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Abstract. Many problems in integral and differential equations involve an equation in
which there is almost a contraction mapping. Through some type of transformation
we arrive at an operator of the form H(x) = x − f (x). The paper contains two main
parts. First we offer several transformations which yield that operator. We then offer
necessary and sufficient conditions to ensure that the operator is a large contraction.
These operators yield unique fixed points. A partial answer to a question raised in
[D. R. Smart, Fixed point theorems, Cambridge University Press, Cambridge, 1980] is
given. The last section contains examples and applications.
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1 Introduction

This paper is concerned with the following problem. Suppose that (S, ‖ · ‖) is a complete met-
ric space of continuous scalar functions φ : [0, T] → < with the supremum distance function
‖ · ‖. Give necessary and sufficient conditions on f to ensure that

H(x) = x− f (x)

is a large contraction mapping S into itself.
We begin with a brief sketch of the definitions, relations to contractions, and two basic

theorems about large contractions. It will place matters in context to have before us the
definition of a contraction operator and the contraction mapping principle.

Definition 1.1. Let (M, ρ) be a metric space and P : M → M. P is said to be a contraction if
there exists an α < 1 so that ψ, φ ∈ M implies that ρ(Pψ, Pφ) ≤ αρ(ψ, φ).

The basic fixed point theorem then tells us that if (M, ρ) is a complete metric space, then
P will have a unique fixed point in M.
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Frequently we encounter problems in which ρ(Pψ, Pφ) < ρ(ψ, φ) for ψ, φ ∈ M with ψ 6= φ

and the question is raised, can we ask a bit more and still get a fixed point? We gave one
answer to that question in [5] and in more detail in [7, pp. 22–23] in terms of large contractions.
We showed that H(x) = x − x3 is a large contraction. The references which we give in the
next 10 pages show that this property advanced aspects of linear theory to cubic theory. In
this paper that property is extended to H(x) = x− f (x) for large classes of f , thereby again
advancing aspects of linear theory to those functions f .

Moreover, in the next section we give life to these definitions and theorems by studying

x′(t) = −x3(t) +
∫ t

0
(t− s)−1/2g(s, x(s))ds

showing how H(x) = x− x3 is generated satisfying the definition of a large contraction and
then how main parts of the following two theorems can be satisfied.

Definition 1.2. Let (M, ρ) be a metric space and P : M→ M. P is said to be a large contraction
if ρ(Pφ, Pψ) < ρ(φ, ψ) for φ, ψ ∈ M, with φ 6= ψ, and if for each ε > 0 there exists a δ < 1
such that {φ, ψ ∈ M, ρ(φ, ψ) ≥ ε} implies that ρ(Pφ, Pψ) ≤ δρ(φ, ψ).

Theorem 1.3. Let (M, ρ) be a complete metric space and P a large contraction. Suppose there is an
x ∈ M and an L > 0, such that ρ(x, Pnx) ≤ L for all n ≥ 1. Then P has a unique fixed point in M.

Theorem 1.4. Let (S, ρ) be a Banach space and M a bounded, closed, convex nonempty subset of S.
Suppose that F, P : M→ M and that

x, y ∈ M =⇒ Fx + Py ∈ M,

F is continuous and FM is contained in a compact subset of M, P is a large contraction. Then there is
a y ∈ M with Fy + Py = y.

We now preview two results which follow easily from others cited in Sections 6 and 7. The
first one allows us to sort through possibilities quickly, while the second one examines the
ones which meet the necessary condition to see if they satisfy a sufficient condition.

Theorem 1.5. Let H(x) = x− f (x) and let H : [a, b]→ <. A necessary condition for H to be a large
contraction on [a, b] is that f (a) f (b) ≤ 0.

Theorem 1.6. A necessary and sufficient condition for H(x) = x− f (x) to be a large contraction on
[a, b] is that H : [a, b]→ [a, b] and that f satisfies the following condition. For x, y ∈ I = [a, b] then

0 <
f (x)− f (y)

x− y
< 2, x, y ∈ I, x 6= y. (A)

The proof of Theorem 1.5 is cited in the beginning of Section 7 while the proof of Theo-
rem 1.6 is cited after Theorem 6.7 in Section 6.

After the aforementioned example, the first order of business is to show that there are large
collections of differential and integral equations arising in applied mathematics in which the
operator H is found.

Then comes the major part of this paper in establishing necessary and sufficient conditions
to ensure that H is a large contraction.

Finally, we give a number of examples using the properties of H.
Before we leave this introduction, we would mention the source of the name, large con-

traction.
We seek a contraction constant for x − x3 from the derivative 1− 3x2 and note that the

contraction constant increases as x tends to zero, ending up at 1 when x reaches zero. As 1 is
too large, we call such situations a large contraction.
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2 Bringing H(x) into the equation

Our first example will center on a class of integral equations which has been widely studied
in the literature and features some of the most prominent problems, including heat equations.
In the process we will sketch the requirements needed to yield a fixed point for

x′(t) = −x3(t) +
∫ t

0
(t− s)−1/2g(s, x(s))ds, x(0) = x0. (2.1)

We will present the main parts of a complete problem so that the direction of the remaining
paper will be established.

This equation is simply a vehicle to lead us to these concepts and is not offered as a
fundamental application. Those are found in the last section.

First, as one might expect, H(x) does not appear in the opening equation. To bring H(x)
into the equation and write (2.1) as an integral equation defining a natural fixed point map-
ping, we write

x′(t) = −x(t) + [x(t)− x3(t)] +
∫ t

0
(t− s)−1/2g(s, x(s))ds, x(0) = x0.

Now we have H(x) = x− x3 and it is readily shown that if

M =
{

φ : [0, ∞)→ < : ‖φ‖ ≤
√

3/3
}

,

then H : M → M. It was shown in [5] and [7] that H is a large contraction, although we
continue to discuss that in this paper.

Next, we want to write this as an integral equation. There are several reasons for avoiding
a direct integration and they will show as we proceed. Write

x′(t) = −x(t) + [x(t)− x3(t)]−
∫ t

0
(t− s)−1/2g(s, x(s))ds, x(0) = x0

yielding H(x) in the square bracket. To get the integral equation, use the variation of param-
eters formula treating the last two terms as a forcing function

x′ = −x + q(t), x(0) = x0,

to obtain

x(t) = x0e−t +
∫ t

0
e−(t−s)q(s)ds

and finally

x(t) = x0e−t +
∫ t

0
e−(t−s)[x(s)− x3(s)]ds +

∫ t

0

∫ u

0
e−(u−s)g(s, x(s))dsdu.

There is much discussion in [12], [3], and [2] concerning the conclusion that expressions
such as ∫ t

0
et−sH(x(s))ds

are large contractions when H is.
It is shown in both [9] and [10] that when g is continuous the last term is a compact map.

Actually, the same argument here shows that the first term is also a compact map. So either by
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Schauder’s theorem or Theorem 1.4 we have a fixed point of the natural mapping whenever
we can find a closed bounded convex non-empty set M with our mapping sending M into M
and H being a large contraction.

