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Abstract. In this paper, we investigate the following Schrédinger equation
—Au+V(x)u=Af(u) inRN,

where N > 3, A > 0, V is an asymptotically periodic potential and the nonlinearity term
f(u) is only locally defined for |u| small and satisfies some mild conditions. By using
Nehari manifold and Moser iteration, we obtain the existence of positive solutions for
the equation with sufficiently large A.
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1 Introduction

In recent years, many researchers consider the following Schrodinger equation
—Au+V(x)u= f(x,u), inRY, (1.1)

where N > 3, V is a given potential and f € C(RN x R,IR). Knowledge of the solutions of
Eq. (1.1) has a great importance for studying standing wave solutions for

iha; = —IPAY + W(x)¥ — f(x,¥), forallx € Q, (NLS)

where 1 > 0, W is the real-valued potential and Q) is a domain in RN. Eq. (NLS) is one of
the main objects of the quantum physics, because it appears in problems involving nonlinear
optics, plasma physics and condensed matter physics.

Eq. (1.1) has been researched intensively, see [1,3,5,7,10,11,13,14,19,21,22,28] and references
therein. In the above works, we observe that many interesting conditions on f have been
studied. Notice that, it seems necessary that the condition can be assumed on f at infinity,
that is, f is assumed to be subcritical (or critical) at infinity, i.e.,
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(fo) 0 < limg 4o % < +oo uniformly for x € RY,

where the number 2 is denoted by 2% and called the critical Sobolev exponent for the
embedding of H!(RY) into LP(IR"). This aim is to ensure that the associated energy functional
would be well defined and of class C! on H'(RY), and then its critical points are precisely
the solutions of Eq. (1.1) by using variational methods. Certainly, many researchers tried to
seek some suitable conditions to replace (fp). If there does not exist an assumption on f at
infinity, can it be proved that there exists a nontrivial solution for Eq. (1.1)? Mathematically
this problem is interesting. Accordingly, Costa and Wang [9] have considered the following
equation
—Au=Af(u), inQ,

where A > 0 is a parameter, () is a bounded smooth domain in RN (N>3),and f: R — Ris
a function of class C! satisfying the following conditions:

(f1) f(=u) = —f(u) for any |u| < ¢ (for some § > 0);

(f2) there exists v € (2,2*) such that lim sup| [6)s _ .

UNE
(f3) there exists B € (2,2%) such that liminf_, Ls‘l)f > 0;

s

(fa) there exists u € (2,2*) such that sf(s) > uF(s) > 0 for all |s| small, where F(s) =
fo f(t)dt.

Motivated by Costa and Wang [9], do O et al. [12] have studied the following equation
—Au+V(x)u=Af(u) inRY, (P)

where V satisfies (V1)-[(V2) or (V3)],

(V1) V € C(RN,R) and inf,cgn V(x) >0,

(Vo) V(x) — oo as |x| — oo, or more generally, for every M > 0, meas{x € RN : V(x) <
M} < +oo,

(V3) the function [V (x)]~! belongs to L'(RY),
and f : R — R is a function of class C! satisfying (f;) — (f3) and (fa),

FOS oo,

(f]) there exists p € (2,2*) such that lim SUP |0 a7

(f,) there exists g € (2,2*) such that liminf_,, % > 0, where F(s) = fosf(t)dt.

Further results for related problems can be found in [8,15,23,24] and references therein.

Inspired by the above works, we are concerned with the existence of positive solutions for
asymptotically periodic Eq. (P) with a locally defined nonlinearity term, namely V satisfies
(V4:)/

(Vy) there exists a 1-periodic function Vo(x) € L®(RN) such that 0 < V(x) < Vio(x),
inf gy Voo (x) > 0 and V(x) — Vo (x) € F1, where

F1:={h(x) : for any € > 0, meas{x € Bi(y) : |h(x)| > ¢} — 0as |y| — oo},
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and f satisfies (f5)—(fs),

(fs) f € C(R,R) and there exist p > 2,6 € (0,1) such that the function s — sfp(—f% is nonde-
creasing and f(s) > 0 on (0, ],

(fs) there exists g € (2,2*) such that liminf, o+ @ > 0, where F(s) = [; f(t)dt.

