Electronic Journal of Qualitative Theory of Differential Equations
2020, No. 49, 1-19; https://doi.org/10.14232/ejqtde.2020.1.49 www.math.u-szeged.hu/ejqtde/

Existence of solutions for subquadratic convex or
B-concave operator equations and applications to
second order Hamiltonian systems

Mingliang Song™
School of Mathematical Sciences, Nanjing Normal University, Nanjing, 210097, P. R. China

Mathematics and Information Technology School, Jiangsu Second Normal University,
Nanjing, 210013, P. R. China.

Received 12 August 2019, appeared 23 July 2020

Communicated by Gabriele Bonanno

Abstract. This paper investigates solutions for subquadratic convex or B-concave oper-
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1 Introduction and main results

Mawhin and Willem [9] investigated the second order Hamiltonian system

x(0) — x(T) = (0) — %(T) =0 (1.1)

{—x(t) — m2w?x(t) = V., V(t,x(t)), ae tel0,T],
where T > 0,w = 2%,711 €{0,1,2,...},V € C(]0,T] x R",R), V.V denotes the gradient of V
with respect to x, V,V € C([0, T|] x R",R"), and for each x € R", V (¢, x) is periodic in ¢ with
period T. Using the dual least action principle and the perturbation technique, the Authors,
in theirs excellent book [9], proved some existence theorems of solutions for problem (1.1)
with subquadratic convex or concave potential. Recently, using the reduction method, the
perturbation argument and the least action principle, Tang and Wu [12] proved an abstract
critical point theorem without the compactness assumptions which generalizes the results
in [7]. As a main application, they successively obtained some existence theorems of problem
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(1.1) with m = 0 and subquadratic convex potential or k(f)-concave potential, which unify and
generalize some earlier results in [9,13,14,16,17]. Later on, applying the abstract critical point
theory established in [12], Ye [15] proved some existence theorems of problem (1.1), where
m > 1 and the potential is convex and satisfies conditions which are more general than the
subquadratic conditions in [9]. In this paper we reconsider in the framework of the operator
equations some theorems proved in [9,12,15].

Let X be a real infinite-dimensional separable Hilbert space with inner product (-, -)x and
the corresponding norm || - ||x. Let A : D(A) C X — X be an unbounded linear self-adjoint
operator with 0(A) = 0;(A) bounded from below. Hence, there is an orthonormal basis
{e]}]?"’:1 of X and Ay < Ay < --- such that Ae; = Ajej, D(A) = {Z;-’il cjej| Litq /\]ZCJZ < oo}. In
addition, let Z = D(|A|2) = {Z]?’il cjejl ita |A]-|c]2 < oo} equipped with the norm ||x[|3 =
|f]x|\2 =y (1+ ]/\j|)c]2. Forany x = Y2, cje; € Z,y = Y21 djej € Z, we can define a bilinear
orm

a(x,y) =Y Ajcjd;.
=

Note that (Ax,y)x = a(x,y) if x € D(A),y € Z, this shows that a(x,y) is the extension
of (Ax,y)x on Z. Moreover, let £;(X) be the usual space consisting of bounded symmetric
operators in X. For given B € L;(X), we define

v4(B) = dim ker(A — B),
ia(B) =Y va(B+Ald),
A<0

as introduced by Dong, see Definition 7.1.1 in [5] or Definition 3.1.1 and Proposition 3.1.4 in
[4]. We consider the following operator equation

Ax — Bijx = V®(x), (1.2)

where By € L5(X),va(B1) # 0, and ® satisfies

(®g) @ € Ct (Z,R) is weakly continuous with weakly continuous derivative, that is, x, —
Xo in Z implies that ®(x,) — ®(xp) and ®'(x,) — P’(xp). Moreover, for every x € Z there
exists V®(x) € X such that ®'(x)y = (VP(x),y)x forall y € Z.

Let X; be a nontrivial subspace of X. For By, B, € L;(X) we write By < B, with respect to
X if and only if (B1x, x)x < (Bax, x)x for all x € Xy; we write By < B, w.r.t. Xj if and only if
(B1x,x)x < (Bax,x)x for all x € X3\{0}. If X; = X, then we just write By < By or By < By. In
addition, we write By < B, properly if and only if By < B, and By < B, w.r.t. ker(A — B) for
all B € Ly(X).

Our main results can be stated as follows.

Theorem 1.1. Assume that ® satisfies (o) and
(®1) ® is convex in X;

(D) @ and ' are bounded in Z;

(®3) P(x) — +ooas ||x]| — oo with x € ker(A — By);
(®4)

®y) there exist ¢ > 0 and By € L4(X) with By > By and By > By w.r.t. ker(A — By), va(By) # 0

and i5(By) =ia(B1) +va(By), such that

P(x) < %((BZ—BQx,x)X—i—c (1.3)
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forall x € X, and

®(x) — %((B2 ~By)x,x)x — —oo (1.4)

as ||x|| — oo, where x = X + X with X € ker(A — By) and ||%|| is bounded.

Then problem (1.2) has a solution in Z.

Theorem 1.2. The conclusion of Theorem 1.1 still holds if we replace (P4) with

(@) there exist ¢ > 0 and By, € Ls(X) with By > By and By > By w.r.t. ker(A — By), va(Bz) =0
and iz (By) =ia(B1) +va(B1), such that

®(x) < 5((B2— Bi)x,x)x +¢ (1.5)

NI =

forall x € X.

Theorem 1.3. The conclusion of Theorem 1.1 still holds if we replace (®1) and (Py) with

(®}) @ is (By — By)-concave, that is, —®(x) + 1((B> — By)x, x)x is convex in X.

(@) thereexists By € Ls(X) with By > By and By > By w.r.t. ker(A —B1),ia(B1) = 0,va(B2) # 0
and is(By) =ia(B1) +va(B1), such that

_®(x) + %((Bz _By)x,x)x — 400 (1.6)

as ||x|| — oo with x € ker(A — By), respectively.
Theorem 1.4. The conclusion of Theorem 1.1 still holds if we replace (P1) and (®4) with (D)),

(®)') there exists By € L(X) with By > By and By > By w.r.t. ker(A — By),ia(B1) = 0,v4(By) =
0, such that
ia(B2) =ia(B1) +va(B1),

respectively.

