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1. INTRODUCTION

There are many results on the existence of almost periodic solutions for almost peri-
odic systems (cf. [6] and its references). In the methodology, there are three types. One
is a separation condition, the others are stability conditions and the existence of some
Liapunov function.

To discuss the evolution operator, the concept of processes introduced by Dafermos
[1,2] is a usefull tool. In fact, Dafermos [2] has given the existence of almost periodic
solutions for almost periodic evolution equations under the separation condition by using
general theories for almost periodic processes.

In this paper, we also give existence theorems of almost periodic solutions for some
almost periodic evolution equations. Our method is based on the stability property. In
Section 2, we shall give some definitions of stabilities that are discussed in this paper.
In Section 3, we introduce some equivalent concept, which is called Property (A), to
an asymptotically almost periodic integral of almost periodic processes (Theorem 1).
Furthermore, we shall show that the existence of an asymptotically almost periodic

integral of an almost periodic process implies the existence of an almost periodic integral
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(Theorem 2) and that uniform asymptotic stability of an almost periodic integral has
Property (A) (Theorem 3). In Section 4, we shall give some equivalence relation with
respect to the separation condition and some stability property (Theorem 5). In Section

5, we shall give an example as an illustration.

2. PROCESSES AND DEFINITIONS OF STABILITIES

In this section, we shall give the concepts of processes and stability properties for
processes. Suppose that X is a separable metric space with metric d and let w : RT x
Rx X +— X, Rt :=]0,00) and R := (—00,00), be a function satisfying the following
properties for all t,7 € RT,s € R and z € X

(b1) w(0,5,2) = z.
(02) Wit +7,5,2) = w(t, 7 + 5, w(r, 5,2)).
(p3) the mapping w : R™ x R x X +— X is continuous.

We call the mapping w a process on X'. Denote by W the set of all processes on X.
For 7 € R and w € W, we define the translation o(7)w of w by

(o(T)w)(t,s,z) = w(t, T+ s,x), (t,s,7) € R" x R x X,

and set v, (w) = Uepo(t)w. Clearly v,(w) C W. We denote by H,(w) all functions
v: RT X Rx X +— X such that for some sequence {7,} C R, {o(7,)w} converges
to v pointwise on RT x R x X, that is, lim, ..(o(7,)w)(t, s,2) = v(t,s,z) for any
(t,s,7) € R™ x R x X. The set H,(w) is considered as a topological space and it is
called the hull of w.

Consider a process w on X satisfying
(p4) H,(w) C W.

Clearly, H,(w) is invariant with respect to the tanslation o(7),7 € R. Now we suppose
that H,(w) is sequentially compact. Let Q,(w) be the w-limit set of w with respect to

the translation semigroup o(t).
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A continuous function p : Rt — X is called an integral on R™ of the process w, if
w(t, s, u(s)) = p(t + s) for all t,s € RT (cf. [3, p.80]). In the following, we suppose
that there exists an integral p on R of the process w such that the set O (u) =
{u(t) : t € R™} is relatively compact in X. For any ¢t € R', we consider a function
7(t) : X X Hy(w) — X X H,(w) defined by

7(t)(z,v) = (v(t,0,2),0(t)v)

for (z,v) € X x Hy(w). w(t) is called the skew product flow of the process w, if the
following property holds true:

(p5) 7(t)(x,v) is continuous in (¢, z,v) € RT x X x H,(w).

From (pb) we see that 7(5)(u(s), o(s)w) = (w(d, s, p(s)), o(s+0)w) = (pu(s+9), o(s+
d)w) tends to (u(s),o(s)w) as § — 01, uniformly for s € RT; consequently, the integral
i on RT must be uniformly continuous on R*. From Ascoli-Arzéla’s theorem and the
sequential compactness of H,(w), it follows that for any sequence {7} C R*, there
exist a subsequence {7,} of {7/}, a v € H,(w) and a function v : Rt + X such that
lim,, o o(7,)w = v and lim,, .o, u(t + 7,,) = v(t) uniformly on any compact interval in