As is well known, if f were assumed to be superlinear and subcritical (or critical) at infinity,
then the associated energy functional

T(u) = % [ 9P+ vd)dr =2 [ Fu)dx

would be of class C! on H!(IRV) and has the mountain pass geometry. Classically, it is a
minimax principle that shows the mountain pass level is a critical level of the functional (see
[4,5,26]). Here, the assumptions (f5)—(fs) we make on the nonlinearity f(u) refer solely to its
behavior in a neighborhood of u = 0, and we will show that they suffice for the existence of a
positive solution of Eq. (P) when A is large enough. Exactly we give our main result.

Theorem 1.1. Assume that N > 3, (Vy) and (fs)—(fs) hold. Then there exists Ay > 0 such that
Eq. (P) has a positive solution for A > A.

Remark 1.2. In this paper, we study the existence of positive solutions for Schrédinger equa-
tions with the assumptions of Theorem 1.1 that has never been investigated. For the case
where the nonlinear term is only locally defined for |u| small, we should point out that we
refer [8,9,12,15] for references in this direction. Costa and Wang [9] considered Eq. (P) in
bound domain. do O et al. [12] considered Eq. (P) when V was coercive potential or sat-
isfied that [V(x)]~! belongs to L!(RYN). Li and Zhong [15] studied the Kirchhoff equation
when the nonlinearity term was sub-linear growth. Chu and Liu [8] investigated quasi-linear
Schrodinger equations in the radial space. In these papers, they have the compactness and get
certain solutions easily. However, in our cases we do not have compact embedding, which is
the main difficulty in this paper. Due to this difficult, the methods in [8,9,12,15] fail in our
case, so we will use a different way to overcome the lack of compactness.

We now make some comments on the key ingredients of the analysis in this paper. Fol-
lowing the idea of [8,9,12,15], we first extend the nonlinear term f and introduce a modified
nonlinear Schrodinger equation. Next, we show by variational methods that the modified
nonlinear Schrodinger equation possesses a positive ground state solution. Finally, our ap-
proach is inspired by the results of [2,6,9,12,26] and is based on the fact that we can show a
priori bound of the form

Ul < CA7F,  B>0,

for a class of solutions for the modified nonlinear Schrodinger equation.

The organization of this paper is as follows. In the next section we reserve for setting the
framework and establishing some preliminary results. Theorem 1.1 is proved in Section 3.
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2 Preliminaries

From now on, we will use the following notations.

e H!(RN) is the usual Sobolev space endowed with the usual norm
lul = [ (V7 + ).
RN
o LP(RY) is the usual Lebesgue space endowed with the norm

lu 5 = /N |u|Pdx and |u|e = esssup |u(x)| forall p € [1, + o).
R

x€RN

E:={ue L2(RN):|Vu| € L*(RN) and [py V(x)u?dx < +oco} has the norm

2= [ (Vul+V()ut)dx.

meas () denotes the Lebesgue measure of the set ().

u® := max{4u,0} and K := {u € E: u* #0}.

e (-,-) denotes action of dual.

B/(y):={xeRN:|x—y|<r}and B, := {x e RN : |x| < r}.
¢ C denotes a positive constant and is possibly various in different places.

We work in the space E and recall some facts that the norms || - || and || - || are equivalent
and E < L*(RN) for any s € [2,2*] is continuous. The proof can be done similarly to that in
[19] and details are omitted here. We start by observing that (f5) — (fs) imply that p < g and

|f(s)s| < C|s|P, forany |s| < 6.

In order to prove our main result via variational methods, we need to modify and extend f(u)

for outside a neighborhood of u = 0 to get f(u). We set

0, s <0,

f(S) =4 f(s), 0<s<é,

CysP~l, 6 <,

and fix C; > 0 such that f € C(R,R*). Combining with the definition of f, one can easily
obtain the following lemma.

Lemma 2.1. Suppose that (fs) hold. Then

(a) limg_ 1o % = o0, where F(s) = fos f(t)dt,

(b) there exists C > 0 such that |f(s)s| < C|s|P and |E(s)| < C|s|V forall s € R,

(c) there exists u € (2, p) such that the function s — fﬂ(—f% is strictly increasing on (0, +00),
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Now let us consider the modified equation of Eq. (P) given by

{—Au + V(x)u = Af(u), -

u e E.