The paper is organized as follows. In Section 2, we first recall a critical point theorem as
given in [12]. Then, following [4, 5], we recall some useful conclusions of index theory for
linear self-adjoint operator equations. Finally, we quote a lemma in [3], which shows that (1.2)
possesses a variational structure. In Section 3, we prove Theorems 1.1-1.4. In Section 4, we
investigate their applications to second order Hamiltonian systems with generalized periodic
boundary conditions and Sturm-Liouville boundary conditions. The corresponding results in
[9,12,15] are special cases of these results.

2 Preliminaries

In order to prove our main results, we recall first two lemmas due to Tang and Wu [12].

Lemma 2.1 ([12, Theorem 1.1]). Suppose that Xy and X, are reflexive Banach spaces, I € C*(Xq x
X2, R). I(xy,-) is weakly upper semi-continuous for all x; € Xq and I(-,x2) : X1 — R is convex for
all xo € Xy, and I is weakly continuous. Assume that

1(6, %) — —oo 2.1)



4 M. L. Song

as ||xz|| — —+co and, for every M > 0
I(x1,x2) = 400 (2.2)
as ||x1]| — oo uniformly for ||xz|| < M. Then I has at least one critical point.

Lemma 2.2 ([12, Lemma 5.1]). Suppose that H is a real Hilbert space, f : H x H — R is a bilinear
functional. Then g : H — R given by

g(x) = f(x,x), Vx e H

is convex if and only if
g(x) >0, Vx € H.

Now we also recall some definitions and propositions in [4,5].

Definition 2.3 ([5, Page 108]). For any B € L(X), we define

Yap(x,y) = a(x,y) = (Bx,y)x,  VxyeZ

For any x,y € Z if ,p5(x,y) = 0 we say that x and y are i, p-orthogonal. For any two
subspaces Z; and Z, of Z if ¢, p(x,y) = 0 for any x € Zy,y € Z, we say that Z; and Z, are
., g-orthogonal.

Proposition 2.4 ([5, Proposition 7.2.1]). For any B € Ls(X), the space Z has a , -orthogonal
decomposition
Z =77 (B)®Z)(B) & Z, (B)

such that V, p is positive definite, null and negative definite on Z,F (B), Z%(B) and Z, (B) respectively.
Moreover, ZO(B) and Z; (B) are finitely dimensional.

Definition 2.5 ([5, Definition 7.2.1]). For any B € £;(X), we define v,(B) = dim ZJ(B), i,(B) =
dim Z (B).

Proposition 2.6.
(1) For any B € L4(X), we have
va(B) =va(B),  ia(B)=1is(B),  ker(A—B)=Zj(B).
([5], Proposition 7.2.2 (i))

(2) For any By, By € Ls(X), if Bi < By with respect to Z, (B1), then i;(B1) < is(By); if By <
By with respect to Z; (By) ® ZY(B1), then i,(B1) + va(B1) < i(B2) + va(B2); if By < By
with respect to Z9(By) and By < B, with respect to Z; (By), then i,(B1) + va(B1) < i,(B2).
([5], Proposition 7.2.2 (ii))

(3) For any By, By € L4(X), if B1(t) < Ba(t) and B1(t) < By(t) properly, then

ia(Bz) — ia(Bl) = Z 1/,1(31 + /\(Bz — Bl))
A€[0,1)

([5], Proposition 7.2.2 (iii))
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(4) (Poincaré inequality.) For any B € L4(X), if i;(B) = 0, then
Pap(x,x) >0, Vx € Z.
And the equality holds if and only if x € Z2(B). ([5], Proposition 7.2.2 (v))

(5) For any B1,B, € ﬁs(X), lf B1 < By and By < B, w.rt. ker(A — Bl) and iA(Bz) =
ia(B1) +va(Br), then Z = Z; (By) @ Z9(By) @ Z9(B2) ® Z; (By), and (—pgp, (x1,%1)) +
(a,B, (X2, xz))% is an equivalent norm on Z for x = x1 + xp with x1 € Z, (B1), x2 €
ZF5(By). In particular, for any By € Ls(X), then Z = Z; (By) ® Z%(By) ® Z; (By) and
(—%,Bl(xl,xl))% + (a8, (x2, xz))% is also an equivalent norm on Z for x = x1 + xp with
x1 € Z; (B1),x2 € Z (By).

Proof. We only prove (5). Let Zy = Z; (B1) ® ZY(B1),Z2 = Z2(Ba) ® Z; (B2). Noticing that
Yo, (X, x) > Pup,(x,x) forall x € Z, ¢, p,(x,x) <0 forall x € Z; and ¢,5,(x,x) > 0 for all
X € Zy,if x € Z1 () Zy then ¢, 5, (x,x) = 0 = ¢, p, (x, x), which shows that x € ZJ(B,) N Z(By).
By B; < By and B; < By wirt. ker(A — By ), we have 0 = ¢, 5, (x, x) > ,8,(x,x) = 0 provided
x € Z%B2)NZ%(B1)\{0}. This is a contradiction, which implies that Z; (N Z, = {0}. It
remains to prove that Z = Z; + Z,. By Proposition 2.4, we have Z = Z, & Z, (B,) and for any
x € Z there exists a unique pair (x1,x2) € Z X Z, (By) such that x = x1 + x2. Let {e]'};-‘:1 be
a basis of Zy,¢; = 6]2 +e with 6]2- € Z2,e].’ €Z,(By)forj=1,2,--- ,k=ia(B1) +va(By). By
ia(B2) =ia(B1)+va(B1) =k, in order to prove {ej_};.‘:1 is a basis of Z, (B,) we only need to
show that {ej_ };?:1 is linear independent. In fact, otherwise there exist not all zero constants
c1,...,Ck such that 2?21 cje]-_ = 0. This leads to Z;-‘Zl cjej € Z1(\ Z, a contradiction. The linear
independent shows that there exist constants {ucj};.‘zl such that x; = Z}‘:l wje; . And hence
X=x1+x =x=2x+ 2}‘:1 aje; = Z}‘:l wjej + (x1 — Z;":l txjejz).