R™. In this case, we write as

(™, o(1)w) — (v,v) compactly on R,

for simplicity. Denote by H(u,w) the set of all (v,v) such that (u™,o(r,)w) — (v,v)
compactly on Rt for some sequence {7,,} C R*. Clearly, v is an integral on R* of v for
any (v,v) € H(u,w). Likewise, for any sequence {7/} C R" with 7/ — 0o as n — oo,
there exist a subsequence {7,} of {7/}, a v € Q,(w) and a function v : R — X such that
limy, 00 0(7)w = v and lim,, o p(t + 7,,) = v(¢) uniformly on any compact interval in

R. In this case, we write as

(u™, o(1)w) — (v,v) compactly on R,

for simplicity. Denote by €(u,w) the set of all (v,v) such that (u™,o(7,)w) — (v,v)
compactly on R for some sequence {7,} C R" with 7, - oo as n — oo. When
(v,v) € Q(u, w), we often write v € ,(x). In this case, v is an integral on R of v, that
is, v satisfies the relation v(t, s,v(s)) = v(t +s) for all t € R™ and s € R.
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For any zp € X and € > 0, we set V.(zo) = {z € X : d(z,29) < €}. We shall give the

definition of stabilities for the integral p of the process w.

Definition 1 The integral p: RT +— X of the process w is said to be:

(1) uniformly stable (US) (resp. uniformly stable in Q,(w)) if for any € > 0, there
exists a 0 1= 0(g) > 0 such that w(t,s, Vs(u(s))) C Vo(u(t + s)) for (t,s) € R x Rt
(resp. v(t, s, Vs(v(s))) C Ve(v(t+ s)) for (v,v) € Q(u,w) and (t,s) € Rt x RY);

(ii) wniformly asymptotically stable (UAS) (resp. uniformly asymptotically stable in
Qy(w)), if it is US (resp. US in Q,(w)) and there exists a 69 > 0 with the property that for
any e > 0, there is a to > 0 such that w(t, s, Vs, (u(s))) C Vo(u(t+s)) fort > ty, s € RT
(resp. v(t,s, Vs, (v(s))) C Ve(v(t + s)) for (v,v) € Q(u,w) and t > tg, s € RT).

3. ALMOST PERIODIC INTEGRALS FOR ALMOST PERIODIC
PROCESSES

In this section, we shall discuss an existence theorem for an almost periodic integral
of almost periodic processes.

A process w : RT X R x X — X is said to be almost periodic if w(t, s, x) is almost
periodic in s uniformly with respect to ¢, x in bounded sets. Let w be an almost periodic
process on X. Bochner’s theorem implies that Q,(w) = H,(w) is a minimal set. Also, for
any v € H,(w), there exists a sequence {7,} C R" such that w(t, s + 7,, ) — v(t, s, x)
as n — oo, uniformly in s € R and (¢, x) in bounded sets of Rt x X'. Consider a metric
p on H,(w) defined by

= 1 pu(u,v)
o) = 3 = Pelto V)
7;02"1+pn(u,v)

with p,(u,v) = sup{|u(t,s,x) —v(t,s,z)| : 0 <t <mn,s € R,d(x,z9) < n}, where z¢ is a
fixed element in X. Then v € H,(w) means that p(o(7,)w,v) — 0 as n — oo, for some

sequence {1,} C R*.

Definition 2 An integral u(t) on Rt is said to be asymptotically almost periodic if it
is a sum of a continuous almost periodic function ¢(t) and a continuous function 1 (t)

defined on R™ which tends to zero as t — oo, that is

p(t) = o(t) + (1),
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Let u(t) be an integral on R™ such that the set O*(u) is relatively compact in X'. As
noted in [5], p(t) is asymptotically almost periodic if and only if it satisfies the following

property:

(L) For any sequence {#/ } such that ¢/, — oo as n — oo there exists a subsequence

{t,} of {t!} for which u(t+ t,) converges uniformly on R*.

Now, for an integral g on R™ of the almost periodic process w we consider the

following property:

(A) For any € > 0, there exists a d(¢) > 0 such that v(t) € V.(u(t + 7)), for all
t > 0, whenever (v,v) € Q(u,w), v(0) € Vi) (u(7)), and p(o(7)w,v) < d(e) for some
7> 0.

Theorem 1 Assume that u(t) is an integral on R™ of the almost periodic process w
such that the set OF(u) = {u(t) : t € RT} is relatively compact in X. Then pu(t) is
asymptotically almost periodic if and only if it has Property (A).