This concludes our discussion of (2.1). Now we focus only on finding H.
The implicit function theorem. While it does not involve large contractions, there is a

marvelous classical example of finding H which should be mentioned here. We suppose
that we have a function of two variables G(t, x) and we would like to solve the equation
G(t, x(t)) = 0 for a function x(t). Long ago some bright investigator recognized that it was
just set up for fixed point theory. We define a mapping by the equation

(Pφ)(t) = φ(t)− G(t, φ(t)).

We define a complete metric space (M, ρ) of continuous functions on some interval [a, b] with
the sup-norm and, under a variety of conditions (see Smart [15, pp. 5–6]) we obtain a fixed
point by contraction mappings. Immediately we have

φ(t) = φ(t)− G(t, φ(t))

or
G(t, φ(t)) = 0

on the entire interval. The point here is that we have found H(t, x) = x − G(t, x). It is, of
course, possible to consider G(φ(t)).

In (2.1) we have used H(x) = x − x3 which was shown in the original paper to be a
large contraction. But many others have been found and appear in the literature. We would
mention in particular Eloe, Jonnalagadda, and Raffoul [11], who have advanced the x3 to x5,
f (x5), and even

H(x) = x− x2n+1, n ∈ 1, . . . , 70,

showing that all are large contractions.
In view of these examples, especially the ones with scant connection between the kernel

and the data, it is certainly reasonable to expect that our kernel be at least neutral with
respect to fixed point methods. And such a kernel does exit. That class of kernels is typified
by (t− s)q−1, 0 < q < 1, but many others are included. That class is discussed in depth by
Miller [14, p. 209] with consequences on pp. 212–213 and Gripenberg [13]. They are defined
as follows:

(A1) A(t) ∈ C(0, ∞) ∩ L1(0, 1).

(A2) A(t) is positive and non-increasing for t > 0.

(A3) For each T > 0 the function A(t)/A(t + T) is non-increasing in t for 0 < t < ∞.

In those references it is shown that when A has an infinite integral then the resolvent
equation is

R(t) = A(t)−
∫ t

0
A(t− s)R(s)ds, (2.2)

and that
0 < R(t) ≤ A(t),

∫ ∞

0
R(t)dt = 1. (2.3)

When the integral of A is finite, then the integral of R is less than one. Notice that if J is a
positive constant, then JA(t) still satisfies (A1)–(A3).
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In a sequence of papers we showed the advantages of transforming equation

x(t) = a(t)−
∫ t

0
A(t− s) f (s, x(s))ds, t ≥ 0, (2.4)

using a variation of parameters formula of Miller [14, pp. 191–192] into

x(t) = z(t) +
∫ t

0
R(t− s)

[
x(s)− f (s, x(s))

J

]
ds, (2.5)

with

z(t) = a(t)−
∫ t

0
R(t− s)a(s)ds. (2.6)

Here are the steps. Starting with (2.4) and a(t) continuous on [0, ∞) while A satisfies
(A1)–(A3) we have

x(t) = a(t)−
∫ t

0
A(t− s)[Jx(s)− Jx(s) + f (s, x(s))ds]

= a(t)−
∫ t

0
JA(t− s)x(s)ds +

∫ t

0
JA(t− s)

[
x(s)− f (s, x(s))

J

]
ds.

The linear part is

z(t) = a(t)−
∫ t

0
JA(t− s)z(s)ds (2.7)

and the resolvent equation is

R(t) = JA(t)−
∫ t

0
JA(t− s)R(s)ds (2.8)

so that by the linear variation-of-parameters formula we have

z(t) = a(t)−
∫ t

0
R(t− s)a(s)ds (2.9)

and the non-linear variation of parameters formula then yields (2.4)

x(t) = z(t) +
∫ t

0
R(t− s)

[
x(s)− f (s, x(s))

J

]
ds.

The transformation from (2.4) to (2.5) was first given in [8] for a Caputo equation in which
case there are few difficulties. Further discussion of the transformation is found in [4].

We cannot over emphasize the role of J which seems to have entered simply at our plea-
sure. Our work centers around making H a contraction locally. The trivial case is

H(x) = x− 6x
J

.

Clearly taking J = 12 gives H(x) = x/2, a perfect contraction. Even so, all is not well without
the transformation. For if we started (2.4) having f (t, x) = x/2 and A(t) = t−1/2 which is the
heat problem, for example, the integral of A(t− s) is so large it would destroy the contraction.
We see that (2.3) saves it.

Remark 2.1. To emphasize what has happened here, everything was against a contraction but
it was all rescued by the transformation. The kernel, A, was simply too large. The function f
had no contraction properties. In the end it was the insertion of x(s) into the integrand by the
transformation which was then slightly modified by f and J that made the contraction. Then
(2.3) made R so small that a contraction in the integrand became a contraction of the entire
integral.
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3 A universal derivative transformation

In this section we are concerned with a very general integro-differential equation which we
will transform into an equation with H(x). The technique is clear if we simply consider the
elementary differential equation

dx
dt

= − f (t, x(t)), x(0) ∈ <, (3.1)

and start with some J > 0 to subtract and add Jx(t) followed by multiplication by eJt yielding

[x′(t) = − Jx(t) + Jx(t)− f (t, x(t))]eJt

(x′ + Jx)eJt = (Jx− f (t, x))eJt

(xeJt)′ = JeJt
[

x− f (t, x)
J

]
x(t)eJt = x(0) +

∫ t

0
JeJs
[

x(s)− f (s, x(s))
J

]
ds

x(t) = e−Jtx(0) +
∫ t

0
Je−J(t−s)

[
x(s)− f (s, x(s))

J

]
ds

x(t) = x(0)
[

1−
∫ t

0
Je−Jsds

]
+
∫ t

0
Je−J(t−s)

[
x(s)− f (s, x(s))

J

]
ds

since

x(0)
[

1−
∫ t

0
Je−Jsds

]
= x(0)[1 + e−Jt − 1] = x(0)e−Jt.

Again, we have arrived at H.

Proposition 3.1. Let R satisfy (2.3) and

x(t) = a(s)−
∫ t

0
R(t− s)a(s)ds +

∫ t

0
R(t− s)

[
x(s)− f (s, x(s))

J

]
ds.

Let (B, ‖ · ‖) denote the Banach space of bounded continuous functions φ : [0, ∞) → < with the
sup-norm. If P : B→ B is defined by φ ∈ B implies that

(Pφ)(t) = φ(t)− f (t, φ(t))
J

is a contraction with constant α, so is Q : B→ B defined by φ ∈ B implies that

(Qφ)(t) = a(t)−
∫ t

0
R(t− s)a(s)ds +

∫ t

0
R(t− s)

[
φ(s)− f (s, φ(s))

J

]
ds.

Proof. If φ, ψ ∈ B then

|(Qφ)(t)− (Qψ)(t)| ≤
∫ t

0
R(t− s)

∣∣∣∣[φ(s)− f (s, φ(s))
J

]
−
[

ψ(s)− f (s, ψ(s))
J

]∣∣∣∣ds

≤ α
∫ t

0
R(t− s)‖φ− ψ‖ds ≤ α‖φ− ψ‖

as required.



