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Abstract. This study is concerned with the p(x)-Laplacian-like problems and arising
from capillarity phenomena of the following type

—div <<1+ V%) Vu|”(x)_2Vu> =Af(x,u), in Q,

u=20, onoadQ),

where Q) is a bounded domain in RN with smooth boundary 9Q, p € C(Q), and the
primitive of the nonlinearity f of super-p™ growth near infinity in u and is also allowed
to be sign-changing. Based on a direct sum decomposition of a space Wg’p (x)(Q), we
establish the existence of infinitely many solutions via variational methods for the above
equation. Furthermore, our assumptions are suitable and different from those studied
previously.
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1 Introduction and main results

The present study is concerned with the existence of infinitely many nontrivial solutions for
the nonlinear eigenvalue problems involving the p(x)-Laplacian-like operators, originated
from a capillary phenomena,

. u (x) x)— .
—div <<1+\/1|j|v|pw> |Vu[P) 2Vw> =Af(x,u), inQ,

u=0, onodQ),
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where Q) is a bounded domain in RN with smooth boundary 9Q, p € C(Q), A > 0 is a
parameter and f : () x R — R satisfies a Carathéodory condition and the primitive of the
nonlinearity f is allowed to be sign-changing.

Capillarity can be briefly explained by considering the effects of two opposing forces:
adhesion, i.e., the attractive (or repulsive) force between the molecules of the liquid and those
of the container; and cohesion, i.e., the attractive force between the molecules of the liquid.
The study of capillary phenomena has gained some attention recently. This increasing interest
is motivated not only by fascination in naturally-occurring phenomena such as motion of
drops, bubbles and waves but also its importance in applied fields ranging from industrial
and biomedical and pharmaceutical to microfluidic systems.

Recently, problem (P) has begun to receive more and more attention, see, for example,
[2,7,8,11-13,15]. Let us recall some known results on problem (P). When the the primitive F
of f oscillates at infinity, Shokooh and Neirameh [12] showed the existence of infinitely many
weak solutions for this problem by using Ricceri’s variational principle. For the case of f is p™-
superlinear at infinity, Zhou [15] and Ge [7] both obtained the existence of nontrivial solution
of problem (P) for every parameter A > 0, under suitable conditions on f. Rodrigues in [11],
by using Fountain Theorem, established the existence of sequence of high energy solutions
for problem (P), by assuming the following assumptions:

(h1) f: QxR — R is a Carathéodory function, that is, t — f(x,t) is continuous for a.e.
x € O, and x — f(x,t) is Lebesgue measurable for all f € R;

(hy) There exists a positive constant C such that

fx B < CAL+[e™),

forallx € Qand t € R, wherer € C4(Q) such that1 < p~ < p™ <r~ <r(x) < p*(x)

forall x € Q, p*(x) = 1\11\?;5?;)() if p(x) < N, p*(x) = +ooif p(x) > N;

(h3)" there exist M > 0, u > p™ such that for |t{ > M and a.e. x € ),

0 < uF(x,t) < tf(x,t),
where F(x,t) = fotf(x,s)ds;
(ha) f(x,—t) = —f(x,t), forall (x,t) € QO x R.
Specifically, the author established the following theorem in [11].

Theorem 1.1 ([11, Theorem 4.7]). Suppose that (hy), (h2), (h3)" and (hy) hold. Then the problem
(P) has an unbounded sequence of weak solutions for every 0 < A < 2;—1.

Observe that condition (h3)" plays an important role for showing that any Palais—Smale
sequence is bounded in the work. However, there are some functions which do not satisfy
condition (h3)’, for example,

fxu) = [ul” Puln(1+ |u]).

In the present paper, we shall prove the same result as in [11] for problem (P) under more
general assumptions on the nonlinearity, which unifies and significantly improves the result
of [11]. The underlying idea for proving our main result is motivated by the argument used
in [10]. In order to state the main result of this paper, we need the following assumptions:
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(h3) |1|im ‘Flf(l%)‘ = +oco uniformly in x, and there exists 9 > 0 such that
t|—o0

F(x,t) >0, V(x,t) € Q xR, [t| > rp;

5 x,t) ;= —+«f(x,t)t — F(x,t) > 0, and there exist cg > 0 and ¢ € C, with o= >
hs) F pl F 0, and th, i 0 and C.(Q) with
max{1, pﬁ,} such that

|F(x,£)|7®) < colt]P 70 Fx, 1), V(x, t) € Q xR, |t| > ry;

(he) there exist y > p* and 6 > 0 such that

uF(x,t) < tf(x,t) +0Jt)", V(x,t) € O xR.