Proof Assume that pu(t) has Property (A), and let {t/,} be any sequence such that
t/ — oo as n — 00. Then there exist a subsequence {t,} of {t/ } and a (v,v) € Q(u, w)
such that (u', o(t,)w) — (v,v) compactly on R. For any £ > 0, there exists an ng(¢) > 0
such that if n > ng(e), then v(0) € Vi) (u(tn)) and p(o(t,)w,v) < §(e), where (e) is
the one for Property (A), which implies

v(t) e Vo(u(t+t,)) for t>0.

Thus p(t) satisfies Property (L) and hence it is asymptotically almost periodic.

Next, suppose that () is asymptotically almost periodic, but does not have Property
(A). Then there exists an € > 0 and sequences (v",v") € Q(u,w), 7, > 0 and ¢, > 0
such that

V(t,) € OV (u(tn + 7)), (1)

v"(0) € Vi (p(7a)) (2)
and

: (3)

p(v" o(m)w) < %
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where OV; is the boundary of V.. We can assume that for a function v(t)
d(v™(t),v(t)) — 0 uniformly on R as n — oo, (4)

because v" € Q(u) and p(t) is asymptotically almost periodic.
First, we shall show that 7, — oo as n — oco. Suppose not. Then we may assume

that for a constant 7 > 0,7, — 7 as n — 00. Since
plo(r)w,v") < plo(r)w, o(r,)w) + plo(p)w, v"),
we have by (3)
plo(T)w,v") — 0 as n — oc.

Here we note that w(t, s+7,v(s)) = v(s+t), because w(t, s+7,v(s)) = (o(T)w)(t, s, v(s))

= lim,, 00 V™(t, 5, v™(8)) = limy, 0o V" (t + s) = v(t + ). Since

d(pa(7), v(0)) < d(pa(7), (7)) + d(pa(7a), v"(0)) + d(v"(0), v(0))

and
Au(7), (7)) — 0 as n — o0

it follows from (2) and (4) that d(u(7),v(0)) = 0. Then u(t + 7) = w(t, 7, u(1)) =
w(t, 7,v(0)) = v(t) for all t € R*. In particular,

d(u(t, +7),v(t,)) =0 for all n. (5)

On the other hand, for sufficiently large n we get

d(p(tn +7),v(tn) = d(p(tn + 1), V" (tn)) — d(p(tn + 70), u(tn + 7))

—d(V"(tn), v(tn))
€ €
> - _ =
= T4 1
by (1), (4) and the uniform continuity of u(¢) on R™. This contradicts (5).
By virtue of the sequential compactness of H,(w) and the asymptotic almost peri-

odicity of u(t), we can assume that

(47, o (2)w) — (1,v) compactly on R (6)
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for some (n,v) € Q(p, w). Since

d(1(0),v(0)) < d(n(0), u(7n)) + d(pu(7n), v"(0)) + d(¥"(0), v(0)),

(2), (4) and (6) imply n(0) = v(0), and therefore n(t) = v(¢,0,7(0)) = v(¢,0,v(0)) =
limy, o0 (0 (7)w) (£, 0,2™(0)) = lim,, . v"(¢,0,™(0)) = lim,, o v"(t) = v(t) by (3), (4

and (6). Hence we have

d(p(mo +1),0"(1)) < d(pu(ma +1), (1)) + d(v(t),v"(¢))
< ¢

for all sufficiently large n, which contradicts (1). This completes the proof of Theorem
1.

Theorem 2 If the integral jui(t) on R of the almost periodic process w is asymptotically

almost periodic, then there exists an almost periodic integral of the process w.

Proof Since w(t, s, z) is an almost periodic process, there exists a sequence {t,},t, —
oo as n — oo, such that (o(t,)w)(t,s,z) — w(t,s,z) as n — oo uniformly with respect
to t,z in bounded sets and s € R. The integral u(t) has the decomposition u(t) =
o(t) + 1(t), where ¢(t) is almost periodic and ¥ (t) — 0 as ¢ — oo. Hence we may
assume ¢(t + t,) — ¢*(t) as n — oo uniformly on ¢ € R, where we note ¢*(t) is almost

periodic. Since (¢*,w) € Q(u, w), ¢*(t) is an almost periodic integral of w.