Similar to the proof of Proposition 7.2.2 (iv) in [5], we can prove that (—, 5, (x1,x1))2 +
(a,,(x2, xz))% is an equivalent norm on Z for x = x1 + x with x; € Z; (B1),x2 € Z} (B2),

and (—4,,3, (xl,xl))% + (¢a,B, (x2, xz))% is also an equivalent norm on Z for x = x; 4+ x with
X1 € Za_(Bl),Xz € Z;(Bl). ]

Finally, let us consider the functional I defined by

I(x) = —%a(x,x) + %(le,x)x +d(x), (2.3)

for every x € Z. Under assumption (®g), from Theorem 1.2 in [9] it is easy to verify that
I € CY(Z,R) is weakly upper semi-continuous on Z and I’ is weakly continuous with

I'(x)y = —a(x,y) + (Bix,y)x + ®'(x)y, (2.4)

for every x,y € Z.
The following important lemma is an immediate conclusion of Lemma 2.1 in [3].

Lemma 2.7. Assume that (®g) holds. Then a critical point of 1(x) is a solution for problem (1.2).

3 Proofs of the Theorems

In this section, we present the proof of Theorems 1.1-1.4.
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Proof of Theorem 1.1. By v4(B1) # 0, By < By and By < B, w.rt. ker(A — By) and is(By) =
ia(B1) +va(B1), we have Z = Z; (By) ® Z%(By) ® Z2(B,) @ Z; (B,) via (5) of Proposition 2.6.
Set X; = Z;(Bl) @Zg(Bl),Xz = Zg(Bz) @Z;(Bz) = Z;(Bl),x € Z,x=x1+x withx; € Xj
and x; € Xp. Next, we divide the proof into three steps.

Step 1. We show that I(-,x2) : X; — R is convex for all x, € X,. By (P1), it is obvious that
®(x1 + x2) is convex in x1 € Xj. From Definition 2.3 and Proposition 2.4 we can see that for
every x1 € Xj,

1 1 1
—§¢a,31(x1,x1) = —Eﬂ(xllxl) + E(lelrxl)X >0,

which implies that —%%,Bl(xl,xl) is convex in x; € X; via Lemma 2.2. Hence, for every
Xy € Xp,

1 1
I(xl + xz) = —Ea(xl + xp,x1 + X2) + 5(31(361 + X2),X1 + xZ)X + <I>(x1 + XZ)

1 1
= —E%,B](XLM) +®(x1 + x2) — Elpa,Bl(xZ, X7)

is convex in x1 € Xj.

Step 2. By contradiction, we prove that (2.2) of Lemma 2.1 holds. Assume that (2.2) of Lemma
2.1 does not hold. Then there exist M > 0,cop > 0 and two sequences {x1,} C X; and
{x2,} C Xp with ||x1,|| = 400 asn — oo and ||x2,|| < M for all n such that

I(x1,n + x2,n) < co, Vn € N. (3.1)

For x; € Xj, write x; = x; +x), where x; € Z;(B;) and x) € ZY(B;). We consider the
functional @[z g,y By (®o), we easily see that P[5, is weakly lower semi-continuous on
Z%(By). Using (®3), by the least action principle (see Theorem 1.1 in [9]), | 70(B,) has a
minimum at some x{ , € ZJ(B;) for which

0= (x])x) = (VO (x} ), x))x, Vx] € Z)(By).

By assumption (®g) and the convexity of ®, we have

D(x1+x2) — @(xg) = (V(xlp), %7 +x2+ 2§ — x1p)x
= (V@(x1y), %7 +x2)x,
and then, from ||x||x < ||x| forall x € Z,

By +12) > D(xd) — [VO(xdp) [x - 7 +xallx
> 0(x)y) — [Ve(d)llx - (x| + 221])
— c1—ca- (g |+ 22l)

where ¢; = @(x?lo),cz = HVq)(x%O)HX > 0. Rewrite x1,, = x, + xcl),n, where x;, € Z;(B1)
and x{, € ZJ(By). By (3.1), we have

co > I(x1,n + x2,0)
1 _ 1
= _Elpa,Bl (xl,n’ xl,n) - §¢a,B1 (xZ,n/ x2,n) + q)(xl,n + x2,n)

- 1 _
> _E’Pa,B] (X7 X1,) — E%,Bl (X2, %2,n) + €1 — €2 ([[x, || + [x2,0]])-
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From (®4) and (5) of Proposition 2.6, we know that (—, 5, (x;, x| )2 is an equivalent norm
on Z for x; € Z,; (By) and (¢4, (x2, x3))? is an equivalent norm on Z for x, € Z;(B;). This
means that there exist c3 > 0 and ¢4 > 0 such that

co > I(x1,n+ x2,n)

Y]

C% -2 Cﬁ 2 -

5 Xl — 5 l1X2n - 1,n o
o 12017 = S lx2nlI” 4 er = - ([l || + [[x2.0l)

cﬁM2
2

2
5. _ _
> D, P - - et — e (g, )+ M)
via [[x2,4|| < M, which shows that {||x], ||} is bounded. Combining this with assumption (P»)
and the convexity of ®, we see that there exist c5 > 0 and ¢ = sup CD(—x;, — X2,,) such that
n

co > I(x1,0 + x2,n)
1 - 1
= — 5B, (x1 X1 n) — a8, (X2,0, X2,n) + P (X1, + X2,0)
2 , , 2

c3c5)2 c2M? 1 _
> ( 325) — 42 ~|—2<I><2x(1),n> —®(—xy, — x21)

c3c5)? 2 M? 1
> ( 325) . 42 +2q><2x(1)/n> — Ce.

By (®3), we know that {||x‘1]n]|} is also bounded. This contradicts the fact that [xi || +
Hx(l),nH > ||x14]| = o0 as n — oo. Therefore (2.2) of Lemma 2.1 holds.

