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1 Introduction

The aim of our article is the investigation of the behavior of the weak solutions to the trans-
mission Robin problem for quasi-linear elliptic second-order equations with the variable p(x)-
Laplacian in a neighborhood of an angular or a conical boundary point of the bounded cone.
The case for the constant p-Laplacian was investigated in our monograph [4]. The transmis-
sion problems appear frequently in various areas of physics and engineering. For instance,
one of the important problems of the electrodynamics of solid media is the research of electro-
magnetic processes in ferromagnetic with various dielectric constants. This type of problems
appears in solid mechanics if a body consists of composite materials as well. Let us mention
also vibrating folded membranes, composite plates, folded plates, junctions in elastic multi-
structures etc.

In this article we obtain estimates of the weak solutions to the elliptic transmission problem
for the variable p(x)-Laplacian near singularities on the boundary (conical boundary point or
edge). The same problems for p(x) = p = const were studied in our monograph [4].

Boundary value problems for elliptic second order equations with a non-standard growth
in function spaces with variable exponents actively studied in recent years. We refer to [8]
for an overview and the recent paper [1,9-11] and reference therein. Differential equations
with variable exponents-growth conditions arise from the nonlinear elasticity theory, elec-
trorheological fluids, etc. There are many essential differences between the variable exponent
problems and the constant exponent problems. In the variable exponent problems, many
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singular phenomena occurred and many special questions were raised. V. Zhikov [12,13]
has gave examples of the Lavrentiev phenomenon for the variational problems with variable
exponent.

Most of the works devoted to the quasi-linear elliptic second-order equations with the
variable p(x)-Laplacian refers to the Dirichlet problem in smooth bounded domains (see [8]).
We know only a few articles studying the Robin problem for such equations, but in these
works a domain is smooth and lower order terms depend only on (x,u) and do not depend
on |Vul. Our articles [2,3] is deduced to the Robin problem in a cone for such equations
with a singular p(x)-power gradient lower order term. Here we describe qualitatively the
behavior of the weak solution near a conical point, namely we derive the sharp estimate of the
type |u(x)| = O(|x|*) for the weak solution modulus (for the solution decrease rate) of our
transmission problem near a conical boundary point. We establish the comparison principle
for weak solutions as well. We shall use calculations and some results of our previous article
[2].

We introduce the following notations: let C be an open cone in R", n > 2, with the vertex
at the origin O and the angular opening of cone wy € (0, 7). Let B, be an open ball with
radius r centered at O. We use the following standard notations:

e S"~1: a unit sphere in R" centered at O;
* (r,w),w = (wy,ws,...,wy_1): the spherical coordinates of x € R" with pole O:

X1 = 7 COS Wy,

Xp = ¥ COS wy Sin w1,

Xy_1 =¥ COSWy,_1SiNwWy_7...sinwi,

X, =rsinwy,_1sinwy,_»...sinwy;

Q: a domain on the unit sphere S"~! with the smooth boundary 9Q) obtained by the
intersection of the cone C with the sphere 5"~;

00 =09CNS" 1

Gl=CnNBy={(r,w)|0<r<d;, weQ};

f=0CNB;={(r,w)|0<r<d; wead};

04 = G§ N {[x| = d};

We assume that Gg = Gi U G? is divided into two subdomains
Gli={(rnw):0<r<d, weQ;} and G :{(r,w):0<r<d weO_}

by a £ := G¢ N {x, = 0} , where O € 24,

O =0n{x, >0}, Q- =0N{x, <0} = Q=0,UQ_;

00 = Z4NQy; 320 = QO NAC; 30 = 3O U op;

. rg:riuri, I ={(r,w):0<r<d, weOi};
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etc.;

. ~Jug(x), xeGl, 2 = fi(x), xe€Gi,
u(x)_{u(x), x € G%; Al )—{f(x), x € Gt

. [“]zg denotes the saltus of the function u(x) on crossing ¢, i.e.