Necessary and sufficient conditions for large contractions in fixed point theory 7

Proposition 3.2. Let (B, ‖ · ‖) be the Banach space as before and suppose there is a D > 0 and J > 0
so that

‖φ‖ ≤ D =⇒
∣∣∣∣φ(t)− f (t, φ(t))

J

∣∣∣∣ ≤ D.

Let R satisfy (2.2) with a(t) = x(0) and let P be defined by φ ∈ B =⇒

(Pφ)(t) = D[1−
∫ t

0
R(s)ds] +

∫ t

0
R(t− s)

[
φ(s)− f (s, φ(s))

J

]
ds.

Then ‖φ‖ ≤ D =⇒ |(Pφ)(t)| ≤ D.

Proof. If ‖φ‖ ≤ D then

|(Pφ)(t)| ≤ D
[

1−
∫ t

0
(s)ds

]
+
∫ t

0
R(t− s)Dds = D

as required.

4 A special integro-differential equation transformation

We now come to the most common passage to H(x) that is seen in the literature. It is the case
in which we almost have a linear term which could be used in the variation of parameters
formula to transform our equation into an integral equation for a fixed point mapping. Sup-
pose that we have, for example, a general function of t, say G(t) which could include some
integrals of the unknown function x which we write as

x′(t) = −x3 + G(t).

Subtract and add x to obtain

x′(t) = −x(t) + [x(t)− x3(t)] + G(t).

Apply the variation of parameters formula to obtain

x(t) = x(0)e−t +
∫ t

0
e−(t−u)[(x(u)− x3(u)) + G(u)]du.

The function H(x) = x− x3 is again captured.

5 Delay, Caputo, and higher order equations: references their appli-
cations

There is a detailed example in [7, pp. 191–199] concerning

x′(t) = −a(t)x3(t) + b(t)x3(t− r(t))

which is very instructive concerning existence, uniqueness, boundedness, limit sets, and other
properties. It is found in a less instructive context in the journal article [6]. The idea again is
to write

x′(t) = −a(t)x(t) + a(t)[x(t)− x3(t)] + b(t)x3(t− r(t))
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and apply the variation of parameters formula.
An example in [9, pp. 318–321] is given concerning stability and asymptotic stability of the

fractional differential equation of Caputo type

cDqx = −x3

which inverts as

x(t) = x(0)− 1
Γ(q)

∫ t

0
(t− s)q−1{x(s)− [x(s)− x3(s)]}ds.

In much the same way Ardjouni and Djoudi [2] study

d
dt

x(t) = −a(t)x3(t) +
d
dt

Q(t, x(g(t))) + G
(
t, x3(t), x3(g(t))

)
with x(t + T) = x(t) in search for periodic solutions.

E. Essel and E. Yankson [12] study

d2

dt2 x(t) + p(t)
d
dt

x(t) + q(t)h(x(t)) =
d
dt

g(t, x(t− r(t))) + f (t, x(t), x(t− r(t))),

using large contractions and obtain a positive periodic solution. Evidently, it is an equation
of considerable interest because Ardjouni and Djoudi [3] study the same equation obtaining
a periodic solution. The latter authors have long publication lists found in the mathematical
reviews in which they use large contractions. Both papers rely on a sufficient condition found
in [1] to conclude that H is a large contraction.

Forty more papers often using large contractions can be found in MathSciNet by looking
at the citations of [5].

6 Large contractions

In this section we present nasc for large contractions acting on proper subspaces of the space
S := (SK, ‖·‖) of continuous functions defined on a closed interval K of the real line, equipped
with the usual sup-norm ‖·‖. To be more specific, we are interested in large contractions
coming from real functions defined on a closed interval [a, b] and viewed as operators acting
on a related normed function space.

Given a real function H : [a, b] → < we consider the subspace M ⊂ S defined by M :=
(M, ‖·‖) where

M := {x ∈ SK : a ≤ x (t) ≤ b, t ∈ K} ,

and the operator H :M→ S defined by x ∈ M is mapped to

H(x)(t) := H(x(t)), t ∈ K. (H)

A first observation is that M is a complete metric space with the metric induced by the
sup-norm.

Theorem 6.1. Let a < b ∈ <, K be a closed interval of <, and S := (SK, ‖·‖) be the space of
continuous functions on K equipped with the usual sup-norm. Then the subspaceM of S is a complete
metric space.
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Proof. It suffices to prove that M is a closed subset of the complete metric space (SK, ‖·‖).
Indeed, if (xn) is a sequence of elements in M converging (in the sup-norm) to x ∈ SK, then
for a given ε > 0, there exists an n0 ∈ N such that ‖xn − x‖ < ε, n ≥ n0. Then for t ∈ K we
have

a− ε < a− ‖xn − x‖ ≤ x (t) = xn (t) + x (t)− xn (t) ≤ b + ‖xn − x‖ < b + ε

or
a− ε < x (t) < b + ε, t ∈ K.

As ε > 0 is arbitrary, from the last inequality we see that

a ≤ x (t) ≤ b, t ∈ K,

so x ∈ M. It follows thatM is a closed subset of SK.

By a close look at the Definition 1.2, one may see that an operator H : M → S is a large
contraction onM if and only if it satisfies

H(M) ⊆M, (H0)

‖H (x)−H (y) ‖ < ‖x− y‖, x, y ∈ M, x 6= y, (H1)

and {
for any ε > 0 there exists a δε ∈ (0, 1) with

x, y ∈ M : ‖x− y‖ ≥ ε =⇒ ‖H (x)−H (y)‖ ≤ δε ‖x− y‖ .
(H2)

In an attempt to pass from a real function H : [a, b]→ < to a large contraction H :M→ S
we are interested in posing conditions on H which yield that H satisfies (H0)–(H2). To this
end, in the two lemmas below we show that if H satisfies

H([a, b]) ⊆ [a, b] := I, (h0)

|H (x)− H (y)| < |x− y| , x, y ∈ I, x 6= y, (h1)

and {
for any ε > 0 there exists a δε ∈ (0, 1) with

x, y ∈ I : |x− y| ≥ ε =⇒ |H (x)− H (y)| ≤ δe |x− y| ,
(h2)

then the corresponding mapping H satisfies (H0)–(H2), and vice versa.

Lemma 6.2. Let H : [a, b] → [a, b] be a real function and H be the operator defined by (H). Then
H ([a, b]) ⊆ [a, b] implies H (M) ⊂M and vice versa.

Proof. To see that H([a, b]) ⊆ [a, b] implies that H (M) ⊂ M we note that for f ∈ M and
t ∈ K we have f (t) ∈ [a, b], so

H ( f ) (t) = H ( f (t)) ⊂ [a, b] , t ∈ K.

Conversely, if H (M) ⊂ M then for x ∈ [a, b], the constant function x (t) = x, t ∈ K belongs
toM, thus H(x) ∈ M and

a ≤ H ( f ) (t) = H ( f (t)) = H(x) ≤ b, t ∈ K.
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Lemma 6.3. Let H : [a, b] → < be a real function and H : M −→ C be the operator defined by (H).
Then H satisfies (H1)–(H2) if and only if H satisfies (h1)–(h2).

