Electronic Journal of Qualitative Theory of Differential Equations
2019, No. 92, 1-19; https://doi.org/10.14232/ejqtde.2019.1.92 www.math.u-szeged.hu/ejqtde/

The wellposedness and energy estimate for wave
equations in domains with a space-like boundary

Lingyang Liu and Hang Gao™

School of Mathematics and Statistics, Northeast Normal University,
Changchun, Jilin 130024, P.R. China

Received 15 July 2019, appeared 13 December 2019
Communicated by Bo Zhang

Abstract. This paper is concerned with wave equations defined in domains of R? with
an invariable left boundary and a space-like right boundary which means the right
endpoint is moving faster than the characteristic. Different from the case where the
endpoint moves slower than the characteristic, this problem with ordinary boundary
formulations may cause ill-posedness. In this paper, we propose a new kind of bound-
ary condition to make systems well-posed, based on an idea of transposition. The
key is to prove wellposedness and a hidden regularity for the corresponding backward
system. Moreover, we establish an exponential decay estimate for the energy of homo-
geneous systems.

Keywords: wave equation, space-like boundary, wellposedness, energy estimate.

2010 Mathematics Subject Classification: 34K10, 35L10, 35R37.

1 Introduction

Let T > 0.Givent € [0, T], put ax(t) = 1+ kt and Q(t) = {(x,t) € R? | 0 < x < ax(t)}. Denote
by Q% the non-cylindrical domain in R? : Q% = {(x,#) € R? | 0 < x < ax(t) and 0 < t < T}.
SetT; = {(0,t) e R* |t € [0,T]}, Tr = {(ax(t),t) € R?|t € [0,T]} and & = ', UTk. Let 0Q%
represent the boundary of Q% and n(p) = (nx(p), n:(p)) " denote the unit outward normal at
p on 9Q%, where n,(p) and n;(p) are components of n(p) corresponding to space and time,
respectively. QY is named time like, if the inequality |n;(p)| < |nx(p)| holds for every point
p € . If |ni(p)| > |nx(p)| holds for every point p € %, then Q¥ is named space like. In this
article, we assume that k > 1. It is easy to see that wave equations are defined in the domain
Q¥ with a space-like boundary Tg.

There are many literatures on wave equations in non-cylindrical domains with time-like
boundary (see e.g. [2,3,5-8,11-15] and the references cited therein). The systems studied
there are well-posed under two boundary conditions. Next we list some works related to
wellposedness. To the best of our knowledge, [2] was the first paper, which gave the explicit
solutions expressed by series for the one-dimensional wave equation with moving boundary.
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For the N-dimensional case (N > 1), an idea to convert non-cylindrical domains into cylindri-
cal domains by some invertible transformations was introduced in [12,13]. More precisely, if a
function u satisfies the wave equation uy — uyy = 0in QF, then by defining the transformation
w(y, t) = u(ax(t)y,t), we can verify that w satisfies

wy — [a(y, Hwy], +2b(y, Hhwy =0 in Q, (1.1)
where a(y,t) = %, b(y,t) = —% and Q = (0,1) x (0, T). Therefore, the wellposedness

problem of u in QX was transformed to the wellposedness problem of w in (1.1). Clearly,
when 0 < k < 1, a(y, t) is positive definite in Q. Thus the Galerkin method could be applied
to deal with the wellposedness problem in this case. Nevertheless, when k > 1, a(y, t) changes
sign in Q, which brings much trouble. Eventually, we mention that in [5], the authors used
the D’Alembert formula to get the wellposedness of the wave equation under two Dirichlet
boundary conditions in the case of k = 1. Since waves travel at a finite speed, the above
methods are not applicable to the case where the motion of the moving endpoint is faster
than the wave’s motion (i.e. k > 1 for Q’%). For wave equations in space-like domains, [4] was
the one and only one paper we have known providing a condition that solutions and all their
first-order derivatives vanish on X to make systems well-posed. In the view of controllability,
on the one hand, the condition mentioned in [4] is so harsh that we have no chance to impose
a boundary control. On the other hand, the solution in [4] has a higher regularity. Relatively,
the space in which solutions exist has a poor dual space, which is not good for us to consider
a controllability problem.

The aim of this paper is to find a general class of boundary conditions to make systems
well-posed in some suitable spaces. From reference [4], we guess that the boundary conditions
we are looking for may be different from ordinary formulations. Finally, we consider a system
with the following boundary conditions:

utt_uxx+“ut+,3u20 ianl
ulr, = fi,ulry = fo, e = f (1.2)
u(x,0) = u® u(x,0) = u'! in Q(0),

L k7
VI+R2 VIR
%—‘l‘]rR is a restriction of the derivative to u along the direction ! on I'g (u|r, and u|r, are also
restrictions of u on ', and Ty, respectively) and «, B are non-negative constants. (u°,u!) and
fi(i =1,2,3) will be given later.

The results we offer will be of significant importance to many related fields such as bound-
ary controllability and qualitative theory of wave equations. We shall give some interpreta-
tions.

where u is the state variable, (uo, ul) is an initial couple, I denotes the direction (

(1) Our work is a preparation for the study of boundary controllability problems, because
in the case of k > 1, if we simply exert f; or f» on the bondary, the system is not controllable
(This conclusion follows immediately from the fact that its dual system is not observable).