—u_(x)

d
Z0

7

[”]Zg = Ll+(X) Zg
where ui(x) ‘Zg: hmGiayﬁxEZg Ut (y)/

* n; = cos(ﬁ,xi), i = 1,2, where 77 denotes the unit outward vector with respect to G4
(or Gg) normal to Zg (respectively acg \ O).

We use the standard function spaces:
e C*(Gy) with the norm |uy |y c,;
e the Lebesgue space L,(G+), p > 1 with the norm [Ju |G, ;
o the Sobolev space W*P(G..) with the norm [[u+| k6.
and introduce their direct sums
* CY(G) = C*(G+) +CH(G-) with the norm |ulgc = [u+ ke, + |u-lkc ;
* L,(G) =Ly(G4+) + Ly(G-) with the norm

1 1
4 p
o= ([ slrax) s ([ upax)
+ -

e WhP(G) = WkP(G,) + WFP(G_) with the norm
1 1
k P k P
nwﬂgz</ ZHD%AMQ +(/ ZHD%|%Q.
G+ 1pl=0 - lgl=0

We investigate the behavior in a neighborhood of the origin O of solutions to the transmission
Robin problem:

=Dyt + a(x)ululP 1 4 b(u, Vu) = f(x), x e G,
4]y =0,
{]Vu]f’ 2%] + IX\” P uluP®2 = h(x,u), xex, (TRQL)
VU2 b a0 = g(xu),  xeTd,
where 0 < dy < 1 (dy is fixed) and
Dy = div (| VPO 7200 (1.1)

We will work under the following assumptions:

@ 1<p_<px)<py=p0)<mVxe Giglo;
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(ii) the Lipschitz condition: p(x) € CON(G®) = 0 < py — p(x) < Llx|, Vx € GI;
where L is the Lipschitz constant for p(x);

(iii) B = const > 0, v = const > 0, such that

{ﬁzz and 7> 1B, if py>2; 12

1<y<3p if 1<py <2

(iv) the function b(u,¢) is differentiable with respect to the u, { variables in 9 = R x R"
and satisfy in 91 the following inequalities:

. _ _ 0<é<upy, itu>0;
iv), b(u, &) < 8lu|Y|EPY + polulP)-1
(i) b, 2)] < 8lul 217 + bolu oo
(iv)y b(u,asignuzv\urlwﬂ—boruWH, V>0 =0,
. .| 0b(u, _ -1 9b(u, _ .
(iv)e S8 <y gty ) g gt

i=1 !

by >0, by >0, by >0;

() 0 <ag <a(x) < const - |x| P

I < folxlf®, £y 20, Bx) > Ll (p(x) ~ 1) A~ p(x); Vx € G 0 < < 1
and A is the least positive eigenvalue of problem (NEVP) (see below);

vv) |h(x,u)| < holx|'"TPW); Vu € Ly; g W <o, h(x,0) =0, x € Zgo,
19(x, u)| < golx[THFX); Vi € Luy; 284 <0, ¢(x,0) =0, x € T,

(vvv) the spherical region Q) C S"~! is invariant with respect to rotations in S" 2.

We consider the functions class

i) - {

u(x) € Loo(Ggo) and /G"O <|x‘*l9(x)’u‘ﬁ(x) + ‘u|*1’Vu|P(x)> dx < oo}
0

which was introduced in [5]. It is obvious that ‘ﬁl p( )(Gdo) c Whrlx )(Ggo).

Definition 1.1. The function u is called a weak bounded solution of problem (TRQL) provided
that u(x) € ‘ﬁl ¥ ( )(Gdo) and satisfies the integral identity

Q) = / (IVulP 2y, + a(x)ulul? @y (x) + b (u, Vu) p(x) ) dx
+’y/rgo Pl u|u|p(x)_2;7(x)d5+/3/zgo PP |y P2 (x)dS
ou
-2
_/Qd0 |V u|P) P —n(x )de—/rgog(x,u)ry(x)dS—/Zgoh(x,u)q(x)ds
= [, fn(xdx
0

for all 7(x) € ‘ﬁlp( )(Gdo)

(II)
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Proposition 1.2. Above assumptions (i)—(vv) ensure the existence of integrals over Ggo,Zgo and Fgo
in (II). Therefore, the Definition 1.1 is correct.