The corresponding energy functional

T(u) = ;/H{N(Wulz—kV(x)uz)dx—/\ . F(u)dx

is of class C! by a standard argument and whose derivative is given by
(Z'(u),v) = / (Vu-Vo+ V(x)uv)dx — /\/ f(u)vdx, veEE.
RN RN

Formally, critical points of 7 are solutions of Eq. (P). We note that critical points of 7 with
L®-norm less than or equal to J are also solutions of the original Eq. (P). We recall the Nehari
manifold

N = {u € E\ {0} : (Z'(u),u) = o} - {u € K: (T (u),u) = o},
and set N
c:= Mlélj{/f[(bl)

Lemma 2.2. Suppose that (Vy) and (fs) hold. Then

(a) forany u € K, there exists a unique t, > 0 such that t,u € N'. Moreover, the maximum of I (tu)
for t > 0 is achieved at t,,

(b) there exists p > 0 such that ||u|| > p forallu € N,
(c) the functional T is bounded from below on N by a positive constant.
Proof. (a) For any u € K, we define
~ 2 ~
Y() = T(tu) = i/ (VuP+V()dx =7 [ Eu)dx, 1€ (0,+c0).
2 RN RN

It follows from (b) of Lemma 2.1 and the Sobolev inequality that

/ F(tu)dx < C/ [tu|Pdx < CtP||ul|P.

RN RN

Thus one has

2
(t) > o |lul* ~ ACH full”.
Then there exists £y > 0 such that ¥ (¢y) > 0. We set Q = {x € RN : u(x) > 0}. Combining (a)

in Lemma 2.1 with Fatou’s lemma, we have

lim inf F(tu)

2 _
minf | Gy udx = +o0.

Hence

Y(t) 1 F(t 1 F(t
limsupyz fHqu—Aliminf/ ( u)dx:HuHZ—/\liminf/ ( u)uzdx:—oo.
RN t 2 t—oo Jo 2 2 oo JO (tu)2
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One could deduce ¥(t) — —oo as t — +oo. So there exists t, > 0 such that ¥(t,) =
maxy~o ¥(t) and ¥'(t,) = 0, i.e., Z(t,u) = maxs~oZ(tu) and t,u € N. Suppose that there
exists t; > t, > 0 such that tju € N,i = 1,2, one has

f(tlu)uz B f(tzu)u2
/Qtlu dx—/gitzu dx,

which contradicts (c) of Lemma 2.1. Thus we can conclude that ¢, is unique.
(b) For any u € N, combining the Sobolev embedding and (b) of Lemma 2.1, one obtains

)] = A/ Fluyudx < CA/ lulPdx < CAlull”. @.1)
RN RN
It follows from (2.1) that there exists p > 0 independent of u such that
p < [Jull.

(c) Also from (b) of Lemma 2.1 and the Sobolev inequality, we have
=~ 1
Z(u) > S lull* = CAJJul”.

Since p > 2, there exists ¢ > 0 such that Z(u) > ‘TZZ > 0 for ||u|| = ¢ > 0. For any v € N, there
exists ' > 0 such that #||v|| = ¢. Combining with (a)-(b) of Lemma 2.2, one obtains

~ 0'2

Z(v) > Z(tv) > T

This completes the proof. ]

From Lemmas 2.1-2.2, one can easily know (see also [19,26])

¢= inf 7(u) = inf sup Z(tu) = min max Z(y(t)),

where ' = {y € C([0,1],E) : 7(0) = 0,Z(7(t)) < 0}. Notice that, ¢ > 0 from (c) of Lemma 2.2.
In order to prove our results, we introduce the following equation

—Au+ Voo (x)u = Af(u), (Peo)

and it follows from [16,19,26,27] that Eq. (P«) has a positive ground state solution w. From
Lemma 2.2 and (Vy), there exists a unique ¢, > 0 such that t,w € N and

¢ < Z(tow) < Too(tow) < Too(w) = Coo, (2.2)
where 7., is the energy functional associated with Eq. (Ps).

Lemma 2.3. Suppose that (Vy) and (fs) hold. If u € N and T(u) = c, then u is a nontrivial solution
of Eq. (P).

Proof. Inspired by the method in [18], one supposes by contradiction that u is not a nontrivial
solution of Eq. (P). Then there exists ¢ € E such that

T (u), ) = /IRN(Vu Vo4 V(x)ug)dx — A/RN Flu)pdx < —1.
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Let ¢ € (0,1) be small enough. Then

(T (b + 59), §) < —%, forany [f—1| <&, |s| <. 23)

We set a curve
y(t) = tu+st(t)¢, t>0,

where T € C(R, [0,1]) is a smooth cut-off function such that 7(t) =1 for [t — 1] < £, T(t) =0
for |t — 1| > . Obviously, v is a continuous. We can claim that Z(7y(t)) < c forany ¢ € (0, +-c0).