Lemma 1  Let T > 0. Then for any € > 0, there exists a §(¢) > 0 with the property
that d(u(s), 9(0)) < 0(e) and p(o(s)w,v) < d(e) imply ¢(t) € Vo(u(s +t)) fort € [0,T],
whenever s € R and (¢,v) € Q(p, w).

Proof Suppose the contrary. Then, for some € > 0 there exists sequences {s,}, s, €
Rt {m.}, 0< 7, <T,and (¢",v") € Q(u, w) such that

1
n ) " <_7
plosa)w, v") < —

¢"(0) € Viyn(p(sn)),

EJQTDE, 1998 No. 3, p. 7



o™ (t) € Vo(u(s, +t)) for t € [0,7,)

and

@"(Tn) € OVe(pu(Sn + 7).

Since 7, € [0,T], we can assume that 7, converges to a 7 € [0,7] as n — oco. Since
Q(p, w) is compact, we may assume (¢",0") — (¢,v) € Qu, w) and (p*, o(s,)w) —
(n,v) € Qu,w) as n — oo, respectively. Then ¢(7) € OV.(n(7)). On the other hand,
since ¢(0) = n(0), we get ¢(t) = n(t) on RT by (p2). This is a contradiction.

Lemma 2  Suppose that w is an almost periodic process on X. If the integral ju(t) on
R* is UAS, then it is UAS in Q,(w).

Proof Let 7, — oo ask — oo and (u™,0(m)w) — (v,v) € Q,(p, w) compactly on R.

Let any 0 € R be fixed. If k is sufficiently large, we get
v(0) € Vs 2 (T + ).

Let y € Vie2)/2(v(0)). Then (o()w)(t, 0,y) = w(t, 7 + 0,y) € Vjo(pu(t + 1 + o)) for
t > o, because y € Vje/2)(pu(m + 0)). Since (o()w)(t,0,y) — v(t,o,y) and pu(t + 71, +
o) — v(t + a), we get v(t,0,y) € Ve o(v(t + o)) for all t > o, which implies that v(t) is
US.

Now we shall show that v(t) is UAS. Let y € Vj,2(v(0)) and v(0) € Vi, j2(pu(m 4 0)).
Since yu(t) is UAS, we have w(t, 7, + o,y) € Vopo(u(t + 71, + 0)) for t > ty(e/2) because
of y € Vs, (1 + 0)). Hence v(t,0,y) € Ve o(v(t + 0)) for t > to(e/2).

Theorem 3 Suppose that w is an almost periodic process on X, and let u(t) be an
integral on R of w such that the set OF () is relatively compact in X. If the integral
w(t) is UAS, then it has Property (A). Consequently, it is asymptotically almost periodic.

Proof Suppose that p(t) has not Property (A). Then there are sequences {t¢,},t, >
0,{rn}, 7 >0, (¢",v™) € Q(u, w) and a constant 61,0 < §; < dp/2, such that

1

¢"(0) € Viyu(pltn)) and p(v”, o(tn)w) < — (7)
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and

¢"(rn) € OVs, (u(tn +74)) and ¢"(t) € Vs, (u(t + £n)) on [0,74), (8)

where 0y is the one given for the UAS of u(t). By Lemma 2, u(t) is UAS in ,(w). Let
d(+) be the one given for US of u(t) in Q,(w). There exists a sequence {¢,},0 < g, < 7y,
such that

9" (qn) € Vi, s2)/2(1(tn + Gn)) (9)

and

O™ (t) € Vi, (1t +10)) \ Va5 /2)/2 (1t +1n)) on g, 7], (10)

for a large n by (7) and (8). Suppose that there exists a subsequence of {g,}, which
we shall denote by {g,} again, such that g, converges to some ¢ € RT. It follows
from (7) that there exists an ng > 0 such that for any n > ng, ¢+ 1 > ¢, > 0 and
" (t) € Vs, /2)/a(p(t,+1)) for t € [0, g+1] by Lemma 1, which contradicts (9). Therefore,
we can see that ¢, — oo as n — oo.