Proof. 1) We use well known the Holder inequality with p(x),p’'(x) : ﬁ + p,%x) = 1 and

inequality
(=1
Ivull7z it |l <1
IV M < 3 ywagz 7, it 1Vl > 1
1, if [|[Vull ) > 1
we have

/ VP2 pdx < /GdoWuvﬂ(x)*\vmdxsznwupm-Hrww“)*lup/m<oo,
0
Vu(x),7(x) € NE (G,

2) By assumption (v),

/do a(x)u|ulPX =y (x)dx < const - ||7]|L. / x| 7P| P dx < oo,
GO GO

Vu(x),5(x) € NE (G,

3) By assumption (iv),,

/G"O b (u, Vu)n(x)dx <[5, /Gdo u| Y Vu|PS dx 4 by /Gdo () [P 2y (x) |dxc < oo,

0 0 0
Vu(x),n(x) € R4 (G
because of
1 if |u| <1;
u(OPO=10 () dx < - (measG¥) . { ™ .
Jo PP @l < - (meas Gi) Pl i ] > 1

4)

1—p(x) p(x)—2 p+—1 1-p(x)
/rgmgor ululP =2 (x)dS < Iyl - lull2 /rdo oS

N const
< const [yl ol 7ot = S
5) By assumption (v) and (1.3) (see below),
[ Fnas

do
< follnl /Gdo x[F¥dx = follnllL., (meastO)/ p#(p(x)=1)=p(x)+n-1 4,
0

o meas Q) o(p —1)—p.+n
< follnlie (meaSQdo)/O p(p-—1)=petn—1g, _ {S(HPW_HLM () - _ioido(p D—patn
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6) By assumption (vv),

/rdo g(x, u)n(x)dS < gol|1L. /Fdo PP S = golnlL., (meas anO)/o p#(p()=1)=p(x)+n g,

0 0

4 r%(p,—l)—p++ndr _ gOHﬂHLoo (meas ano) d%(pf—l)—p++n+l'

w(p-—1) —pr+n+1"7°

< goll7ll. (measa0y) |

Similarly we verify the existence and the finiteness of f iy h(x,u)n(x)ds.

7) Finally, the existence and the finiteness of f \Vu |p(x)—29u 511 (x)dQ, follows from the equal-

ity (II). 0
The main result is the following statement.

Theorem 1.3. Let u be a weak bounded solution of problem (TRQL), My = sup _ o |u(x)[* and

let A be the least positive eigenvalue of problem (NEVP) (see Section 2). Suppose that (H—(vvv)
hold. Then there exist d € (0,dy) and a constant Co > 0 depending only on A,dy, Mo, p+,p—, L, n,
(u—9),v,bo, fo and such that

lu(x)| < Colx|*, s = Ppil‘i‘ﬂ/\ Vx € GY. (1.3)

2 Nonlinear eigenvalue problem

Let 7 be the exterior normal to dC at points of 9Q) and 7T be the exterior with respect to ()
normal to 0y (lying in the tangent to () plane). To prove the main result we shall consider the
nonlinear eigenvalue problem for ¥(w) € C2(Q) N C(Q), where

_piw), wens,
plw) = {1p(w), weO,
~div, (292 + [V )0+ 2729 ,y)
=AMpr = 1) +n—py) A2+ [Vop )22y, we 0,
=1
[Wlo = 05 [(0292 + Vg2 28] g (B15)"™ iyl 2| =0,

_2)/29 “1p\ Pl _
| (W22 + |V ) 22 28 +'y(’g;+j”> Pl =0, wedn,

(NEVP)

where |V 1| denotes the projection of the vector Vi onto the tangent plane to the unit sphere
at the point w:

1 3y 1a¢}

Vop = S,
v {\/‘Tlawl VGn—1 9wy —1

v lplzznill )" =1, ¢;= (sinw;---sinw; 1)?, i>2
w = gi awi ;g1 s Yi 1 i—-1) s = 4.