Proof. Assume that H satisfies (h1)–(h2). To verify (H1) we let x, y ∈ M and, due to continuity,
we consider a t1 ∈ K with |Hx(t1)− Hy(t1)| = ‖Hx− Hy‖. Then by (h1) we have

‖Hx− Hy‖ = |Hx(t1)− Hy(t1)| < |x(t1)− y(t1)| ≤ ‖x− y‖,

so (H1) holds. Next, we consider an (arbitrary) ε > 0. By (h2), for the positive number ε
2 there

exists a δ1
ε > 0 such that

x, y ∈ I : |x− y| ≥ ε

2
=⇒ |H (x)− H (y)| ≤ δ1

ε |x− y| .

Let x, y ∈ M with ‖x− y‖ ≥ ε. Then for t ∈ K, we distinguish between the following two
cases: either (i) |x (t)− y (t)| < ε

2 , or, (ii) |x (t)− y (t)| ≥ ε
2 .

In case (i), by (h1) we have

|(Hx) (t)− (Hy) (t)| < |x (t)− y (t)| ≤ ε

2
≤ 1

2
‖x− y‖ ,

while in case (ii), by (h2) we take

|(Hx) (t)− (Hy) (t)| ≤ δ1
ε |x (t)− y (t)| ≤ δ1

ε ‖x− y‖ ,

so we always have

|(Hx) (t)− (Hy) (t)| ≤ max
{

1
2

, δ1
ε

}
‖x− y‖ , t ∈ K,

implying that
x, y ∈ M : ‖x− y‖ ≥ ε =⇒ ‖Hx− Hy‖ ≤ δε ‖x− y‖ ,

so (H2) holds with δε := max
{ 1

2 , δ1
ε

}
∈ (0, 1). In conclusion, we see that if the function

H : [a, b]→ < satisfies (h1) and (h2) on the interval [a, b], then the corresponding mapping H
satisfies (H1) and (H2) on the function spaceM.

Now we assume that (H1) and (H2) hold true and consider an arbitrary ε > 0 and the
corresponding δε ∈ (0, 1) resulting from (H2). Then for x, y ∈ I, the constant functions
x (t) = x, y (t) = y, t ∈ K belong toM so (H1) implies

|H (x)− H (y)| = |H (x (t))− H (y (t))|
= ‖(Hx) (t)− (Hy) (t)‖ < ‖x− y‖ = |x− y|

that is (h1) holds true. Finally, from (H2) we have for |x− y| ≥ ε

|H (x)− H (y)| = ‖Hx−Hy‖ < δε ‖x− y‖ = δε |x− y| ,

and (h2) is also satisfied.

In view of the above lemmas we see that if H : [a, b]→ < is a real function andH :M→ C
is the operator defined by (H), then H is a large contraction on M if and only if H satisfies
(h0)–(h2). In other words,

Corollary 6.4. The operator H is a large contraction in M if and only if the function H is a large
contraction in C([a, b], | · |).
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We now proceed to presenting necessary and sufficient conditions (nasc) for the operator
H defined by (H) to be a large contraction. For convenience, we focus on the case where
f (t, x) = f (x), thus, we will assume that

H(x) = x− f (x), x ∈ [a, b]. (f)

Thanks to Corollary 6.4, all we have to do is to provide conditions yielding that the real
function H : [a, b]→ [a, b] satisfies (h1)–(h2). To this direction, the next result establishes nasc
so that the function H satisfies (h1).

Proposition 6.5. Let f and H be as in (f). Then H satisfies (h1) if and only if

0 <
f (x)− f (y)

x− y
< 2, x, y ∈ I, x 6= y. (A)

Proof. Assume, first, that H satisfies (h1).
Then for x, y ∈ I with x 6= y we have

|x− y− [ f (x)− f (y)]| = |H (x)− H (y)| < |x− y|

implying that ∣∣∣∣1− f (x)− f (y)
x− y

∣∣∣∣ < 1,

and so

0 <
f (x)− f (y)

x− y
< 2, x, y ∈ I, x 6= y,

that is (A) holds true.
Conversely, assume that (A) is true. Then for any x, y ∈ I with x 6= y we have

−1 <
f (x)− f (y)

x− y
− 1 < 1∣∣∣∣1− f (x)− f (y)

x− y

∣∣∣∣ < 1

|x− y− [ f (x)− f (y)]| < |x− y|

and so
|H (x)− H (y)| < |x− y| , x, y ∈ I, x 6= y,

that is (h1) is satisfied.

The next result comes as a little surprise: though one might expect nasc so that H satisfy
(H2), it turns out that there is no such need.

Proposition 6.6. Let f and H be as in (f). If H satisfies (h1), then H satisfies (h2).

Proof. Let H satisfy (h1). Due to Proposition 6.5 we may assume that (A) is true. For an
arbitrary ε ∈ (0, b− a] consider the set

Sε := {(x, h) : a ≤ x ≤ b− h, ε ≤ h ≤ b− x}

which is the closed triangle area in the h− x plane included by the lines

h = ε, x = a and x + h = b,
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and define the function gε : Sε → < with

gε (x, h) :=
f (x + h)− f (x)

h
, (x, h) ∈ Sε.

We have that gε is continuous on the compact set Sε while it is strictly positive on Sε [due
to the left-hand-side of (A)], so by continuity the function gε attains a positive minimum me

on Sε, i.e.,

0 < mε := min
(x,h)∈Sε

gε (x, h) ≤ f (x + h)− f (x)
h

for all (x, h) ∈ Sε ,

also, by the right-hand-side of (A), a maximum Mε ∈ (0, 2) on Sε. Thus, for any (x, h) ∈ Sε we
have

2 > Mε ≥
f (x + h)− f (x)

h
≥ mε > 0

or

− 1 < 1−Mε ≤ 1− f (x + h)− f (x)
h

≤ 1−mε < 1. (6.1)

Since 0 < mε ≤ Mε < 2 implies that

−1 < 1−Mε ≤ 1−mε < 1 =⇒ |1−Mε| , |1−mε| ∈ (0, 1) ,

from (6.1) we have∣∣∣∣1− f (x + h)− f (x)
h

∣∣∣∣ ≤ δe := max {|1−mε| , |1−Mε|} , for (x, h) ∈ Sε.

Then for x, y ∈ I : |x− y| ≥ ε, say y− x = h ≥ ε, by the last inequality we find

|H (x)− H (y)| = |x− y− [ f (x)− f (y)]|

= |x− y|
∣∣∣∣1− f (x)− f (y)

x− y

∣∣∣∣
= |x− y|

∣∣∣∣1− f (x + h)− f (x)
h

∣∣∣∣
≤ δe |x− y| ,

i.e., (h2) is satisfied with δe := max {|1−mε| , |1−Mε|} ∈ (0, 1).

From Proposition 6.6 we see that if H satisfies (h1), then H satisfies both (h1) and (h2).
Combining Proposition 6.5 and Proposition 6.6 we have the following result.

Theorem 6.7. Let f , H be as in (f) with H : [a, b] → [a, b]. Then H defined by (H) is a large
contraction onM:

(i) if and only if f satisfies (A).

(ii) if and only if H satisfies (h1).