We are now in the position to state our main results.

Theorem 1.2. Suppose that (hy)—(hs) hold. Then for each A € (0,2;—:), problem (P) possesses
infinitely many nontrivial solutions.

Theorem 1.3. Suppose that (hy)—(hy) hold. and (he) hold. Then for each A € (0, 2;—1), problem (P)
possesses infinitely many nontrivial solutions.

Remark 1.4. It is easy to see that (h3) and (hs) are weaker than (h3)'. In particular, F(x,t)
is allowed to be sign-changing in Theorems 1.2 and Theorems 1.3. The role of (h3)’ is to
ensure the boundedness of the Palais-Smale sequences of the energy functional, it is also
significant to construct the variational framework. This is very crucial in applying the critical
point theory. However, there are many functions which are superlinear at infinity, but do not
satisfy the condition (h3)’ for any u > p*. For example, set f(x,t) = pT|t|P" 2tIn(1 + £2),
then F(x, 1) = [f7" In(1 + 1) — 2L¢.
and (hs).

It is easy to check that f(x, t) satisfy assumptions (h3)

The rest of this paper is organized as follows. In Section 2, we present some necessary
preliminary knowledge on variable exponent Sobolev spaces. In Section 3, the proof of the
main results is given.

2 Preliminaries

In order to discuss problem (P), we need some facts on space Wé’p (x)(ﬂ) which are called
variable exponent Sobolev space. For this reason, we will recall some properties involving
the variable exponent Lebesgue-Sobolev spaces, which can be found in [3-6,9] and references
therein.

Throughout this paper, we always assume p(x) > 1, p € C(Q). Set

Ci(Q)={heC(Q):h(x)>1forall x € Q}.
For any h € C,(Q), we will denote
h™ =minh(x), h' = maxh(x)
xeQ) xeQ)

and denote by h; < h, the fact that inf,cq(h2(x) — h1(x)) > 0.
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For p(x) € C+(Q), we define the variable exponent Lebesgue space:

LPY(Q) = {u : 1 is a measurable real value function / () |PWdx < +00} ,
0
with the norm [u; 0 q) = [u[,) = inf{A > 0: Ja |$V’(x)dx < 1}, and define the variable
exponent Sobolev space
W) = {u e LPO(Q) : |[Vu| € LPFW(Q)},

with the norm [[u]| = [[u]ly100(0) = [#lpix) + Vit pi)-
We recall that spaces LP*)(Q)) and W?(¥)(Q) are separable and reflexive Banach spaces.
Denote by L1%)(Q) the conjugate space of LP*)(Q) with ﬁ + q(lT) = 1, then the Holder
type inequality

1 1
/Q |uv|dx S (p_ + q_) ’u|Lp(x)(Q)‘U’Lq(x)(Q), ue LP(X) (Q), v € Lq(x) (Q) (21)

holds. Furthermore, if we define the mapping p : L") (Q) — R by

— p(x) g
pw) = [ [uWdx,

then the following relations hold

ulp <U=1,>1) & p(u) <1(=1,>1), 2.2)
- +

[tlpey > 1= [ul ) < p(u) < Jull ), (2.3)
+ _

’“‘p(x) <l= ‘“‘Z(x) <p(u) < ‘“’5(,{)- (24)

Next, we denote by Wé’p(x) (Q) the closure of C3(Q) in W) (Q)). Moreover, we have the
following.

Proposition 2.1 ([6]).

(1) The Poincaré inequality in W&’p (x) (Q)) holds, that is, there exists a positive constant C such that

) < ClVulywy,  Yue WP Q).

(2) If g € C(Q)) and 1 < g(x) < p*(x) for any x € Q, then the embedding from Wé’p(x)(ﬂ) to

LIX)(Q) is compact and continuous, where p*(x) = Nl\ip;g?i) if p(x) < Nor p*(x) = +oo if

p(x) > N.

By (1) of Proposition 2.1, we know that [Vu/,(,) and ||u|| are equivalent norms on Wé’p (x)(Q).
We will use [Vul,,) to replace ||u|| in the following discussions.