Proposition 2.1.
AAMApr —1)4+n—py) >0 = A>0. (2.1)

*see Section 3, Theorem 3.3
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Proof. We multiply the (NEVP) equation by ¢(w) and integrate over ):

B : 2,2 2y(p+—2)/2
| (—v(@)dive (4292 +|VapP) =272V ) ) d0
= AQps =V +n—py) [ (A7 +[Tup )2 22 w)d0,
Integrating by parts the left integral, we obtain
— i 22 2y(p+—2)/2
[ (—v(@)dive (4292 +| V) Vap) ) dO
_ 2,2 2\(ps—2)/2 21 2,2 2\ (py—2)/2 O
= [ D) DT g = [0 Ty 2722 | (o

— [ 02+ V)22 2 yw)io

_ —1+p\P !
= [0 [TupP) 22 panr p (PEZITE)T L i
Q P+ a0

P+—1+V>p+_l./ b4
ey (B0 [ lypao

From the above obtained equalities we derive
NAps = 1)+ —pr) [ (094 Vo) P2 g2 (w)d0
Q

_ —1+p\P !
— /(2(A2¢2+|Vw¢|2)(p+ 2)/2|Vw¢|2d0+‘5 <p+p+_ly> / |ll]|pd(7
0o

-1
pr =1+ u) a /
+ _ Pdo. 2.2
v (P [ v 22
Because of B > 0, v > 0 and ¢(w) # O, the last equality means that inequality (2.1) is true.
Since p4 € (1, n) we have also A > 0. O
Proposition 2.2. Let y(w) = %ﬁ)"). There exists a constant Yo = c(p4, A, n) that satisfies the
inequality

y(w)| < Yo, YweQ. (2.3)

Proof. From (2.2) it follows that

@) (22 4 2 (@) " P w)ao
SAQps =D +n=ps) [ @) (22 + 12 (@) " d0

p+-2

— /Q ()P (A% + 12 (w)) T {yP(w) = A{A(pr —1) + 1 — ps) }dQ <O,

Hence it is clear the desired estimate (2.3)

Y(@)] < JAA(ps = 1) +1—pi) = Yo, 0
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If we rename w = wy,w’ = (wy,...,wy—1) then, by assumption (vvv), we can see that
P(wq,w’) do not depend on w’. Therefore our problem (NEVP) is equivalent the following
nondivergent form:

(A% + (ps — D?) 9" (w) + (n —2) cotw (A** + ¢?) ¢ (w)

+AAR2py —3) +n—po) P P(w)

A Apr =) +n—p )PP (w) =0, weO= (-9 9)\{0};
$+(0) = y_(0) = (0); (OEVP)
g2y B (55" Ol 2 = 0;

- p+-1
£+ )2 @) by (GE) T el =0, w=Fwe/2

2.1 Properties of the (OEVP) eigenvalue and corresponding eigenfunction

First of all, we note that ¢ (—w) = 4 (w). Note that any two eigenfunctions are scalar mul-
tiples of each other if they solve problem for the same A. Therefore, without loss of generality

we can assume that
# () = (-2) =1 =

Lemma 2.3.

Dy (w)>0,weQ, y(w) <0, we Q. Moreover, if n = 2 then y'. (w) <0, w € O
and therefore y (w) are decreasing functions.

2) There exists a constant Yo = c(p4,n, A, 7y, B, 4, wo) that satisfies the inequality

1< p(w) <go, wel. (2.5)

Proof. Let us consider the y(w) = 11;;’((:5))‘ From (OEVP) we obtain the problem

(((p+ =1y +A%) ¥ (w) + (n = 2) cotw (y* + A%) y(w) + (p1 — Dy

FACAMpy — D) +n—p )P+ Apr —1)+n—py) =0, weq,

—2 — p+—1
[y<)\2+y2>p+z} :_IB(P+ 1"‘?‘) )
w=0 p+—l (CP)

2 B2 (pr— 14y Pt _ %o
y+ (M +yi) 7 = 7<p+—1 : W=

2 o (Pl e\ __wo
\y_ <A +y*> _+,)/ p+_1 7 w = 5 .