Proof. Clearly, by Proposition 6.5 it suffices that we deal only with (ii). Firstly, if H is a large
contraction onM, then by Corollary 6.4 we have that H is a large contraction in C([a, b], | · |)
and so, by definition, we see that H satisfies (h1).

Conversely, assume that H satisfies (h1). Then by Proposition 6.6 we have that H satisfies
(h2). Moreover, from as H([a, b]) ⊆ [a, b], by definition we have that H is a large contraction
in C([a, b], | · |). In turn, Corollary 6.4 yields that H is a large contraction inM.
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Proof of Theorem 1.6. If H is a large contraction on [a, b] then, by definition we must have
H([a, b]) ⊆ [a, b] as well as that H satisfy (h1), so (A) follows from Proposition 6.5. The
converse follows from Theorem 6.7.

In view of Theorem 6.1, and Theorem 6.7 we have the following.

Theorem 6.8. Let a, b ∈ <, H : I = [a, b]→ [a, b], K be a closed interval of <, and consider the set

M := {x ∈ C (K,<) : a ≤ x (t) ≤ b, t ∈ K} .

Then H : M := (M, ‖·‖) → C defined by x → H (x (t)) , t ∈ K is a large contraction onM if and
only if H satisfies (h1) on I, [or, if and only if the function f (x) = x− H (x) satisfies (A) on I].

For the next result we note that Theorem 1.3 holds true (with n = 1) in the special case
of a bounded metric space (M, ρ), which is exactly the case of our normed space M, so a
combination of Theorem 1.3 with Theorem 6.8 immediately leads to the next one.

Theorem 6.9. Let H, I,H and M be as in Theorem 6.8. If the function H satisfies (h1) on I [or,
equivalently, if the function f (x) = H (x)− x satisfies (A)], then the mapping H has a unique fixed
point inM.

Theorem 6.10. Let H, I,H andM be as above, g ∈ C (K,<) and P :M−→ C be given by

(Px) (t) := g (t) + (Hx) (t) , t ∈ K.

If P (M) ⊆ M and H satisfies (H1)–(H2) [or, H satisfies (h1)], then P is a large contraction inM
having a unique fixed point inM.

Proof. For x, y ∈ M we have for t ∈ K

(Px) (t)− (Py) (t) = (Hx) (t)− (Hy) (t) ,

so if H satisfies (H1)–(H2) then so does P , and hence P is a large contraction on M. If H
satisfies (h1), then by Theorem 6.7 P is a large contraction.

At this point we would like to point out that the results above may show the way to a
partial answer to a question raised in [15], p. 38, concerning the existence of fixed points of
contractive mappings in metric spaces.

Definition 6.11. Let (M, ρ) be a complete metric space. A mapping P : (M, ρ) → (M, ρ) is
called contractive if

ρ(P(x),P(y)) < ρ(x, y), x, y ∈ M, x 6= y.

Clearly, a mapping P is contractive on (M, ρ) if P(M) ⊆ M and P satisfies (h1). Recall
that, by this terminology, one may say that the real function H : [a, b] → [a, b] satisfying (h1)
is contractive in the space C([a, b],<) equipped with the usual absolute value.

What we have proved so far is that a mapping H on M which is defined through a real
function H by (H), turns out to be a large contraction having a unique fixed point in this
complete normed spaceM, provided that the real function h is contractive in C([a, b], | · |). In
other words, if we start with a contractive real function h defined on a closed interval, then
the mapping H defined by the specific way of (H) on the space M is not only contractive,
but, also, a large contraction, thus having a unique fixed point inM. To summarize, starting
with a real function H which is contractive in C([a, b], | · |) we pass to a large contraction H
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in the space M := (M, ‖·‖) where M := {x ∈ C (K,<) : a ≤ x (t) ≤ b, t ∈ K} with K a closed
interval of <, and we conclude that H has a unique fixed point in M. It is worth noticing
here that the set K has no essential role and there are no conditions posed except that it is a
closed interval. As it may arbitrarily be chosen, the results obtained may refer to the whole
real line. We should note that this situation may change when the mapping H is not of the
type considered so far (i.e., coming directly from H). We discuss such a case at the end of the
next section.

A natural question may then arise: what could be said about existence of fixed points of
an arbitrary contractive function in M? It is known ([5]) that a contractive mapping has a
fixed point when it is a large contraction, and this is what does happen in the work so far
with the mapping being of the specific type given in (H) and the metric space being of the
specific type ofM. Below we are concerned with metric spaces of the type ofM and ask for
conditions so that an arbitrary contractive mapping defined on M have a unique fixed point
in M. The next Theorem gives an affirmative answer to this question describing a specific
class of mappings, and this may be viewed as a partial answer to a question raised in [15],
p. 38. The key idea for this result is that a contractive mapping defined on the specific type of
complete metric spaces with the property of mapping constant functions to constant functions
is, in fact, a large contraction, so it has a unique fixed point. Note that this condition is not a
necessity, and this may be verified by the example at the end of the next section.

Theorem 6.12. If H :M→M is a contractive mapping which maps constant functions to constant
functions, then it has a unique fixed point inM.

Proof. Let H : M → M be a contractive mapping that maps constant functions to constant
functions. It follows that for any x ∈ [a, b] the constant function with value x(t) = x, t ∈ K
belongs toM so the function h : [a, b]→ < defined by x ∈ [a, b] is mapped to

h(x) := (Hx)(t) = Hx,

is well defined on [a, b]. Moreover, as H(M) ⊆ M we have h([a, b]) ⊆ [a, b]. Since H is
contractive it satisfies (H1), so we have for x, y ∈ [a, b]

|h(x)− h(y)| =
∣∣H(x)−H(y)

∣∣ = ‖H(x)−H(y)‖ < ‖x− y‖ = |x− y|,

i.e., the real function h satisfies (h1). By Theorem 6.9, the mapping H is a large contraction
with a unique fixed point inM.

We close this section by citing two useful observations concerning large contractions. The
first result concerns the composition of two functions satisfying (h1).

Proposition 6.13. If H1, H2 := [a, b] → [a, b] satisfy (h1), then the composition H := H2 ◦ H1 of
the large contractions H1,H2 resulting from H1, H2 is also a large contraction.

Proof. For x, y ∈ [a, b] with x 6= y we have H1 (x) 6= H1 (y) and∣∣∣∣H (x)− H (y)
x− y

∣∣∣∣ = ∣∣∣∣H2 (H1 (x))− H2 (H1 (y))
x− y

∣∣∣∣
=

∣∣∣∣H2 (H1 (x))− H2 (H1 (y))
H1 (x)− H1 (y)

∣∣∣∣ ∣∣∣∣H1 (x)− H1 (y)
x− y

∣∣∣∣
< 1.



Necessary and sufficient conditions for large contractions in fixed point theory 15

7 Remarks and applications

We start this section with citing two remarks concerning condition (A). Then we present some
very simple examples of real functions that are large contractions on closed intervals of <,
yet some useful observations concerning differentiable and odd real functions. Finally, we are
concerned with application of our results to integral equations. Notation and definitions are
as in the preceding sections.