Proposition 2.2 ([4]). Let p(x) and q(x) be measurable functions such that p(x) € L®(Q) and
1 < p(x)g(x) < oo almost every where in Q). Let u € LY (Q)), u # 0. Then

[ulpgn = 1= ulf 0 < 18P0 < Tl
p* P
[ulpge < 1= [l < el 0 < Julh 0

In particular, if p(x) = p is a constant, then Hu|”‘q(x) = |u|Zq(x).
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Consider the following function:

IW)=1/ L (a4 1 Va2 ) dy, e WP (@),
0 p(x)

We know that | € Cl(Wol’p(x)(Q),]R). If we denote A= ] : Wé’p(x)(ﬂ) — (W&’p(x)(ﬂ))*, then

|V |2P(x) -2

\/ 1+ [ Vu|2P)

(Aw),0) = [

Q

(Vup(")z + ) (Vu, Vo)gndx,

forall u,v € Wé’p(x)(ﬂ).

Proposition 2.3 ([11]). Set E = Wé’p(x)(ﬂ), A is as above, then
(1) A: E — E*isa convex, bounded and strictly monotone operator;

(2) A:E — E*isamapping of type (S)+, i.e., uy — win E and limsup, ,  (A(un),u, —u) <0,
implies u, — u in E;

(3) A: E — E* is a homeomorphism.

3 Variational setting and proof of the main results

For each u € E, we define

1
pr(u) = /Qp(x) <|Vu|p(x)+\/1+|Vu\2P(x)> dx—)\/QF(x,u)dx. (3.1)

Then we have the following lemma.

Lemma 3.1. If assumptions (hy)—(hy) hold, then ¢ € C'(E,R) and

|V |2P(x) -2

V14 V>

forall u,v € E. Moreover, ' : E — E* is weakly continuous, where (u) = fQ F(x,u)dx.

(¢ (u),v) :/Q (Vup(x)2+ ) (Vu, Vv)]RNdx—A/Qf(x,u)vdx (3.2)

Proof. To prove ¢, € C!(E,R) and (3.2), we only need to show that ¢ € C!(E,R) and

(Y (u),v) = / f(x,u)odx, Vu,v € E.
0
On the one hand, for any u,v € E and 0 < || < 1, by condition (/;), we obtain

|f(x,u + to)o] < C(1+ |u+ to| ™) ~1)|o|
< C(’U| +27+_1|M|Y(X)—1|v| +27+—1|,0|7’(x))'

Note that 1 < p(x) < r(x) < p*(x), the Holder inequality implies that

o] + 27 " Hu| 01 o| 427 o) ™) e LY(Q).
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Consequently, by the mean value theorem and the Lebesgue dominated convergence theorem,
there exists 0 < A < 1 such that

/ L F(x,u+tv) — F(x,u)
(W'(w),0) =lim [ t dx
= 11_{% /Qf(x, u + Atv)vdx

= /Q f(x,u)vdx,

for all u,v € E. Hence ¢ is Gateaux differentiable.
It remains to prove that ¢’ is weakly continuous. Assume that u, — u in E. By Proposi-
tion 2.1, we conclude that u, — u in L™ (Q) and u,(x) — u(x) a.e. x € Q. Recalling

9" (un) = ' ()l = sup [('(un) — ¢'(u), )]

ol <1

< sup [ |f(x,un)— f(x,u)||vdx.
ol <1 /€

Set a := limy— 400 SUP| < Jo If(x,un) — f(x,u)||v|dx. We claim that « = 0. Suppose, by
contradiction, that « > 0. Hence, there exists a sequence {¢,} C E and ||¢,|| = 1 such that
| [ If (x,un) = f(x,u)||pn]dx| > & for enough large n. By (h2), one has

[(F (1) = £ (1))l < CLA [0 [ @] + C(L+ [u 71
< CIpal + a7 ] + [ @)

Using again Holder inequality, we get 2|¢,| + |1, |") "¢y | + [u] ) ~1|p,| € L1H(Q). In view
of [14, Lemma A.1], there exist w; € L'(Q) and &, w; € L") (Q) such that

max{ [un (x)], [u(x)[} < [€1(x)] and |¢n (x)] < min{[w:(x)], [wa(x)]}-

Therefore, it follows from the Lebesgue dominated convergence theorem that

n—+00

tim [ 1o ) = Fx,0)l[galdx =0,

which contradicts with « > 0. Hence, ||¢'(u,) — ¢'(u)||r, — 0 as n — +oco. The proof is
completed. O

Definition 3.2. We say that ¢, € C!(E,R) satisfies (C).-condition if any sequence {u,} C E
satisfying

Pr(un) = ¢ and @y (un) = (1 + [[un]]) — 0 (33)

contains a convergent subsequence.
Now, we present the following theorem which will play a crucial role in the proof of Main
Theorems.