Put p, = r, — ¢, and suppose that p,, — oo asn — co. Set s, = ¢, + (pn/2). By (7)
and the compactness of Q(u, w), we may assume that ((¢™)*", o(s,)v") and (u'»*5", o (t,,+
sp)w) tend to some (¢, v), (n,v) € Q(u, w) compactly on R as n — oo, respectively. For
any fixed ¢ > 0, one can take an n; > 0 such that for every n > ny, r, — s, = p,/2 > t,

because p,, — oo as n — oo. Therefore for n > nq, we have ¢, < t+ s, < r,, and

Ot + 5n) & Vs /2)72(n(t +tn + 50)) (11)

by (10). There exists an ny > ny such that for every n > ng

@™ (t + sn) € Vi(s,/2)/8(0(1)) and n(t) € Vi, j2)/s((t + tn + sn)).- (12)

It follows from (11) and (12) that for every n > no,

d(o(t),n(t)) = d(@"(t + sn), pu(t + bn + 5n)) = d(p(t + tn + 50),1(1))
—d(¢"(t + sn), ¢(1))
> 0(61/2)/4. (13)
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However, since 7(0) € Vi, /2(#(0)), the UAS of u(t) in Q,(w) implies d(¢(t),n(t)) — 0 as
t — oo, which contradicts (13).

Now we may assume that p,, converges to some p € R™ as n — oo, and that 0 < p, <
p—+1 for all n. Moreover, we may assume that ((¢")%, o(g,)v") and (p'»t, o (t, 4+ g,)w)
tend to some (¢, u), (v,u) € Q(u,w) as n — oo, respectively. Since d(1(0),v(0)) =
§(01/2)/2 by (9), we have 9 (p) € Vs, /2(v(p)). However, we have a contradiction by (8),
because d(¢(p), v(p)) = d(p(tn+rs), ¢"(rn)) —d(¥(p), ¢"(4n+p)) —d(¢"(¢n+Pn); ¢" (g +
p)) = (@™ (@n +pn); 0" (rn)) — d(pultn +70), v(pn)) — d(v(pn), v(p)) = 01/2 for all large n.
Thus the integral p(t) must have Property (A).

4. SEPARATION CONDITIONS

In this section, we shall establish an existence theorem of almost periodic integrals

under a separation condition.

Definition 3 Q(u,w) is said to satisfy a separation condition if for any v € Q,(w),
Oy (p) is a finite set and if ¢ and ¥, ¢, € Q,(u), are distinct integrals of v, then there
ezists a constant A\(v, ¢, 1) > 0 such that

d(6(t), Y(t)) > (v, 6, %) for all t € R.

To make expressions simple, we shall use the following notations. For a sequence
{ax}, we shall denote it by o and § C « means that 3 is a subsequence of a. For
a ={ax} and 8 = {6}, a + [ will denote the sequence {ay + (i }. Moreover, L,z will
denote limy_ x(t + ay), whenever a = {cy} and limit exists for each ¢.

Lemma 3 Suppose that Q(pu, w) satisfies the separation condition. Then one can choose
a number Ao independent of v € Q,(w), ¢ and ) for which d(p(t),¥(t)) > o for allt € R.

The number Ao is called the separation constant for Q(u, w).

Proof Obviously, we can assume that the number A(v, ¢, ) is independent of ¢ and

Y. Let vy and vy are in Q,(w). Then there exists a sequence 1’ = {r}} such that

vo(t, s, o) = Jim (a(r)vi)(t, s,x)

EJQTDE, 1998 No. 3, p. 10



uniformly on Rt x S for any bounded set S in RT x X, that is, L,v; = vy uniformly
on RT x S for any bounded set S in R x X. Let ¢'(t) and ¢*(t) be integrals in Q,, (11).
There exist a subsequence r C 1/, (!, vy) € H(¢,v1) and (¢?,v5) € H(¢? v;) such that
L,¢' = ¢! and L,¢? = ¢? in X compactly on R. Since H (¢, v1) C Qu,w),i =1,2,4!
and ? also are in €, (u). Let ¢! and ¢? be distinct integrals. Then

inf d(9! (¢ + ). (1 + 7)) = inf d(¢' (1), 6°(1) = a2 > 0,

and hence

inf d('(t), ¥*(t)) = Bra > a1z >0, (14)

teR

which means that 1! and v? are distinct integrals of the process vy(t, s, z). Let p; > 1
and p; > 1 be the numbers of distinct integrals of processes vq(t,s,x) and vy(t, s, x),
respectively. Clearly, p; < ps. In the same way, we have py < p; =: p.

Now, let @ = min{ay, @ i,k = 1,2,---,p,i # k} and f = min{F;, : j,m =
1,2,---,p,j # m}. By (14), we have a < . In the same way, we have o > [.