(2) From (1.2), we claim that such a problem with ordinary Dirichlet boundary conditions
may be ill-posed (Since f3 is given freely in an appropriate function space, we can choose
different f3, but keep f; and f, the same, and then the system has multiple solutions).

In order to define the transposition solution of (1.2), we introduce the following backward
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Figure 1.1: The graph of (1.2)

system with zero terminal value.

Wyt — Wy — 6wy + P = f in QF,
wlr, =0, (1.3)
w(x,T) =0,w(x,T) =0 in Q(T).

Set H} (Q(t)) = {w € HY(Q(t)) | the trace of w vanish at x=0}, V¢ > 0. Assume that F is a
functional space and F’ is its dual space. Let (-, -)r r denote the dual product between them.

Proposition 1.1. For any f € L2(QX), (1.3) admits a unique weak solution
w € L*(0, T; H (Q(t))) (VH (0, T; L*(QX(t))).

Definition 1.2. Let T > 0. u € L?(0,T; L?(Q(t))) NH(0, T; H-1(Q(t))) is called a trans-
position solution of (1.2), if for any (u°,u') € L*(Q(0)) x H1(Q(0)), fi € L*(T.) and
fa, f5 € L2(TR), u satisfies the following equality

/Qk fudxdt = (w(0),u") i (a(0)),1-1(02(0)) — /0(0) 10w (0) — au’w(0)]dx
- T
(—kwi — wy + kaw) (14

+ /rLflwxds +/rR [ZUf:a + f2 N ds, Vfe LZ(Qﬁ),

where w is the solution of (1.3).

The main result of this paper is stated as follows.

Theorem 1.3. For any given (u°,u') € L2(Q(0)) x H-1(Q(0)), f1 € L*>(Ty) and f», f3 € L*>(Tr),
(1.2) admits a unique solution

u € L2(0, T; L*(Q(t))) (VH (0, T; H 1 (Q(t)))
in the sense of transposition.
In addition, we study the energy for the homogeneous system of (1.2):
U — Uy + &ty + Pu =0 in QF,

ulr, = 0,ulr, =0, %[, =0, (1.5)
u(x,0) = u% u(x,0) = u! in Q(0),
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where (1%, u!) is given in (1.2).

Concerning wave equations in domains with variable boundaries, the work on stability
and stabilization has been addressed much less in the literature. For the case of time-like
domains, we mention [3,11], which provided some first-order polynomial decay results using
the multiplier method. As we know, the multiplier method is an efficient way to get a poly-
nomial decay estimate (see e.g. [10]), but it requires that the coefficients of wave equations
satisfy certain constraints (e.g. for (1.5), a?> = 4B needed) and depending on the multiplier
method, it is hard for us to obtain a better decay estimate. For the sake of getting the desired
exponential decay of the energy for (1.5), we borrow an idea introduced in [9]. The difference
is the use of an auxiliary functional p which will be provided in Section 4. We focus on the
case of «, ,B > O below. On the one hand, when &« = 0 and B = 0, it is easy to check the
energy E(t) = 5 fQ [u?(x,t) + u2(x,t)]dx for (1.5) is conserved. On the other hand, if either
of u,f > O is not true we have not been able to get the energy estimate for such a problem
(we shall provide a further interpretation in Remark 4.1, Section 4).

Define an energy functional:

E(u;t) = % A o [0 )+ 02 1) B, )

The energy estimate for (1.5) is as follows.

Theorem 1.4. There exist constants e; > 0 and c; > 0 (only depend on w or B), such that the energy
functional of (1.5) satisfies

2 et
F) < _ . < > (. .
E(u;t) < exp{ 1+c18}E(u'0)' VO<e<eg, VE>0 (1.6)

Throughout this paper, we let C represent a positive constant which may be different from
one line to another. For simplicity of presentation, in what follows we omit the variables of
functions sometimes when they are clear in the text.

Remark 1.5. We wish to present an interpretation for the form of (1.4). Without loss of gen-
erality, we may assume that functions are sufficiently smooth. Otherwise, we can use the
smoothing technique. If u is a solution of (1.2), multiplying the first equation of (1.2) by w and
integrating the both sides of the equation on Q¥, we have

/ (upr — Uyy + auy + Pu)wdxdt = 0,
T
that is,
/k [(upw — uwy + auw); — (Uxyw — UWy )y + U(Wy — Wy — awy + Pw)]dxdt = 0.