Remark 7.1. As easily verified by (A) and in view of Theorem 6.8, in order that H be a large
contraction it is necessary that the function f be continuous and strictly increasing on I. Furthermore,
H (I) ⊂ I implies

a ≤ a− f (a) , b− f (b) ≤ b,

and
− (b− a) ≤ f (a) ≤ 0 ≤ f (b) ≤ b− a,

and so,
H : [a, b]→ [a, b] is a large contraction =⇒ f (a) f (b) ≤ 0 .

Proof of Theorem 1.5. It follows immediately from Remark 7.1.

Remark 7.2. Since a continuous function which is 1− 1 on an interval I it is strictly monotone
on I, in order to verify that f (x)− f (y)

x−y > 0 it suffices to know that f is continuous, 1− 1 and
f (a) < f (b).

In the examples below we focus on verifying that H satisfies (h1) [or, equivalently, f satis-
fies (A)]. In view of Theorems 6.7–6.9, this yields that the operator H defines a large contrac-
tion in the corresponding spaceM and so it has a has a unique fixed point inM.

Example 7.3. Let H :
[
− 1

2 , 1
2

]
→ < with

H (x) =

{
x2 + x, − 1

2 ≤ x ≤ 0,

x2, 0 < x ≤ 1
2 .

Set I :=
[
− 1

2 , 1
2

]
and note that H is increasing with H

(
− 1

2

)
= − 1

4 , H
( 1

2

)
= 1

4 so H (I) ⊂ I. By
direct calculations we may easily verify that (h1) holds true for x, y ∈

[
− 1

2 , 0
]

and x, y ∈
[
0, 1

2

]
,

while for − 1
2 ≤ x < 0 < y ≤ 1

2 we have

0 <
y2 + (|x| − x2)

y− x
=

y2 − x2 − x
y− x

=
H(y)− H(x)

y− x
<

y− x
y− x

= 1.

so (h1) is satisfied for all x, y ∈ I, x 6= y.
Note that

a) H is not a contraction on I since H′ (0−) = 1 = H′
( 1

2

)
,

b) H is not odd on I,

c) H is not differentiable at 0 ∈ I.
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We now would like to illustrate a comment given at the end of the second paragraph after
the Definition 6.11. The reader may well see that the set K is not present in the calculations
above. It can be an arbitrary closed interval of the real line <, and for such a choice, the space
M consists of the set

M := {x ∈ C (K,<) : a ≤ x (t) ≤ b, t ∈ K} ,

with the operator H :M→ C be defined by x ∈ M is mapped to (Hx) (t) := H (x (t)) , t ∈ K.
Our result states that there exists a unique function x ∈ M with H (x (t)) = x (t) , t ∈ K. As K
is arbitrary, this x, (being unique) may be extended to the whole real line.

Now we would like to apply the results of the previous section to two interesting types of
functions, namely to differentiable functions, and, to odd functions.

Clearly, when f is differentiable on I then so is H, and vice versa. For such a case we have
the following lemma.

Lemma 7.4. Assume that H, f are differentiable on I. Then:
(i) Condition (A) is equivalent to

0 ≤ f ′ (x) ≤ 2, with f (x) , f (x)− 2x : 1− 1, x ∈ I, (Ad)

(ii) Condition (h1) is equivalent to∣∣H′ (x)
∣∣ ≤ 1 with H (x)± x : 1− 1, x ∈ I. (hd)

Proof. We only prove (ii), the proof of (i) following immediately from (ii).
Let H be differentiable on I. Assume, first, that (h1) holds. Then letting y → x in (h1) we

have that |H′ (x)| ≤ 1, yet from (h1) we take for x, y ∈ I, y < x,

−1 <
H (x)− H (y)

x− y
< 1

y− x < H (x)− H (y) < x− y

from which we have

H (y) + y < H (x) + x and H (x)− x < H (y)− y

so both H (x)± x are 1− 1 on I and (hd) holds true.
Conversely, if (hd) holds then by the mean value theorem we have for x, y ∈ I, x 6= y,∣∣∣∣H (x)− H (y)

x− y

∣∣∣∣ ≤ 1,

Now if there exist x, y ∈ I, x 6= y with
∣∣H(x)−H(y)

x−y

∣∣ = 1 then either H(x)−H(y)
x−y = 1 or H(x)−H(y)

x−y =

−1. In the first case we have that H (x)− x = H (y)− y with x 6= y so H (x)− x is not 1− 1
on I, while in the second case we get that H (x) + x is not 1− 1 on I, in both cases reaching a
contradiction to (hd). It follows that

∣∣H(x)−H(y)
x−y

∣∣ 6= 1 and (hd) implies (h1).

Example 7.5. The function H :
[
− 1

2 , 0
]
→ < with

H (x) = x2 + x,
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satisfies (h1) on I :=
[
− 1

2 , 0
]
. Indeed, we easily find that

0 ≤ H′ (x) = 2x + 1 ≤ 1, x ∈ I

that is H is nondecreasing with

H
(
−1

2

)
= −1

4
, H (0) = 0 =⇒ H (I) ⊂ I,

while H (x)− x = x2 and H (x) + x = x2 + 2x are 1− 1 on I. Since

0 <
H(x)− H(y)

x− y
= 1 + x + y < 1, x, y ∈

[
−1

2
, 0
]

, x 6= y,

we see that H satisfies (h1).
Note that H does not define a contraction on I since H′ (0) = 1.

From Lemma 7.4 and Theorem 6.8 we have the following corollary.

Corollary 7.6. Let a, b ∈ <, H : I = [a, b] → [a, b] be differentiable, SK be the space of continuous
functions on a closed interval K ⊂ < and setM := (M, ‖·‖) for the (complete) metric space with

M := {x ∈ SK : a ≤ x (t) ≤ b, t ∈ K} ,

equipped with the metric induced by the usual sup-norm. Then H : M→M defined by (Hx) (t) =
H (x (t)) , t ∈ K is a large contraction on M if and only if H satisfies (hd) on I [equivalently, if and
only if f satisfies (Ad) on I].

Remark 7.7. When f ′ is (strictly) increasing, then to verify that f (x)− f (y)
x−y < 2 it suffices to show

that f ′ (b) ≤ 2, since for x, y ∈ I with x 6= y we have

f (x)− f (y)
x− y

= f ′
(
ξx,y
)
< f ′ (b) ≤ 2.

Similarly, to verify that 0 < f (x)− f (y)
x−y it suffices to show that 0 ≤ f ′ (0) .

Example 7.8. Let f : [0, 1]→ < be given by

f (x) :=
1
e

(
ex2 − 1

)
, x ∈ [0, 1] := I.

We have
f ′ (x) =

1
e

ex2
2x ≥ 0, x ∈ [0, 1]

so f is increasing on I, thus

f (I) = f ([0, 1]) = [ f (0) , f (1)] =
[

0, 1− 1
e

]
⊂ I.

As both functions 2x and ex2
are nonnegative and strictly increasing on [0, 1], the same is true

for f ′. Thus
0 ≤ f ′ (0) ≤ f ′ (x) ≤ f ′ (1) = 2, x ∈ I.