Let X be a reflexive and separable Banach space. It is well known that there exist {e,} C X
and {ej;} C X* such that

(i) (e}, em) = 6nm, where 8,,, = 1 for n = m and J,,,, = 0 for n # m;

(i) X =span{e, : n € N} and X* = span{e}; : n € N}.
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Let X; = Re;, then X = @©;>1X;. Now, we define
Y, = @?lei and Z, = @iani. (3.4)

Then we have the following Fountain Theorem.

Lemma 3.3 ([1,14]). Assume that I € C'(X,R) satisfies (C).-condition for all ¢ > 0 and I is even.
If for each sufficiently large n € N, there exist p, > 6, > 0 such that the following conditions hold:

(A1) by :=1inf{I(u) 1 u € Zy, ||u|| = 6} — +o0asn — +oo;
(A2) ay :=1inf{I(u) :u € Yy, ||u|| = pn} <O0.

Then the functional I has an unbounded sequence of critical values, i.e., there exists a sequence {u,} C
X such that I'(u,) = 0 and 1(u,) — +o0 as n — +oo.

Lemma 3.4. Assume that (hy), (hs) and (hs) hold. Then any (C). sequence is bounded.

Proof. Let {u,} C E be a (C). sequence. To complete our goals, arguing by contradiction,
suppose that |[u,|| — oo, as n — oo. Observe that for n large,

1
c+12> @a(un) — pT<(P,A(”n)r”n>

- / b <‘an|P(x)+ 1+|Vun!2”(")> dx—A/ F(x,uy,)dx
0 p(x) 2

2p(x)

_1+/ |V, [P + V| dx+):r/ f(x, uy)updx (3.5)
p QO 1+ |vun|2p(x) p O

> / (L _L) <|wn|p<x> +/1+ |Vun|2p(x)> dx+A/ F(x,u,)dx

~Jalp(x) pt 0

> A/ F(x, up)dx.
0

Since ||u,|| > 1 for n large, using (3.3) we have

0= lim c+o) _ .. @a(un)
el L E
p(x) 4/ 2p(x)
>1fQ <‘vun‘ i 1+‘Vun’ >dx)\/ F(x,un)dx
ot [P~ 0 lualr
> % —/\/ F(x'u",)dx,
p a [jun||?
which implies that
: |E(x, )|
—— < limsu —————dx. 3.6
AT nﬁoop Q Huan 36)

For 0 <a < B, let Qyu(a, B) = {x € Q:a < |u,(x)| < B}. Let v, = ﬁ’ then ||v,]| = 1 and
[0ulr(x) < Collon|| = Co for some Cy > 0. Going if necessary to a subsequence, we may assume
that v, — vin E and

v, — v in L*M(Q), 1<s(x) <p“(x) and v,(x) > ov(x) ae.onQ. (3.7)
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Now, we consider two possible cases: v = 0 or v # 0.
(1) If v = 0, then we have that v, — 0 in L®*)(Q) and v,(x) — 0 a.e. on Q. Hence, it
follows from (h;) that

—0 asn— +oo, (3.8)

/ ’F<x’uri)’dx < C(r0+rg)m?as(0)
Qu(0r0)  ln]l? [ [P

wherer =rTifrg > 1, 7=r" if rg < 1.
Set 0’ (x) = U(le. Since o~ > max{l,pﬂ,} one sees that 1 < p~¢’'(x) < p*(x). So, v, — 0

o(x)

in LP" 7 (*)(Q) as n — +oc0. Hence, we deduce from Proposition 2.2, (hs), (3.5) and (3.7) that

F _
/ | (x/“?)\|vn|rf dx
O, (ro+0)  |un|?
L”(x)(Q,,(rO,+oo))

a a
<amec{( o ) i)
- Oy (ro,+00) |un|(p_)0(x) ! Oy (r9,4+00) ‘l/ln‘
1

( / |vn|P‘”’<x)dx) -, ( Lol dx)

Qi (ro,+0) O (ro,+00)

. %
ax / f(x,un)dx> , (/ F(x,uy)d (3.9)
Qy (rg,+00) Qy (rg,+00)
=

||on]? \La’<x>(on(ro,+oo))

IN
N
=

Combining (3.8) with (3.9), we get

IF(x,un)Idx:/ [ECun)l 0 |F(x, )]
[[un [P 0(00)  lun | Ou(ro+00)  [[ttn][P”
F F .
_ [ECe )l 0 | (x,uf)!|vn|p i (3.10)
Qp (0/0) Hui’l || P Qp (70r+°°) |u1’l | p

— 0, asn — oo,

which contradicts (3.6).