Step 3. We check that (2.1) of Lemma 2.1 holds. If not, there exist a constant ¢y and a sequence
{x2,n} in X5 such that HXZ,HH — 400 asn — oo and

I(xon) > c7 (3.2)

for all n. For x; € Xp, write x, = x3 4 x5, where x) € Z(B,) and x5 € Z,(B,). Notice that
vi(B2) # 0 and X = Z2(By) @ Z; (Ba). Let xp, = 23, + x5, 3, € Z0(Ba), x5, € Z; (B).
Then by (1.3) of (®4), (3.2), Definition 2.3 and Proposition 2.4, we have

c7 < I(x2,n)
1 1
< _Ea(xg,n + in, xg,n + x;r,n) + E(BZ(X(Z),n + xzn)/xg,n + xZn)X +c
1
= _Elpa,Bz (xZn’ x;:n) +c

which implies that {x;,} is bounded since (—,,5, (x1, x1))? + (Ya8,(x2,x2))? is an equivalent
norm on Z for x = x; + x, with x; € Z;(By) and x, € Z](B,), where x; = 6. Since
2l < 53,1 + 135, we have <2, - 00 as 1t - +co. By o, € Xa = Z2(Ba) ® Z (B2),
we have ,,8,(X2,1,X2,1) > 0 for all n via Proposition 2.4. From |[|x3 || — co as n — +oc0 we
have

1
I(xp) < P(x2) — 5((32 — B1)Xon, Xo0)x — —00

via (1.4) of (®4), which contradicts (3.2). Hence (2.1) of Lemma 2.1 holds.
By Lemma 2.1, I has at least one critical point. Hence problem (1.2) has at least one
solution in Z via Lemma 2.7. The proof is complete. O
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Proof of Theorem 1.2. By v4(B1) # 0, By < By and By < B, w.rt. ker(A — By) and is(By) =
ia(B1) +va(B1), we have Z = Z; (By) ® Z%(By) ® Z2(B,) @ Z; (B,) via (5) of Proposition 2.6.
Note that v4(By) = 0, we have Z%(B,) = {6}, which implies that Z = Z; (B;) ® Z(B;) ®
Z+(By) and Z;(By) = ZF(By). Set X; = Z. (By) @ Z0(By), X2 = Z}(By) = Z(By),x €
Z,x = x1 + xp with x; € X; and x, € Xo.

Let us follow the proof of Theorem 1.1 until (3.2). For x,, € Z;(Bx) = Zf(By), by (1.5) of
(®}), (3.2), Definition 2.3 and Proposition 2.4, we have

cy < I(xon)

1 1
< _Ea(XZ,nIXZ,n) + E(BZXZ,n/xZ,n)X +c

1
= _Elpu,Bz (x2,n/ x2,n) +c.

Since (—lpalgl(x1,x1))% + (%,BZ(xQ,xz))% is an equivalent norm on Z for x = x; + x, with
x1 € Z; (By) and xz € Z; (Ba), where x; = 6, we have ¥, , (x2,1, X2,n) — 400 via ||x2,] — oo
as n — +oo. Thus, we have

1
I(x2,n) < _Eipu,Bz (x2,n/ x2,n) +c— —©

as n — 400, which contradicts (3.2). Hence (2.1) of Lemma 2.1 holds.
By Lemma 2.1, I has at least one critical point. Hence problem (1.2) has at least one
solution in Z via Lemma 2.7. The proof is complete. O

Proof of Theorem 1.3. We apply Lemma 2.1. Consider the functional I; defined by

h(x) = ~1(x) = 5a(x,x) — 5 (B, x)x — ®(x), (3.3)

for every x € Z. Under assumption (@), it is easy to verify that I; € C!(Z,R) and Ij is
weakly continuous.

Note that i4(B1) = 0, we have Z; (B1) = {0}. By vo(B1) # 0, By < By and By < B, wir.t.
ker(A — By) and iz (By) = ia(B1) +va(B1), we have Z = Z0(B;) @ Z%(By) ® Z;} (B,) via (5) of
Proposition 2.6. Set X; = Z%(By) ® Z} (By) = Z; (B1), X2 = Z(By),x € Z,x = x1 + x2 with
x1 € X; and x2 € X5. From Definition 2.3 and Proposition 2.4, we have
- %(lelfxl)x —®(x1 +x2),
for every x € Z. Thus, I1(x1,-) is weakly upper semi-continuous for all x; € X; via ® €
CY(Z,R) is weakly continuous.

Next, we still divide the proof into three steps.

1
Li(x)=L(x1+x) = Ea(xl,xl)

Step 1. We show that 1 (-, x2) : X3 — R is convex for all x, € X,. By (®}), it is obvious that
—®(x1 +x2) + %((Bz — B1)(x1 + x2),x1 + x2)x is convex in x; € X;. From Definition 2.3 and
Proposition 2.4 we know that for every x; € Xj,

1 1 1
o, (x1,x1) = za(x1,x1) — = (Bax1,x1)x >0,
2 2 2

which shows that %%,BZ (x1,x1) is convex in x; € X; via Lemma 2.2. Hence, for every x, € Xa,

1 1
Il(xl + XQ) = —a(xl + x7,x1 + Xz) — —(Bl(xl + xz),xl + X2)X — CD(X1 + x2)
2 2

1 1 1
= §¢a,82(x11x1) —O(x1+x2) + E((Bz — Bq)(x1 +x2),x1 +x2)x + §¢a,B2(x2/ X2)
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is convex in x1 € X;.

Step 2. By contradiction, we verify that (2.2) of Lemma 2.1 holds. If (2.2) of Lemma 2.1 does
not hold, there exist M > 0,cg > 0 and two sequences {x1,} C X; and {x2,} C X, with
||x1,1]| = 400 as n — oo and ||x2,,|| < M for all n such that

L (xlln + Xz/n) <csg, Vn € N. (3.4)

For x; € X;, write x; = x(l) + xf, where x? € Z%(B,) and xf € Z1(By). Let us consider the

functional )
p(x) = —d(x) + E((BZ — By)x,x)x

for all x € X. By (®p) and (P}), we easily see that ¢ € C!(Z,R) and ¢ is weakly lower
semi-continuous on Z(B,). Using (1.6) of (®}), by the least action principle (see Theorem 1.1
in [9]), ¢ has a minimum at some x(l’ o € ZY(B,) for which