Therfore o = 3, and we may set \g = a = (3.

Theorem 4  Assume that pu(t) is an integral on R of the almost periodic process w
such that the set O" (u) is relatively compact in X, and suppose that Q(u, w) satisfies the
separation condition. Then u(t) has Property (A). Consequently, u(t) is asymptotically

almost periodic.

If for any v € Q,(w), Q, (1) consists of only one element, then Q(u, w) clearly satisfies
the separation condition. Thus, the following result (cf. [2]) is an immediate consequence
of Theorems 2 and 4.

Corollary 1 If for any v € Q,(w), Q,(1) consists of only one element, then there

exists an almost periodic integral of the almost periodic process w.

Proof of Theorem 4 Suppose that u(t) has not Property (A). Then there exists an
e > 0 and sequences (¢, v*) € Q(u, w), 7, > 0 and ¢, > 0 such that

At + 1), 0" (tr)) = e(< Xo/2), (15)
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d(p(me), ¢*(0)) = 1/k (16)
and
plo(n)w,v*) = 1/k, (17)

where ) is the separation constant for Q(u, w).
First, we shall show that t, + 7, — oo as K — 0o. Suppose not. Then there exists
a subsequence of {7}, which we shall denote by {7} again, and a constant 7 > 0 and

that 7, — 7 as k — oo. Since
plo(T)w, ") < p(o(r)w, o(m)w) + plo(r)w, v*),

(17) implies that

plo(T)w,v*) — 0 as k — oco. (18)
Moreover, we can assume that

(%, v*) — (¢,v) compactly on R
for some (¢, v) € Qu, w). It follows from (18) that v = o(7)w. Since

d(p(7),$(0)) < d(pu(7), u(73,)) + d(p(7r), 9*(0)) + d(¢*(0), $(0)) — 0

as k — oo by (16), we get u(r) = ¢(0), and hence u(t + 7) = (o(m)w)(t,0,u(7)) =
(o(T)w)(t,0,¢(0)) = v(t,0,¢(0)) = ¢(t). However, we have d(u(ty+ %), ¢(tx)) > £/2 for
a sufficiently large k by (15), because

d(u(tr + 1), &) = d(plts + 1), 6" (t)) — d(6"(tr), D(tr)).

This is a contradiction. Thus we must have ¢, + 7, — o0 as k — oo.
Now, set q, =ty + 7 and v*(t) = ¢*(t; +t). Then

(u®, o(qp)w) € H(p,w) and (V% o(t)0") € Qp, w),

respectively. We may assume that (u%, o(gx)w) — (@, w) compactly on R for some

(i1, w) € Qu, w), because g — 0o as k — oo. Since

p(@,o(te)v*) < p(w,o(g)w) + plo(gr)w, o(ty)o")
= p(U_}, U(Qk>w) + p(U(Tk)w7 Uk)v
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we see that p(w, o(t,)vF) — 0 as k — oo by (17). Hence, we can choose a subsequence
{vhi} of {v*} and a v € Q4(p) such that

(,/kj’g(tkj)ka) — (7, w) compactly on R.
Since

Tim {d(u(ts, +71,), 0% (1)) — A" (0), 7(0)) = d(E(0), (i, )}
d(p(0), #(0))
< lim {du(t, +71,), 0% () + A0 (0), 70) + d(a(0), plar, )}

IN

it follows from (15) that d(z(0), 7(0)) = e, which contradicts the separation condition of
Qp, w).

Theorem 5  Assume that p(t) is an integral on R™ of the almost periodic process w
such that the set OT(u) is relatively compact in X. Then the following statements are
equivalent:

(i) Q(u,w) satisfies the separation condition,

(ii) there exists a number dg > 0 with the property that for any € > 0 there exists
a to(e) > 0 such that d(¢(s),¥(s)) < d¢ implies d(p(t),¥(t)) < e fort > s+ to(e),
whenever s € R,v € Q,(w) and ¢, € Q,(1).

Consequently, the UAS of the integral u(t) on R™ implies the separation condition

on Qp, w).