/

At first, we note that y_ (—w) = —y (w) and therefore y’ (—w) = v/, (w). From this and from
the conjunction condition (CP) we get

p+—2

P2 _ +—1
y+(0) (A2 +12(0)) 2 —y-(0) (A2 +12(0)) * =B (W)” ,

2 ”sz_ B(p+—1+up A
</\ +y+( - 2 p+_1 4
_B(p+—1+p Pt
2\ p+—1 '

(2.6)

y-(0) (A* +y2
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Thus we have: W w
y+(0) <0, y+( ) <0 y-(0) >0, y- (—70> > 0. 2.7)

Now we consider two cases: n =2 and n > 2.

From the equation (CP) it follows that i/, (w) < 0, w € Q) and therefore y. (w) are decreasing
functions. Hence it follows that

W, [EE—
Y+ (70> <y+(w) <y+(0) <O, w € Oy;
0<y_(0) <y_(w) <y- (—%), weO_.

Remark 2.4. The assumption (1.2) guaranties inequalities (2.8).

Now, we shall estimate y. (j:%) and y+(0) from boundary condition and (2.6). For this
we consider the equation

-2
It (A* + ti’)p+T =a, (2.9)

where a is a given positive number. We assert that this equation has a bounded solution. In
fact:

e for py = 2 a solution is |t| = a;
P2 1.
o for py >2wehave [+ <[t (A2 +#2) 2 =a, = [t| <arr "
e if 1 < p, < 2 then the equation cannot have a unbounded solution, because of

lim Lz lim |t~ = +oo,
|t| =0 (Az—i—tz) |t

which contradicts (2.9).

Hence it follows that there exist such constants c(p4, A, v, 1) and ¢(p+, A, B, 1) that

v (£90)| S clpe b Iy=(0)] < c(ps, A, B w): (2.10)

By the definition of y(w) and (2.4), we derive from (2.8) and (2.10)

1<y = exp < ) <c(p+, Ay m,wo) =1y, w € [0,w0/2); (2.11)
w
1<y = exp </ w V- ) <c(p4, Ay, wo) =1y, w € [—wo/2,0]. (2.12)
-2
n> 2.

Let us prove that y4 (w) < 0 for all w € [0,wp/2]. It is true on the ends of this segment (see
(2.7)). Let us assume that y; (w) > 0 in some interval [w1,wy| C [0,wp 2] and y4(w1) =
Y+ (w2) = 0 (by the continuity of v, (w) at least two such points can be found). Therefore
¥’ (w1) > 0, but it impossible by differential equation: in those points, where the function
becomes zero, itaAZs first derivative is strongly negative. The same we obtain if in one point
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Y+ (w1) = 0, where the function (curve) touches abscissa axis. Now it is clear that y_(w) > 0
for all w € [—wy/2,0]. Hence, by the definition of y(w) and (2.4), we derive from (2.3) the
following:

1<y, (w) = exp (— [ y+(€)dé> <exp(N) =y, weOw/2 (213

w

1<y (w) =exp < / B y(é)ﬂk?) <exp(N) =0, wel-wo/20. (214

O]

Proposition 2.5. Let |y+ (%) | = |yol. If assumptions () and (1.2) satisfy then

p(x)—p(0)
<Z\/A2+y%> <1, VxeTY

2 p(x)=p(0) (215)
(Fyw+ o)

<1, Vxexi

where 3 is defined by (1.3).

Proof. For the proof of the first inequality of (2.15) we refer to the proof of Proposition 2.1 of
[2]. The proof of the second inequality of (2.15) is analogous. O

Proposition 2.6.

Y@ o (pr=DE+A) +(n—p)A
T TR , wey (2.16)

Proof. Since
(p+ =Dy  + A A+ =) +n—pe) P + A (AM(ps = 1) + 1= py)
—(ps ~ D0+ (P42 I,
p+—1
the (CP) equation can be rewritten as follows

yilw) _  (n—=2)cotw +(w)_(P+—1)(y2++A2)+(n—p+)A, we (0,“’0).