T

Using Green’s formula, we obtain

/an [(upw — uwy + auw)ny — (Uxw — uwy ) ny|ds + /Qk u(wy — Wyy — awy + pw)dxdt = 0,
T T

where ds is the length of an infinitesimal on boundary Q. Notice that the unit exterior

normal n(p) = (nx(p), n:(p)) "= (0,1)7,(0,-1)7,(=1,0) " and (m ;’fk )T when p lies in

]
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Q(T), Q(0), 'L, and I'g, respectively. Substituting them into the above equation, we get

/ (upw — uwy + auw) (x, T)dx — / (upw — uwy + auw)(x,0)dx
O(T) 0(0)

(kus + uy) y (kwy + wy — kaw)
V1+k? V1+k?
+ /k u(wy — Wyxy — awy + pw)dxdt =0,
Qr

+ | (uyw — uwy)ds + [—w ds
I'r

Iy

where we follow the expression (u + w)(x,T) = u(x,T) + w(x, T).
Further, if w is a solution of (1.3), due to the approximation theory of smooth functions,
we arrive at
(w(0),u%) 4y (00,11 (02(0)) /o(o) 0 (0) — P O)]x
(kuy + uy) y (—kw; — wy + kaw)

ds:/ ufdxdt.
V1+ k2 V1+ k2 } Q /

Remark 1.6. We would like to show some connections between our results and the existing
results. As we know, the definite conditions of the string equation defined in R, are the initial
displacement and the initial velocity. If we let k — +oco, then in (1.2), the moving boundary I'g
goes to the x axis and the direction I = (ﬁ, ﬁ) — (0,1). At that time, u|r, becomes a

+ Uwyds + [w
Iy Tx

displacement and %7 Ir, becomes a velocity. On the other hand, if we let k — 1, then I'g turns
into a characteristic line of the string equation and I — (%, %), which is the characteristic
direction. According to the compatibility principle, we infer that the boundary conditions in

(1.2) become the boundary conditions of the case k = 1.

The rest of this paper is organized as follows. In Section 2, we prove Proposition 1.1. In
Section 3, we prove Theorem 1.3. In Section 4, we deduce the energy estimate. Section 5 offers
an appendix which is a supplement to the proof of Proposition 2.1 in Section 2.

2 The wellposedness of (1.3)

In this section, we start to prove Proposition 1.1. More generally, we consider systems with
any given terminal value.
First, we consider the following pure wave system:

Wit — Wxy = f in le
wlr, =0, (2.1)
w(x,T) = wd, wi(x, T) = wk in Q(T).
Proposition 2.1. For any given (w9, wk) € H} (Q(T)) x L2(Q(T)) and f € L*>(Q%), (2.1) admits
a unique solution w € L*>(0, T; HL (Q(t))) N HY(0, T; L>(Q(t))).
We postpone the proof of Proposition 2.1 until the appendix for standing out the main part of
this paper.
Next consider the system as follows.

Wit — Wyy — aW + Pw = f in QF,
wlr, =0, (2.2)
w(x, T) = w},wi(x,T) = wk in Q(T).
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Proposition 2.2. For any given (w9, w}) € H} (Q(T)) x L>(Q(T)) and f € L*(QX), (2.2) admits
a unique solution w € L2(0, T; Hi (Q(t))) N H(0, T; L2(Q(t))).

Our idea for the proof of Proposition 2.2 is to transform the backward system into an equiva-
lent forward system. Then we use the contraction mapping principle and an energy method to
finish the proof. As a preliminary, some notations are given ahead. Write a;(7) = 1+ k(T — 1)
for 0 < T < T. We let Q% stand for a non-cylindrical domain in R? : Q% = {(x,7) € R | 0 <
x <%(1),0< T < ThLPutTy = {(0,7) € R* | T € [0,T]} and Tg = {(@x(7),7) e R? | T €
[0, T]} (see Figure 2.1).

Proof. Step 1. If we take a time transformation T = T — t and let z(x, T) = w(x, T — 7), then we
see that the wellposedness of (2.2) is equivalent to the wellposedness of the following system:

;

Zrr —Zxxt@zZc + Pz = f in@k,
z(x,0) = w¥, z:(x,0) = wh  in Q(T).

am

Figure 2.1: The graph of (2.3)

Let0 < Ty < Tand put Q)' = {(x,7) € R2 |0 < x <1+k(T —1),0 < T < Ty }. Consider the
following system with respect to (2.3) in Qvgl:

Zrr — Zyx + &G + ,35 = f in Qvgl,
z(0,7) =0 on (0, Ty), (24)
z(x,0) = w9, z(x,0) = wk  in Q(T).

Set X = L2(0,Ty; H (T — 1)) NHY(0, Ty; L>(Q(T — 7))), where Q(T — 1) = {(x,7) €
R?[0 < x < 1+k(T—1)} and put |z||3 = f@§1 [22(x,T) + 22(x, T)]dxdT, Vz € X. X is a
Banach space with the norm || - || x which can be found in [1]. Define a mapping F : { — z,
V¢ € X, where z is the solution of (2.4). By Proposition 2.1, F is well defined. Next we prove
F is a contraction mapping on X. Let z; = F(&;) and zp = F(&), V&,& € X.Put& =& — &
and z = z1 — z. From the linearity of (2.4), we know that z and ¢ satisfy

Zrr — Zox + 08, +BE=0 in Q)
2(0,7) =0 on (0,Ty), (2.5)
z(x,0) =0,z(x,0) =0 in Q(T).
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Multiplying both sides of the first equation of (2.5) by z;, we get
(ZTT - Zxx)zr = (_(ng - :BE)ZT

Furthermore,

2@ 4 )~ (262 = (o, — O
For any 73 € (0, T3], integrating the above equality on (0,73) x Q(T — 7) and observing that
n(p) = (nx(P),nT(P))T = (\/ﬁ,\/ﬁ)i Vp € fR, we have