(2)Ifv #0,set O, := {x € O :v(x) # 0}, then meas(Q.) > 0. For a.e. x € (), we have
nh_r)go |uy(x)| = +oo. Hence, O)x C Qy(rg, o) for large n € N. As the proof of (3.8), we also
obtain that

/ |F(x,un)|dx < C(ro + i )meas(Q)
Q (0 1o

< — 0, asn — 4oo. (3.11)
[ [
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It follows from (h,), (h3), (3.11) and Fatou’s Lemma that

0=

IN

IN

<

i CHO0) 0l
e lug [P e [Jug[|P
P 4 14 [T 2200
lim | — — —)\/ —dx
n—eo | p |14 [P a ual?
1 Ja <|Vun]”(x)+ 1+ywn|zv<x)> dx

llm — T
n—eo | p [ |7

_/\/ P(x,ut)dx_)\/ F(x'u")dx

0,(00) |[un [P Ou(ro+o0) |[utn P

[ P 4 14 [V 2P0
lim | — - —)\/ +
e | p [ |7 Qu(ro+eo) [unl[?

1 o (1V8PD 14 | Vi [P0 ) dx F(x, uy)
lim | — § —A/ M) gy
n—eo | p Huan Qy(ro,+00) Huan

I Vu,|P®d
lim | 2 Jo Vi7" dx X—A/ Pl ) g
noeo | p [ || Ou(roteo) |n [P
lim sup [2_ — )\/ Flx, u,:) dx]

n—eo P Oy (ro,+00) ||t |?
= i_ — liminf A F(x,uf) v | dx

p= oo Jay(ore) [unl?

L F(x,uy) n
pi—hggglf)\ A !(unlp* X (ro,o0) (X) [On |7 dx

_ A { liming £ 1)

<

—

2

p

_oo’

.
A T X (ro+00) (X)|0n|F - dx
n

as n — 0o,

which is a contradiction. Thus {u,} is bounded in E. The proof is accomplished.

(3.12)

O]

Lemma 3.5. Suppose that (hy), (h3) and (hs) hold. Then any (C).-sequence of ¢ has a convergent
subsequence in E.

Proof. Let {u,} C E be a (C). sequence. In view of the Lemma 3.4, the sequence {u,} is
bounded in E. Then, up to a subsequence we have u,, — u in E. By Proposition 2.2, it follows

that

u, — uin L' (Q),

{u,} is bounded in L'®)(QQ).
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It is easy to compute directly that

S 1P Geen) = £ )l = wldx

< G |+ £ ) ws — uld

< / [C+ [un ™) + C + [u ™)ty — u|dx
(@]

§2C/ \un—u\dx—i—C/ |1t |"¥)
0 0

+ / ")y, — u|dx
0

< 2C|uy — s +2C||u[" D7,
—|—2CHL£ r(x)—1| /" |I/ln — u\r(x)

“u, — uldx

)|uVl - u|r(x)

< 2C|up —uly +2Cmax{|un| L lu n[ }|un—u|r(x)

+2Cmax{|u| o1 |u|rx3 }|un_u|r(x)

— 0, asn — oo,

where r(lT) + ﬁ = 1. Noting that

(Alun) = Au),un — 1) = (@' (un) — ¢' (1), 10 — u)

Moreover, by (3.3), one infers

tim (¢ (1) — @' (1), 1ty — 1) = 0.

n—o0

Finally, the combination of (3.13)—-(3.15) implies

nli_r}r;(A(un) — Au), uy —

Since A is of type (S); by Lemma 2.3, we obtain u, — u in E. The proof is complete.

u) = 0.

(3.13)

(3.14)

(3.15)

(3.16)
O

Lemma 3.6. Suppose that (hy), (h3) and (he) hold. Then any (C).-sequence of ¢ has a convergent

subsequence in E.

Proof. Similar to the proof of Lemma 3.5, we only prove that {u,} is bounded in E. Suppose

by contradiction that |lu,| — o0 as n — oo. Let v, =

Up
[ ”

then [[v,|| = 1 and [vy,(x) <

Collva|| = Co for some Cyp > 0. Going if necessary to a subsequence, we may assume that

v, —vinE,

v, — v in L'M(Q), 1<r(x)<p*(x) and v,(x)— v(x) a.e.onQ.