0= ¢'(x19)x] = —(VO(x1p), x1)x + (B2 — B)x1p, x1)x, Vi € ZJ(B2).
By ¢ € C1(Z,R) and the (B, — By)-concavity of ®, we have

p(x1 + x2) — @(x) )
> —(VO(x ), xf +x2+x) = xf ) x + (B2 = B)xl g, xf + 20 + 2] — 20 g)x
(Vq>(x0 ), x5 +x2)x + ((B2 — Bl)x(l),o, x) 4 x2)x,

and then, from ||x||x < ||x| forall x € Z,

p(x1+x2) > @(x2g) — (VD) llx + 11(Bz = B)xillx) - 1x7 +x2llx
> @(x)9) — (IVO(x9)|x + | (B2 — B1)xY gl x) - (||| + [|2])
= co—c10- (|27 [ + [|x2]])

where C9 = Gf’(xlo) €10 = HVCD<X10>HX + [[(B2 — Bl)xloHX > 0. Rewrite x1, = xin +x(1],n’
where x;, € Z+(B,) and X, e 70(B). By (3.4), we have

1
cg > Li(X10 + x00) = El/)a,Bz(xl,n + X0, X10 + X20)
1
+ 5((82 — By)(xX1,0 + X2,), X1, + X2.0)x — P (X1, + X2,0)
l 1
l[Jng(XIrn, )+ lpaBz(xanXZn)+§0(xln+x2n>

1
> Elrbﬂ/Bz (xi":n’ xi":n) + Elpﬂ,Bz (x2,n/ xZ,n) +¢9—cC10- (Hxl,nH + ||x2,71H)‘

From (®}) and (5) of Proposition 2.6, we know that (¢, 5, (x, x))% is an equivalent norm on Z
for x € Z; (B,). Noticing that —i, 5, (x,x) > 0 for all x € Z; (By)\{6}, s0 (—pa,,(x,x))? is a
norm on Z; (By), which is equivalent to || - ||z = || - || because of the finiteness of the subspace
Z; (By). This means that there exist ¢17 > 0 and ¢1, > 0 such that

cs > Li(x1,+ x2)
C%l 2 C%z 2
> 7HX1+,HH = 5 llx2nll"+co —cro- ([l 11 4 Nlx2,u )

i + 2_C%2M2
i | — S2

>

+ ¢ — c10 - (||, 1l + M)
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via [|x2,0|| < M, which shows that {||x;, ||} is bounded. Combining this with assumption ()
and the (B, — By)-concavity of @, we see that there exist ;3 > 0 and ¢14 = sup, ¢(—x;, — x2,1)

such that

cg > I (x1, + x2,n)

1 1
= Etpa,Bz(xf X))+ 5 Va8, (X2 X20) + @(x10 + X2,0)

(C11C13>2 C2 M2 1 0

> > - 122 +2¢ Exl,n - (P(_xf:n - x2,ﬂ)
(C11C13>2 C2 M2 1

> ) - 122 + 2q0 Ex?,n — C14.

By (1.6) of (®}), we know that {|[x{ ||} is also bounded. This contradicts the fact that ||x", || +
|29 Il > [lx1,n]| — 400 as n — co. Therefore (2.2) of Lemma 2.1 holds.

Step 3. By Xo = ZU(By), we have I1(x2) = —®(x) for all x, € Xp. Thus, (2.1) of Lemma 2.1
holds via (P3).

By Lemma 2.1, I; has at least one critical point. Hence problem (1.2) has at least one
solution in Z via Lemma 2.7. The proof is complete. O

Proof of Theorem 1.4. we still consider the functional I; defined by (3.3). Under assumption
(®yp), it is easy to verify that I; € C'(Z,R) and I} is weakly continuous.

By va(B1) #0, By < By and By < By wrt. ker(A — By) and ig(By) = ia(B1) +va(B1), we
have Z = Z; (By) ® Z2(B1) ® Z2(By) ® Z} (B,) via (5) of Proposition 2.6. Note thatis (B;) =0
and v4(B,) = 0, we have Z; (B;) = Z2(B,) = {0}, which implies that Z = Z%(B;) ® Z} (B,),
Z;(Bz) = Z2<B1> and Z;(BZ) = Z;(Bl). Set X1 = Z;(Bz) = Z;(Bl), X2 = ZS(B1),x € Z,x =
X1 + x» with x1 € Xj and x; € Xs.

From the proof of Theorem 1.3, it is not difficult to see that we only need to verify the
validity of (2.2) in Lemma 2.1. If (2.2) of Lemma 2.1 does not hold, there exist M > 0,c¢15 > 0
and two sequences {x1,} C Xy and {x2,,} C X, with ||x1,| — +o0asn — coand ||x2,,]| < M
for all n such that

Li(x1,0 + x2,0) < c15, Vn € N. (3.5)
We consider the functional
1
p(x) = —D(x) + E((B2 — By)x,x)x

for all x € X. By (®¢) and (P} ), we easily see that ¢ € C'(Z,R). From the (B, — By )-concavity
of ®, we have

p(x1+x2) — @(0) = —(VP(0), x1 + x2)x + ((B2 — B1)6, x1 + x2)x
= —(V@(Q),Jﬁ + JCZ)X,

and then, from ||x||x < ||x| forall x € Z,

¢(x1+x2) > ¢(8) = [[VD(O)x - [lx2 + x2fx
> ¢(6) = [IVOO) [ xllxall + [lx2l])-

From (®)’) and (5) of Proposition 2.6, we know that (¢,,5,(, x))% is an equivalent norm on Z
for x € Z; (B,). Noticing that —,p,(x,x) > 0 for all x € Z; (B2)\{6}, so (—lpa,BZ(x,x))% is a
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norm on Z, (By), which is equivalent to || - ||z = || - || because of the finiteness of the subspace
Z; (By). Combining (3.5), we know that there exist ¢1 > 0 and c17 > 0 such that

c15 > I (x1,0 + x20)

1 1

= S Pa,B,(X1,n, X1,0) + 50,8, (X2, X2,0) + @(X1,0 + X20)
2 2

3, M?