—1zi(x, ) +z5(x, ) | dx+ [ |z(zz+Z Z1Zy | ds
/Q(T”Lj) 2 [ T( 1) ( 1)] T 2( )\/1+k2 \/1+k2 Z1Zx
1 _ _
= —al, — BE)zrdxdT.
[ oy (o~ BOzaxan
Due to k > 1, we get
T2 =2
_ , d
/Q(T . [z (x, 1) +2z3(x, 1)) dx
/ / (—a&, — BE)ZrdxdT
_/NT(ngjLﬁg dxdr+/ / 2(x,7) + 2(x,7)] dxdr.
Using Gronwall’s inequality, we arrive at
Lo =2 7 / 272 | 072
_ < 1 )
/Q(T o) 2 [Zi(x, 1) + Zo(x, 1) ] dx < e o (@&, + B )dxdt (2.6)

We start to estimate fQT] Ezdxdr. Since ¢ € X, ¢(0,7) = 0, ae. T € (0,T1) and &(x,7) =
. 0
N ¢,(y, T)dy. Using Holder’s inequality, we have

P = [ [Twon] <x [ Eoow

Moreover, 0 < x <1+ k(T — 1), VT € [0, T1], so
1+k(T-7) _, 1+k(T—1)
/ ¢ (x,T)dx < / / (jy y, T)dydx
0 0
1+k(T—7) 1+k(T—1) )
< 1+KT =) | 5oy, T)dydx
) 1+k(T—7) _,
SO+KT-DF [ oy
Integrating the above inequality on (0, T;), one has
/~T EZ(x, T)dxdt < (1+KkT)? /~T Ei(x, T)dxdr. (2.7)
Q' Q'
Using (2.7) in (2.6), one gets

1 ._ _ ,2 5
O(T-7) 2 [Z%(xr )+ Zi(X, Tl)] dx < en /le [(ng_( + ‘52(1 + kT)zgx} dxdt.
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Since the above inequality holds for any 71 € (0, T1], integrating it on (0, T; ), we obtain
1 — _
/QTl > Z2(x,7) + Z2(x, 7)] dxdt < Tye™ /@Tl [oﬂ@i + B (1 + kT)ZCi] dxdt
0 0
< Tiel' max{a?, B2(1 + kT)*} o (Ei + Ei)dxdr.
Qo

This implies that

1 —
2% < [2Tie™ max{a?, B(1+KT)%}] " I3 -

We can choose T to be small such that ||z||x < 3|¢]|x holds, i.e., |[F(&1) — F(&)|lx < 31&1 —
¢o||x. For this T, F is a contraction mapping on X. According to the contraction mapping
principle, we know that F has a fixed point in & which is a solution of (2.3) in le. Let
To = 0and T; = Ty. For any T;(i > 0,i € Z), we put Qg“ ={(x,1) eR? |0 < x <
14+k(T—1),T; <1< Tipa} and X; = L2(T;, Tiyy; HE (Q(T — 1)) NHY(T;, Ti1; L2(Q(T — 1))).
Going through the same process we used in @gl for Q/%“, we can get [|z||x, < [2(Tiv1 —

1
T))eTi=T) max{a?, B2(1 + k(T — T;))?}] *|I€|| x;- Let Tixq — T; < Ty, then we have [2(Tiq —

1 1
T,)eTir=T) max{a?, B>(1 + k(T — T;))?}]* < [2Tie™ max{a? f?(1 + kT)?}]?, which implies
that F is a contraction mapping on every &;. Continuing this process until T;y; > T for some
i, we deduce that (2.3) admits a solution in Q’%.

Step 2. We shall use an energy method for proving the uniqueness of the solution. Multiplying
both sides of the first equation of (2.3) by z;, we have

(zrr — Zyx + 02 + B2)zr = fzr.
Further,

1
E(Z‘Zi + zf; + ﬂzz)T — (zxzr)x + IXZ% = fz,.

For any Tj in (0, T|, integrating the above equality on le and using the boundary condition
again, we get

1
/Q(TTl) 2 [22(x, Th) + 25 (x, Th) + B2 (x, Tv) ] dx
< n ( 2)d dt & 1
a '/0 /Q(Tr) fae —az)dxd /Q(T) 2

S /0T1 /Q(T_T) [215](2 n (‘25 _ a) Zﬂ dxdt + /Q(T); [(wlT)Z + (aau;(%)z —i—ﬁ(w(%)zl dx.

If « > 0, we can choose 2 < w; if « = 0, we use Gronwall’s inequality again. Hence
2 q y ag

1
/Q(T - 5 [z%(x, T) +z2(x, Ty) + Bz2(x, Ty)] dx
— 11

0
owry

(wh)? + (a) ¥ ﬁ(w(%)zl t

(2.8)
< C(T)

1 dwd\ >
2 1\2 T 042
dxdt + / = |(wg)” + <> + B(w dx| .
Juf .- [( D4 (52) +B@h)
Because (2.8) holds for every T; € [0, T], it is shown that the solution of (2.3) is unique. The
conclusion of Proposition 2.2 follows from the equivalence of wellposedness between (2.2) and
(2.3). O

In Proposition 2.2, letting (w9}, wk) = (0,0), we have Proposition 1.1.
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3 The proof of Theorem 1.3

This section is devoted to establishing a hidden regularity result for (1.3) by the multiplier
technique and confirming the conclusion of Theorem 1.3. We divide our proof in three steps.