By (3.1), (3.2) and (h¢), one has

c+1> @a(un) — ;(qu(un) Un)
1

= | — <|Vun\”(")+\/1+\Vun|2p(x)> dx—/\/ F(x,uy)dx
p(x o)

“:\H
5

(Vu |p(x) [Vt [P0

14 |Vuy, yZv

A
) dx + y/of(x,un)undx

(3.17)
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> <1+—1>/ (|Vun|p(x)+\/1+|Vun|2P(x)) dx—/w/ lu,|P dx
P H/, /0 1 Jo

el AT S
EWH%II” — — [t

for n € N, which implies

)\9P+ . _
1< lim sup |v,,|7_. 3.18
T u—pt ,Hoop|”‘ (3.18)

In view of (3.17), v, — v in L (Q). Hence, we deduce from (3.18) that v # 0. By a similar
reasoning as in the proof of Lemma 3.4 step (2), we can conclude a contradiction. Thus, {u,}
is bounded in E. The rest proof is the same as that in Lemma 3.5. ]

Proof of Theorem 1.2. Let X = E, Y, and Z, be defined by (3.4). Obviously, ¢,(u) = ¢,(—u)
by (h4), and Lemma 3.5 implies that ¢, satisfies the (C), condition for any A > 0. Hence, to
prove Theorem 1.2, it remains to verify the conditions (A;) and (Az) in Lemma 3.3.

Verification of (A1). Set B :=sup,c, uf=1 |ul;(x), where p™ <7~ <r(x) < p*(x) and n €
N. We claim that 8, — 0 as n — oc. Indeed, it is obvious that 8, > B,+1 > 0. so B, — B >0
as n — oo. Foreachn =1,2,..., taking u, € Z,, ||u,|| = 1 such that 0 < g, — ‘“n‘r(x) < % As
E is reflexive, {u, } has a weakly convergent subsequence, without loss of generality, suppose
u, — u in E. By definition of Z,, one knows that u = 0. Proposition 2.3 implies that u, — 0
in L’®)(Q). Thus we have proved that 8 = 0.

By the above definition of B, for u € Z, with ||u|| > 1, we have

|4y < Bulle]]- (3.19)

Moreover, we consider the real function k : R — R, defined by
k(t) = 1w Zacp et
- p+ ﬁn .

1
Choosing 6, = (2Cr* g, )7~ for n € N, it is clear that

1

(on) = ol = ACB;, 8
- 1 A (3.20)
_ +or oo | 2 Y
= (2CrT B, )r " [Fﬁ 2r+}
Therefore, since r~ > p*, A< 2;—1 and B, — 0 as n — +o00, we obtain that
6y — +oo, k(6,) — +oo, asn — +oo. (3.21)

It follows from (hy) that
F(x,t) < C(|t] + [t|"™) < 2C(1 + [¢"™))

for all (x,t) € Q x R. Then, for any u € Z,, assume that ||u|| = J,. It follows from (hy), (3.19),
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(3.20) and (3.21) that

1

o (u) —/Q o0 <]Vu|” +4/1+ |Vu|2p(x)> dx—/\/QF(x,u)dx

> p—HuH” —ZACmeas(Q)—Z/\C/ |
Q

2 + -
u|lP —2ACmeas(Q) — 2ACmax? |u|", ., lul
>l (@ {lul oyl } 62

pz Jull?” —2ACmeas(€2) — 2ACmax { B [lul”", 8} lul” }

i

> pTHqu_ — 2ACmeas(Q) — 2ACB}, ||u]
= 2k(d,) —2ACmeas(Q)) — +oco, asn — +oo.

This gives relation (A1).
Verification of (Az). Assume that (A;) of Lemma 3.3 does not hold for some given n. Then
there exists a sequence {u;} C Y, such that

|lug]] = 400 ask — +oo and ¢, (ux) > 0. (3.23)

Let wy = H £7- Then it is obvious that |wg|| = 1. Since dimY,, < +oo, there exists w € Y;, \ {0}
such that up to a subsequence, ||wy — w| — 0 and wy(x) — w(x) a.e. x € O as k — +oo.
If w(x) # 0, then |ug(x)| — 400 as k — 4o0. By virtue of (h3), we get limy_, , Fx, “"‘<5+)) =

l[u
limk_>+oo%]w (x)[P" = +oo, forall x € Qp := {x € O : w(x) # 0}. The estimate in

Lemma 3.4 implies that

F
/ (x, uk+) dx — +o0 as k — +oo.
0 [uellP

Note that, Qy C O, (o, o0) for large n € N. Therefore, we have

@ (uy) = /Q p(lx) <|Vuk|p +14/1+ |Vuk|2?’(")> dx—/\/QP(x,uk)dx
:/ ! <|Vuk|’” \/1+|Vuk|27’(")> dx
a p(x)