A I PP I E R (p+ —1)y3 + A2 2

/

yo(w) _ (n—2)cotw (p+ = D2 +A*) + (n—py)A wo
22 > Y-(w) - 2 22 ’ we(——,o).

Y= +A (p+—Dyz +A (p+ —DyZ +A 2

Now, by Lemma 2.3, y4 (w) <0, w € Qy; y—(w) >0, w € O_, hence from this it follows the

desired inequality (2.16). O

3 Maximum principle

In this section we derive Le-a priori estimate of the weak bounded solution to problem (TRQL).
For this we shall consider the problem in a domain G C R", n > 2 being a bounded domain
with the boundary I and that is divided into two subdomains G and G_ by £y =GN{x,=0}.
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We suppose that I' is a smooth surface everywhere except at the origin O € I, and near the
point O it is a conical surface whose vertex is O, namely G N By, = Ggo. Thus, Ggo CG.

We shall derive Lo-a priori estimate of the weak bounded solution to the transmission
Robin problem:

AT a(x)u|u]p(x)*l +b(u,Vu) = f(x), x € G,

o = 0, (TRPr)
_ _ r

[[VMV’(X) 2%]20 + W%MMP(X) 2 =h(x,u), x€X

(Vure=2.2 4 duluP®2 = g(x,u),  x€l.

Definition 3.1. The function u is called a weak bounded solution of problem (TRPr) provided
that u(x) € ‘)Tlff(;) (G) and satisfies the integral identity

IV 2+ el () + b (n, V) () )
[P uful )2y () + [P ufulr ) 2y (x)ds @)
r b
= /rg(x,u)q(x)ds +/z h(x,u)n(x)dS + /Gf(x)n(x)dx
0
for all 5(x) € NE(G).
At first we formulate well-known lemmas.

Lemma 3.2 (see [7, Lemma 2.1] and [6, Lemma 1.60]). Let us consider the function

an’ (x) — by (x) > ge”x, Vx >0, (3.2)
1) = [1(2)]", vz (3.3)

Moreover, there exist a d > 0 and an M > 0 such that

i <My (S)]" and o <mn(3)]" veza (3.4)

In(x)| >x, VxeR. (3.5)

Theorem 3.3. Let u(x) be a weak solution of (TRQL). If assumptions (i)—(vv) hold in G, then there
exists a constant My > 0 depending only on meas G, n, p+, s, 4, fo, o, 40, Po, vy and such that
[ull ey < Mo.

Proof. Let us define the set A(k) = {x € G : |u(x)| > k} and let x 4(x) be the characteristic func-
tion of the set A(k). Note that A(k +d) C A(k) for all d > 0. Putting n((|u| —k)+)x k) signu
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as the test function in (3.1), where 7 is defined by Lemma 3.2 and k > ko (without loss of
generality we can assume ko > 1), we obtain the inequality

/A(k) {’V”V](x)’?,m”’ —k)2) 4+ (a() |[u]P™) + b(u, Vi) signu)n((Ju| — k)+)} dx

|ul

plx)—1
. =l —k).)d :
w5 —paas g
< 1) si . —k)+)dS
S SCo) sigmun(ul = k))

h(x, u) sign dS/ — k)4 dx. 3.6
L M) signaep(Jul =) )ds + (1l =K)4) 6

| p(x)—1
[ B =000
0

Now, we use the equality g(x,u) — g(x,0) = fol 4 o(x, Tu)dt; hence we obtain

1
g(x,u)signu = ¢(x,0) signu + |u| - / E)gxr)u)dT <0, by assumption (vv);

Similarly,
1
h(x,u)signu = h(x,0)signu + |u| - / ath)u)dT <0.
From this and from (3.6), with regard to a(x) > a9 > 0 and B > 0, v > 0 (see assumptions
(iii), (v)), it follows that

/A(k) {‘v”’p(x)ﬂl((’“‘ — k)1 ) + (ao|ulPX) + b(u, Vu) signu)n((Ju| — k)+)} dx
< [y Pl =) . 7)