Proof. Step 1. Define a functional F : Vf € L*(QY),

F(f) = ((0) ) ooy — f, (4'w1(0) — a(0))dx
3.1)

(—kw; — wy + kocw)}
w ds—l—/ [w + ds,
/rLfl N . fa+ f2 iR

where w is the solution of (1.3) with f. In (3.1), u®, ul, f1, f> and f3 are known. It is clear that
F is a linear functional. Next, we are going to prove it is bounded.

Step 2. We multiply both sides of the first equation of (1.3) by w; and integrate it on Q¥.
Observing that n(p) = (nx(p), n:(p)) " = (\/11+7k2’ \/11"7)1 Vp € I'r, we have

/k fwdxdt = /k (W — Wyx — 0wy + Pw) widx
Qr Q

T

-1
- /Qk [2(w%+w2+ﬁw2)t—(wth) — aw? | dxdt

(3.2)
—k 1
= —E(0 +/ [ (w? + w? +ﬁw)m—(wth)ﬁ ds
—oc/kw%dxdt,
where E(t) = [, Hw?(x, t) + wi(x, t) + Buw?(x, t)]dx.
From (2 8), when (wY, wk) = (0,0), we know

E C(T 2dxdt, Vte|[0,T). 3.3
(<) [, faxit, Vi€ 0T 63

Step 3. Multiplying both sides of the first equation of (1.3) by w, and integrating it on Q¥,
we get

fwydxdt = / (Wi — Wy — 2wy + Pw) Wydx
Qf Qk
1
= I [(wthﬁ — 5 (w0} +w} — ), - awth] dxdt
° (3.4)

= —/ wi(x,0)wy(x,0)dx + 1wfcds
0(0) r, 2

+ wrw — —(w; + wy — Bw dS—lX/ wrwydxdt.
TR|: tWx /71_’_]{2 2( t X :B ) /714—](2 Q’% tWx

(3.4) — k x (3.2), yields

ry

' 1
o~ kfuwp)dxdt = [ ,0)wy (x,0)d ~wld
/Q]%(fw fuwy)dx 00 wi(x,0)wy(x,0)dx + 5 Weds

L 2 2 1 L 2 2y K ]
+ ——(w; +w; — Bw + = (w; + wi + Bw ds
[ -3+ ud = put) e S0 0 o)

+ /k (—awswy + kaw?)dxdt 4+ kE(0).
Qr
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Rearranging the above equality, we obtain

1 5 (K-1) 5 2, (B+1)B 2}
Swids+ [ [ +w?)+ TPy g
/rL 2 xS Tz 2\/1+k2(wt ws) \/1+k2w ’

= o [f (wy — kwt) + a(wywy — kw?)] dxdt + / (x,0)wy(x,0)dx —kE(0)  (3.5)

T

< C(a, Bk, T) / P,
o

where the last inequality in (3.5) is derived using (3.3). From (3.5), it follows that w|r, €
L%(Ty), w|ry, wilr, and wy|r, € L?(Tr). We shall make the assumptions: (1%, u!) € L2(Q)(0)) x
H1(Q(0)), fi € L*(TL), f» € L*(TR) and f3 € L?(T'R). The definition for F(f) in (3.1), together
with (3.5), indicates that there exists a positive constant C (only depending on «, 8, k, T) such
that

[F(f)| <C(a, Bk, T) [H(“OI u)[| 200y x 1120 + i 2y + 1 2l 2y + Hf3HL2(FR)} £ 112ty

According to the Riesz’s theorem, one can find a unique u € L?(0, T; L*(Q(t))) such that (1.4)
holds. We claim that (1.2) has a unique solution u € L?(0, T; L>(Q)(t))) in the sense of transpo-
sition. Without loss of generality, let g € C§°(0, T; H} (Q)(t))) and replace f with gt at the right
end of the first equation in (1.3). In the same manner we can get 2 € L2(0, T; H~1(Q(t))). O

4 The proof of Theorem 1.4

In this section, we prove Theorem 1.4 for the system (1.5) in Section 1.
Noticing that u|r, = 0 and %|r, = 0 in (1.5), we can deduce that

Uy|ry = Ut|r, = 0.
Thus the boundary conditions in (1.5) are equivalent to
ulr, =0, ulry = ux|ry = tht|rg = 0. 4.1)
Inspired by [9], we introduce an auxiliary functional. For any ¢ > 0, let
Ec(u;t) = E(u;t) +ep(u;t), Vt>0,

where "
oy (t
p(u;t) :/k u(x, t)u(x, t)dx.
0

Proof. First, suppose that the initial value (1%, u') and the solution u are sufficiently smooth.