—A F(x,up)dx — A F(x, uy)dx
O (0,r9) Oy (ro,+0)

1 +
S—ur’+C/ r—i—rrdx—/ F(x,ug)dx
Sl e [ ok [ P

1
< p—_ |ukH”+ + C(rp + rj)meas(Q)) — F(x, uy)dx

/Qk(romLOO)ﬂQo
1 C(rg + r)meas(Q) F(x,u

< " (1 + SR ) )
p || uge | Q(ro,+00)nQ || uge||P

— — 00, as k — +o0,

which is contradiction to (3.23). This gives relation (A). Hence, all conditions of Lemma 3.3
are satisfied. Namely, for each A € (0, 2;%), problem (P) possesses infinitely many nontrivial
solutions sequence {u,} such that ¢, (u,) — +oc0 as n — +oo. O
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Proof of Theorem 1.3. Let X = E, Y,, and Z, be defined by (3.4). We know that ¢, satisfies the
(C)¢ condition from Lemma 3.6 and ¢, (u) = @,(—u). The rest proof is the same as that of
Theorem 1.2. O

Acknowledgements

This work is supported by the Fundamental Research Funds for the Central Universities
(Nos. DL12BC10, 2020), the New Century Higher Education Teaching Reform Project of Hei-
longjiang Province in 2012 (No. ]G2012010012), the Fundamental Research Funds for the
Central Universities(No. HEUCFM181102), the Postdoctoral Research Startup Foundation of
Heilongjiang (No. LBH-Q14044), the Science Research Funds for Overseas Returned Chinese
Scholars of Heilongjiang Province (No. LC201502).

References

[1] C. O. Arves, S. B. Liu, On superlinear p(x)-Laplacian equations in RN, Nonlinear Anal.
73(2010), No. 8, 2566-2579. https://doi.org/10.1016/j.na.2010.06.033; MR2674092;
Zbl 1194.35142

[2] M. Avcr, Ni-Serrin type equations arising from capillarity phenomena with non-standard
growth, Bound. Value Probl. 2013, 2013:55, 13 pp. https://doi.org/10.1186/1687-2770-
2013-55; MR3081709; Zbl 1291.35102

[3] D. E. EDMUNDS, J. LANG, A. NEKVINDA, On LP (x) (Q)) norms, R. Soc. Lond. Proc. Ser. A Math.
Phys. Eng. Sci. 455(1999), No. 1981, 219-225. https://doi.org/10.1098/rspa.1999.0309;
MR1700499

[4] D. E. EbmunDs, J. RAKOsNIK, Sobolev embeddings with variable exponent, Studia Math.
143(2000), No. 3, 267-293. https://doi.org/10.4064/sm-143-3-267-293; MR1815935;
Zbl 0974.46040

[5] X. L. Fan, J. SHEN, D. ZHAO, Sobolev embedding theorems for spaces Wwirp) T
Math. Anal. Appl. 262(2001), No. 2, 749-760. https://doi.org/10.1006/jmaa.2001.7618;
MR1859337; Zbl 0995.46023

[6] X.L.FaN, D. Znao, On the space L") (Q) and W) (Q), ]. Math. Anal. Appl. 263(2001),
No. 2, 424-446. https://doi.org/10.1006/jmaa.2000.7617; MR1866056; Zbl 1028.46041

[7] B. GE, On superlinear p(x)-Laplacian-like without Ambrosetti and Rabinowitz condition,
Bull. Korean Math. Soc. 51(2014), No. 2, 409-421. https://doi.org/doi.org/10.4134/
BKMS.2014.51.2.409; MR3194386; Zbl 1302.35179

[8] H. Kim, Y. H. KiM, Mountain pass type solutions and positivity of the infimum
eigenvalue for quasilinear elliptic equations with variable exponents, Manuscripta
Math. 147(2015), No. 1-2, 169-191. https://doi.org/10.1007/s00229-014-0718-2;
MR3336943; Zbl 1322.35009