Proof If we set dp = Ao, then (i) clearly implies (ii).
We shall show that (ii) implies (i). First of all, we shall verify that any distinct
integrals ¢(t),1(t) in Q,(u), v € Q,(w), satisfy

liminf d(9(1), (1)) = . (19)

Suppose not. Then for some v € Q,(w), there exists two distinct integrals ¢(t) and ()
in Q,(p) which satisfy

lim inf d($(2), (1)) < 6. (20)

Since ¢(t) and 1 (t) are distinct integrals, we have d(¢(s), ¥ (s)) = € at some s and for
some £ > 0. Then there is a ¢; such that t; < s — to(¢/2) and d(¢(t1), % (t1)) < d by
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(20). Then d(¢p(s),1(s)) < €/2, which contradicts d(¢(s), ¥ (s)) = . Thus we have (19).

Since Ot () is compact, there are a finite number of coverings which consists of mg balls
with diameter §p/4.  We shall show that the number of integrals in ,(u) is at most
mg. Suppose not. Then there are mg + 1 integrals in Q,(u), ¢?(t),7 = 1,2,--+,mo + 1,
and a t9 such that

d(¢ (t2), ¢'(t2)) > do/2 for i # j, (21)

by (19). Since ¢/(t5),j = 1,2,-+-,mg + 1, are in OF(u), some of these integrals, say
' (t), ¢ (t)(i # j), are in one ball at time ¢y, and hence d(¢/(ts), ¢'(t2)) < do/4, which
contradicts (21). Therefore the number of integrals in ,(u) is m < mg. Thus

Qu(p) = {9 (1), @*(t),- -, 9™ (1)} (22)
and
lim inf d(¢/(t), ¢/(1)) > do,i . (23)

Consider a sequence {73} such that 7, — —oc as k — oo and p(o(7;)v,v) — 0 as
k — oo. Foreach j =1,2,---,m, set ¢*(t) = ¢ (t+73). Since (¢/F, o(7p)v) € H(¢?,v),

we can assume that
(¢"*, o (1 )v) — (¢, v) compactly on R
for some (7, v) € H(¢/,v) C Q(u,w). Then it follows from (23) that
d(p? (t),¢"'(t)) > &, for all t € R and i # j. (24)
Since the number of integrals in Q, () is m, Q,(u) consists of ¥!(¢),¥?(t),- - -, ™ (t) and

we have (24). This shows that Q(u, w) satisfies the separation condition.

5. APPLICATION

Consider the equation

Uy = Upe — U + f(t,zyu), t>0,0<z <1,
(25)
uw(0,t) = wu(l,t)=0, t>0,
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where f(t,z,u) is continuous in (t,z,u) € R x (0,1) x R and it is an almost periodic

function in ¢ uniformly with respect to x and u which satisfies
1
f(t 0] < 2l + 7

and

£t 0) = (67, u)] < <l — )
for all (¢,z,u), (t,x,u1), (t,z,us) € R x (0,1) x R and some constant J > 0. We
consider a Banach space X given by X = H}(0,1) x L*(0,1) equipped with the norm
1(u,v)|| = {J|uzll22 + Jv]|2:3? = {Ji (u 4+ v?)dz}/?. Then (25) can be considered as

an abstract equation
d (u u 0
o) =40) o) &

in X, where A is a (unbounded) linear operator in X defined by

(=)

for (u,v) € H?(0,1) x H}(0,1). It is well known that A generates a Cy -semigroup of
bounded linear operator on X. In the following, we show that each (mild) solution of
(26) is bounded in the future, and that it is UAS. Moreover, we show that each solution
of (26) has a compact orbit in X. Consequently, one can apply Theorem 3 or Theorem
5 to the process generated by solutions of (26) and its integrals to conclude that (25)
has an almost periodic solution which is UAS.

Now, for any solution (gg;) of (26), we consider a function V'(¢) defined by

1
V(t) = / (u? + 2 uv + v?)dx
0

with A = . Since ||ul|r2 < |lus||r2 for u € H}(0,1), we get the inequality

11 13
o lualiZz + 1ol22) < V) < 2 (lualiEe + lol22) (27)
Moreover, we get
d
SVt < 2/{ ~ 1) —)\uv+(>\\u\+]v|)(M+J)}d:c
< = Dlvlize = 2Muallz> + Mellullze + 7 1||v||Lz)

_ 1 _
+§HUH%2 + Allullze + ey T%) + S lesllullze + &5 Ivllz2)
+(eallvllZz + 25" T%)
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for any positive constants 1, €9, 3 and 4. We set e, = 1—10, €9 = %, €3 = % and g4 = é to
get

d 1 7

SV(E) < 50l = a3 + 477 (25)

By (27) and (28), we get

d
EV(t) < =1V (t) + Cy

for some positive constants Oy and Cy. Then V (t) < e 1tV (¢4) + g—? for all ¢ > ¢,
and hence sup,s,, ||(u(t),v(t))||x < oo. Thus each solution of (26) is bounded in the
future.