On account of
a (t)
o) < [ fmuldx < 5/ ut+ﬁu +12)dx,
when > 1, putc; =1, when g <1, putcl—ﬁ ence,

e Ee(u;t) — E(u;t)] = p(u; t)| < c1E(u;t). (42)
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Using the first equation in (1.5), we have
E.(u;t) = E (u;t) + €0 (u; t)
“k(t) ai(t) )
= / (uptty + txtiyy + Puny)dx + 8/0 (upru + uy )dx
= / [0 (U — a1y — But) + ity + Puny]dx
—1—8/0 [(vx — auiy — Bu)u + ui|dx
a ()
— / ‘ [(upny)y — auf]dx
0

a(t)
+ 8/ [(uxtt)x — u3 — awpu — pu® + uf)dx,
0

where E.(u;t) represents the derivative of E¢(u;t) with respect to time.
Using (4.1), we arrive at

, et w® s o
E.(u;t) = —uc/ utdx—i—s/ (—uy — aupu — Bu” + uy)dx.
0 0
Furthermore,

i (t)
z—:/ ‘ (—u? — aupu — pu + u?)dx
0

< ag(t) B 5 p
_e/o [—Zu +< u+ﬁ ) ,Bu —I—ut] X
Y L CN I I 2., .2 3, 4%\ ,
_s/o [—2(ux+ﬁu —l—ut)—k(z—i—%)ut]dx
o? (t)
:—sE(u;t)+€<3 2ﬁ> /ak udx.

. n
Letting e < >z = €0, we have

27" 2B
E.(u;t) < —eE(u;t).
On the other hand, when ¢ < %, (4.2) implies that
(1 —c1e)E(u;t) < Ee(u;t) < (1+4cre)E(u;t), Vt>0.

So
E.(u;t) < —eE(u;t) < —

E.(u;t).
cie e(u;t)

Set £, = min {%,80}. Using (4.2) combined with (4.3), we get

et
1+ cle} Ee(u;0)

< exp {— et } (14 c1€)E(1;0),

1—|—C]8

(1 —c1e)E(u;t) < Ee(u;t) < exp {—

11
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V0 <e<eq, VE>0.
It means that

14 ce 1—C1€ 4.4)
< — E(u;0), Vt>0.
-1 _Clgexp{ 1—|—C18} (1;0) -
Finally, using the approximation theory of smooth functions in (4.4), we obtain Theorem 1.4.
O

Remark 4.1. From the process of the proof of Theorem 1.4, we can see that if « < 0, the energy
of (1.5) does not decrease; if B = 0, we are not able to get the desired decay estimate in the
same manner (because the Poincaré inequality does not hold for some uniform constant in
such an increasing domain).

Remark 4.2. In the case of 0 < k < 1, by [5], we have that the wave equation is well-posed
with two Dirichlet boundary conditions. We can also put a damping au; (¢« > 0) and a
compensation pu (B > 0) into the homogeneous system to consider the energy estimate.
Although there will be some extra terms coming from boundary, we can deal with them as
well depending on the method mentioned above, and then get the exponential decay results.
Nevertheless, if the moving boundaries are general, things may be complicated and it may be
not easy for us to deal with those boundary terms and get the desired energy estimate based
on the method above.

5 Appendix. The proof of Proposition 2.1

We follow the notations in Section 2.

Proof. Taking a time transformation T = T — t and letting z(x,7) = w(x, T — 7), we change
(2.1) to the following system of z :

Zrr—Zgx = f in QF,
zlr, =0, (5.1)
z(x,0) = w},z.(x,0) = wk in Q(T).

We will denote by @ihe closurgf QI% and by D(@) the space ofiinﬁnitely differentiable

functions defined on Q. Let (D(Q%))? be the quadratic space of D(Q%) and H = (L?(Q%))%
VY,W € H,with Y = (y1,y2) " and W = (wy,w;)", an inner product in H is defined to be

(Y, W)y = /@ [y Dwr (x, 1)+ ya(x, Hwa(x, 1)] dxdt.

T

We use the symbol (-, ). to denote the scalar product in IR?. The notation | - |g2 means the
canonical norm induced by (-, -)g2. Define an operator A :

D(A)={W e H | AW € H},

aw1 awz

- (B7F), W mm <o

ot dx
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Q(0)

,,,,,,,,,,,,,,,,,,,,,

am

Figure 5.1: The graph of (5.1)

Let HWH%)(A) = W%, + [|[AW|%,, VW € D(A). Itis easy to check that D(A) is a Hilbert space
with the norm || - [|p(a)-

Using an argument similar to that in [4], we shall prove three lemmas. Notice that Q% is
different from the domain described in [4] and the distinction is I';. Consequently, the focus
of our proofs is on estimating the value of functions discussed below on I’y .

Lemma 5.1. The following two propositions are equivalent.

(i) For every triplet (wY, wk, f) € H (Q(T))xL*(Q(T))xL3(Q%.), find z€ L*(0, T; HL(Q(T —1)))
such that 9 € L*(0, T; L2(Q(T — 7))), and z satisfies:

(5.2)

with the additional boundary conditions z}rL = g—i |FL

(ii) For every triplet (Y, wk, f) € H} (Q(T)) x L2(Q(T)) x L2(Q%), find Z = (z1,22)" € D(A),
such that
AZ=F, Z(-0)=2Z, and zr, =0, (5.3)

where F and Z are given as follows

Proof. (i) = (ii) If z satisfies (i), then let

gl

o X

Z = (82)'
JaT

According to the definition of a distributional derivative, we have

0 0z 0 0z
() (50) = (o) (52) .
Using (5.2) combined with (5.4), we obtain AZ = F and Z € D(A). From the initial condition
and boundary condition, we get

(.,0) 9w 9z
Zo=27(-,0) = (82 ’ > = ( ox and z|r, = —| =0.
37(.,0) wlT Lot

Iy
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(ii) = (i) For any Z = (z1,z2)" € D(A), let

z(x,T) := /OT zp(x, 5)ds + w¥(x). (5.5)

Since D(A) ﬂ(D(Qf’%))2 is dense in D(A), one can choose a Z¢ = (z,z5) " € D(A) N(D(QY))?
such that
78— Z(e — 0+) in D(A),

thatis, Z* - Zin H, AZ* - AZ in H.