2
c
> 06|z, | - 2

+¢(0) = [VO(O)[[x(l[x1n]l + M),
which shows that {||x1,,||} is bounded. This contradicts the fact that ||x; ,|| — 400 as n — oo.
Therefore (2.2) of Lemma 2.1 holds. The proof is complete. O

4 Applications to the second order Hamiltonian systems

In this section, we consider the applications of the main results to the second order Hamilto-
nian systems satisfying two boundary value conditions including generalized periodic bound-
ary value conditions and Sturm-Liouville boundary value conditions. For more details about
Hamiltonian systems, we refer to the excellent books [6,8,9,11] and the papers [1,2,10].

4.1 Second order Hamiltonian systems satisfying generalized periodic boundary
value conditions

As a first example, we consider a generalized periodic boundary value problem

—%—Bi(t)x =V, V(t,x) ae te]0,1], 4.1)
x(1) = Mx(0), %(1) = Nx(0), (4.2)

where By (t) € L¥([0,1], Ls(IR")) = {B(t) = (bjx)nxn|bjx(t) =by;(t), t €[0,1], b (t) € L=([0,1])},
M,N € GL(n) = {A = (ajx)nxn |ajx € R and det(A) # 0}, and MNT = I,, where I, is the
unit matrix of order n, and V,V(t,x) denotes the gradient of V (¢, x) for x € R". We suppose
that V : [0,1] x R" — R satisfies the following condition:

(Hp) V(t,x) is measurable in ¢t for every x € R” and continuously differentiable in x for a.e.
t € [0,1].

Moreover, there exist a(-) € C(R*,R") and b(t) € L'(]0,1],R*) such that
V(£ x)| <a([x[)b(t) and [V, V(¢ x)| < a(]x])b(t)

for all x € R" and a.e. t € [0,1], where Rt = [0, +00).

Let X = L?([0,1],R"). Define A; : D(A1) — X by (A1x)(t) = —%(t) where D(A;) = {x €
H2([0,1],R")|x satisfies (4.2)}. Set (Bix)(t) = By(t)x(t) with D(B;) = X. From Corollary
1.21 in [3], we know that A; is self-adjoint in X and ¢(A;) = 04(A1) C [0,+00). Define
im(B1) =1ia,(B1),vm(B1) = va,(By), that is, vp(By) is the dimension of the solution subspace
of (4.1)—(4.2) with V(t,x) =0 and ip(B1) = Yy vm(B1 + AL).

Assume that vp(By) # 0. Meanwhile, set Z; = {x € H'([0,1], R")|x(1) = Mx(0)}. Then,
from Corollary 1.21 in [3] again, we have Z; = D(]A1]2).
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Remark 4.1 ([5, Remark 7.1.3], [4, Example 2.4.3]). Let a1 < ap < --- < &, be the eigenvalues
of a constant n x n symmetric matrix B. Then

ir,(B) = *{k:ap >0} +2 f#{j €N :4(jm)? < w}, (4.3)
k=1

vy (B) = *{k sy = 0} +2 )" #{j € N+ 4(jm)* = o), @4)
k=1

n
i, (B)=2Y *{jeN:((2j—1)n)* < a},
k=1
n
v_,(B) =2)Y *{jEN:((2j - 1)n)* = ay},
k=1
where *E denotes the number of elements in a set E. For 7 € R\{+1,0} with Ag= arccos 411712“1 ,
we have

n

n
iy, (B) =Y _*HeEN: 2jm+10)* <} + Y *{j € N: (2m— Ao +2jm)* < ay},

k=1 k=1
n n
vy, (B) = Y *HEN: 2jm+ M) =} + Y H{j € N: (2 — Ao +2j)* = ay ).
k=1 k=1

In particular, formulae (4.3) and (4.4) were given first by Mawhin and Willem in [9].
In addition, set

1
P(x) = / V(t,x)dt, Vx € Z;.
0

Then, ® € C!(Z;,R) is weakly continuous with weakly continuous derivative and for every

x € 7,
1
@ (x)y = / (ViV(Lx),y)dt, Wy eZ,
0

because of (Hp). Hence, (®p) holds. Moreover, for each x € Z;, we can write the norm

a2 = [ 1P+ bx(o) Pl
Let || - || be the norm of C([0,1],IR"). Then, there is a constant Jy > 0 such that
x| < [Jx]leo < dol|x] (4.5)
for any x € Z;. By (4.5) and (Hy), we can verify that (®,) holds.

For any By (t), B2(t) € L*([0,1], Ls(R")), we write By < B, if By(t) < By(t) fora.e. t € [0,1]
and define By < B, if By < B, and By (t) < By(t) on a subset of (0,1) with positive measure.
Now, the following four results hold.

Theorem 4.2. Assume that V (t, x) satisfies (Ho) and
(Hy) V(t,x) is convex in x for a.e. t € [0,1];

(Ha) [} V(t,x)dt as ||x|| — oo with x € ker(A; — By);
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(Hz) there exist v(t) € L1(]0,1],RT) and By(t) € L°([0,1], Ls(R")) with By > By, vm(Ba) # 0
and ip(Bz) = im(B1) + vam(Bn), such that
V(t,x) < 3 ((Balt) = Ba() ) + (1) 46)

forall x € R" and a.e. t € [0,1], and

meas {t € [0,1]‘V(t,x) - %((Ez(t) — By(t))x,x) = —o0 as ||X]| — oo} >0, 4.7)

where x = X+ X € Z; with X € ker(A; — By) and ||| is bounded.
Then problem (4.1)—(4.2) has a solution in Z;.