[9] O. KovAc¢ik, J. RAkosnik, On spaces LP¥)(Q) and W<P(X)(Q)), Czechoslovak Math. ].
41(1991), No. 116, 592-618. MR1134951; Zbl 0784.46029


https://doi.org/10.1016/j.na.2010.06.033
https://www.ams.org/mathscinet-getitem?mr=2674092
https://zbmath.org/?q=an:1194.35142
https://doi.org/10.1186/1687-2770-2013-55
https://doi.org/10.1186/1687-2770-2013-55
https://www.ams.org/mathscinet-getitem?mr=3081709
https://zbmath.org/?q=an:1291.35102 
https://doi.org/10.1098/rspa.1999.0309
https://www.ams.org/mathscinet-getitem?mr=1700499
https://doi.org/10.4064/sm-143-3-267-293
https://www.ams.org/mathscinet-getitem?mr=1815935
https://zbmath.org/?q=an:0974.46040
https://doi.org/10.1006/jmaa.2001.7618
https://www.ams.org/mathscinet-getitem?mr=1859337
https://zbmath.org/?q=an:0995.46023
https://doi.org/10.1006/jmaa.2000.7617
https://www.ams.org/mathscinet-getitem?mr=1866056
https://zbmath.org/?q=an:1028.46041
https://doi.org/doi.org/10.4134/BKMS.2014.51.2.409
https://doi.org/doi.org/10.4134/BKMS.2014.51.2.409
https://www.ams.org/mathscinet-getitem?mr=3194386
https://zbmath.org/?q=an:1302.35179
https://doi.org/10.1007/s00229-014-0718-2
https://www.ams.org/mathscinet-getitem?mr=3336943
https://zbmath.org/?q=an:1322.35009
https://www.ams.org/mathscinet-getitem?mr=1134951
https://zbmath.org/?q=an:0784.46029

14

[10]

[11]

[12]

[13]

[14]

[15]

Q. M. Zhou and K. Q. Wang

A. M. Mao, Z. T. ZHANG, Sign-changing and multiple solutions of Kirchhoff type prob-
lems without the P.S. condition, Nonlinear Anal. 70(2019), No. 3, 1275-1287. https:
//doi.org/10.1016/j.na.2008.02.011; MR2474918; Zbl 1160.35421

M. M. RopriGuEs, Multiplicity of solutions on a nonlinear eigenvalue problem for p(x)-
Laplacian-like operators, Mediterr. |. Math. 9(2012), No. 1, 211-223. https://doi.org/10.
1007/s00009-011-0115-y; MR2885495; Zbl 1245.35061

S. SHokooH, A. NEIRAMEH, Existence results of infinitely many weak solutions for
p(x)-Laplacian-like operators, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys.
78(2016), No. 4, 95-104. MR3605577

C. VETRO, Weak solutions to Dirichlet boundary value problem driven by p(x)-Laplacian-
like operator, Electron. ]. Qual. Theory Differ. Equ. 2017, No. 98, 1-10. https://doi.org/
10.14232/ejqtde.2017.1.9; MR3744669; Zbl 1413.35129

M. WiLLEM, Minimax theorems, Progress in Nonlinear Differential Equations and their Ap-
plications, Vol. 24, Birkhduser, Boston, 1996. https://doi.org/10.10072F978-1-4612-
4146-1; MR1400007

Q. M. Znou, On the superlinear problems involving p(x)-Laplacian-like operators with-
out AR-condition, Nonlinear Anal. Real World Appl. 21(2015), 161-169. https://doi.org/
10.1016/j.nonrwa.2014.07.003; MR3261587; Zbl 1304.35471


https://doi.org/10.1016/j.na.2008.02.011
https://doi.org/10.1016/j.na.2008.02.011
https://www.ams.org/mathscinet-getitem?mr=2474918
https://zbmath.org/?q=an:1160.35421
https://doi.org/10.1007/s00009-011-0115-y
https://doi.org/10.1007/s00009-011-0115-y
https://www.ams.org/mathscinet-getitem?mr=2885495
https://zbmath.org/?q=an:1245.35061
https://www.ams.org/mathscinet-getitem?mr=3605577
https://doi.org/10.14232/ejqtde.2017.1.9
https://doi.org/10.14232/ejqtde.2017.1.9
https://www.ams.org/mathscinet-getitem?mr=3744669
https://zbmath.org/?q=an:1413.35129
https://doi.org/10.10072F978-1-4612-4146-1
https://doi.org/10.10072F978-1-4612-4146-1
https://www.ams.org/mathscinet-getitem?mr=1400007
https://doi.org/10.1016/j.nonrwa.2014.07.003
https://doi.org/10.1016/j.nonrwa.2014.07.003
https://www.ams.org/mathscinet-getitem?mr=3261587
https://zbmath.org/?q=an:1304.35471

	Introduction and main results
	Preliminaries
	Variational setting and proof of the main results