Put . .
€ .__ % . azz

T ot ox’
Since % — %2 — 0, k* — 0(¢ — 04) in L2(Q%). Thus

ot ox
oy = [
_/Of[aa? (x,5) — € (x,5)]ds
=zi(x,7) —z{(x,0) — /OT he(x,s)ds.

It follows that

9 [T . _ owd
gl_liﬂ a/ z5(x,8)ds = z1(x, T) — W(x) (5.6)
Using (5.5) and (5.6), we have
9z(x, T o [T ow?
(E}x ) = a/0 z2(x,8)ds + axT (x)
Jd [T aw(%
-y 2 [t B
8w(% awT
—Zl(er)_W(x) ox (x)
=2z1(x,7T)
From (5.5), it is easy to check that azg%r) = zp(x, T). Therefore,
aZQ 821

where the last equality is obtained using the first equation in (5.3). Because of z;|r, = 0, by
(5.5), we deduce

0z
Z‘r = — = 0,
Lot r,
and it is easy to see that
z(-,0) =w) and z.(-,0) = wk. O

Let us consider a special case of Lemma 5.1, that is, Z(-,0) = 0. We put Dy = {Z € D(A) |
Z(-,0) = 0}. Furthermore, write Dy* = {Z € Dy | z2|r, = 0}.
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Lemma 5.2. For any F € H, there exists one and only one Z € DgL, such that
AZ =T.

Proof. We go through two steps to prove Lemma 5.2.
Step 1. Let Z = (z1,22) " € D(I;L. Using Green’s formula, we have

921 _ 9z
zzm= [ (278 ) () e
Q o T R2

T
9021 9z 9z 02
T LT o AT or 2

axlzz) dxdt

(5.7)
_/ [ 73 +75), (zlzz)x} dxdt
—/ f\Z x,T) \R2dx+/ [ (23 +25)n —zlzznx} ds.
Notice that n(p) = (nx(p), n-(p))" = (m, W) ,Vp € Ty, whenk > 1,
1,, o k 1 ]
(721 +23)——= —z120———=|ds >0
/fR [2( 1R e T el
Replacing the upper limit T of the integral with 7 in (5.7), we have
2 T
2,0 )dx <2 [ [ (AZ,Z)gedxds.
/Q(T—T)‘ (2 7) et < 0 Q(T—s)< Jredxds
According to the Cauchy-Schwartz inequality, it follows that
1 2 2
|<AZ'Z>IR2‘ = ‘AZ‘RZ‘Z‘W S E(‘AZ‘]RZ + |Z}]R2)’
and moreover,
/ |Z(x,T)|22dx</T/ |AZ{22dxds+/T/ ]Z|22dxds
Q(T—1) REZ = Jo Jar—s) R 0 Jor-s) ' 'R
T 2 T 2
<[] JAzfpdxds+ [ |z[dxds.
0 Jo(T-s) 0 Jo(r-s)
Using Gronwall’s inequality, we obtain
2 2
/Q(TT) 1Z(x,7)[2adx < C(T) /@kT |AZ ydxdr.
Integrating above inequality on (0, T), one get
1ZI1% ) < CDIAZI T 1) YZ € Dg* (538)

We now see that (5.8) implies A is an injective mapping and
A: Dyt — Im(A)

is an isomorphism. It is easy to check that A~! is a bounded linear operator and continuous.
DgL is a closed subspace of D(A), thus Im(A) is closed in H from the continuity of A~!.



16 L. Y. Liu and H. Gao

Step 2. Suppose that V = (v1,v;) "€ H. Im(A) is dense in H if
(AZ, V)5 =0, VYZ €Dyt =V =0. (5.9)

Next let us prove (5.9). Let Z € (C(Q%))2. Then

dvp  dup
(AV, Z)H_/ <<; ;;1) (;;)> dxdt
oT ox ]Rz

v Jv v v
_/ (aT1 R e R T 2‘alZZ>d’“”

B 9z 9z 0z azz
/ ( e TRy T )d"‘h

921 97
- _ 7o) (o dxd
/Q (EE) @), e

k
T
—(AZ,V)y =0.
Hence, AV =0and V € D(A).
vZ,V € (D(Q))%,
(AZ, V)3 + (Z,AV)y
327173%2 Ul 21 83%1 aaixz
= o <<) ”2>>de"””+ (@ (528)),, et
821 aZZ 821 801 avz 802 avl
/Q’% <6T 9T ox +¥Uz ox ot ot T T ar T ax dxdt
:/Q [ 2101 + 2202) . — (2201 +Z1vz)x}dxdr (5.10)