By Remark 7.7 it follows that f satisfies (A) so from Theorem 6.7 we see that the function
H := x− 1

e

(
ex2 − 1

)
, x ∈ [0, 1] is a large contraction on I. Note that H is not a contraction on

I since H′ (x) = 1− 1
e ex2

2x and H′ (0) = 1.
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Next, we consider the case where f is an odd function. Then so is H, and vice versa. In
order to show that the operator H is a large contraction, it suffices to verify that f satisfies
(A) only on [0, k]. Indeed, if f satisfies (A) for x, y ∈ [0, k] with x 6= y, then clearly it does so
for x, y ∈ [−k, 0], x 6= y. To prove that f satisfies (A) for k ≤ x < 0 < y ≤ k f is odd and
continuous we have that f (0) = 0 so for any x ∈ (0, k] we have

0 <
f (x)− f (0)

x− 0
=

f (x)
x

< 2 =⇒ f (x) < 2x.

Now for −k ≤ x < 0 ≤ y ≤ k, with x 6= y we have −x > 0 and so

0 <
f (x)− f (y)

x− y
=
− f (−x)− f (y)

x− y
=
− [ f (−x) + f (y)]
− (−x)− y

=
f (−x) + f (y)
(−x) + y

<
2 (−x) + 2 f (y)

(−x) + y
= 2,

which completes the proof of our claim. By the above discussion and in view of Theorem 6.7,
we have the following corollary.

Corollary 7.9. Let H : [−k, k]→ [−k, k] be an odd function and f (x) = H(x)− x.

(i) H is a large contraction if and only if H satisfies (h1) [resp., f satisfies (A)] on [0, k] (equivalently,
on [−k, 0]).

(ii) When f is differentiable on [0, k] (equivalently, on [−k, 0]), then H is a large contraction if and
only if f satisfies (Ad) [resp., H satisfies (hd)] on [0, k] (equivalently, on [−k, 0]).

Example 7.10. The function H : I =
[
− 1

2 , 1
2

]
→ < with

H (x) =

{
x2 + x, − 1

2 ≤ x ≤ 0

x− x2, 0 < x ≤ 1
2 ,

is an odd function with H
([
− 1

2 , 1
2

])
⊂
[
− 1

2 , 1
2

]
, which, in view of Example 7.5 satisfies (h1)

on
[
− 1

2 , 0
]
. By Corollary 7.9 we have that H is a large contraction onM.

The above example is a special case of the next more general one.

Example 7.11. The functions of the type

H (x) := x− |x|a−1 x, a > 1

define large contractions on symmetric, properly small neighborhoods of zero.

Proof. Here we have
f (x) = |x|a−1 x, x ∈ < (a > 1) ,

and f is odd on sets I = [−k, k] for any k ∈ (0, 1). Note that f is differentiable with

f ′ (x) = a |x|a−1 , x ∈ <.

since, by definition it holds f ′ (0) = 0 while for x 6= 0 we have (|x|)′ = sgn x so(
|x|a−1 x

)′
= |x|a−1 + x (a− 1) |x|a−2 sgn x

= |x|a−1 + (a− 1) |x|a−2 |x|
= |x|a−1 (1 + a− 1)

= a |x|a−1 .
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Next, it is not difficult to see that both functions f ± x = (|x|a−1± 1)x are 1− 1 on [0, k]. As f ′

is increasing on [0, k] we have that (Ad) holds true, so in view of Corollary 7.9 we may consider
only x ≥ 0 and see that H is a large contraction if and only if

f ′ (x) = axa−1 ≤ 2 =⇒ x ≤
(

2
a

) 1
a−1

.

Thus, in order that H (I) ⊂ I it suffices to ask is that |H (k)| ≤ k, i.e.,

−k ≤ k− ka ≤ k.

Noting that we always have H (k) ≤ k all we have to require is that

ka ≤ 2k =⇒ 0 < k ≤ 2
1

a−1 ,

so we conclude that H is a large contraction on any set [−k, k] with

k ≤ k0 := min

{(
2
a

) 1
a−1

, 2
1

a−1

}
, (a > 1) .

In particular, for a = 2n + 1, n ∈N we have

k0 := min

{(
2
a

) 1
a−1

, 2
1

a−1

}
= min

{(
2n

√
2

2n + 1

)
, 2n
√

2

}
= 2n

√
2

2n + 1

so the function x− x2n+1, n ∈ N is a large contraction on the set
[
− 2n
√

2
2n+1 , 2n

√
2

2n+1

]
for any

n ∈N (see, also, examples in [1, 11]).

Remark 7.12. If f is a twice differentiable odd function with 0 ≤ f ′ (x) ≤ 2, x ∈ [0, k] and
such that f ′′ (x) > 0, x ∈ (0, k], then H := x− f (x) is a large contraction on I.

Example 7.13. The (odd) function

H (x) := x− 1
3

sin3 x, x ∈
[
−π

4
,

π

4

]
defines a large contraction since

0 ≤ f ′ (x) = [x− H (x)]′ =
[

1
3

sin3 x
]′

= sin2 x cos x ≤ 2, x ∈
[
0,

π

4

]
,

while

f ′′ (x) =
[
sin2 x cos x

]′
= 2 sin x cos2 x− sin3 x = sin x

[
2 cos2 x− sin2 x

]
= sin x cos2 x

[
2− tan2 x

]
> 0, x ∈

(
0,

π

4

]
,

and the result follows from 7.12.

Some simple observations may be useful in proving local existence results for highly non-
linear functions. For example, if g, f are odd functions with 0 ≤ f ′ (x) , g′ (x) ≤ 1 and
f ′′ (x) , g′′ (x) > 0, x > 0, then H (x) := x − g ( f (x)) defines a large contraction provided
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that there exists some r ∈ (0, k] such that H ([−r, r]) ⊆ [−r, r]. Indeed, we have that g ( f (x))
is odd and

[g ( f (x))]′ = g′ ( f (x)) f ′ (x) ∈ [0, 1] ,

yet f ′′ (x) > 0 for 0 < x ≤ k, thus f ′ is strictly increasing and so f ′ (x) > 0 for x > 0. It follows
that

[g ( f (x))]′′ = g′′ ( f (x))
[

f ′ (x)
]2

+ g′ ( f (x)) f ′′ (x) > 0, x 6= 0,

and the result holds true by Remark 7.12.
For example, taking f (x) =

(
ex2 − 1

)
sgn x and g (x) = x3 one may verify that the condi-

tions above are satisfied in a properly small neighborhood of zero. Moreover, for the (odd)
function

H (x) := x−
(

ex6 − 1
)

sgn x

we have that H (x) < x for x > 0, and, (by H′ (0) = 1 and continuity of H′) −1 < H′ (x), x ∈
[0, r] for some properly small r > 0. It follows that H ([0, r]) ⊆ [−r, r], so H ([−r, r]) ⊆ [−r, r]
and we may conclude that H defines a large contraction near zero.

Clearly, an odd function H : [−k, k] → < which is a large contraction on [−k, k], has a
unique fixed point in [−k, k] and, due to continuity, this point must be 0. In such a case it is
not difficult to see that the same is true for the mapping H since H(0) = 0 implies

H(0)(t) = H(0(t)) = H(0) = 0 = 0(t),

with 0 : K → < being the zero function.