Proof. Clearly, (Hp) implies that (®g) and (®;) hold, (H;) implies that (®;) holds, and (Ha)
implies that (®3). We need only to show that (®4) follows from (Hs). First, since B, > By,
then exists Eg C [0, 1] with measEy > 0 such that By(t) > By (t) for all t € Eg and By(t) > By ()
for all ¢ € [0,1]\Ey. Hence

for all x € ker(A; — By), because x(t) € ker(A; — By) only has finite zeros. This implies that
B, > By and B, > By w.rt. ker(A; — By). Next, by (4.6), we have

o) = [ v / ()0, <0t + [ (1)
(B,

By)x,x)x +c¢

I\JM—‘I\)\’—‘

for all x € X, where ¢ = fol v (t)dt, which shows that (1.3) of (®4) holds. Finally, set E; =
{t€[0,1] | V(t,x) — $((B2(t) — B1(t))x,x) — —c0 as ||X|| — oo}, where x = ¥+ X € Z; with
X € ker(A; — By) and ||%]| is bounded. Thus, by (4.7) and measE; > 0, we have

S/El[V(t,x)—z((Bz() B(t))x, x) dt+/ Dt — —co

as ||X|| — oo with x = X+ X, X € ker(A; — Bz) and ||%|| is bounded, which implies that (1.4)
of (®4) holds. Now, we can apply Theorem 1.1 to conclude that the system (4.1) — (4.2) has
a solution in Z;. O

Remark 4.3. In particular, set By (t) = m?(27)?, By(t) = (m +1)2(27)?,m € {0,1,2,...} and
M = I,. Then, Z; = {x € HY([0,1],R")|x(1) = x(0)}, ¢(A1) = {(2mm)*|m € N} and
ker(A; — By) = {acos(2mtm) + bsin(2mtm)|a, b € R"}. Hence, the following problem

—#(H) — mE(2km)2x(t) = ViV(Ex(1),  x(0) — x(1) = %(0) — %(1) = 0
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has a solution via Theorems 4.2. In addition, for the interval [0, T| considered in second order
Hamiltonian systems satisfying periodic boundary value conditions, if T = 1, in Theorem 3.1
(m = 0) of [12] and Theorem 1.1 (m # 0) of [15], assume that V (¢, x) satisfies (Hyp), (Hy), (Ha),
and

(Hz1) there exists (t) € L([0,1],R") such that

2 1
V(t,x) < S @Rl + (1) (48)
for all x € R" and a.e. t € [0,1], and
2m+1 2 12
meas te[Ql”VU,)— o2k > —eoas x| s 0y >0, (49)

then the conclusion of Theorem 4.2 is also true. In fact, set By(t) = (m+1)?(2n)2, x =X +x €
Z1 with ¥ € ker(A; — (m +1)?(27)?). If ||x|]| — oo and ||%|| is bounded, we can obtain that
|x| — oo via the proof of Theorem 1.1 in [15]. From (4.9), we know that (4.7) holds. Noticing
that i, ((m + 1)2(27)?) = v, (m?(27)?) + iy, (m?(27)?), we have (H3) holds via (Hz1). So
Theorem 4.2 generalizes in Theorem 3.1 (m = 0) of [12] and Theorem 1.1 (m # 0) of [15]. By
the remarks in [12] and [15] we can see that Theorem 4.2 also generalizes the corresponding
theoremsin [9] as T = 1.

Theorem 4.4. The conclusion of Theorem 4.2 still holds if we replace (Hs) with

(Hj) there exist a(t) € L*([0,1],RT), y(t) € L'([0,1],RT) and Bs(t) € L*([0,1], Ls(R")) with
Bs > By, vm(Bs) # 0 and ip(Bs) = ip(B1) 4+ va(B1), such that a(t)I,, < Bs(t) — By (t) for
ae. t €1[0,1] with

meas {t € [0,1]‘0 < a(t)l, < Ba(t) — Bl(t)} >0, (4.10)
and 1
V(tx) < ja a(t)]|x|* +(t) (4.11)

fora.e. t € [0,1] and for all x € R".

Proof. Similarly to the proof of Theorem 4.2, We need only to show that (®}) follows from
(H}). Set By(t) = By(t) + a(t)I,, we have By(t) € L*([0,1], Ls(R")) via a(t) € L*([0,1],RT)
and B, (t) > By (t). By (4.10), we have B, > By and B, > By w.r.t. ker(A; — By) and B3 > B, and
Bs > B, w.rt. ker(A; — Bp) via the similar proof in Theorem 4.2. From (2) of Proposition 2.6,
we can find that

m(B1) +vam(B1) = im(Bs) > im(B2) +vm(B2) > im(Ba) > im(B1) +vm(Br),

which implies that ip(B2) = ip(B1) + vm(B1) and vp(Bz) = 0. Again by (4.11), we have

M@z/ltxﬂ<2/ »ﬂmamw+éumm

Bz — B1)x X)X +c

I\)

for all x € X, where ¢ = fo t)dt. This shows that (®)) holds. Next, we can apply Theo-
rem 1.2 to conclude that the system (4.1)-(4.2) has a solution in Z;. O
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Remark 4.5. In particular, set By(t) = m?(27)?, Ba(t) = (m +1)?(2n)%,m € {0,1,2,...} and
M = I,,. Then, the following problem
—#(t) — m?(2kr)*x(t) = V. V(t,x(1)), x(0) —x(1) =x(0) —x(1) =0

has a solution via Theorems 4.4. In addition, as T = 1, in Theorem 3.3 (m = 0) of [12] and
Theorem 1.10 (m # 0) of [15], assume that V (¢, x) satisfies (Hp), (Hi), (Hz), and

(Hj,) there exist (t), a(t) € L'([0,1], R") with [J a(t)dt < T2 such that (4.11) holds.
Then the conclusion of Theorem 4.4 is also true.
Obviously, a(t) € L=([0,1],RT) < L'([0,1],R*). But, for a(t) € L®([0,1],RT), we

have [ a(t)dt < Hfjfjl A0 <alt) < @m+1)2n)? and 0 < a(t) < (2m+1)(2n)? £

f a(t)dt < 1%(27’“51) Indeed, if

a(t) = {(zmﬂ)(zn)z' * € 0 gy )
0,

x € (Gamyap 1

then fo Hdt=1< 1%(211;;1) as m < 22 and a(t) > (2m +1)(27)? for x € [0, m] if

1%}(1121”;;21) < a(t) < (2m+1)(27)?, then fo t)dt > 1%(2"”31) So Theorem 4.4 is a new result

and, in some sence, it represent a development of Theorem 3.3 (m = 0) of [12] and Theorem
1.10 (m # 0) of [15].

Theorem 4.6. The conclusion of Theorem 4.2 still holds if we replace (Hy) and (Hz) with

(Hy) V(t,-) is (Ba(t) — Bi(t))-concave, that is, —V (t,x) + 3 ((Ba2(t) — By (t))x, x) is convex in x
forae. t €[0,1].