= oo BV (8 ) e - /Q ) (25,00, V (3, 0) e

1 Zy (%1 >
——_(®2), d
+/L<\/1‘+‘7kz(21)(7}2) R? 5
s (A ()@ b
Fe \WT k2N K2l e,
Using the density of (D(Qil%))2 ND(A) in D(A), one can choose a set of functions {V;}eso C
(D(Q%))?, such that V; — V in H, AV, — AV in H. Put Z € (D(Q%))2N Dy, with the

property S : suppZ N Q(0) is contained in a compact subset of Q)(0), and suppZ N X is
contained in a compact subset of X. Letting ¢ — 0+ in (5.10), from AV = 0 and the hypothesis

of (5.9), we have

1 Z v
0= [, @D Ve D+ [ (DG (3 )ds -

= (@)

where (-, -) stands for a dual relation in form. Since ( ~ _kl) (k > 1) is positive definite and

(5.11) holds for every Z € (D 5 N D!t with the property S, we can deduce that
y T 0 property

VlQ(O) = 0, Uz|rL =0 and V|fR =0.
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Set
D ={VeD(A) | Vlge =0, valr, =0 and V[ =0}.

For every V € (D(fo’%))2 N D, replacing Z with V in (5.10) and using Holder’s inequality, we

get
Vi3 < C(T)[AVl3-

Using the density of (D(@))Z N D in D, we see that the above inequality remains true for
every V € D. From AV = 0, we deduce V = 0. Since Im(A) is dense and closed in H,
Im(A) = H. Furthermore, A is an isomorphism, so the proof is complete. O

The following Lemma 5.3 tells us that (ii) of Lemma 5.1 holds.

Lemma 5.3. For every couple (Zo, F) € (L>(Q)(T)))? x H, there exists one and only one Z € D(A),
such that

AZ = P, Z(,O) = Z() and Zz|rL =0.

Proof. As Zy = (zo1,z02) " € (L*(Q(T)))?, there exists a sequence of functions {Z"},~o C
(D(QX))? with Z7 = (z],2]) T such that

@) lim [127¢,0) = Zoll w2y =0,

(2) 2|FL = 0-
For any 1 > 0, using Lemma 5.2, one can find a Z, = (z;1,zj2) " € D(EL satisfying

AZ, =F — AZ].

Thus A(Z, +Z") = F.
Let Z, = (D(Q%))2 N Dyt such that Z, — Zyin D(A). Replacing Z and V with Z; + Z" in
(5.10) and using conditions zJ|r, = 0 and Zyp|r, = 0, we have

2(A(Z5 +27), 25 + 27),,

B / (25 + 20 T) e /0( T) (25 + 27) (x,0)[god
1 k-1 z;lJrzl z,11+z;17
+/fR< /71_’_1(2(—1 k )(Zf12+zg ’ Z‘;Z+Z;’ ]deS.
Since ( o ) (k > 1) is positive definite, we have
2(A(ZE+21), 25+ 27),, > /Q(O) (Z5+ Z7) (x, T) |t — /Q(T) (Z5+ 27 (x,0) | 2. (5.12)
Changing upper limit T of the integral to T in (5.12), we have
° € n € 7
2/0 /Q(T_S) (AZy+21),75+27)  dxds

€ €
> [ |G+ 20 Ol = [ (254 2) (5, 0) e
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Moreover,

Z, +Z")(
/Q(T—T) ‘( + ) ‘]RZ

2 T 2
< /Q(T) y(zg+z'7)(x,0)}R2dx+/o /Q(T_T) |A(ZE + 21 |dxdr

T
Z& + 7ZM)|2, dxds.
+/0 /Q(TS)\( y +2Z") | gedxds

Using Gronwall’s inequality, we have

/Q(T_T) [(Zy +27)(x |R2dx < C(T) (/Q(T) (Z5 +Z7) (x }dex+ IA(ZE _|_Z'I)HH> ‘

Integrating the above inequality on (0, T), we get
125+ 20016 < () ( [ 1025+ 2005, 0) et + | 4(Z5 + 2D )
Let ¢ — 0+, it holds that

2
120+ 21 < O ([ 1220t + FI)

When 7 is small enough, {Z, + Z"}, remains bounded in D(A). Since D(A) is a Hilbert space,
there exists a subsequence of {Z, + Z"},, still remember {Z, 4+ Z"},, and Z € D(A), such
that

Z,+7" —Z inD(A).

Noticing that A(Z, + Z") = F, we deduce
AZ = F, ZQ’I"L =0 and Z(,O) = Z().
The uniqueness of the solution is easily obtained from Lemma 5.2. O

Combining the results of Lemma 5.1 and Lemma 5.3, we claim that for every triplet
(w0}, wk, f) € HF(Q(T)) x L2(Q(T)) x L>(Q%), system (5.1) admits a unique solution z €
L*(0, T; HL(Q(T — 7))) and az € L2(0, T; L>(Q(T — 1))). Because of w(x,t) = w(x, T — ) =
z(x, T), it implies that under the same assumptions, system (2.1) admits a unique solution w &
L2(0, T; H} (Q(t))). Moreover, & (x,7) = =2 (x, T— 1) = —22(x,t), s0 % € L2(0, T; L>(Q(t))).
Until now, we finish the proof of Proposition 2.1. O
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