Next, for any solutions (:fg;) and (ggg) of (26), we consider a function V(¢) defined
by

V(t) = /01{(% C )% 4 2w — ) (v — B) + (v — 7))da

with A = . By almost the same arguments as for the function V'(¢), we get

11 B B _ 13 _ _
75 Ultz — U7z + [lv —0[|72} S V(1) < T Uluz = Uy |72 + [Jv — 0]|72} (29)
and
d _
EV(t) < —C3V(t) (30)

for some positive constant C3. Then, by (29) and (30) we get

) B 11
la(t) = @2 + o(t) = 6O < V()
11
< e V()
< e Ol () — @ (fo) 132

+Ho(to) — v(to)l72}

for any t > t(, which shows that the solution (Zég) of (26) is UAS.

Finally, we shall show that each bounded solution (u(t),v(t)) of (26) has a compact
orbit. To do this, it sufficies to show that each increasing sequence {7,} C R* such
that 7, — 0o as n — oo has a subsequence {7, } such that {u(7)),v(7),)} is a Cauchy

sequence in X. Taking a subsequence if necessary, we may assume that {f(t + 7,,x,u)}
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converges uniformly in (x,u) in bounded sets and ¢ € R. Therefore, for any v > 0 there

exists an ng > 0 such that if n > m > ng, then

sup |f(t+7'n,l’,£)—f(t—i-Tm,.T,f)‘
(t,z,£)eRx(0,1)xO* (u)
- sup |f(t+7_n_Tm7$7§)_f(t7xvf)|<’y

(t,x2,£)ERX(0,1)xOF (u)

Fix n and m such that n > m > ng, and set u"(t) = u(t 4+ 7),v"(t) = v(t + 7) and
Ttz &) = f(t+7,2,&) with 7 = 7, — 75, Clearly, (u7,v7) is a solution of (26) with
f7 instead of f.

Consider a function U defined by

U() = [ (e~ + 270 =)o ~7) 4 (0 07}l
with \ = % Then

11 T T 13 T T
Tl = wlllze + v =072} < U ) < {llwe —uflze + o = o7l[Z2}

and
d
LU < (2X = 2)[lv = v7[|Z2 — 2\ [Jug — w7
1
20 [ Ju = {7+ 1F(t30) = ()| e
1
2 [ o=t w) = £ () d
0
Since
|f(t,x,u) - fT<t7'r7uT>| S ‘f(t>x7u> - f(t,x,u7)| + |f(t7x>u7—) - f7<t7x7u7—)‘
1
< _ _ T
we get
d 11 - 1 -
ZU) < ==l =7l = 2w — g
1 1 T2 T2 1 T2
+5(gglle = wlize +10]lv = v7l[72) + o flu — u7llZ
1 1 -
5 (Gl = +29%)
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1 1 1
+5@Esllv = o7z + —llu—w7l[z2) + (ollv = o772 + —77)
€y €6

9
< o= v Ia(-1+ 2+ <o)

1 1 1 1 1 1 1
e —wilz(—5+ 5o+ 35t o1 T aee) TG )

6 120 36 24  36¢; 6  c¢
Putting e5 = 1 and 5 = %, we have
d 12 2 2
U = —Cllus —wgllz> + o — vrfl72) + 4y
S —ClU(t) + 4’72,
where C' and ('} are some constants independent of «. Then
4 2
U(7n) < e O™U(0) + ——
G
or
2 2 -C 872
1tz (7in) = w0 (7|72 + [[0(7m) = v(70)llz2 < K™ + =,
1

where K = 2U(0). Take n; > ng so that Ke= %17 < g—? Then

9

”ul“(Tm) - u:B(Tn>H%2 + HU(Tn) — U(Tm)”%2 < 5172

if n > m > ny, which shows that {(u(7,),v(7,))} is a Cauchy sequence in X, as required.
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