Indeed, it follows from Lemma 2.2 that Z(v(t)) = Z(tu) < Z(u) = c for |t — 1| > &. When
|t —1| < ¢, owing to ®(s) := Z(tu + sT(t)¢) is of C' on [0, €], there exists 5 € (0,¢) such that
T(tu +st(t)p) = T(tu) + (T (tu + 51(t)p), eT(t)¢) < T(tu) — %er(t) <,
where the inequality holds from (2.3). Hence Z(7y(t)) < c for any t € (0, +co).

We denote J (1) = (Z'(u), u). According to Lemma 2.2 and the definition of y , we have
Jy(l—¢) =TJ((1—¢€u) >0and J(y(1+¢)) = J((1+¢€)u) < 0. By the continuity of
t — J(y(t)) there exists ' € (1 —¢,1+¢) such that J(y(t')) = 0. Thus () € N and
Z(y(t)) < ¢, which is a contradiction. This completes the proof. O

Lemma 2.4. Suppose that (V) and ( fs) hold. Then the Cerami sequence for T at level m > 0 (shortly:
(Ce)m sequence) is bounded in E.

Proof. We recall the (Ce),, sequence {u,}, that is,

T(un) =+ m, T () (1 + [Jua)) .

Then _
0(1) = (Z' (un), 1y ) = —|luy ||

Consequently we could deduce that {u;} is also a (Ce),, sequence. For the sake of con-
venience, we denote u;” by u,. By a contradiction, we assume that ||u,|| — +oo and set
vy = HZ—:H Obviously up to a subsequence, there exists a nonnegative function v € E
such that v, — v € E,v, — v € L} (RV) and v,(x) — o(x) ae. in RN. We denote
0O = {x € RN : 9(x) > 0}. If meas Q; > 0, Fatou’s lemma and (a) of Lemma 2.1 imply

F F
lim inf (L;")vfldx > liminf (L;")v%dx = +o0.
n—o0 RN un n—o0 (o)) un
Then
z 1 F
0 = limsup (an = — — Aliminf (L;")v%dx = —o0,
n—s00 ||Mn H 2 n—oo  JRN Uy

which is a contradiction. Thus v = 0. We denote

« := lim sup / ( )v%dx. (2.4)
Bl z

n—roc0
z€RN

If « = 0, we have v, — 0 in L¥(RY) from the Lions lemma [17, 26]. Combining with (b) of
Lemma 2.1, we obtain [y F(2y/mv,)dx = o(1). By the continuity of Z, there exists t, € [0, 1]



8 G.-D. Li, Y.-Y. Li and C.-L. Tang

such that Z(t,u,) = maXx;co 1] T (tuy). Since ||u,|| — —+o0, one has IIQFH <1 as n large enough.
We observe that

Z(tpuy) +0(1) > 71 <mun> +0(1) = 2m||v,|* — A/ F(2y/mvy)dx + o(1)
=2m+o0(1).

In view of Z(u,) — m and (a) of Lemma 2.2, we can see that t, € (0,1) and (Z' (tnu), taity) =
0 as n large enough. Hence by Lemma 2.3 in [20], one has

m = Z(u,)+o0(1)
= T(uy) - ;<f'<un>,un> +o(1)

(1_;>/ (VP 4+ V() dx+A [ ( f(w)) dx +o(1)

2 ~
> P‘zy ”/]R (|Vun|* + V(x)u? dx+A/]RN ﬁf(tnun)tnun—F(tnun)dx+0(1)

::thnun)—»;(f”@nun)tnun>#—o(l)

N

= Z(tatty) +0(1)
>2m—+o(1),

which is a contradiction.
If & > 0, there exists {z,} C RN such that

o 2
— < vodx.
2~ /Bmzn) !