Proposition 7.14. If H : [−k, k]→ < is an odd function which is a large contraction on I := [−k, k],
then the unique fixed point of H inM is the zero function.

Finally, we are interested in showing how our results in this paper may be employed in
order to obtain existence and uniqueness of solutions to nonlinear integral equations. To this
direction, we consider the equation

x(t) = g(t) +
∫ t

0
Q(t, s)H(x(s))ds, t ≥ 0, (7.1)

let K := [0, T] with T > 0 being arbitrary and assume that H is contractive.

Lemma 7.15. Let H : [a, b] −→ [a, b] satisfy (h1) and the kernel Q is such that

∫ t

0
Q(t, s)ds ≤ 1, t ∈ [0, T] . (7.2)

Then the operator H̃ :M−→ C defined by

(
H̃x
)
(t) := g(t) +

∫ t

0
Q (t, s) (Hx) (s) ds, t ∈ [0, T] ,

satisfies (H1)–(H2).
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Proof. We have for t ∈ [0, T]∣∣∣(H̃x
)
(t)−

(
H̃y
)
(t)
∣∣∣ ≤ ∫ t

0
|Q (t, s) | |(Hx) (s)− (Hy) (s)| ds

<
∫ t

0
|Q (t, s) | |x (s)− y (s)| ds

≤
∫ t

0
|Q (t, s) |ds ‖x− y‖ ,

i.e., ∣∣∣(H̃x
)
(t)−

(
H̃y
)
(t)
∣∣∣ < ∫ t

0
|Q (t, s) |ds ‖x− y‖ , t ∈ [0, T].

By continuity of the functions on the compact set [0, T] and the condition (7.2), from the
last relation we take ∥∥∥H̃x− H̃y

∥∥∥ < ‖x− y‖ ,

so H satisfies (H1).
Now, in view of (h2), for an arbitrary ε > 0 consider a δε > 0 yielded by Lemma 6.3, thus

for x, y ∈ M with ‖x− y‖ > ε we have

‖Hx−Hy‖ < δε ‖x− y‖ .

Then for t ∈ [0, T] we have∣∣∣(H̃x
)
(t)−

(
H̃y
)
(t)
∣∣∣ ≤ ∫ t

0
|Q (t, s) |ds ‖x− y‖

< δε ‖x− y‖
∫ t

0
|Q (t, s) |ds

≤ δε ‖x− y‖ .

Employing once more continuity of functions on the compact set [0, T], from the last relation
we take

‖Hx−Hy‖ < δε ‖x− y‖ ,

which verifies (H2) and completes the proof.

An interesting example satisfying condition (7.2) is the fractional type kernel Q (t, s) =
1

Γ(p)Γ(q) (t− s)q−1 sp−1, p, q ∈ (0, 1) , p + q = 1, a non-constant kernel with integral 1 for all
t > 0 having singularities at t = s and s = 0.

In view of Theorem 6.10 and Lemma 7.15 we have the following existence result for the
integral equation (7.1).

Proposition 7.16. Assume that H : [a, b] −→ [a, b] satisfies (h1), condition (7.2) holds true and let
H̃,M be as in Lemma 7.15. If, in addition, there existsM0 ⊆ M with H̃ (M0) ⊆ M0, then H̃ has
a unique fixed point inM0 and the integral equation (7.1) has a unique solution on [0, T].
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Here are a few things worth mentioning. The first one is that the operator H̃ again comes
from the real function H but not directly, so the situation here is not exactly the same as in the
previous section, and this is the reason that we need Lemma 7.15 to proceed. The function H
is involved in the integral, and this may assign an essential role of the set K = [0, T]: T may not
be arbitrarily chosen as the behavior of the integral may destroy (7.2) or even H̃ (M0) ⊆M0.
Note, also, that, even when g = 0, in general H̃ does not map constant functions to constant
ones so the condition in Theorem 6.12 is not a necessary one.

To illustrate Proposition 7.16, we recall our starting equation

x(t) = a(t)−
∫ t

0
A(t− s) f (s, x(s))ds, t ≥ 0, (7.3)

which we write as

x(t) = z(t) +
∫ t

0
R(t− s)

[
x(s)− f (s, x(s))

J

]
ds,

with J arbitrarily chosen,

z(t) = a(t)−
∫ t

0
R(t− s)a(s)ds,

and ∫ t

0
R(s)ds ≤ 1, t ≥ 0,

by the non-linear variation of parameters formula. Clearly, the kernel R satisfies (7.2). To keep
things as simple as can be, we assume that a ∈ C ([0, ∞), [0, D]) is positive and decreasing
and f (t, x) ≡ f (x) is strictly increasing with f (0) = 0 and L-Lipschitz on [−D, D]. Choose
J = L + 1, set f̃ (x) = f (x)

J and H (x) = x− f̃ (x). Then equation (7.3) takes the form

x (t) := z(t) +
∫ t

0
R(t− s)H (x(s)) ds, t ≥ 0.

Note that for x, y ∈ [−D.D] we have

0 <
f̃ (x)− f̃ (y)

x− y
=

1
J

f (x)− f (y)
x− y

≤ L
L + 1

< 1,

so f̃ satisfies (A), thus H satisfies (h1). Now for T > 0 arbitrary, consider the operator
P :M := C ([0, T] , [−D, D]) −→ C ([0, T] ,<) given by

P (x) (t) := z(t) +
∫ t

0
R(t− s)Hx(s)ds, t ∈ [0, T] .

Observing that f (0) = 0 and f is L-Lipschitz implies 0 ≤ f (x(s))
Jx(s) < 1, for x ∈ [−D, D] we have

|H (x)| =
∣∣∣x− f̃ (x)

∣∣∣ = |x| ∣∣∣∣1− f (x)
J

∣∣∣∣ ≤ D,

i.e., H ([−D, D]) ⊆ [−D, D].
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Also, for x, y ∈ C ([0, T] , [−D, D]) we have for t ∈ [0, T]

|P (x) (t)| ≤
∣∣∣∣a(t)− ∫ t

0
R(t− s)a(s)ds

∣∣∣∣+ ∫ t

0
R(t− s)

∣∣∣∣x(s)− f (x(s))
J

∣∣∣∣ ds

≤ a(t)
[

1−
∫ t

0
R(t− s)ds

]
+
∫ t

0
R(t− s) |x(s)|

∣∣∣∣1− f (x(s))
Jx(s)

∣∣∣∣ ds

≤ D
[

1−
∫ t

0
R(t− s)ds

]
+ D

∫ t

0
R(t− s)ds

= D,

so P (M) ⊂M with M := {x ∈ C ([0, T]) : |x (t)| ≤ D}.
In sum, H : [−D, D] → [−D, D] satisfies (h1), R satisfies (7.2) and P (M) ⊂ M, so, by

Proposition 7.16 we have that equation (7.3) has a unique fixed point in M. As T > 0 is
arbitrary, we conclude that equation (7.3) has a unique solution defined for all t ≥ 0. Note
that the Lipschitz constant may be unbounded on the half-line.
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