Now we estimate from below ag|u|P*) + b(u, Vi) signu on A(k). Because of [ul Ay > ko, for
i > 0, by assumption (iv),, we obtain

<ﬂ0!u\”(") +b(u, Vu) signu> ‘A(k)z (a9 — boky 1) |u|P™) — kgt | Vu|P™); (3.8)
for y = 0, by assumption (iv),, we obtain
b(u, Vu) signu‘A(k)z —yk51|VMV’(x) _ bok51|u|p(x)

therefore in this case we obtain again (3.8).
As a result from (3.7)—(3.8) we get the inequality

/A(k) {IWI”(")<77’((Iu| —k)1) — kg ((Ju] — Kk)4)) + dolu Py ((ju] - k)+)}dx

< /(k) F)p((u] — k)1 )dx;  where = ag — boky! > 0, (3.9)
A
if we choose i
ko > —. (3.10)
ao

The inequality (3.9) coincides with the inequality (1.14) of [3]. The further proof is analogous
to the proof in [3]. It is necessary to inequality (1.36) of [3] to add the inequality (3.10). O
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4 Comparison principle

In G we consider the second order quasi-linear degenerate operator T of the form

T(u, 1) = /Qd<fL(x,ux)nxi+—b(x,u,ux dx-+(/‘ Lduyp “2y(x)ds
0
ﬁ(w> p(x)—2 . ) '
- zgrpuo—lu‘”| 7(x)ds jgdf%(x,ux)COSvaJﬂ(x)dfld (4.1)

_/Zgh(x,u)q(x)ds— /rdg(x,u)'?(x)ds

for u(x) € ‘ﬁl AN )(Gd ) and for all non-negative #(x) belonging to ‘ﬁl_’i(;) (G) under the fol-
lowing assumptlons

Ai(x,¢),b(x,u,&) are Caratheodory functions, continuously differentiable with respect to the u,
variables in M = G x R x R" and satisfy in M the following inequalities:

() aAaf;fg ij > 5p|C|P7222, VT € R"\ {0}; 35 > 0; p(x) > p- > 1;

< byfu| g0t B S )1y =2)EPE); by >0, by > 0;

2
ob(x,u,f)
9G; Ju

i) 1/ 2
i=1

(i) 2 <o, M) <0 (W) >0, flw) >0

Proposition 4.1. Let T satisfy assumptions (i)—(iii) and functions u,w € m{’{fo?(cg) satisfy the
inequality
T(u,n) < T(w,n) (4.2)

for all non-negative n € ‘ﬁlfl’(fo) (G3). Assume also that the inequality
u(x) <w(x) onQy (4.3)
holds. Then u(x) < w(x) in G&.

Proof. Let us prove this proposition by the contradiction. Let us designate z = u —w and u™ =
Tu+ (1—7)w, T € [0,1]. We have

0> T(u,n)—T(w,n)
1a 1ab/T,T 1ab,T/T
0

auT ouy, out

- (/1 a““@i@%) cos(r, x3) - 251 (x)d0y
(2R e st
v, Bl ( [ Wd) 2(x)(x)ds
-:Ag(Al%ﬁqudT>zuyﬂxﬁk—:ég(Almiifgdr>zuﬁﬂxﬂs

(4.4)
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for all non-negative 1 € mir{(x) (G) .

,00

Let us designate the sets
(GHT :={x e G| u(x) >w(x)} G,
E=Ht ={xexd| v(x)>w(x)}czl
(TH*:={xeT8| u(x)>w(x)} crs

and assume that (G)* # @, (T4)* # @, (Zd)* # @. Let k > 1 be any odd number. We
choose 17 = max{(u — w)¥,0} as a test function in the integral inequality (4.4). We have

1 Tl,,T|p(x)—2 1
/ Md’[ — (p(x) — 1) / ‘uf|p(x)_2d~[ > 0.
0 0

out

Then, by assumptions (i)—(iii) and 17| = 0, we obtain from (4.4) that

Qqy

! 1
Jegye Qoo () 190170 2a) 93P 2 ([ 249 )
1
<bh / 2" (/ |”T’_1|Vu7|p(x)_1dT> |Vz|dx. (4.5)
G+ 0

By the Cauchy inequality,
by 2| Vz ||| VTP = <|uf|—1zkz“|wf|”<z")) : <b1zk‘zl|v;z||wfy”(z")—1>

2
< %\uﬂ’zzk“\vqum + ;zzkl‘VZ‘zqu’p(x)Z, Ve > 0.