If {z,} is bounded, there exists R > 0 such that

®
5 < /B ) v%dx.
which is a contradiction with v, — 0in L? (RN). Then {z,} is unbounded, up to a subse-

quence, |z,| — oo. We set wy,(x) := v,(x + z,), where w, satisfies

x
— < w%dx,
By

up to a subsequence, there exists w € E such that w, — w in E, w, — w in L} (RN) and

wy(x) = w(x) a.e. in RN. Evidently, meas Q) > 0 where () = {x € RN : w(x) > 0}. In fact

wy(x) = ””ﬁ’; :HZ”). Also from Fatou’s lemma and (a) of Lemma 2.1, one obtains
liminf | / F(it,)dx| = liminf 1/ F (it (x + 20)) dx
n—oo | |luyl|? JrY " BT ||lun |2 JrN " "
> liminf ww%dx
Qp [un(x+2zn)]
= +OO.
Hence

. T (uy 1 . 1 ~
0 = lim sup (ttn) = — — Aliminf [H“nHZ /]RN F(un)dx] = —00,

n—oo HunH 2 n—eo

which is a contradiction. In a word, the (Ce),, sequence {u,} is bounded in E. O
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Proposition 2.5. Suppose that (Vy) and (fs) hold. Then Eq. (P) has a positive ground state solution.

Proof. Notice that 0 < ¢ < c. Therefore, one of the two cases occurs:

Case 1. ¢ = cw. It follows from (2.2) that

Coo < Z(tow) < Too(tw) < Too(w) = Coo.

Then w is also a positive ground state solution of Eq. (ﬁ) from Lemma 2.3.

Case 2. 0 < ¢ < Cw. We see easily 7 satisfies the mountain pass geometry. From the
mountain pass theorem [25,26] and Lemma 2.4, there exists a nonnegative and bounded
sequence {u,} € E such that

Z(uw) = ¢, T (un)lI(1+ ua]l) — O

Then there exists a nonnegative function u € E such that up to a subsequence, u, — u
in E, uy, — uin L2 (RN) and u,(x) — u(x) a.e. in RN. For any ¢ € C{(RV), one has
0 = (Z'(un), ¢) +0(1) = (T'(u), 9), i.e., u is a nonnegative solution of Eq. (P). If u # 0 in E,
combining Lemma 2.3 in [20] with Fatou’s lemma one obtains

n) +0(1)

- 1<I/(un) ) +0(1)

Z(u
(it
% 1> /IRN (IVital? + V() dx—Ht/ < —f(un)>dx+0(1)
1

7
(23
<2_;> /RN (|Vul* + V(x) dx—H\/ < F(u)> dx +o(1)
Z(u)
Z(u

v

—;<I’( w),u) +o0(1)

(u) +o(1). (2.5)

At the same time, one knows ¢ < Z(u) from the definition of ¢ and u € N. Applying the
strongly maximum principle, we could deduce that u is a positive ground state solution of
Eq. (P).

We assume that u = 0 (otherwise we complete the proof). Then there exists « > 0 such
that

lim sup un|?dx = a.
n—00__pon JBi(z)

Indeed, if & = 0, applying the Lions lemma [17,26] we obtain
u, — 0 in LP(RN). (2.6)

Hence 7 (uy) — 0 as n — oo from (b) in Lemma 2.1, which contradicts ¢ > 0. Then there exists
{z4} C RY such that fBl(z,,) up[?dx > § > 0.

If {z,} is bounded, there exists R > 0 such that |, B (0) |1, |2dx > 5 > 0, which is a contra-
diction with u, — 0in L? (RN). Then {z,} is unbounded. After extracting a subsequence if
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necessary, we have
(i) |zn| = +oo,
(ii) up(-+2z4) v #0in E.
From Lemma 2.4 in [19], we have
0= (Z'(un), (- = 2a)) +0(1)
= /]RN Vi, -Vo(-—z,) + V(X)up@(x — z,) ] dx — A /]RN Fun)@(x — zy)dx +0(1)
= /1RN Vi, -Vo(-—zn) + Vo (X) Uy @(x — 2py)] dx — A/]RN Fun)@(x — z,)dx +0(1)
= (T (v), ) +0(1).

Then v is a nontrivial solution of Eq. (P). Notice that, also from [19], we obtain

€ = (1) = (T'(02) ) + 0(1)

_ (; - ;) [ (9P V) dx+a [ <;f(un)un - ?(un)> dx +o(1)

= (; — :l) /]RN (|Vun|* + Vo (x)u3) dx
[ [ 2 20) = B+ 22))] 00

- w<un<-+zn>>—;<f;<un<-+zn>),un<-+zn>>+o<1>

which is a contradiction.
In conclusion, whether Case 1 occurs or Case 2 occurs, we can prove Proposition 2.5. [

3 Proof of Theorem 1.1

Lemma 3.1. Suppose that (Vy) and (fs) hold. If u is a critical point of T, then u € L*®(RN).
Furthermore, there exists a positive constant C independent of A such that

. ) 277
|Ueo < CAZT ¥ |Vu|“dx .
RN

Proof. We prove the result by using the Moser iteration. For each k > 0, we define

~Ju(x), if lu(x)| <k
ui(x) = {ik, if +u(x) > k.

