*tau~2*y~2*xomega~2
+W"2%tau~2*x"2*%omega~2+2xW~2xtau~2*y*omega~2-2*Wxx*delta*cos (omega*tau)
-4xWkx*xy*cos (omegaxtau) -2xWxy*delta*xcos (omega*xtau) +2*W~2*tau~2*x*omega™2
+4xW+tauxomega~2*cos (omega*tau) +2*xW-2xx*y*cos (omega*tau) ~2+2*Wxx*alpha
xcos (omega*xtau) +2*Wxy*alpha*cos (omega*tau) +4*alpha*betaxy*delta+4*alpha
xbeta*y*x+y~2+24W-2xtau~2*x*y*omega~2+W~2*cos (omega*tau) ~2+alpha~2) /omega~2:
>d_I := -(-4*alpha*omega+d*x*omega+d*y*omegatd*deltaromega-4*Wxomega*cos (omega*xtau)
+8+*alpha*betaxy*omega-4*W*x*omega*cos (omega*xtau)
-4xWxyxomega*cos (omega*tau)) /omega~2:
>dd := simplify(d_I~2+d_R~2):

>xi := (Wx(1l+x+y)*cos(omega*tau)+alpha-2*alpha*betaxy-x-delta-y)/omega:

>chi_1 := -2-Wxtau*(1+x+y)*cos(omega*tau) :

>chi_2 := Wkxtau*(l+x+y)*sin(omega*tau) :

>etall := 2*d_R+xi*d_I+d_Rxchi_1-d_I*chi_2+I*(-chi_1*d_I-chi_2*d_R+d_R*xi-2*d_I):
>eta2l := 2%d_R+xi*d_I+d_R*chi_1+d_I*chi_2+I*(-chi_1*d_I+chi_2*d_R+d_R*xi-2*d_I):
>etal2 := etall:

>eta22 := eta2l:

>top := simplify(expand(Ell*etall+E12xetal2))/dd:
>z1 := pt+Ixq:
>z2 := p-Ixq:
>realpart_top := coeff(top, I, 0):
>imagpart_top := coeff(top, I, 1):
>ppolyn_p := coeff(realpart_top, q, 0):
>ppolyn_q := coeff (imagpart_top, p, 0):
>Fp111 := coeff(coeff (realpart_top, q, 0), p~3):
>ppolyn_q := coeff(realpart_top, p, 0):
>Fp222 := coeff(ppolyn_q, q~3):
>Fp112 := coeff (coeff(realpart_top, p~2), q):
>Fp122 := coeff(coeff(realpart_top, p), q~2):
>Fq222 := coeff(ppolyn_q, q~3):
>Fq122 := coeff(coeff (imagpart_top, p), q~2):
>Fq112 := coeff(coeff (imagpart_top, p~2), q):
>Fq111 := coeff (coeff (imagpart_top, q, 0), p~3):
>m := 3.422*%107(-5):

1.

>n = 1.101%10~(-7):

>theta := 3.422%10~(-11):

>W := (theta-m)/n:

>p311 = 2*alpha*beta*y-alpha+x:
>psi2 = Wx(1+y):

>psid = Wikx*y:



Change in criticality of Hopf bifurcation 19

>sin(omega*tau) := omega*(-omega~2*psi2-psil~2*psi2+delta*psi3+psil*psi3)
/ (omega~2*psi2~2+(psil*psi2-psi3)~2):

(deltaxomega~2*psi2+delta*psil~2*psi2-delta*psil*psi2

+omega~2*psi3) /(omega~2xpsi2~2+(psil*psi2-psi3) ~2):

>a := 1/8%(3*Fpl11+Fp122+Fq112+3%Fq222) :

>alpha := 2.636:

>cos (omega*tau) :

>beta := 0.2e-2:
>delta := .3743:
>sigma := .1181:

>omega:= 2.25:

>phi := (alphax*beta*delta-Wxalpha) ~2+4*alpha*beta*Wxsigma:
>x := (Wxalpha-alpha*beta*delta-sqrt(phi))/(2*W):

>y := (alphax*(beta*delta+W)+sqrt(phi))/(2xW*xalpha*beta):
>aa(omega, tau) -> a:

>with(plots): plot(aa(omega, tau), tau = 0.le-5 .. 0.6e-2,
axes = boxed, font = [C, bold, 14],thickness = 4,

labels = [tau, "a"], labelfont = ["HELVETICA", 14],

color = "Blue", gridlines);
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