Hence, taking € = 2b,, we obtain from (4.5) the inequality

b% k—1 2 1 T
N - p(x)—2 <
<k”” 4b2> /<Gg)+z vzl </0 Vel dT) dr <0 (4.6)

Choosing the odd number k > max(l ; %), and taking into account that z(x) = 0 on B(Gg ),

we get from (4.6) that z(x) = 0 in (G§)*. We got a contradiction to our definition of the set
(G2)*, this completes the proof. O

Remark 4.2. For the p(x)-Laplacian assumption (i) is satisfied with

1, if p(x)>2;
M, =
g p-—1, if1<p_<px) <2

4.1 Barrier function and eigenvalue problem (OEVP)

We shall study the barrier function w(r, w) # 0 as a solution of the auxiliary problem:

— Ny w = pw ! |Vwl|p+, x € Gl
{vauiz%kg + W%w!wﬁ”*z =0, xexi, 5FP)
Vw22 4+ dowlwlr-2 =0, xeTy,

0<d<dyx1.
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By direct calculations, we derive a solution of this problem in the form

_ s 2/ A P+ — 1
w=w(rw)=r w), nx=——7-——A\, BF)
(r,w) P w) =1+ p (
where (A, 1(w)) is the solution of the eigenvalue problem (OEVP). For this function we

calculate (we use our designation y(w) = %):

) , ) . .
a—i" = w%-lw”%) = jfr%w-l(w)w (@)
(w) +

(4.7)
Vol = Jre 1T (w)y a2

(@) = T PR (@) 22+ ().

Proposition 4.3 (see [2, Proposition 3.3]). w € ‘JIE;;,(;)(GS ).

5 The proof of the main Theorem 1.3

Let A > 1, and let w(r,w) be the barrier function defined above. By the definition of the
operator Q in (II), we have

Qawy) = [ (AP0l 2y, 4 a() AV Wy ()

0

+b (Aw, AVw) 17(x)>dx + /rd AP =1A=P X gpP () =1y (1) dS
0

+5/2d APR) =1 1=p (@) P () =1y () d S (5.1)
0
ow
— [ A1y p-2 40— [ g(x,A ds
o, A% 5, 1(x)dQ rgg(x w)n(x)
—/ h(x, Aw)y(x)dS
Zd

0

for all d € (0,dp) and all non-negative 7 € ‘ﬁlfl’(;) (G3). Integrating by parts and next calculat-
ing with regard to the problem (BFP) (see [2, Section 4]), from (5.1) it follows that

Q(Aw, 1) = Jog + Jrg + Jst, (52)
where

p(x)—p
]G”’E/ <7/‘Ap( 1|Vw]p )’1Ww|p+*2wxid|vw|—+
0 dxl-

JAP(x)-1
— wai\Vw\p(x)’z + a(x) APXwP) 4 b (Aw, AVw) Y (x)dx;

_ Aw p(x)—1 r|Vw] p(x)—p+
o L o ()

— Aw - /01 Mdr + g(x,0) }n(x)dS;

d(TAw)
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B Aw\ P01 |V, | p(x)—p+
’Z@:/zg{ﬁ(r> '<1‘(w>

1
~ Aw / ah (x, TA“’ ohlx, TAw) +h(x,0)};7(x)d5.

These integrals we estimate from below. At first, by Proposition 2.5 (see (2.15)) and the as-
sumption (vv) , we have inequalities

]rg >0, ]Zg > 0. (5.3)
Therefore from (5.2)—(5.3) it follows

Q(Aw,n) > ]Gg. (5.4)

Because of a(x) > ag > 0 (the assumption (v)), for further details of the proof of Theorem 1.3,
we refer the reader to [2, Section 4].
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