(HY) there exists By(t) € L¥([0,1], L(R")) with By > By, im(B1) = 0, vu(B2) # 0 and

By (t
im(B2) = ipm(By) 4+ va(By), such that

( (Bz(t) — Bl(t))x,x)> dt — +oo (4.12)

as || x|| — oo with x € ker(A; — Bp),
respectively.
The proof Theorem 4.6 is similar to that of Theorem 4.2. Here we omit it.

Remark 4.7. In particular, set Bi(t) = 0,B(t) = (271)?> and M = I,. Then, the following
problem
—#(t) = V V(t,x(t)), x(0) —x(1) = %(0) —%(1) =0

has a solution via Theorems 4.6. In addition, as T = 1, then Theorem 4.6 reduces to Theo-
rem 5.2 in [12].

Theorem 4.8. The conclusion of Theorem 4.2 still holds if we replace (Hy) and (Hz) with

(HY) V(t,-) is B(t)-concave, that is, —V (t,x) + % B(t)|x|* is convex in x for a.e. t € [0,1].
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(HY') there exist B(t) € L*([0,1], R™) and Bs(t) € L*([0,1], Ls(R")) with B3 > By, im(B1) =0,
vm(Bs) # 0 and ip(Bs) = ipm(B1) + vam(By), such that B(t) < Bs(t) — By(t) for a.e.
t € [0,1] with

meas {t € [0,1] \ 0 < B(t) < Bs(t) — El(t)} >0, (4.13)

respectively.
The proof Theorem 4.8 is similar to that of Theorem 4.4. Here we omit it.

Remark 4.9. In particular, set Bi(t) = 0, B(t) = (27)> and M = I,. Then, the following
problem

—X(t) = VL V(L x(1)), x(0) —x(1) =x(0) —%(1) =0

has a solution via Theorems 4.8. Moreover, as T = 1, then Theorem 4.8 reduces to Theorem 5.1
of [12] as k(t) € L*([0,1], R™).
In addition, as T = 1, in Theorem 1.4 of [12], assume that V (¢, x) satisfies (Hy), (Hz), and

(HY,) there exist B(t) € L'([0,1], R*) with fo t)dt < 12, such that V(t,-) is B(t)-concave.
Then the conclusion of Theorem 4.8 is also true.

Obviously, B(t) € L*([0,1],R") c L!(]0,1],RT). But, for ,3( ) € L=([0,1], R"), we have
fo Hdt <12 %4 0 < B(t) < (2m)? and 0 < B(t) < (27)? A fo t)dt < 12. Indeed, if

then fo t)dt = 1 and B(t) > (27)? for x € [0, @ ) ;)5 if 12 < B(t) < (27)?, then fo t)dt >

12. So Theorem 4.8 is a new result and, in some sence, it represent a development of The-
orem 1.4 of [12]. By the remarks in [12] we can see that Theorem 4.8 also generalizes the
corresponding theorems in [9,14,16,17] as T = 1.

4.2 Second order Hamiltonian systems satisfying Sturm-Liouville boundary
value conditions

As a second example, we consider Sturm-Liouville boundary value problem

—% — Bi(t)x = V,V(t,x), (4.14)
x(0) cosa — x(0) sina = 0, (4.15)
x(1)cosp—x(1)sinf =0, (4.16)

where B; € L*([0,1], Ls(R")) , V.V(t, x) denotes the gradient of V(¢ x) for x € R" and
0<a<m0<p<m Wesuppose that V : [0,1] x R” — R satisfies (Hp).

Let X = L%([0,1],R"). Define A, : D(A2) — X by (Axx)(t) = —¥(t) with D(A4,) = {x €
H?([0,1],R")|x satisfies (4.15) and (4.16)}. Set (B1x)(t) = By(t)x(t) with D(B;) = X. From
Proposition 1.17 in [3], we know that A; is self-adjoint in X and ¢(Az) = 0;4(A2) is bounded
from below. Define iy 5(B1) = ia,(B1), Vas(B1) = va,(B1), that is, v, s(B;) is the dimension of
the solution subspace of (4.14)—(4.16) with V(t,x) = 0.
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Assume that v, g(By) # 0. Meanwhile, set

{x € H'([0,1],R™)|x(1) = 0}, a=0,p€(0,m);
7, — {x € H'([0,1],R")|x(0) = 0}, ae (0,m),B=rm;

{x € H'([0,1],R")|x(1) = x(0) =0}, a=0,8=r;

H'([0,1],R™), a, B e (0,7).

Then, from Proposition 1.17 in [3] again, we have Z, = D(]|A; |2). Moreover, set
1
D(x) = / V(t,x)dt,  Vxe Z.
0

Then, ® € C!(Zy,R) is weakly continuous with weakly continuous derivative and for every
x € 7y,

1
D (x)y = /0 (ViV(t,x),y)dt, Yy € Zy

because of (Hyp). Hence, (®p) holds. Further, for each x € Z,, we can write the norm

Il = [ ()P + () P,

By (4.5) and (Hp), we can verify that (®;) holds. Then, the following four results hold. Since
their proofs are similar to Theorems 4.2-4.8, and we omit them here.

Theorem 4.10. Assume that V (t, x) satisfies (Hy), (Hy), (Hz) and (H3) with By, By and Ay replaced
with By, By and A, respectively, then problem (4.14)—(4.16) has a solution in Zj.

Theorem 4.11. The conclusion of Theorem 4.10 still holds if we replace (Hz) and B with (H}) and
Bs, respectively.

Theorem 4.12. The conclusion of Theorem 4.10 still holds if we replace (Hy) and (Hs) with (H}) and
(HY), respectively.

Theorem 4.13. The conclusion of Theorem 4.10 still holds if we replace B, (Hy) and (Hz) with B,
(HY) and (HY"), respectively.

Remark 4.14. In particular, set By(t) = n%?I, and « = 0, = m. Then, Z, = Hé, o(Ay) =
{k?>7%|k € N\{0}} and ker(A, — By) = {asintr | a € R"}. Hence, the following problem

—%(t) = ViV (L x(t),  x(0) =x(1) =0

has a solution via Theorems 4.10-4.13 respectively, where By (t) = 47%1, = Bs(t).
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