For B > 1, we use ¢ = |ux|2(F~Vu as a test function in (Z'(u), ¢)) to obtain
/ 1| 2BV Vu|2dx 4+ 2(B — 1) / 1282w, Vi - Vugdx
RN RN

—I-/ V (x)| g 2B~V u2dx :A/ Fu)|ue PP Dudx. (3.1)
RN RN
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Then we use the Sobolev inequality to yield
B? / N (]uk\z(ﬁ’l)]Vulzdx +2(8 — 1) w2 B2y Vu - Vuk>dx
R
> /N 2BV Vu)? 4+ (B — 1)?|u PP 2u? Vg 4+ 2(B — 1) Jug|* PP uw, Vu - Vuydx
R

\Y (]uk|ﬁ’lu) ‘de

> ),

RN
-1

ZC(/]RN’W u

where we also have used the facts that u?|Vuy|? < uf|Vu|? and > 1. From (b) in Lemma 2.1,
we deduce

» N2
dx> , (32)

£ 2(8-1) Pl [2(B=1)
/]RN f () |1 udx < C/]RN |1|P |1t | dax. (3.3)

Combining (3.1), (3.2) and (3.3), we obtain

2
2* 7
-1 2 p—=21,, (2(—1),,2
</]RN |ug|P u dx) SC[%/\/RNM |1tk | u-dx
< Cp*A </ ]u\z*dx> (/ 2102 T dx
RN RN
Letting k — oo, we have
P2
1 £
ulpz < (CB20)F ([ 1Vuftr) * fu sz 64
RN Topia

To carry out an iteration process, we set

5m:<2p+> . m=0,1,...

Then we have

2.2F
2% — pﬁf2 = 2P
By (3.4), one obtains
L/ b
|ulp, 2 < (Cﬁg’i)\) o </IRN |Vu]2dx> ‘u|—2242j%

1 A b
— (C)\)Zﬁm 1851"1 (/]RN |Vu|2dx> |M"3"171.2*.

By the Moser iteration, we have

pP=2ym

m o1 M l 4
ulpz < COFHTTB0 ([ 1Vuar)
-0 R

1

2%. (3.5)
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Since By = (2 p+2) > 1and B; = B!, we observe that
m m ﬁi m 1 }Fl m 0 itrll
i l i= 1
Xg ZZHI IIﬁzﬂl( VAT = (po)
i= i=0 i

One can easily see

i+1 < 1 2
2 ‘B* < +oo’ E = * :
i=0 :th i= O:Bl+1 2 -P

Letting m — o in (3.5), we conclude that u € L*(RY) and

P
- 275
o < CAT 7P (/ |Vu|2dx> " luly < AT
RN

2% 2
(2*-p)
(/N|Vu|2dx>22 Y (36
R

This completes the proof. O

Proof of Theorem 1.1. By proposition 2.5, Eq. (P) has a positive ground solution #. Combining
the Sobolev embedding and (b) of Lemma 2.1, one obtains

czﬂw—;@wmwz(i—;yww (37)

We can see that there exists v € KN L®(RY) such that |v|, < 1. Since (fs), there exists C > 0
independent of A such that

F(tv) > C|to|1, te0,1].

At the same time there exists Ay > 0 such that 7 (v) < 0 for A > Ag. Then from the definition
of ¢, we have

¢ < max Z(tv)
t€(0,1]

:max—/ (|Vo]? + V(x) dx—)L/
tefo1] 2 JRN

< max —/ (|Vol> + V(x)0*)dx — Ct”//\/ |o|Tdx
tefo1] 2 JRN RN
<CcATe (3.8)

Combining (3.6), (3.7) and (3.8), we have
12 11 2
[u|oo < CAT 7 |lul|7» < CAT P AZT 27,

Since p,q € (2,2*), there exists A1 > Ay such that

2% —

q
’u‘oo < C/\l(z**lﬂ)@*'i) < 5.

Therefore, from the definition of f, we can conclude that u is also a positive solution of Eq. (P)
for A > Aq. This completes the proof of Theorem 1.1. O
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